Available online at http://scik.org
Adv. Inequal. Appl. 2021, 2021:3
https://doi.org/10.28919/aia/5735
ISSN: 2050-7461

SHARP CONTRA-HARMONIC MEAN BOUNDS FOR THE SANDOR-YANG
MEANS

HUI ZUO XU'*, WEI MAO QIAN?, SHAO YUN LI3

I'School of Mathematics and Engineering Information, Wenzhou University of Technology, Wenzhou, 325000,
China
2School of Continuing Education, Huzhou Broadcast and TV University (Huzhou Vocational & Technical

College), Huzhou, 313000, China

3Teachers Teaching Development Center, Wenzhou Broadcast and TV University, Wenzhou, 325013, China

Copyright © 2021 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Abstract. In this paper, we present the best possible two Sandor-Yang means bounds by the one-parameter contra-

harmonic mean. As applications, we find new bounds for the second Seiffert and Neuman-Sdndor means.
Keywords: Sdndor-Yang mean; contra-harmonic mean; one-parameter mean

2010 AMS Subject Classification: 33E05, 26E60.

1. INTRODUCTION

Let p € [0,1], x,y > 0 with x # y and M (x,y) be a one-parameter symmetric bivariate mean.
Then the one-parameter mean M (x,y; p), arithmetic mean A (x,y), quadratic mean Q (x,y),

contra-harmonic mean C (x,y), Neuman-Sandor mean NS (x,y) and second Seiffert mean 7 (x,y)
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are respectively defined by

M (x,y;p) = M [px+ (1 —p)y,py+ (1 —p)x]

x+y X2+ y? x* 4y
1.1 A =—= = C =
(1.1 (x,y) =—=,Qy) =/ —5—,Cxy) Ty
A=y A=y
NS@y)=——F—5 Ty =—"—7—=-
2sinh (m) 2tan (m)

It is well known that inequalities
(1.2) A(x,y) <NS(x,y) <T(x,y) < Q(x,y) <C(x,y)

hold for all x,y > 0 with x # y, and the one-parameter mean M (x,y; p) is continuous and strictly
increasing with respect to p € [0, 1] for fixed x,y > 0 with x # y.

In[1], Yang introduced the Sandor-Yang mean R4q (x,y) and Rpx (x,y) as follows:

(1.3) RAQ (_xjy) frd Q(x’y) eA(x,y)/T(x,y)—l,

(1.4) Roa (x,y) = A (x,y) QNS =1,

Recently, the bivariate means bounds and inequalities have been attracted attention of many
scholars. In particular, many remarkable inequalities involving the Sdndor-Yang mean can been
found in the literature[4, 5, 6, 7, 8, 9, 10, 11].

Neuman[2] proved that the inequalities

(1.5) A(x,y) <Rag(x,y) <Roa (x,y) <Q(x,y)

for all x,y > 0 with x # y.
Xu and Qian[3] found that p; < 1/2 4 /2e™/22—1/2,q1 > 1/2++/3/6 , pp < 1/2+
V2
(3 + 2\/5) —e2/(2e¢) and gy > 1/24+/6/6 are the best possible constants such that the

double inequalities

O (x,y;p1) < Rag (x,y) < O(x,y:q1),0(x,y;:p2) < Rpa (x,y) <O (x,y:92)

for all x,y > 0 with x # y.
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From (1.1), (1.2) and (1.5) we clearly see that the function r — C (x,y; r) is strictly increasing

on [1/2,1] and
(1.6) C(xy;1/2) = A(x,y) <Rag (x,y) <Roa (x,y) <C(x,y) = C(x,y;1)

for all x,y > 0 with x # y.
Motivated by inequalities (1.6), it is natural to ask “what are the best possible parameters

A1, A2, 1, o € [1/2,1] such that the double inequalities

C(x,y;A1) <Rap (x,y) <C(x,y;11),C (x,y;42) < Roa (x,y) < C (x,y; 1)

for all x,y > 0 with x # y?” the main purpose of this paper is to answer this question.

2. LEMMAS

In order to prove the desired theorems we need following eight Lemmas, which we present
in this section.
Lemmas 2.1. (See [12, Theorem 1.25]) For —c0 < a < b < 4o, let f,g : [a,b] — R be

continuous on [a,b] and differentiable on (a,b), and g’ (x) # 0 on (a,b). If f'(x) /g (x) is

I=1(0) ang LE=10) 3¢ f1(x) /¢! (v) s stictly

monotone, then the monotonicity in the conclusion is also strict.

increasing (decreasing) on (a,b), then so are

Lemmas 2.2. (See [13, Lemma 1.1]) Suppose that the power series f(x) = Y. a,x" and
n=0

glx)= )05 b,x" have the radius of convergence r > 0 and a,,, b, > 0 for all n > 0. If the sequence
{an/ b,jl:ig (strictly) increasing (decreasing) for all n > 0, then the function f (x) /g (x) is also
(strictly) increasing (decreasing) on (0, 7).

Lemmas 2.3. The function

f (t) — cot(r)—1

is strictly decreasing from (0,7 /4) onto (e”/ 4=l 1).

Proof Simple computations yields
@.1) FO =1,5(5) =+

log f(t) =tcot(t)—1,
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(@) t [Sin(2t) B 1}

2.2) R0

Since the function ¢ — sin (¢) /¢ is strictly decreasing from (0,7/2) onto (2/7, 1), hence (2.2)

lead to the conclusion that
(2.3) f’ (1) <0

forr € (0,7/4).
Therefore, Lemma?2.3 follows easily from (2.1) and (2.3).

Lemmas 2.4. The function

g(t) — sech (t) ezcoth(z)fl

V2
is strictly decreasing from <O, log (1 + \/§)> onto ((1 + \/§> / (2e), 1) :
Proof Straightforward computations yields
V2
+ (43
2.4) 0") =1, (10 <1+ 2)) ==
( g(07) =1,g(log NP

logg (t) =tcoth(t) —log|cosh(r)] — 1,

g ¢ tanh ()
(2.5) o)~ s (1) { ; 1]

It is not difficult to verify that the function 7 — tanh () /z is strictly decreasing from (0, log (1 + \/E) )
onto <\/§ / (210g <1 + \/§>> , 1), hence equation (2.5) lead to the conclusion that
(2.6) gt <0
fort e (0,10g <1 + \/5))
Therefore, part (2) follows easily from (2.4) and (2.6).
Lemmas 2.5. The function

_ tan(r)—t
hit) = 2sin (¢)tan? (1)

is strictly decreasing from (0, 7 /4) onto <\/§(1 —r/4)/2, 1/6>.
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Proof Let /iy (x) = tan(t) —t and hy (x) = 2sin(¢)tan® (t).Then elaborated computations

lead to
_hi(x) _ h(x)—hy(0)

2.7) ") = T e - (0)

H(x) _ cos ()

Wa(x)  2[2+cos? (1))
and

W) sin(e) [14sin® (1)]

2:8) [h’z (x)} T T Tt
for (0,7/4).

It follows from (2.8) imply that the function /] (x) /K (x) is strictly decreasing on (0,7/4).

Note that

)< 11 L (D) (1)

Therefore, Lemma 2.5 follows easily from (2.7), (2.9) and Lemma 2.1 together with the mono-
tonicity of ) (x) /h) (x).
Lemmas 2.6. The function

~ sinh(2r) -2t
~ sinh(3t) — 3sinh ()

is strictly decreasing from (O,log (1 + \/5)) onto <<\/§ —log (1 + \/§>) /2, 1/3).

Proof Making use of power series expansion we get

k(t)

b 2n+1 b 22n+3 on
Z 2 t2n+1_2t Z t
210 ) = L L) =" 2nt3)!
' 3t o v 1 oprl oy 3339
Lot =3 L g™ L et
n=0 n=0
Let
(2 11) 22n+3 B 32n+3 -3

M 23T 2n 3

Then

(2.12) a, >0,b, >0,
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and
(2.13) LT Lo i) N
buii by (3212 1) (34— 1)
forall n > 0.
Note that
(2.14) k(OﬂzZ—Sz%,k[log (1+f2)} _ ﬁ_logz@hﬁ)

Therefore, Lemma 2.6 follows from Lemma 2.2 and (2.10)-(2.14).

Lemmas 2.7. The function

_ sec (1) etoot(t)=1 _q
F) = tan? (1)

is strictly decreasing from (0, £/4) onto <\/§e”/ =10y 6).

Proof Let F| (1) = sec(t)¢'®")=1 —1 and F, (1) = tan® (¢). Then simple computations lead

to
. F (t) . F (l‘) —F] (0+)
219 PSR T RO-RO
F'y (1) _ reorny-1€08 (1) [sin (1) —rcos (¢)]
Fly(t) 2sin’ (1)
(2.16) = e’COt(t)_1% = F(t)h (1)

where the functions f (7) and £ (¢) are defined as in Lemma 2.3 and 2.5, respectively.

Note that
F’l (l‘) ) . 1
2.17 F(0) = =1 t) lim h(t) = -
( ) (0) =0+ F'5 (1) t_1>r(§1+f( )ten(gl+ (1) 6’
and
T\ = a4 _
(2.18) F<4> —V2e 1.

Therefore, Lemma 2.7 follows from Lemma 2.1, 2.3 and 2.5 together with (2.15)-(2.18).

Lemmas 2.8. The function
teoth(r)—1 _ |

Gl = : sinh? ()
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. : V2
is strictly decreasing from (O, log (1 + \/§)> onto ((1 + \/§> Je—1, 1/3) :

Proof Let G| (1) = ¢'M()~1 _1 and G, (¢) = sinh? (¢).Then elaborated computations lead

to
G (Z‘) G (l‘) — Gy (O+)
2.19 G(t) = =
(19 =60~ Gi)=60)
G (1) _ feoth(n)-1 sinh (¢) cosh (¢) — ¢
G2 (t) 2sinh?® (t) cosh ()
(2.20) _ sech(r)ercom-1__SR2O =2 0

sinh (3¢) — 3sinh (7)

where the functions g (¢) and k (¢) are defined as in Lemma 2.4 and 2.6, respectively.

Note that
. G/1 (Z) . ) . 1
@21 00)= i Gy = 50, k0=,
and
V2
(2.22) G [log (1 + fzﬂ - (1 +\f2) Je.

Therefore, Lemma 2.8 follows from Lemma 2.1, 2.4 and 2.6 together with (2.19)-(2.22).

3. MAIN RESULTS

Theorem 3.1. Let A;,u; € [1/2,1]. Then the double inequality
C(x,y;A1) < Rag (a,b) <C(x,y; 1)

holds for all x,y > 0 with x # y if and only if A; < 1/241/+/2e®/4~1 —1/2 =0.6878--- and
> 1/24++6/12=0.7041---.
Proof Since Ry (x,y) and C(x,y) are symmetric and homogenous of degree 1, we assume

that x >y > 0.Let v= (x—y)/(x+y) € (0,1),t = tan! (v) € (0,7/4) and p € [1/2,1].Then
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from (1.1) and (1.3) we have

C(x,y;p) — Rag (x,y) = C[px+ (1= p)y,py+ (1 = p)x] — Rag (x,y)

tan~ ! (v) 1

= A(y) [T+ 2p = 1P| = A (o) VT+12e ™

) sec (l‘) etoot(t)—1 _ 1]

(3.1) = A(x,y)tan® (¢) [(2p —1) tan? (7)

Therefore, Theorem 3.1 follows easily from (3.1) and Lemma 2.7.

Theorem 3.2. Let Ay, 1y € [1/2,1]. Then the double inequality

C(x,y:42) <Rpa (a,b) < C(x,y: u2)

VG
holds for all x,y > 0 with x # y if and only if Ay < 1/2 + (1 + \/§>

1/24++/3/6=0.7886--.

Je—1/2 and pp >

Proof Since Rpx (x,y) and C (x,y) are symmetric and homogenous of degree 1, we assume
that x >y > 0.Let v= (x—y)/(x+y) € (0,1),t =sinh~ ! (v) € (0,log (1 +\/§>> and ¢ €
[1/2,1].Then from (1.4) one has

C(x,y;9) —Roa (x,y) = Clgx+ (1 —q) y,qy + (1 — q) x] — Roa (x,y)

v/ 1+v2sinh—! (v)
=A(x,y) [1—}—(26[—1)2\/2] —A(x,y)e R -1

B 5 B 2_etcoth(t)fl_l
(3.2) — A(x,y)sinh? () [(Zq AN 0|

Therefore, Theorem 3.2 follows easily from (3.2) and Lemma 2.8.

As an application, then from Theorems 3.1 and 3.2 we get the following Corollary 3.3 imme-
diately.
Corollary 3.3. Let

a(x,y;0) =logC(x,y;0) —log Q (x,y) + 1,

B (x,y:0) =1ogC (x,y;0) —logA (x,y) + 1,

The double inequalities
A(x,y)
o (x,y; 1)

A(x,y)

<)< o (x,y; A1)
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0 (x,y) 0 (x,y)

Blryim) ~ V) < B A

hold for all x,y > 0 with x # y,A; = 1/2+/v/2e™/41 —1/2 and p; = 1/2++6/12,1; =
V2
1/2+\/(1+\/§) Je—1/2and pr = 1/2+/3/6.

ACKNOWLEDGMENTS

The research was supported by the Natural Science Foundation of China (Grant No. 11971142)

and the Key Project of the Scientific Research of Zhejiang Open University in 2019 (Grant no.

XKT- 19Z02) and the Natural Science Foundation of the Department of Education of Zhejiang

Province in 2020(Grant no Y202043179) and the “312 project of talents cultivation” of Zhejiang

Open University (Grant No.7).

CONFLICT OF INTERESTS

The author(s) declare that there is no conflict of interests.

REFERENCES

(1]

(2]
(3]

[4]

Z.H. Yang, Three families of two-parameter means constructed by trigonometric functions, J. Inequal. Appl.
2013 (2013), 541.

E. Neuman, On a new family of bivariate means, J. Math. Inequal. 11 (2017), 673-681.

H.Z. Xu, W.M. Qian, Sharp bounds for Sdndor-Yang means in terms of quadratic mean, J. Math. Inequal. 12
(2018), 1149-1158.

T.H. Zhao, W.M. Qian, Y.Q. Song, Optimal bounds for two Sandor-type means in terms of power means, J.
Inequal. Appl. 2016 (2016), 64.

H.Z. Xu, Sharp bounds for Sdndor-Yang means in terms of some bivariate means, J. East China Normal Univ.
(Nat. Sci.), 4 (2017), 41-50 (in Chinese).

F. Zhang, Y.Y. Yang, WM. Qian, Sharp bounds for Sandor-Yang means in terms of the convex combination
of classical bivariate means(Chinese), J. Zhejiang Univ. (Sci. Ed.), 45 (2018), 665-672.

J.L. Wang, H.Z. Xu, W.M. Qian, Sharp bounds for Sdndor-Yang means in terms of Lehmer means, Advances
in Inequalities and Applications, Adv. Inequal. Appl. 2018 (2018), 2.

Z.H. Yang, Y.M. Chu, Optimal evaluations for the Sandor-Yang mean by power mean, Math. Inequal. Appl.
19 (2016), 1031-1038.

T.H. Zhao, W.M. Qian, Y.Q. Song, Optimal bounds for two Sandor-type Means in terms of power means, J.
Inequal. Appl. 2016 (2016), 64.



10 HUI ZUO XU, WEI MAO QIAN, SHAO YUN LI

[10] Y.Y. Yang, W.M. Qian, Two optimal inequalities related to the Sandor-Yang type mean and one-parameter
mean, Commun. Math. Res. 32 (2016), 352-358 (in Chinese).

[11] X.-H. He, W.-M. Qian, H.-Z. Xu, Y.-M. Chu, Sharp power mean bounds for two Sandor-Yang means, Rev.
R. Acad. Cienc. Exactas Fis. Nat., Ser. A Mat. 113 (2019), 262772638.

[12] G.D. Anderson, M.K. Vamanamurthy, M.K. Vuorinen, Conformal Invariants, Inequalities, and Quasiconfor-
mal Maps, Canadian Mathematical Society Series of Monographs and Advanced Texts, JohnWiley & Sons,
New York, NY, USA, 1997.

[13] S. Simic, M. Vuorinen, Landen inequalities for zero-balanced hyper-geometric function, Abstr. Appl. Anal.

2012 (2012), 932061.



