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Abstract. In the year 2011, Cho et al. [2] has presented the new idea of c-distance in cone metric spaces. At

that point after Dubey, A.K. et al. [4] demonstrated a few after effects of fixed point results using c-distance with

contractive conditions in cone metric spaces. As of late, Tiwari, S.K. et al. [17] has demonstrated the expansion of

fixed point hypothesis for contraction mappings applying c-distance. The motivation behind this paper is to build

up a speculation of the outcomes demonstrated by Tiwari, S.K. et. al. [17] for contraction mappings applying

c-distance. Moreover, we prove a theorem for such mapping applying c-distance in tvs A -cone metric space as an

application that extends the results of M.Abbas,et.al. [14]. The outcomes here sum up and expand a portion of the

notable outcomes present in the literature [1,5,6,7,8,9,10].

Keywords: complete metric space; tvs-cone metric Space; tvs A -cone metric space; c-distance; fixed point;

contraction mapping.
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1. INTRODUCTION

The generalization of classical metric space was presented by Huang and Zhang [11] supplant-

ing an ordered Banach Space for the real numbers set , as an idea of cone metric space and

∗Corresponding author

E-mail address: mamtapatel2u@gmail.com

Received July 02, 2021
1



2 MAMTA PATEL, SANJAY SHARMA

indicated some fixed point results with contractive mappings on cone metric spaces. Afterward,

numerous authors studied cone metric spaces and deduced some fixed point theorems for cone

metric spaces. The c-distance is given by Cho et.al. [2]. Wang and Gao [18] introduced the

w-distance as cone version which was characterized by Kada et.al.[13]. Recently in 2017 Fadail

et al.[7,8,9,10] studied the results of fixed point theorems on T-Reich contraction type based on

the idea of c-distance. Followed by the result, Tiwari et al. proved and generalized the extended

unique fixed theorems applying the c-distance in these spaces. M.,Abbas,et.al [14] introduced

the theory of a A cone metric space which is a generalization of S metric space. Our aim is to

prove a fixed point theorem in tvs-A cone metric space applying c-distance as an application.

Our results generalizes and extends the fixed point results.

2. PRELIMINARIES

The following definitions and notations will be required in continuation. In this paper, we have

denoted the set of real numbers by R, a real Banach Space by E and a real Banach Algebra by

A .

Definition 2.1([3]): Consider E be a real Banach space and P ⊂ E where θ the zero element

in E , then P is called a cone iff:

(a) P is closed, non-empty , P 6= {θ},

(b)For all non-negative real numbers a,b and s, t ∈P then as+bt ∈P ,

(c) s ∈P ,−s ∈P ⇒ s = θ iff P ∩ (−P) = θ .

Given that the cone P is a subset of E , a partial ordering ≤ ,defined by s≤ t iff t− s ∈P on

E in which s� t stands for t− s ∈P . P is solid if int P 6= φ . If s, t ∈ E , then there is a least

number K > 0 such that ,

θ ≤ s≤ t⇒‖ s ‖6 K ‖ t ‖

Then cone P is called normal and number K which satisfies the given condition is called a

normal constant.

Definition 2.2([3]): Suppose a vector valued mapping d1 : X × X → E , where X be a

non-empty set satisfies
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(a) For every s, t ∈ X d1(s, t)≥ 0 and d(s, t) = 0 iff s = t,

(b) For every s, t ∈ X , d1(s, t) = d1(t,s),

(c) For every s, t,w ∈ X , d1(s, t)≤ d1(s, t)+d1(w, t).

Then d1 is said to be a tvs-cone metric on X , and the pair (X ,d1) is tvs-cone metric space.

Definition 2.3([2]): Let (X ,d1) be a tvs-cone metric space over Banach space E and{sn}n≥1be

a sequence in X .Then

(a) For every c ∈ E with θ � c,{sn}n≥1 converges to X ,then there exists a natural number N

such that d1(sn,s)� c ∀ n≥ N. Let us represent this by sn→ s as n→ ∞.

(b) For every c ∈ E with θ � c, {sn}n≥1 is a Cauchy Sequence if there is a natural number N

such that d1(sn,sm)� c ∀ n,m≥ N.We denote this by sn→ s as n→ ∞.

(c)(X ,d1) is a complete cone metric space if each Cauchy sequence in X is convergent.

Lemma 2.4([16]):

(1) If P be a cone in a real Banach space E and α ≤ λα, where α ∈P and θ ≤ λ < 1, then

α = θ .

(2) If c ∈ int P,θ ≤ αn and αn→ θ , then there exists a positive integer N such that an� c ∀

n≥ N.

Now, we define c-distance on a tvs-cone metric space (X ,d1) as it is a generalization of

w-distance given by Kada et al.[3].

Definition 2.5([2]): A function q1 : X×X→ E , where (X ,d1) be a tvs-cone metric space.Then

q1 is called a c-distance on X if it satisfies:

(a) If s, t ∈ X , then q1(s, t)≥ θ ,

(b) If s, t,w ∈ X , then q1(s, t)≤ q1(s, t)+q1(t,w),

(c) For all s ∈ X and n≥ 1, if q1(s, tn)≤ u for any u = us ∈P , then q1(s, t)≤ u whenever {tn}

in X converges to a point t ∈ X ,

(d) For all c ∈ E with θ � c, there exists e ∈ E with θ ∈ e such that q1(w,s) � e and
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q1(w, t)� e⇒ q1(s, t)� c.

Lemma 2.6([2]): Let (X ,d1) be a tvs-cone metric space and {sn} and {tn} be two sequences in

X , and s, t,w ∈ X . q1 is a c-distance on X . If un converges to 0 in P . The following conditions

hold:

(a) If un ≥ (sn, t) and un ≥ (sn,w), then t = w,

(b) If un ≥ (sn, tn) and un ≥ (sn,w) , then {tn} converges to z,

(c) If un ≥ (sn,sm) for m > n > n0, then {sn} is a Cauchy sequence in X ,

(d) If un ≥ (t,sn) then {sn} is a Cauchy sequence in X .

Definition2.7([11]): Let X be a non-empty set . A function d1 : Xn → A is a tvs A -cone

metric on X if,

(a) θ ≤ d1(s1,s2, ..,sn−1, t) for all s, t ∈ X , and d1(s1,s2, ..,sn−1,sn) = θ if and only if

s1 = s2 = ..= sn,

(b) d1(s1,s2, ..,sn−1, tn) = d1(t1, t2, .., tn−1,sn) for all s, t ∈ X ,

(c) d1(s1,s2, ..,sn−1, t)≤ d1(s1,s2, ..,sn−1, t)+d1(w1,w2, ..,wn−1, t) for all s, t,w ∈ X .

Then (X ,d1) is called a tvs A - cone metric space.

3. MAIN RESULTS

The following results generalizes and extend the results of [17].

Theorem 3(a): Let us consider (X ,d1) be tvs-cone metric space, P be a solid cone and q1 be

a c-distance on X . If T : X → X be continuous and satisfies the contractive condition:

(i) q1(Ts,Tt) ≤ a1[q1(s, t) + q1(s,Ts)] + a2[q1(s, t) + q1(t,Tt)] + a3[q1(s,Tt)+ q1(t,Ts)] +

a4[q1(s, t)+q1(s,Tt)]+a5[q1(s, t)+q1(t,Ts)]

(ii) q1(Tt,Ts) ≤ a1[q1(t,s) + q1(Ts,s)] + a2[q1(t,s) + q1(Tt, t)] + a3[q1(Tt,s)+ q1(Ts, t)] +

a4[q1(t,s)+q1(Tt,s)]+a5[q1(t,s)+q1(Ts, t)]

for all s, t ∈ X , in which a1,a2,a3,a4,a5 are non-negative real numbers such that 2(a1 + a2 +

a3 +a4 +a5)< 1 , then T has a fixed point s? ∈ X . The sequence {Tns} converges to the fixed

point. And if u = Tu then (u,u) = θ . The fixed point is unique.
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Proof. Choose so ∈ X . Set s1 = Ts0,s2 = Ts1 = T2s0,−−−−,sn+1 = Tsn = Tns0. Then we

have

q1(sn,sn+1)≤ q1(Tsn−1,Tsn)

≤ a1[q1(sn−1,sn) + q1(sn−1,Tsn−1)] + a2[q1(sn−1,,sn) + q1(sn,,Tsn)]+ a3[q1(sn−1,Tsn) +

q1(sn,,Tsn−1)]+a4[q1(sn−1,sn)+q1(sn−1,,Tsn)]+ a5[q1(sn−1,sn)+q1(sn,Tsn−1)]

≤ a1[q1(sn−1,sn) + q1(sn−1,sn)] + a2[q1(sn−1,,sn) + q1(sn,sn+1)]+ a3[q1(sn−1,sn+1) +

q1(sn,sn)]+a4[q1(sn−1,sn)+q1(sn−1,sn)]+ a5[q1(sn−1,sn)+q1(sn,sn)]

∴ q1(sn,sn+1)≤ ( 2a1 +a2 +a3 +2a4 +a5)q1(sn−1,sn)+(a2 +a3 +a5)q1(sn,sn+1)

q1(sn,,sn+1)≤ 2a1+a2+a3+2a4+a5
1−(a2+a3+a4)

= hq1(sn−1,sn)−−−−−−−−− (1)

Similarly

q1(sn+1,sn)≤ q1(Tsn,Tsn−1)

≤ a1[q1(sn,sn−1) + q1(Tsn−1,sn−1)] + a2[q1(sn,,sn−1) + q1(Tsn,,sn)] + a3[q1(Tsn,sn−1) +

q1(Tsn−1,sn)]+a4[q1(sn,sn−1)+q1(Tsn,,sn−1)]+ a5[q1(sn,sn−1)+q1(Tsn−1,sn)]

≤ a1[q1(sn,sn−1) + q1(sn,sn−1)] + a2[q1(sn,,sn−1) + q1(sn+1,sn)]+ a3[q1(sn+1,sn−1) +

q1(sn,sn)]+a4[q1(sn,sn−1)+q1(sn+1,sn−1)]+ a5[q1(sn,sn−1)+q1(sn,sn)]

∴ q1(sn+1,sn)≤ (2a1 +a2 +a3 +2a4 +a5)q1(sn,sn−1)+(a2 +a3 +a5)q1(sn+1,sn)

q1(sn+1,,sn)≤ 2a1+a2+a3+2a4+a5
1−(a2+a3+a4)

= hq1(sn,sn−1)−−−−− (2)

Denote un = q1(sn,sn+1)+q1(sn+1,sn)

Adding equations (1) and (2), we get

un ≤ (2a1 +a2 +a3 +2a4 +a5)un−1 +(a2 +a3 +a5)un

i.e

un ≤ hun−1,Where h = 2a1+a2+a3+2a4+a5
1−a2+a3+a4)

< 1.

Suppose m > n≥ 1.Then we get

q1(sn,,sm)≤ q1(sn,sn+1)+q1(sn+1,sn+2)+−−−−+q1(sn−1,sm)

≤ (hn +hn+1 +−−−−+hn−1)q1(s0,s1)+q1(s1,s0)

= un ≤ hn

1−h [q1(s0,s1)+q1(s1,s0)]→ ∞,h→ ∞

So, from Lemma 2.6 it is clear that {sn} is a Cauchy sequence in X . We have X as com-

plete, there exists s? ∈ X , such that sn→ s?T is continuous, then s? = limsn+1 = limT(sn) =
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T(limsn) = T(s?).

Therefore s? is a fixed point of T. Suppose that u = Tu,

Then we have

q1(u,u) ≤ q1(Tu,Tu) ≤ a1[q1(u,u) + q1(u,Tu)] + a2[q1(u,u) + q1(u,Tu)] + a3[q1(u,Tu) +

q1(u,Tu)]+a4[q1(u,u)+q1(u,Tu)]+a5[q1(u,u)+q1(u,Tu)]

= 2(a1 +a2 +a3 +a4 +a5)q1(u,u)

Since 2(a1 +a2 +a3 +a4 +a5)< 1 then by lemma 2.6 we have q1(u,u) = θ .

Proving the uniqueness of the fixed point:

Let there be another fixed point t∗ of T, then we have

q1(s∗, t∗)≤ q1(Ts∗,Tt∗)

≤ a1q1(s∗, t∗) + a2q1(s∗,Ts∗) + a3[q1(s∗,Ts∗) + q1(s∗,Ts∗)] + a4[q1(s∗, t∗) + q1(s∗,Tt∗)] +

a5[q1(s∗, t∗)+q1(t∗,Ts∗)]

= (a1 +a2 +2a3 +2a4 +2a5)q1(s∗, t∗)

≤ 2(a1 +a2 +a3 +a4 +a5)q1(s∗, t∗)

Since 2(a1 +a2 +a3 +a4 +a5)< 1 , by lemma 2.6 we get q1(s∗, t∗) = θ and also (s∗,s∗) = θ ,

we get s∗ = t∗.

Theorem 3(b): Let (X ,d1) be tvs-cone metric space, with cone P and let q1 be a c-distance on

X . Suppose that T : X → X be continuous and satisfies the contractive condition:

(i) q1(Ts,Tt) ≤ a1q1(s, t)+ a2q1(s,Ts)+ a3[q1(s,Ts)+ q1(t,Tt)]+ a4[q1(s,Tt)+ q1(t,Ts)]+

a5[q1(s, t)+q1(s,Ts)]+a6[q1(s, t)+q1(t,Tt)]

(ii) q1(Tt,Ts)≤ a1[q1(t,s)+a2q1(Ts,s)]+a3[q1(Ts,s)+q1(Tt, t)]+a4[q1(Tt,s)+q1(Ts, t)]+

a5[q1(t,s)+q1(Ts,s)]+a6[q1(t,s)+q1(Tt, t)]

for all s, t ∈ X , in which a1,a2,a3,a4,a5 are non-negative real numbers such that 2(a1 + a2 +

a3 +a4 +a5)< 1 , then T has a fixed point s? ∈ X . The sequence {Tns} converges to the fixed

point. And if u = Tu then (u,u) = θ . The fixed point is unique.

q1(sn,sn+1)≤ q1(Tsn−1,Tsn)

≤ a1q1(sn−1,sn) + a2q1(sn−1,sn)] + a3[q1(sn−1,,Tsn−1) + q1(sn,,Tsn)] + a4[q1(sn−1,Tsn) +

q1(sn,,Tsn−1)]+a5[q1(sn−1,sn)+q1(sn−1,,Tsn−1)]+a6[q1(sn−1,sn)+q1(sn,Tsn)]
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≤ a1q1(sn−1,sn) + a2q1(sn−1,sn)] + a3[q1(sn−1,,sn) + q1(sn,sn+1)] + a4[q1(sn−1,sn+1) +

q1(sn,sn)]+a5[q1(sn−1,sn)+q1(sn−1,sn)]+a6[q1(sn−1,sn)+q1(sn,sn+1)]

∴ q1(sn,sn+1)≤ ( a1 +a2 +a3 +a4 +2a5 +a6)q1(sn−1,sn)+(a3 +a4 +a6)q1(sn,sn+1)

q1(sn,,sn+1)≤ a1+a2+a3+a4+2a5+a6
1−(a3+a4+a6)

= hq1(sn−1,sn)−−−−−−−−(3)

Similarly

q1(sn+1,sn)≤ q1(Tsn,Tsn−1)

≤ a1q1(sn,sn−1) + a2q1(sn,sn−1) + a3[q1(Tsn−1,,sn−1) + q1(Tsn,,sn)] + a4[q1(Tsn,sn−1) +

q1(Tsn−1,sn)]+a5[q1(sn,sn−1)+q1(Tsn−1,,sn−1)]+a6[q1(sn,sn−1)+q1(Tsn,sn)]

≤ a1q1(sn,sn−1) + a2q1(sn,sn−1) + a3[q1(sn,,sn−1) + q1(sn+1,sn)] + a4[q1(sn+1,sn−1) +

q1(sn,sn)]+a5[q1(sn,sn−1)+q1(sn,sn−1)]+a6[q1(sn,sn−1)+q1(sn+1,sn)]

∴ q1(sn+1,sn)≤ (a1 +a2 +a3 +a4 +2a5 +a6)q1(sn,sn−1)+(a3 +a4 +a6)q1(sn+1,sn)

q1(sn,,sn+1)≤ a1+a2+a3+a4+2a5+a6
1−(a3+a4+a6)

= hq1(sn−1,sn)−−−−−−−−(4)

Denote un = q1(sn,sn+1)+q1(sn+1,sn)

Adding equations(3) and (4), we get

un ≤ (a1 +a2 +a3 +a4 +2a5 +a6)un−1 +(a3 +a4 +a6)un

i.e. un ≤ hun−1,

Where h = a1+a2+a3+a4+2a5+a6
1−(a3+a4+a6)

< 1

Let m > n≥ 1, then it follows that

q1(sn,sm)≤ q1(sn,sn+1)+q1(sn+1,sn+2)+−−−+q1(sn−1,sm)

≤ (hn +hn+1 +−−−−+hn−1)q1(s0,s1)+q1(s1,s0) = un

≤ hn

1−h [q1(s0,s1)+q1(s1,s0)]⇒ un→ ∞,h→ ∞

Thus, from Lemma 2.6 it is clear that {sn} is a Cauchy sequence in X . Since we have X

complete, there exists s? ∈X Such that sn→ s?T is continuous, then s? = limsn+1 = limT(sn) =

T(limsn) = T(s?). Therefore s? is a fixed point of T.

Suppose that u = Tu,

Then we have

q1(u,u)≤ q1(Tu,Tu)

q1(u,u) ≤ a1q1(u,u) + a2q1(u,Tu) + a3[q1(u,Tu) + q1(u,Tu)] + a4[q1(u,Tu) + q1(u,Tu)]+

a5[q1(u,u)+q1(u,Tu)]+a6[q1(u,u)+q1(u,Tu)]
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= (a1 +a2 +2a3 +2a4 +2a5 +2a6)q1(u,u) Since 2(a1 +a2 +2a3 +2a4 +2a5 +2a6)< 1 then

by lemma 2.6 we have q1(u,u) = θ .

Proving the uniqueness of the fixed point:

Let there be another fixed point y∗ of T, then we have

q1(s∗, t∗)≤ q1(Ts∗,Tt∗)

≤ a1q1(s∗, t∗) + a2q1(s∗,Ts∗) + a3[q1(s∗,Ts∗) + q1(s∗,Ts∗)] + a4[q1(s∗,Ts∗) + q1(s∗,Ts∗)] +

a5[q1(s∗,s∗)+q1(s∗,Ts∗)]+] a6[q1(s∗,s∗)+q1(s∗,Ts∗)

= (a1 +a2 +2a3 +2a4 +2a5 +2a6)q1(s∗, t∗)

≤ 2(a1 +a2 +a3 +a4 +a5 +a6)q1(s∗, t∗)

Since 2(a1 +a2 +a3 +a4 +a5 +a6)< 1 then by lemma 2.6 we have q1(s∗, t∗) = θ and also

we have (s∗, t∗) = θ

hence we get s∗ = t∗.

Example: Let E = R and P = (s ∈ E ;s ≥ 0}Let X = [0,1],and define a mapping f : X → X

such that f (s) = s2,s = 1
1000 , t =

9
1000 ,a1 =

1
100 , a2 =

2
100 , a3 =

3
100 ,a4 =

4
100 ,a5 =

5
100 ,a6 =

6
100 .

Let d( f s, f t) = d(s− t).

Solution:q1(Ts,Tt) = |s2− t2|

= |s− t||s+ t|

= |s− t|| 1
1000 +

9
1000 |

= |s− t|×0.03 = a3|s− t|

= a3q1(s, t)

≤ a1q1(s, t) + a2q1(s,Ts) + a3[q1(s,Ts) + q1(t,Tt)] + a4[q1(s,Tt) + q1(t,Ts)]+a5[q1(s, t) +

q1(s,Ts)]+a6[q1(s, t)+q1(t,Tt)].

4. APPLICATION:

Here we prove fixed point result for tvs A -cone metric space using c-distance.

Theorem 4: Let (X ,d1) be tvs A -cone metric space, P be a solid cone and q1 be a c-distance

on X . Suppose that T : X → X be continuous and satisfies the contractive condition:

(i) q1(Ts,Ts, ....,Ts,Ts) ≤ a1[q1(s,s, ....,s, t) + q1(s,s, ....,s,Tt)] + a2[q1(s,s, ....,s, t) +

q1(t, t, ....t,Tt)] + a3[q1(s,s, ....,s,Tt) + q1(t, t, ...., t,Ts)] + a4[q1(s,s, ....,s, t) +

q1(s,s, ....,s,Tt)]+a5[q1(s,s, ....,s, t)+q1(t, t, ....t,Ts)]
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(ii) q1(Tt,Tt, ....,Tt,Ts) ≤ a1[q1(t, t, ....t,s) + q1(Ts,Ts, ....,Ts,s)] +

a2[q1(t, t, ...., t,s)+ q1(Tt,Tt, ....,Tt, t)] + a3[q1(Tt,Tt, ....,Tt,s) + q1(Ts,Ts, ....,Ts, t)] +

a4[q1(t, t, ....t,s)+q1(Tt,Tt, ....,Tt,s)]+a5[q1(t, t, ...., t,s)+q1(Ts,Ts, ....,Ts, t)]

for all s, t ∈ X , where a1,a2,a3,a4,a5 are non negative real numbers such that 2(a1 +a2 +a3 +

a4 +a5)< 1.

Then T has a fixed point s? ∈ X iterative sequence {Tns}converges to the fixed point. If u =Tu.

Then (u,u) = θ . The fixed point is unique.

Choose so ∈ X .

Set s1 = Ts0,s2 = Ts1 = T2s0,−−−−,sn+1 = Tsn = Tns0.

Then we have

q1(sn,sn, ...,snsn+1)≤ q1(Tsn−1,Tsn−1, ..,Tsn−1,Tsn)

≤ a1[q1(sn−1,sn−1, ..,sn−1,sn)+q1(sn−1,sn−1, ..,sn−1,Tsn−1)]+a2[q1(sn−1,,sn−1, ..,sn−1,sn)+

q1(sn,,sn, ..,sn,Tsn)]+ a3[q1(sn−1,sn−1, ..,sn−1,Tsn) + q1(sn,,sn, ..,sn,Tsn−1)] +

a4[q1(sn−1,sn−1, ..,sn−1,sn) + q1(sn−1,,sn−1, ..,sn−1,Tsn)] + a5[q1(sn−1,sn−1, ..,sn−1,sn) +

q1(sn,sn, ..,sn,Tsn−1)]

≤ a1[q1(sn−1,sn−1, ..,sn−1,sn) + q1(sn−1,sn−1, ..,sn−1,sn)] + a2[q1(sn−1,,sn−1, ..,sn−1,sn) +

q1(sn,sn, ..,sn,sn+1)] + a3[q1(sn−1,sn−1, ..,sn−1,sn+1) + q1(sn,sn, ..,sn,sn)] +

a4[q1(sn−1,sn−1, ..,sn−1,sn) + q1(sn−1,sn−1, ..,sn−1,sn)] + a5[q1(sn−1,sn−1, ..,sn−1,sn) +

q1(sn,sn, ..,sn,sn)]

∴ q1(sn,sn, ..,sn,sn+1) ≤ ( 2a1 + a2 + a3 + 2a4 + a5)q1(sn−1,sn−1, ..,sn−1,sn)+ (a2 + a3 +

a5)q1(sn,sn, ..,sn,sn+1)

q1(sn,,sn,, ..,sn,,sn+1)≤ 2a1+a2+a3+2a4+a5
1−(a2+a3+a4)

= hq1(sn−1,sn−1, ..,sn−1,sn)−−(5)

Similarly

q1(sn+1,sn+1, ..,sn+1,sn)≤ q1(Tsn,Tsn, ..,Tsn,Tsn−1)

≤ a1[q1(sn,sn, ..,sn,sn−1) + q1(Tsn−1,Tsn−1, ..,Tsn−1,sn−1)] + a2[q1(sn,,sn, ..,sn,sn−1) +

q1(Tsn,,Tsn, ..,Tsn,sn)] + a3[q1(Tsn,Tsn, ..,Tsn,sn−1) + q1(Tsn−1,Tsn−1, ..,Tsn−1,sn)] +

a4[q1(sn,sn, ..,sn,sn−1) + q1(Tsn,,Tsn, ..,Tsn,sn−1)] + a5[q1(sn,sn, ..,sn,sn−1) +

q1(Tsn−1,Tsn−1, ..,Tsn−1,sn)]
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≤ a1[q1(sn,sn, ..,sn,sn−1) + q1(sn,sn, ..,sn,sn−1)] + a2[q1(sn,,sn, ..,sn,sn−1) + q1(sn+1,sn)] +

a3[q1(sn+1,sn+1, ..,sn+1,sn−1) + q1(sn,sn, ..,sn,sn)] + a4[q1(sn,sn, ..,sn,sn−1) +

q1(sn+1,sn+1, ..,sn+1,sn−1)]+a5[q1(sn,sn, ..,sn,sn−1)+q1(sn,sn, ..,sn,sn)]

∴ q1(sn+1,sn+1, ..,sn+1,sn) ≤ (2a1 + a2 + a3 + 2a4 + a5)q1(sn,sn, ..,sn,sn−1) + (a2 + a3 +

a5)q1(sn+1,sn+1, ..,sn+1,sn)

q1(sn+1,sn+1, ..,sn+1,sn)≤ 2a1+a2+a3+2a4+a5
1−(a2+a3+a4)

= hq1(sn,sn, ..,sn,sn−1)−−(6)

Denote un = q1(sn,sn, ..,sn,sn+1)+q1(sn+1,sn+1, ..,sn+1,sn)

Adding equations (5) and (6), we get

un ≤ (2a1 +a2 +a3 +2a4 +a5)un−1 +(a2 +a3 +a5)un

i.e

un ≤ hun−1,Where h = 2a1+a2+a3+2a4+a5
1−a2+a3+a4)

< 1.

Let m > n≥ 1.

Then it follows that

q1(sn,sn, ..,sn,sm) ≤ q1(sn, , ..,sn,sn+1) + q1(sn+1,sn+1, ..,sn+1,sn+2) + − − − −

+q1(sn−1,sn−1, ..,sn−1,sm)

≤ (hn +hn+1 +−−−−+hn−1)q1(s0,s0, ..,s0,s1)+q1(s1,s1, ..,s1,s0)

≤ hn

1−h [q1(s0,s0, ..,s0,s1)+q1(s1,s1, ..,s1,s0)] = un→ ∞,h→ ∞

Thus, from Lemma 2.6 it is clear that {sn} is a Cauchy sequence in X . Since we have X

complete, there exists s? ∈ X

Such that sn→ s?T is continuous, then s? = limsn+1 = limT(sn) = T(s?).

Therefore s? is a fixed point of T. Suppose that u = Tu,

q1(u,u, ...,u,u)≤ q1(Tu,Tu, ..,Tu,Tu)

Then we have

≤ a1[q1(u,u, ..,u,u) + q1(u,u, ..,u,Tu)] + a2[q1(u,u, ..,u,u)+ q1(u,u, ..,u,Tu)] +

a3[q1(u,u, ..,u,Tu) + q1(u,u, ..,u,Tu)] + a4[q1(u,u, ..,u,u) + q1(u,u, ..,u,Tu)] +

a5[q1(u,u, ..,u,u)+

q1(u,u, ..,u,Tu)]

= 2(a1 +a2 +a3 +a4 +a5)q1(u,u, ..,u,u)

Since 2(a1 +a2 +a3 +a4 +a5)< 1 then by lemma 2.6 we have q1(u,u, ..,u,u) = θ .
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Proving the uniqueness of the fixed point:

Let there be another fixed point t∗ of T, then we have

q1(s∗,s∗, ..,s∗, t∗)≤ q1(Ts∗,s∗, ..,s∗,Tt∗)

≤ a1q1(s∗,s∗, ..,s∗, t∗)+a2q1(s∗,s∗, ..,s∗,Ts∗)+a3[q1(s∗,s∗, ..,s∗,Ts∗)+

q1(s∗,s∗, ..,s∗,Tx∗)] + a4[q1(s∗s∗, ..,s∗, t∗) + q1(s∗s∗, ..,s∗,Tt∗)] + a5[q1(s∗s∗, ..,s∗, t∗) +

q1(t∗, t∗, .., t∗,Ts∗)]

= (a1 +a2 +2a3 +2a4 +2a5)q1(s∗,s∗, ..,s∗, t∗)

≤ 2(a1 +a2 +a3 +a4 +a5)q1(s∗,s∗, ..,s∗, t∗)

Since 2(a1 +a2 +a3 +a4 +a5)< 1 then by lemma 2.6 we have q1(s∗,s∗, ..,s∗, t∗) = θ and also

we have (s∗,s∗, ..,s∗,s∗) = θ hence we get s∗ = t∗.

Therefore the fixed point is unique.

5. CONCLUSION:

In this paper, we proved unique fixed point theorem in tvs-cone metric space with conclusions.

The outcomes here sums up and generalizes the ongoing aftereffects of Tiwari,S.K et.al.,[17]

utilizing c-distance with contractive conditions. And as an application the result has been proved

in tvs A -cone metric space which generalises and extends the further scope of our outcomes.
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