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Abstract. In this paper we shall consider the moduli of all the zeros of r(z) instead of maximum modulus of zeros

of r(z) and present a refinement of some results. We shall also prove a result of similar nature.
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1. INTRODUCTION

n .
Let &, be the class of polynomials P(z) = Y a;z/ of degree at most n. Let Dy_ denotes the
j=0
region inside the circle Ty = {z;|z| = k > 0} and Dy the region outside ;. For a; € C with

j=1,2,...,n, we write
W) =[le-a)  Bl=]] (4)
Jj=1 j=1 Z—daj
and

Ry = Ky (ay,az,...,a,) = {% :Pe gzn}’

then %, is the set of all rational functions with poles a;,ay, ...,a, at most and with finite limit
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at infinity.We observe that B(z) € %#,. For f defined on T} in the complex plane , we set

|| f|| = sup |f(z)|, the Chebyshev norm f on 7j. Throughout this paper, we also assume that all
z€Ty
poles ay,ay,...,a, are in D1 .The following famous result is due to Bernstein [4].

Theorem 1.1. If P € &, then ||P'|| < n||P]|].
As a refinement of Theorem 1.1, A. Aziz [1] and Malik [6] proved the following:
Theorem 1.2. If P € 2, and P*(z) = z”@ then || |(P*(2))|+|P(2)| || =n||P(2)]]-
The following result was conjectured by Erdos and later proved by Lax [5]

Theorem 1.3. If P € &2, and all the zeros of P(z) lie in Ty UD\ then for z € T) we have
, n
)] 1P = 311G
Equality in (1) holds for P(z) = az" + B with |o| = |B.
Li, Mohapatra and Rodriguez [8] have proved Bernstein-type inequalities similar to Theorem
1.1 and Theorem 1.3 for rational functions with prescribed poles where they replaced 7" by

Blaschkes product B(z).Among other things they proved the following generalisation of Theo-

rem 1.3:

Theorem 1.4. Suppose r € %, and all zeros of r lie in Ty UD ., then for z € T}, we have

/ 1 /
2) (@) = 5B Gl

Equality in (2) holds for r(z) = aB(z) + B with || = |B| = 1.
Aziz and Zargar [3] have proved the following generalization of Theorem 1.4.

Theorem 1.5. Suppose r € %, and all zeros of r lie in T, U Dy where k > 1, then for z € T,

we have
1 — @)
3 ~3{|B'(z
® ol < { el - T T i
Equality in (3) holds for r(z) = i where a > 1,k > 1 and B(z) = (lz_i’f) evaluated at

Z

z=1.
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2. PRELIMINARIES

For the proof of these Theorems we need the following Lemmas. First Lemma is due to Li,

Mohapatra and Rodriguez [8]

Lemma 2.1. Ifr € %, and r*(z) = B(z)r(=) then for z € T}, we have

A=

) (@) |+ 7 () < 1B/ ()]l
Equality in (4) holds in r(z) = uB(z) withu € T}.

Lemma 2.2. Ifz € Ty, then

e (A12) 2=t

and

where W (z) = ﬁl (z—aj) and W (z) = "W (
=

Il
SN—

This Lemma is due to Aziz and Zargar [3].

3. MAIN RESULTS

Now instead of considering the maximum modulus of zeros of r(z) we shall consider the

moduli of all the zeros of r(z) and prove the following refinement of Theorem 1.5.

Theorem 3.1. Suppose r(z) = % € Xy If b1,by,...,by, are the zeros of r(z) lie in T, U Dy

where k > 1, then for z € Ti, we have

/ 1 / - 1 n |I’(Z)|2
) |r<z>|s5{13<z>|—2(j;1+|bj|—5>W}Hru.

Proof of Theorem 3.1. Let r(z) = % € %y If by, by, ..., by, are the zeros of P(z), then m <n

and |b;| >k>1,j=1,2,...,n and we have

'(z) _P(2) WD)
riz) P W()

vz ()
_j_le_bj W(z)
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For z € Ti, this gives with the help of Lemma 2.2, that

/

"
=
Q
agE
|
N
S

I
~
lME
A\
>
~.
|
VR
S
|
N | oy
D
~

!B'( )| <R n
2 +<j_211+]b,-\_§>
Hence for z € T1 we have [[8], p.529],
(@) @)
R L=
Y Zr,ﬁ AR 7’ (2)
- |B (Z)|2 r(Z) 2|B( )|R r(Z)
/ Zr/(z /( Z 1 n
2’ (2)

This implies for z € T,

(©) {Ir’(z)!2 —2 (:l 1+1|b,~| - ;) |r<Z>\2|B’(z>I}2 <|(" @)’

Combining (6) with Lemma 2.1, we get

1

| ()!+{ (f )\F(Z>!2\B’(Z)!} < [B'(@)|lIr]]

or equivalently

_g> () PIB @) < {IB @Il — 17 ()]}

= |B' )17l —21B' @)l @)l + ' (2)
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which after a simplification yields for z € 77 that

r<>\<1{|B’ \+2<i

this proves Theorem 3.1. [

If r(z) has exactly n zeros in Ty U Dy, where k > 1, then we have the following result.

Corollary 3.1. Suppose r(z) = % € Xn. If by,by,...,by, are the zeros of r(z) lie in T, U Dy,

where k > 1, then for z € T\, we have

o (Bl =1 @R

Remark 3.1. (7) is refinement of Theorem 1.5. To show this we observe

(bl =1) _ (k=1)
> where |bj| >k >1
(Ibjl+1) — (k+1) ’

®)

(8) is true if
(k+1)(1bj| —=1) > (k= 1)(|bj| +1),j=1,2,...,n
which yields that
bl > k
which is clearly true.
Here we shall present the following result which provides a refinement of Theorem 1.5.

Theorem 3.2. Suppose r(z) = % € %y, where r has exactly n poles at ay,ay,...,a, and all

the zeros of r(z) lie in T, U Dy where k > 1, then for z € Tj, we have

/ L (n(k+1) —2m) |r(z)|?

where m is number of zeros of r.

Equality in (9) holds for r(z) = (ét?)’:; where k > 1 and B(z) = (IZ:‘;Z )n evaluated at 7 = 1.
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Proof of Theorem 3.2

Let r(z) = % € Xy. If by, by, ..., by, are all the zeros of P(z), thenm < nand |b;| > k> 1,

j=1,2,...,m and we have

'(z) _2P'(z) W'(z)
riz)  Plz)  W()

For z € Tj, this gives with the help of Lemma 2.2, that

zr'(z) z W'(z)
Re e Rej:Z:lZ_bj—Re W)

(10)

Using this in (10), we get for z € T}

Rzr'(z)< m _(’l—|BI(Z)|>

@) T 1+k 2
_m+n—n_<n—|B’(z)|)
1+k 2
_on (n—m n—|B'(z)|>
1+k 1+k 2
(gl )
2+ 1) Ttk 2

)
)
_|B'(z)] 1 [(n(k+1)—2m
h - +k( 2 )'
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Hence for z € T1, we have [Li, Mohapatra and Rodriguez [8] p-529]

2(r*(z))’
r(z)

2r'(2)|?

r(z)

r(z)

2
S CEE

7’ (2)
r(z)
7' (z) 2 (k+1)—2m)

O e (re- "5,

2 nk+1)—2m
1+k

= |B'(2)|* + —2[B'(2)|Re

> |B'(2) +

r'(2)

r(z)

|B'(2)|

This implies for z € T7,

(i {iror+ 2B @R} <1070

Combining (11) with Lemma 2.1, we get

o+ { e+ " E@I6R) < FQlI

or equivalently,

QP+ "2 0P < (B I - 1K)

= |B')]*Ir(2)|* = 21B' @)l @)lIr ()] + | (2) .

Which after simplification yields for z € 7; that
1{ / (n(k+1)—2m) |r(z)?
B'(2)| - Ir(2)]]-
(k+1)  [lIr@)I?

The desired result follows. [

Remark 3.2. If r(z) has exactly n zeros in T, U Dy, then we get Theorem 1.5.
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