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Abstract. We propose an m-step hybrid-type iteration scheme for finite family of total asymptotically quasi
pseudocontractive-type self mappings and finite family of total asymptotically quasi pseudocontractive-type non-
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of the scheme to the common fixed point of the mappings in real Banach spaces. Our results modify, improve and

generalise numerous results currently in literature.
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1. INTRODUCTION

Let K be a nonempty, closed convex subset of a real Banach space E. If E* is the dual of E,
then the mapping J : E —» 2E" defined by
(1.1) J(x) ={x" € E = {x,x) = [Ixll[|x7]], el = [l
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is called normalised duality mapping.

Let T : K — K be a nonlinear mapping, we denote the set of all fixed points of T by F(T).
The set of common fixed points of four mappings Si,52,71 and T, will be denoted by F =
F(SI))NF(S$)NF(Ty)NF(T3).

Definition 1.1. A mapping T : C — C is said to be asymptotically nonexpansive if there exists

a sequence {k,} € [0,o) with lim,_,. k, = 1 such that, for all x,y € C,
(1.2) IT"(x) = T"(9)I| < knf|x =yl ¥ € N.

In 1972, the class of asymptotically nonexpansive mapping was introduced as a generalization
of the class of nonexpansive mapping by Goebel and Kirk [6]. They proved that if K is a
nonempty closed convex subset of a uniformly convex Banach space and 7 is an asymptotically
nonexpansive mapping of K, then T has a fixed point.

Since then, many results on asymptotically nonexpansive mappings have been obtained in

literature (See [5], [6], [7], [9], etc for details).

Definition 1.2. A mapping T is said to be to uniformly Lipschitizian with the lipschitz constant
L>0if

(1.3) IT"(x) —=T"(y)|| < L|lx—yl|,Yx,y € K and n € N.

Definition 1.3. T is said to be asymptotically pseudocontractive if there exists k, C [1,00) with

k, —0asn — o and j(x—y) € J(x—y) such that
(1.4) (T"x—T"y, j(x—y)) < knllx—y|*,vx € K.

It is easy to see from (1.4) that every asymptotically nonexpansive mapping is a subclass of
the class of asymptotically pseudocontractive mapping. This class of mapping was introduced
by Schu [27] and has been extensively studied generalizesd by various authors in different

spaces using modified Mann and Ishikawa iteration schemes.

Definition 1.4. T is said to be total asymptotically pseudocontractive mapping in the sense of

Osilike and Chima [22] if for every x,y € K, there exists a strictly increasing continous function



TOTAL ASYMPTOTICALLY QUASI PSEUDOCONTRACTIVE-TYPE MAPPINGS IN BANACH SPACES 3
¢ : [0,00] — [0,00) with ¢(0) = 0 and nonnegative sequences l,,&, € [0,) : l,, &, — 0 as

n — oo such that

(L.5) (T~ Ty s —3)) < 1P+ B ey + 5

Observe that if ¢(¢) = ¢ and &, = 0,Vn > 1, then (1.5) becomes
(1.6) (T"x=T"y, j(x=Y)) < kallx =%,
1 -
where k, = 1 + E‘u" C [1,00) with lim, ek, = 1.

Definition 1.5. A subset K of a Banach space E is said to be a retract of E if there exists a
continous mapping P : E — K (called retraction) such that P(x) = x for all x € K. If, in

addition P is nonexpansive, then P is said to be nonexpansive retraction of E.

If P: E — K is a retraction, then P> = P. A retract of a Hausdorff space must be a closed

subset. Every closed convex subset of a uniformly convex Banach space is a retract.

Definition 1.6. Let K be a nonempty, closed and convex subset of a Banach space E. A nonself
mapping T : K — E is said to be total asymptotically pseudocontractive mapping if for every
x,y € K and j(x—y) € J(x—y), there exist sequences Uy, &, € [0,%) : t,,E, — 0 as n — o0 and

a strictly increasing function ¢ : [0,00) — [0,00) with ¢(0) = O such that

_ _ . Hn Sn

(17 (T(PT)" () = T(PT)" 1 (3), j(x =) < [x =y + S0l =yl + 5 vn €N.
From definitions (1.5) and (1.7), we see that the class of total asymptotically pseudocon-
tractive mappings include the class of asymptotically pseudocontractive mappings as a special
case; that is, each asymptotically psudocontractive mapping is total asymptotically psudocon-

tractive mapping with &, = 0,¢(¢) = t*, u, = 2(k, — 1),Vn > 1, > 1. Also, if the retraction

map P : E — K is an identity, then (1.7) reduces to (1.5).

Definition 1.7. T is said to be asymptotically pseudocontractive-type mapping [26] if for every

x,y € K and j(x—y) € J(x —y) there exists a sequence k, € [1,00) with k, — 1 as n — oo such
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that
(1.8)limsup sup  liminf ((T(PT)" 'x—T(PT)" 'y, j(x —y)) — knlx —y]|*) < 0.
n—eo  xyek j(x—y)€J(x~y)
Note that if F(7T) # 0 and ¢ € F(T), then(1.8) becomes
(1.9 limsupsup liminf ((T(PT)" 'x—q,j(x—q)) —ka|lx—q||*) <O.
n—eo xcK j(x—q)€J(x—q)

and is called quasi asymptotically pseudocontractive-type mapping. This class of mapping
was introduced by Wang and Shi [26] as a generalisation of the class of asymptotically pseudo-
contractive mapping, asymptotically pseudocontractive-type mapping and quasi asymptotically

pseudocontractive-type mapping (see [26] for more details).

Chidume et al. [3] studied the following iterative scheme in 2003:

x1 = x€ekK

(1.10) Xop1 = P(oT(PT)" L, + (1= at,)x,),n > 1

where @, is a sequence in (0,1) and K is a nonempty closed convex subset of of a real uni-
formly convex Banach space E, P is a nonexpansive retraction of £ onto K, and proved some
strong and weak convergence theorems for asymptotically nonexpansive nonself mappings in
the intermediate sense in the framework of uniformly convex Banach spaces.

In 2014, Wang and Shi [26] introduced the following modified Ishikawa iteration process:

3\

x1 €K

Xni1 = P((1 = 0ty — Y)Xn + 0, Ty (PT))" L0, + Yt
(1.11) ,
Vo =P((1 =, — 1%y + AT (PT)" 18, + 1vy)

where o0, = (1 — Bu)yn + BTi(PT1)" 30,80 = (1 — Bxw + BIT(PT2)" 'x,
{ant {m}, B}, {6}, {1,},{B.} € [0,1], T1,T» are L-Lipschitizian and quasi asymptoti-
cally pseudocontractive-type mappings, {u,},{v,} C K are two bounded sequences, and

proved strong convergence theorems for the above mappings in the setting of real Banach
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spaces.

Hybrid Mixed-Type Iteration Scheme
Let E be a real Banach space, K a nonempty closed convex subset of £ and P: E — K a
nonexpansive retraction of E onto K. Let S, : K — K be two L!-Lipschitizian and total quasi
asymptotically psudocontractive-type self mappings and 7; : K — E be two L}-Lipschitizian
and total quasi asymptotically pseudocontractive-type nonself mappings, i = 1,2,---N. If xo €

K, then the new hybrid-type iteration scheme for the above mentioned mappings is as follows:

xi = P((1—0ap—)x0+ooTi(PTh)"t1 + Youo),

x» = P((1-a—7)x+ah(Ph) 't +nu),

xy = P((1—oy-1—W-1)xn—1+ 01T (PTy) tn—1 + Pv—1un—1),
xn+1 = P((1—ow—)xn+onT (PT])ITN+7NMN)7
xvi2 = P((1=oni1 — Y1) xnt1 + Q1 T (PT) Tyt + Wiiun1),
xonv = P((1—ooy—1—Pn—1)Xn-1+ OtzN—lTN(PTN)Zsz—l +PN—1ton—1),
xont1 = P((1—oon —pn)xon + oonTh (PT1)3’52N + pvuon),
xovi2 = P((1—oani1 —Yani1)%on et + 0oy 1 T2 (PT)> Tan 1 + Povs 1tan 1),

with

7 = (1—Bo)Siy1 +BoTi(PT1)%;,

7 = (1—B1)S2y2+ BiTa(PT:) ,,

o = (1—PBn)Sxyn+ BnTi(PTi) yw,

i1 = (1= Bn)Svenet + Bv(PTa) ynai,
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where
yi = P((1—0—1%)x0+aTi(PT1)’p1 + Yyvo),
y2 = P((1—0f—Y)x1+ o T(PT) pa+¥iv1),
w o= P(1=ay =W )xv—1+ay  Tv(PTy) pv—1+ Y 1vn-1),
ynet = P((1—oy—%)xn+ oy Ty (PTh) py + Yuw),
iz = P((1—= 0y — Yor)n+1 + 01 T2 (PT) Pt + Yor V1)
yiv = P((1—05y | —Yy_1)Xav—1 + By In(PTy)*Pon—1 + Yon_1van—1),
yavet = P((1—0hy — Yon)xan + on T (PT1) pon + Yonvan),
yavez = P((1= 0y — Yonsr)Xan+1 + 0oy To(PT2)’ panst + Yoy g 1van+1),
with

p1 = (1—B)Sixo+BLTi(PT1) xo,

p2 = (1—B{)Sox1+B{L(PD) x,

pv = (1—BY)Sxxn +BYTi(PT1) xw,

P+t = (1= Byp1)Sxarinrt +Bivi1 B(PT) xy 1,

The above Hybrid-type iteration sequence can be written in compact form as

.
x1 €K

(1.12) Xp1 = P((1 = 0ty — Yo )xn + anE(PZ')kilTnH + Yaltn)

Y

Va1 = P((1 =, — 1) x0 + a,é]}(PY})k_lan + YpVn)
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n—i
L T = (1= Bkt + BTPTY a1, pus = (1= B)SEx, +

BiTi(PT)* 'xn { o} {mu}, {Bu}, { o} {%,}, {Bs} € [0,1] and {uy}, {v} C K are two bounded

sequences.

where k = {

Moltivated and inspired by the works of Wang and Shi [26], in this paper, we study this new
hybrid mixed-type iteration scheme (1.12) and then establish some convergence theorems for

mixed-type mappings in the setting of real Banach spaces.

2. PRELIMINARY

For the sake of convenience, we restate the following concepts and results:

Lemma 2.1. (see [26]) Let E be a real Banach space. Then, for all x,y € E, j(x —y) € J(x —y),

the following inequality holds:

2.1) ety 1% < el + 249, x4+ ).

Lemma 2.2. (see [26]) Suppose that ¢ : [0,00) — [0,0) is a strictly increasing function with
0(0) = 0. Let {a,},{bn},{cn},{A}(0 < A, < 1) e four sequences of nonnegative numbers

satisfying the recursive inequality:
(2.2) ap+1 < (1+bn)an_)t‘n¢(an+l)+cnvvn > ny,

where n, is some nonnegative integer. If Y}~ b, < o, Y~ ¢, < o,} > | A, = oo, then

lim, e a, = 0.

3. MAIN RESULTS

Definition 3.1. Let T : K — E be a nonself mapping. Then T is said to be total quasi asymp-
totically pseudocontractive-type mapping in the sense of Osilike and Chima [22] if F(T) # 0
and for every x € K,q € F(T) and j(x —¢q) € J(x— q), there exist a strictly increasing continous

function ¢ : [0,00) — [0,00) with ¢(0) = 0 and sequences ,,&, € [0,00) with u,,&, — 0 as
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n — oo such that

0 > limsupsup liminf ((T(PT)" 'x—gq,j(x—q))— ||x—q|?
n—eo xeK j(x—q)€J(x—y)

6. g~ ).

Observe that if ¢ (1) =t and &, =0, then (3.1) reduces to (1.9) with k,, = 1 — % The class of

total quasi asymptotically pseudocontractive-type mapping is introduced as a generalisation of
the following classes of mappings: asymptotically pseudocontractive mapping, asymptotically

pseudocontractive-type mapping and quasi asymptotically pseudocontractive-type mapping.

Theorem 3.1. Let E be a real Banach space and K a nonexpansive retract of E. Let S; : K — K
(i=1,2,---,N) be N-uniformly L;-Lipschitizian self mappings, 7;: K — E (i=1,2,--- ,N)
be N-uniformly L!-Lipschitizian nonself mappings and each 7; be total asymptotically
quasi pseudocontractive-type nonself mapping with the sequence W € [1,%0) : Wy — 1

(i=1,2,---,N)asn— oo, Let {x,} be a sequence defined by

(
x1 €K

(3.2) Xn+1 = P((l — 0y — 7n>xn + anTi(PTi)kilTn+1 + 'Ynun)

Yn+1 = P((l - ar/t - ’Y;,a)xn + ar/zTi(PTi)k_lpn—i-l + }{1\/”)

where 7,11 = (1 — Bn)Sf'c)’n + BnTi(PTi)kil)’nJrlaanrl = (1 - [3,’,)Sf‘xn + Br/zTi(PTi)kilxn
{ant, {m}, B}, {ct}, {1}, {B,} €]0,1] and {u,},{v,} C K are two bounded sequences. Sup-
pose F =Y (F(S;)NF(T;)) # 0. If the following conditions hold:

LYe (U —1)<eo0,0<B << ,Yr 0 =000 02 <00, Yw 1 <o Yo 1<

[oo)¢
s

ity > Lo+ > La+v>1;

i, Yo 0P < o0, Yo 1 00, < 00, Y | 0¥, < 00, 0y > Y.
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Then, the sequence defined by (3.2) converges strongly to the fixed point ¢ € F if and only if

there exists a strictly increasing function ¢ : [0,0) — [0,0) with ¢(0) = 0 such that

0 > limsup inf (T(PT)*  xn1 — 4, j(x = q)) = [%nr1 — gl
n—oo  j(Xnt1—q)€J (Xn41—q)
.lJ“ln &n
= b1 —gll) = 57) + @ (lnr1 —gll))-

Proof. (Adequacy)
Fori=1,2,--- N, let

6; = inf [<T(PT) xn—H Q7j<xn+1 _q)> - Hxn—i-l _QH
Jn1—9)€j(Xnt1—9)

ko
2

B9 (s~ 1) — 2+ 0xws — gDl
Gn:max{c,f,O}—F%,
M = sup{[lun — g, lvn — g},
Hp = max{;}
and

L//

(2

L = max{L!

Then, there exists j(x,+1 —¢q) € j(x,+1 —¢) such that

Op 2> <T(PT) xn—H CIaj(xn+1_Q)>_||xn+1_Q||

63) 2 (1~ ql) — 5+ 0501 —al)

By hypothesis, it is clear that limsup,,_.., o, < 0. Thus, lim,_. 6, = 0.

Again, since T, 1 = (1= B,)S}yn+BuTi(PT)* ' yps1 and pyy1 = (1= B1)Sixn + By Ti(PT 1y,
we have ,Vn > 0,

lpast—all = 1(1=B)Sixn+ B TPT) " xn) — 4l
< (1= B)ISixn — aqll + Bl TH(PT) xs — g
< (1= By)Lillxa — gl + B,Li [1xn — 4]
< (1=B)Llxn—ql + BLllxn —q|

(3.4) = Lllx—ql;
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i =gl = [1P((1= 04, = ¥)xn+ 04 Ti(PT) " Pyt + Yyva) — 4|
< H(l_a;z_%z)xn+a;17}(Pn)k_]pn+l+7/;1Vn_Q||

= (1= 0, = %) —q) + o (Ti(PT)" ' st — 0tq) + %, (va = q) |

< (1= 0 =)l — gl + oI T:(PT)* Pyt —gll + %llva — g

< (IT=a =)l =gl + &L  lpns1 — gl + % lva — 4l

< (=0l —qll+ oLl pus1 —gll + 1M

= (1—op)|x—gll+ouLl?|lx—gll+%nM  (by(3.4))
(3.5 < (14 o L?) | —gll + %M

HPn+1 — Yn+1 H < HPn+1 - CIH + Hq—yn+1 H

< Ll =gl + (1 +oul?)xa—gl +%M  (by(3.4) and (3.5))

(3.6) = (14 L+oL?) | — gl + %M;
|Tur1—qll = [[(1=Ba)Syns1 + BaTi(PT)*  ypsr — 4
< (1= B ISfyns1 — gl + Bal P yui1 — 4
< (1= B)L|ynt1 — gl + BaL” lyns1 — 4
< (LHL")|ynr1 — 4
< 2L|ynr1 — 4
< 2L[(1+ o L?)|lx, — gl +¥M]  (by (3.5))

(3.7) = 2L(1 4 0, L?)||x, — gl| + 2Ly, M;
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|Vnt1 — Xn+1]|

(3.8)

IN

IN

IN

IN

IN

IA

1P((1 — 04y = )5+ 0 TH(PT) ™ Pt + %) = P((1 — 0 — T)n

+a, T;(PT)* 0+ youtn) |

(1= 05— ¥)xn + 0, T(PT ) 1 + Yvn — [(1 = 0 — W) xs
+0u T (PT) " Tt + Yot |

11— 05— %) (%0 — @) + 0 (T(PT)* prs1 — ) + %y (va — q)
—[(1= 0t — ) (60 — @) + O (G(PT)* " Tt — @) + Ya(tn — 9)]|
1= (et + 1) (6n — @) + 04 (Ti(PT)* ' 1 —q) + ¥ (va— )

— [+ %) (%0 — @) + (T (PT) ' Tt — @) + Y (un — )]
g (TH(PT)* ™ Pt — @) + %y (v — @) — O TH(PT) ' 11 — )
—Yu(tn —q)|

| TPT ot —gll + %l — all + 0| HPT ' 2,00 — g
+%nlltn — gl

04, L [Pt — gl 4+ VM + 0L || Tyt — gl 4+ 1M

oLl pn1 =gl + Ll a1 — gl + (Y + 1M

L2 (%, — gl + 206, L% (1 + g, L?) %, — g + 203, LM
+(+Y)M  (by (3.4) and (3.7))

[0 + 204, (1 + &\ L2)]L? %0 — ql| + (Y + ¥, + 20, L2)M

11
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and
1Tt —Xng1ll = (1= Bu)Siyns1 + BaTi(PT) ™yt — xngt |

< ISEynit =yatll 4 et =Xt |+ Ball HOPT)* yuss — gl + Bull otg — Siyna |

< 1851 =gl + ynsr = all+ 1ynet = Xnst |+ Ball TPT) ' yui1 — g
+Bullg — iy

< Llynst —all 4 et — all 4+ et — Xnet |4+ BaLd |[ns1 — qll + BuLillg — v |

< Ll[yns1 = ogll + 1yar1 — gl + [[yar1 = X1 | + BaLllyns1 — qll + BaLllg — ynr1 |

= (1+L+2BuL)[[yns1 — gl + [yns1 — Xt |

< (I4+L42B.L)[(1 + )L |[xn — gl +¥,M] + [0, + 206, (1 + 04, L7)]L°
x|1x0 = gll + (% + Y+ 20,7 L)M]  (by (3.5) and (3.8)

= [(L4+L+2B,L) (1 + 04, L?) + (0 + 206, (1 + 0) L)) L] || — ] ]

(3.9) +[(2+ L+ 2B.L+20,,L%) Y, + 1] M.

Now, using Lemma 2.1 and condition (ii), and the fact that each 7; : K — E is total asymptot-

ically quasi pseudocontractive-type mapping in the intermediate sense, we get

[ Xn+1 —QH2 = [|P((1—ay— Yn)xn‘i'anTi(PTi)kilfn‘*'ynun) _QHZ
< (1= 0y — %)X+ O TH(PT) ™ it + Yyt — g
= (1= 0t = %) (6w — @) + 0 (Ti(PT)* Tt — @) + Wl — @)
< (1= 0= %)% P — gl + 200 ((T(PT)* ' 71 — q)
¥ (tn —q), j(Xnt1—q))

= (1= 0t — %) |ln — qlf* + 206 T(PT)* " 1 — 4, j (s

_CI)> +2an<7/nun —q, JXn+1 _Q>
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(3.10)

IN

IN

(1= 0 = %) |10 — 4lI* + 200 (T(PT)" ™ a1 = Ti(PT)* i1
HTPT) o1 = 9), J (i1 — @) + 206 Wl[un — gl | (n1 — @) |
(1= & — 1) [Pen — gl* + 20 (T (PT)* ' 541

~T(PT)* Xng1, (ns1 — @) + 200 (T(PT)* py1 — 4, j(xns1 — q))
+204 Y |un — gl || (Xn1 — )|

(1= 0 = %) [lx — gl* + 206 (T(PT;)* ' 1,14

—Ti(PT)* i1, j (ns1 — 9)) + 20 [(T(PT)* Xt — g, j (Xns1 —q))

Sn

il
~lns1 =l = S0 (lxns1 —all) = 51+ 20u v 1 — gl
2

+ @ ([[Xn+1 — ql|) + & + 200 1M || X011 — 4|

(1 — 0y — Yn)z”xn _QHZ +2anL||Tn+1 —Xn+1 H ||xn+1 _QH

206 [(T(PT net =, (st — )>—||xn+1—C]Hz—@‘P(HXHI—C]H)

§
=2+ 0 (1 —alD) = 2006 ([|xn1 = gll) + 200l 11 — g

+ 0 in @ (|| X011 — ql|) 4+ &n + 200, Y M || %11 — 4|

(3.9) and (3.10) imply that

Hxn—H

—q|?

(1= 0 = %) [n — glf?

13

+204,L{[(1 + L4 2B,L) (1 + o, L*) + (o, + 20, (1 4 o/ ) L*) L] ||x, — g]|]

H[(2+ L+ 2B L+ 20,LH) Y, + Yl M} X011 — gl

: i
+206 (T (PT)" ™ 201 = ¢,/ (61 = @) = 1 =l = S0 (a1

5

-+ O (xns1 = alD] = 2000 (1 — qll) + 200 001 — g

+an“n¢(||xn+l —qll) + & + 20, 1M ||xp 11 — 4|

—ql)
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(1= (et + 1)) lln — gl
+F2{{0L[(1+L+2B,L) (1 + 0,L%) + (0t +206,(1 + 0 ) L*))L?] ||, — ] ]
+ 0, L[(2+ L+ 2B, L+ 20,L2) Y, + Y] M} 4+ 205, 7M || x 41 — g

_ , L
+20,[(Ti(PT)* Xu1 = 4, j(n1 — @) = [Pensr —gl* = = 9(lxns1 —4ll)

¢
_En + ¢(||xn+l _CIH)] - 20‘ﬂ¢(||xn+1 - QH) +2an”xn+1 - QHZ

+0n  ([[xn11 — gll) +En

(14 (060 + %) ][ = qlI* = 2(0 + %) 120 — X1 +Xa41 — g1
2{{oL[(1 +L+2B,L)(1+ a,L?) + (0t +204,(1 + o)) L*)) L?] | xn — q|]
L2+ L+ 2B L +206,L%) Y, + M} + 200, M } [ 41 — |

_ . i)
+20,[(T(PT) ™ dn1 = 4, j (o1 — @) = nss — gl — =91 —4ll)

S
=2+ 0 (1 —al)] = 2006 ([lxn1 = gll) + 200l xn 1 — gl

+ 0§ (|| %011 — gll) + &

(14 (0t + 1)) len — gl = 200 — %+ Y + 1) |1 — gl

F2{{ oL [(1+L+2B,L) (1 + 04,L?) + (04, + 204, (1 + 0 ) L?)) L?] [0 — g
+ 0, L[(2+ L+ 2B, L+ 20, L%) Y, + %M} + 200, .M} || X1 — q|

_ . Hn
+206[(T(PT) 1 = 4, (61 = @) = ns1 =l = 9 (lns1 — ql)
Sn

=2+ 0 (b1 —alD] = 2006 ([l 1 = gll) + 200|011 — ]|

09 ([n 1 = gll) + S
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= [T+ (0 + 1) — > = 200t — K Ins 1 — qll> =209 + %) X1 — gl
+2{{ 0 L[(1+L+2B,L) (1 + 04,L%) + (0t +206,(1+ 0 ) L)) L?] ||, — ]
+ 0, L[(2+ L4 2B,L+ 20, L)Y, + Y MY + 204, 1M } | X, 41 — g

_ , L
+20,[(Ti(PT)* Xu1 = 4, j(n1 — @) = [Pensr —gl* = =91 —4ll)

g
_?n +¢(||xn+l _CIH)] — 2060 (|| 441 _QH) +2an||xn+1 - QHZ

+06 4§ (|11 — gll) + S

<[4 (0 + %) P — gl = 2001 — gll* = 2]lxs1 — gl
+2{{0L[(1+L+2B,L) (1 + 04,L%) + (0t + 206, (1 + 0 ) L)) L?] ||, — ]
+O‘nL[(2+L+2BnL+2O‘nL2)%z + WM} + 206, M }H X041 — 4|
k—1 . 2 Ha 2
H20[(TH(PT)™ An1 = 4, J Ot =) = [xn1 = 4ll" = 0 ([xas1 = ql]) +200[lxn11 — 4|
¢
—7"+¢(Hxn+1—61!\)]—206n¢(HXn+1—4|!)+206n|!xn+1—fJI!+06nun¢(|!xn+1—qH)+€n
(3.11)

This implies that

et —gl* < 14 (0 + %) Il —gll* = [Pt — gl
F2{{0L[(1+L+2B,L) (1 + 04,L%) + (0t + 206, (1 + 0 ) L*)L?] || 3 — ] ]
+O‘nL[(2+L+2BnL+2anL2)%,1 + WM} + 20, M} X041 — 4|

_ , i
+20,[(T(PT) ™ dnt1 — 4, j (ons1 — ) — n1 — gl — = 9wt —4ll)

=54 (st — 1))~ 2009 (1 )
(3-12) "’an.un(l)(Hxn—i-l _QH)"i_gn

Let a, = ||x, —q||*, ¢ (¢) = ¢(/1),V, = a,L[(1 + L+ 2B,L)(1 + o)L*) + at,L(ex, + 206, L(1 +
o/ 1?))L? and @, = o6, L[(2 + L+ 2B.L+206,L%) Y, + 1, |M + 206, 1, M.
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Using the above information, (3.12) becomes

a1 < (1405 42007+ %) an — dng1 +2(Vallxa — g + @) [x041 — g
(3.13) +2an6n+an.un¢(an+l)+€n _Zan¢(an+l)

By using 2ab < a* +b?, (3.13) becomes

a1 < (140 + 200 %+ 1)@ — ani1 + (Vallxn — gl + ©02)% + 01 — 4l
+204,05 + Qi lln @ (@n+1) + & — 2009 (@n+1)
= (1407 + 20 Y+ 72)an — ani1 + Vallxn — ql* + 2Va 0|50 — g + ©F
X1 — qlI* + 20,00 + Oty @ (ani1) + En — 2050 (an41)

(1+ 05 + 200 ¥ + 1) an — ans1 + Vi |60 — ql|* + Vi + 07 ||x0 — q||* + 0

IN

H|xns1 — ql|* + 20400 + O tn® (anr1) + En — 2000 (@011

= (1402 +20,Y% + V) an — api1 + Vian+ vV + 02 a, + ©F + api
+200,0n — 04 (2 — ) @ (ant1) + &

= (1+ 03 +20 % + ¥ )an + Vean+ Vi + Opap + o

+204,65 — 0 (2 — )P (ans1) + &n

(3.14) =Sapr1 < (14+bp)ay— A0 (ans1) +cn,

where b, = 02 + 20, Y + V2 + V2 + @2, Ay = 4, (2 — W) and ¢, = V2 + &7 + 204,06, + &,

From conditions [(1),(iii)], we have

(3.15) Y <o, Y cp<oo, Y Ay =rco.
n=1 n=1 n=1
Again, from (3.14), (3.15) and Lemma 2.2, we obtain

lim a, = lim ||x, — ¢ = 0.
n—soo n—yoo

Thus, limy X, = g € F = NNF((T;NF(S))).
(Necessity) Suppose that lim, ,.x, = g € FF. Then, we can choose an arbitrary conti-

nous strictly increasing function ¢ : [0,00) — [0,0), with ¢(0) = 0, such that ¢((z)) = ¢
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and lim, e @ (||x,+1 —¢||) = 0. Since each T;(i = 1,2,--- ,N) is total asymptotically quasi-

pseudocontractive-type mapping, for any g € F(T;) O F, we obtain

0 > limsup  inf  (BPT)* 'xur — . (x— ) [lust —al
n—eo  j(Xnt1—q)€J (Xngr1—4q)
.Ll’ln él’l
(3.16) = OUlxns1 —all) = 5) + O (llxws1 —qll).
Hence,
0 = 0+0
> limsup it (BT er —qi(i— ) [l — gl
n—oo  j(Xnt1—q)€J (Xp11—9)
I'Lln én .
——¢(||xn+1—61||)—3)]+11H3°¢(||xn+1—C1||)
= .limsup inf (T(PT)*  xn1 — 4, j(x = q)) = | %nr1 — gl
n—oo j(Xnt1—q)€J (Xnt1—q)
um én

= Olxns1 —all) = 5 + @1 —al])]

This completes the proof. U

Corollary 3.2. Let E be a real Banach space and K a nonexpansive retract of E. LetT; : K — E
(i=1,2,---,N) be N-uniformly L}-Lipschitizian nonself mappings and each T; be total asymp-
totically quasi pseudocontractive-type nonself mapping with the sequence f;, € [1,00) : t;, — 1

(i=1,2,---,N) asn — oo. Let {x,} be a sequence defined by

x1 €K

(3 17) Xn+1 = P((l — Oy — Yn>xn + anTi(PTi)k_lTn+1 + Ynun)

Yn+1 = P((l - O‘rlz - Vr,z)xn + ar/zE(PTi)k_lanrl + %Vn)

\
where 7,01 = (1 — Bu)yn + ﬁnTi(PTi)kil)’n+lapn+l = (1 - Br/z)xn + Br/zTi(PTi)kilxn

{ant, {m}, B}, {6}, {7.},{B.} € [0,1] and {u,},{v,} C K are two bounded sequences.
Suppose F = MY, (F(S;) N F(T;)) # 0. If the following conditions hold:
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LY (M —1) <0, 0< B <o < LY O =00, Y0 oy <o, X0 Yo <00, X0 7, <

00’

. m+y>lLa+1%n>1o4+7y>1;
i Yo 0Py < o0, Yo a0 < o0, Y oY < o0, 0y > Y.
Then, the sequence defined by (3.17) converges strongly to the fixed point g € F if and only if

there exists a strictly increasing function ¢ : [0,00) — [0,0) with ¢(0) = 0 such that

0 > limsup  inf (TP X1 — g, j(x— ) = [Peus1 —
n—oo  j(Xnt1—q)EJ (Xny1—q)
Hin én

=501 —al) = 3) + 0 (llvus1 —al)).

Proof. Let S; = I, where I is an identity mapping, in (3.2). Then, the results follows as in the

proof of Theorem 3.1 by putting S; = 1. UJ

Remark 3.1. If u, = &, =0 and S; = I, where I is an identity mapping, then (3.2) reduces to
(12) in [26]. Thus (13), (14), (15) and (16) in [26] are special cases of (3.2).

Corollary 3.3. Let E be a real Banach space and K a nonexpansive retractof E. LetT; : K — E
(i=1,2,---,N) be N-uniformly L}-Lipschitizian nonself mappings and each T; be total asymp-
totically quasi pseudocontractive-type nonself mapping with the sequence L, € [1,0) : ty, — 1

(i=1,2,---,N) asn — oo. Let {x,} be a sequence defined by

x1 €K

Xn4+1 = P((l — Oy — '}/n)xn + anTi<PTi)k_1yn + Ynun)
(3.18)
yn = P((1 = 04— ¥,)xn + 0 Ti(PT})* Loy + v

where {0, },{%},{B.} € [0,1] and {u,},{vs} C K are two bounded sequences. Suppose F =
F(T1)NF(T,) # 0. If the following conditions hold:

L Z::l Uin < 0072:1021 oy = oovz:lozl ar% < 0072:::1 &n < 007220:1 T < 0072:1021 %l < oo}
ity > Lo +n>La+y>1;

i, Yo a0, < oo, Y | 0,y < 00,0 > Y.
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Then, the sequence defined by (3.18) converges strongly to the fixed point ¢ € F if and only if

there exists a strictly increasing function ¢ : [0,e0) — [0,0) with ¢(0) = 0 such that

0 > limswp it (TP — i ) s —al
n—oo  j(Xpp1—q)E€J (Xnsr1—q)
_ Hin Sn

5 b1 —all) = ) + @ (lnr1 = gll))-

Proof. Let S; = I, where I is an identity mapping, and 8, = B, = 0 in (3.2). Then, the results

follows as in the proof of Theorem 3.1 by putting S; = I, where I is an identity mapping, and
B, =B, =0. 0
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