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Abstract. The main goal of this paper is to point out some refinements of the reverse of the Jensen-Mercer
inequality.
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1. INTRODUCTION

Throughout this paper, for &, 8,a,b € R we always assume —o < ot < a < b < ff < oo. Let
f:(et,B) — R be a convex function. Then for each x € (¢, B) there exist f” (x) and f’, (x) and
fL(x) < fL(x) (see [5]). Hence, without any loss of generality we may set f’ (x) = f} (x) for

any x € (a, ).

The Jensen-Mercer inequality
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for convex function f : (¢, ) — R, real numbers xi,...,x, € |a,b] and positive real numbers
n

P1,---,Pn, Where P, = Z pi, was proved in [4]. In [1], it was proved that it remains valid when
i=1

X1y...,Xn € [a,b] and py,..., p, € R satisfy the conditions
() X <xp <o <Xy OF Xp 22X 200 2> Xy
and
k
3) 0<P=)pi<P,k=1,..,n P >0.

i=1

1 n
Also, under conditions (2) and (3), o Z pix; belongs to [a,b], and consequently X =a+b —

ni=1

1 n
— Y pixi € [a,b].
P, ; PiXi [a ]
Furthermore, in [2], under conditions (2) and (3), a reverse of the Jensen-Mercer inequality

was obtained in the following form
l n
0< f(a)+f(b)— 7 Y pif (xi)—f(X)
ni=1

@ <f@)a=3)+ 7 )67 - 5 ilpif’ () (v ).

Our goal is to establish refinements of the second inequality in (4).

2. MAIN RESULTS

In [3], the following reverse of the discrete Jensen-Steffensen inequality and its refinements
were proved.

Theorem A. Let f: (at, ) — R be a convex function and suppose that &;,...,&, € [a,b],

Wi,...,wn € R satisfy conditions
) E1 <& <<y or §1>6>-->8,
and

k

(6) 0<We=Y wi <Wu, k=1,...,m, W, >0.
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Then
0<7-/ (&)
< inf (7(&)-€2) + - Yt @)/ (8)
@ < Wimgwiéf’ (&) -ET,
where

= _széza n= _Zwlf 5’ - _ZW’f é’
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Theorem B. Suppose that all the conditions of Theorem A are satisfied and additionally

assume that f is strictly convex and differentiable on (@, 3). Then
(5)
widis @)+ ()7 (€)) -8 () () -1 (8)
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In the following theorems we show how inequalities (7) and (8) can be used to obtain re-
finements of the reverse of the Jensen-Mercer inequality, under different conditions on weights

P1,---,Pn and arguments xi, ..., X,.

Theorem 1. Let f: (o, ) — R be a convex function and xy,...,x, € |a,b],p1,...,pn € R be
such that conditions (2) and (3) are fulfilled. Then

0<f( __Zpl xl
gxei&fb)(ﬂx)—xz)wf()wf ——Zplxlf x;) = f (%)
9) < f(a)(a=3)+f (b) (b—%) - ; Zpif’ (i) (xi = %),
ni=1
where)_c:a—i—b—%ipixiandZ:f/( ——sz X;)

ni=1
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Proof. For m = n+2 we define

(10) Si=a, &=x, &=x, .. &Eui1=x, ém:b.
wy =1, wzz—%, sz—%, wm_lz—%:, W =1

Itisobviousthat & <& < - <&, ifx; <y <---<xyor& >&E > > &, ifx; > x>
-++ > x, and that
k
0<We=Y wi <Wp, k=12,....m, W, =1>0.
i=1

Hence, we can apply Theorem A thus obtaining inequalities (9). UJ

In the same way, by applying Theorem B, we prove the following theorem.

Theorem 2. Suppose that all the conditions of Theorem 1 are satisfied and additionally assume
that f is strictly convex and differentiable on (o, 3). Then

0< f(a)+f(b) —I%ipif(xi) —f(x)

<af'(a)+bf (b)— Ié ;pf )+ (7' @) -2 @-r®

A0 <P @D+ B0~ 5 Y pif (x) (i),

ni=1

1 ¢ 1 &
where)_c:a+b—[—)ni;pixi andZ:f/(a)—l—f'(b)—f—)n;pif'(xi).

Theorem 3. Let [ : (o, ) — R be a convex function, py,...,pn positive real numbers and

X1,...,Xn € [a,b]. Then inequalities (9) hold.

Proof. When py,..., p, are positive, condition (3) is permutation invariant, that is, in that case
(3) does not depend on the order of py,..., p,. Because of that, we can take any xy,...,x, € [a,D]
and rearrange them in the way that, after substitutions (10), conditions (5) and (6) are fulfilled.

Hence, we can apply Theorem A. O

Analogously, we can apply Theorem B and prove the following theorem.

Theorem 4. Let f: (¢, B) — R be a differentiable strictly convex function, pi,...,py positive

real numbers and xy, ... ,x, € [a,b]. Then inequalities (11) hold.
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