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1. Introduction

Throughout this paper, we use the following notations:
R = (—00,00), Ry=][0,00), and R, = (0,00).
We first recite some definitions of various convex functions.
Definition 1.1. A function f: I C R — R is said to be convex if

(1.1) fOx+ (1 =Ny) < Af(z)+ (1= f(y)

holds for all z,y € I and A € [0,1].
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Definition 1.2 ([17]). Let I,J C R be intervals, (0,1) C J, and h : J — R be a non-
negative function. A function f: I — R is called h-convex, or say, f belongs to the class

SX(h,I), if f is non-negative and
(1.2) [tz + (1= t)y) < h(t)f(z) + k(1 —1)f(y)
for all z,y € I and ¢ € [0, 1].

The following theorems are some inequalities of Hermite-Hadamard type for the above

mentioned convex functions.

Theorem 1.3 ([9, Theorem 2.2]). Let f : I° C R — R be a differentiable mapping and

a,b e I° with a <b. If |f'(x)| is convex on [a,b], then

(1.3) fla )2 /f

Theorem 1.4 ([13, Theorem 4]). Let I C R be an open interval, a,b € I with a < b,

(\f( )|+ £ (0)]).

f 1 — R be a twice differentiable mapping such that f"(x) is integrable. If | f"(x)| is a

convex function on [a,b] and 0 < X\ <1, then

(1.4) ‘(A—l)f(a;—b)_/\ /f \do
T {[A4+<1+A><1—A>3+5A4 7(@)
= +{A4+<2—W3+ 1 |f(>|} <A<
(b—a) " . 1
| G- DU @I+ 0D, 5 =A<

For more information on this topic, please refer to [1, 2, 3, 6, 7, 10, 13, 14, 15, 17],
recently published articles [4, 5, 8, 11, 12, 16, 18, 19, 20, 21, 22, 23, 24, 25] by the authors,

and closely related references therein.

Theorem 1.5 ([2, Theorems 1 and 2]). Let I,J C R be intervals, (0,1) C J, and
h:J—Ry. Let f: 1 — R be a twice differentiable function on I° such that f" € L([a,b])

for a,b e I with a <b. If |f"| is an h-convex function on [a,b] for some fired ¢ > 1, then
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09 ) el 5 ) [ o]
" H'f"@'” "(agb) } l/q+{ ”(“‘2”)) q+|f"<b>|q] l/q}
and

10 [o(“5) - [ r@ar] < O [ had]

Ararsr (T {r (5

In this paper, we will establish some new integral inequalities of Hermite-Hadamard

o] /}

1,1 _
where;—l—a—l.

type for h-convex functions.

2. Lemmas

For establishing our new integral inequalities of Hermite-Hadamard type for h-convex

functions, we need the following integral identity.

Lemma 2.1. Let f : I C R — R be a twice differentiable function I° and A € R. If
1" € L(la,b]) for a,b € I with a <b, then

(2.1) AMJr(l—)\)f(a;b)—bia/af(:c)dyc

_ 16")2 /Olt(Q)\ —1) [f"((l ~ ta+t2 ; b) + f” (ta;b + (1 - t)bﬂ dz.

Proof. Integrating by part yields

(b 16“)2 /Olt(2>\ — 1) {f”((l —t)a +taT+b) + f” (ta;b +(1- t)b)} dt

:b;a[t(%—t)f’((l—t)a+ta;rb) :+/1(2t—2)\)f’((1—t)a+ta;b> dt
/215—2)\ (t%bJr(l—t)b)dt]
) ’(a+b (1—t)b)]dt

—t(2)\—t)f’(taT+b+ (1—1) )

:b;a/()l(t—)\){f ((1—ta+t—
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%[(t—)\)f((l—t)a—kta;b) :—/Olf((l—t)aﬂa;b) dt

+(t—)\)f(ta+b+(1—t)b> ;—/Olf(ta;rb+(1—t)b) dt}

T+(1—/\)f(a;b>—bia/abf(x)dx

The completes the proof of Lemma 2.1. O

Lemma 2.2. Let 0 < A <1 andr > —1. Then

r+2 o r4+1
1 (2)) +(2)\+7‘+1)(1 2)) 7 OSASE,
; P @A e DA - T 1
(r+1)(r+2) 2T
Proof. The proof is straightforward. 0

3. Some new integral inequalities of Hermite-Hadamard type

We are now in a position to establish some new integral inequalities of Hermite-

Hadamard type for differentiable and h-convex functions.

Theorem 3.1. Let I,J C R be intervals, (0,1) C J, and h: J — Rqy. Let f: 1 — R be
a twice differentiable function on I° such that f" € L([a,b]) for a,b € I with a < b. If

0<A<1and|f"|? is an h-convex function on [a,b] for ¢ > 1, then

(3.1) ‘AMJr(l—)\)f(aM) /f )dz| <

(“;”)

1 1 1/q
t|2)\—t|h(t)dt+|f”(b)|q/ t|2)\—t|h(1—t)dt} }
0

S v

X {{\f”(a)\q/olt!%—tlh(l—t)dt-|- t!2A—t|h() ]w

()]

0
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Proof. From Lemma 2.1 and Hoélder’s inequality, we have

(3.3) ‘)\MJr(l—)\)f(a;b) —bia/bf(x)dx

g%{/{)ltm\—t\{f”((l Ha +t—)‘ Iz (“*b (1—t)b>H dt}
g(b;;‘)?(/01t|2x—tydt)l_l/q{[ t|2/\ < ‘”b) dt]l/q

q 71/q
+{ H2) — (”b 1—t)b> dt} }
Using Lemma 2.2, we have
3 _
) 8A ;)\+1, OS/\S%
A4 2\ — =
(3.4) /Ot\ A—fdr={ ;
) _S)\Sl
3 2

Therefore, by the h-convexity of |f”|9, we obtain

(3.5) /01t|2)\ f”<( t)a + t%b)

1
< |f”(a)|q/0 H2A — th(1 — ) dt +

dt

1
t|2X — t|(t) dt

wf @+ b\
/ (T)

0

and

(3.6) /0 oA

q

dt

I <ta ;r b a- t)b)

Sfa+0\|*
2

Substituting the equation (3.4) and the inequalities (3.5) and (3.6) into the inequality (3.3)

<

1 1
H2X — th(t) di + |f”(b)|‘1/ H2X — th(1 — £) dt.

0

0

yields the inequality (3.1). Theorem 3.1 is thus proved. O

Corollary 3.2. Under the conditions of Theorem 3.1, if h : J — Ry is symmetric to %,

“)2 Uolt|2A—t|h(t)dt] v
(%b) o]}

then

)\wﬂl—/\),}”(wrb) —a/ e

gfa+0b
2

T

<t [ 17 +
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(3.7) ‘ <a+b> /f 31/qb—a) [/Othh(t)dt]l/q
<{rar f(gb) 1" () 1] )

Corollary 3.3. Under the conditions of Theorem 3.1, when ¢ = 1, we have

VA
{Hf" |+|f”()l}/0 t|2)‘—t|h(1—t)dt+2fﬂ(a;rb)

Corollary 3.4. Under the conditions of Theorem 3.1,

Furthermore, if A =0 also, then

b—a)

t2)\ — t|h(t) dt}.
0

(1) when X\ =0, we have

o E5) -2
<{ | / 21— t)dt +
)

(2) when A = 5, we have

(3.10) ‘%{f@ﬂf(b)ﬂf(“b)} /f ) dz

! a-+b
X{{\f”(a)\q | ( : )
_{_|: //(GT_M)‘] 1t2_t‘ dt+‘f”

3
(3) when X\ =L, we have

2

o [ 1 (45)] - [ e
< 61/[1(3—6_“)(/0 t(1 — t)h(t )dt)

(o () )

31/q b—a)

Ayl

1t2h(t) dt + | f"(b)|? /01 t2h(1 —t) dt} Uq};

1/q
t2h(t) dt]

0

0

I/\

(b—a)? (81"
162 \'8

]l/q

2
g—t‘h(l—t)dH

——t‘ t)dt

1/q
——t‘ (1—1) dt} };

0

o] Uq};
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b_a) (g)w

(4) when A =1, we have

(3.12) ‘f<a)2 b_a/f

< | / H2— (1 —t)dt + (%b) : /Olt@—m(t)dt] e
+ [/lt(Q—t)h(t)dt //(a;_b) q+|f”(b)’q/01t<2_t)h(1—t)dt}l/q}_

0
Theorem 3.5. Let I,J C R be intervals, (0,1) C J, and h:J — Ry. Let f: 1 — R be

a twice differentiable function on I° such that f" € L([a,b]) for a,b € I with a <b. If

0<A<1and|f"|?is an h-convex function on |a,b] for ¢ > 1, then

(3.13) f—w+1—A atb
) a0 () - [

x {|:|f”(a)|q/01th(1—t)dt+ I (a;—b)

+ [f”<a;b) q 1th(t) dt+|f”(b)|Q/01 th(1 —t) dt] Uq},

(q— 1) [(g—1EN)ED/ay

O

Mquw

0

where

+(2g + 2Ag — 2\ — 1)(1 — 2)) e~ D/t~ 1]

. 0<A<

N | —

_ (2¢ —1)(3¢ — 2)
(3.14) H2()\> S (q _ 1){((] . 1)<2)\)(3q—2)/(q_1)+

+[2¢ — 44X (g — 1) — 2Ag — 1] (2A — 1)@=V}
( (2¢ — 1)(3¢ — 2) ’

Proof. Using Lemma 2.1, Holder’s inequality, and the h-convexity of | f”|?, we have

B

- 16
1
X{AtDA—ﬂ{ﬂ(ﬂ—ﬂa+ﬂ;b)%—ﬂ(ﬂ;h+%1—ﬂ0
(b—a)Q{ 1 2\ — q/(ql)d}l_l/q{{ ! qd}l/q
= At| f " Kt ‘

f”((l —t)a+ taTer)
+ Uolt f”(taTer + (1 —t)b) th] I/q}

<A< 1.

N | —

IN
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16 Q[Hz( M 1/‘1{{|f”( )| /Olth(l_t)dt+ 1th(t)dt} 1/q

A=)

where we used Lemma 2.2 to deduce Hs(A). The proof of Theorem 3.5 is complete.

,(a+Db 1
2

th( )dt + |f”(b)|q/01th(1 —t) dt} I/q},

0

Corollary 3.6. Under the conditions of Theorem 3.5, if h : J — Ry is symmetric to %,
then

(3.15) ’ f—”() (1—)\)f(a+b)—bia/abf(x)dm <

2
X [/Olth(t)dtrq{[|f~<a>|q+ u(a;b) T/q+ {f”(a;—b)
Furthermore, if A = 0 also, then
o ()52 ] 5 ) ]
x H!f”(a)!q+ f”(a;b> q] " { (‘”b) + 1f”<b>|q] l/q}.

Remark 3.7. Under the conditions of Theorem 3.5, if A = % % 1, we have

w3 -mtao0E) reoo() ]

) = 1-L HQ(E) - (¢—1)°

0]

o] 1/q};

3q — 2 2 2¢ —1)(3¢ — 2)’
and
- ¢—1 (3¢—2)/(q—1)
Hy(1 2 T(qg—1)—4q+3|.
(1) (2 —1)(3¢ - 2)[ ( ) }

Theorem 3.8. Let I,J C R be intervals, (0,1) C J, and h : J — Rq. Let f: I — R be

a twice differentiable function on I° such that f" € L([a,b]) for a,b € I with a <b. If

0 < AX<1and|f"|?is an h-convex function on |a,b] for ¢ > 1, then

(3.17) ‘/\M+(l—)\)f(a+b) / flz

X {{\f"(a)\q/oltqh(l—t)d“r 1 (a;—b)

(l>2 [H?)()\)]lfl/q

tqh( )dt ] v
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()

tqh( )dt + \f”(b)\Q/Ol th(1 — 1) dt} l/q},

where
— D[(2\)@aD/(=1) 1 (1 — 2))2a—1)/(a—1) 1
R R ) | veacl
(3.18) Hy(\) =, _ Ca-D/aD) _ (o) _ 1)2-D/(a-)
(g - [(2)) (22— 1) 1, .,
2 — 1 9 =" =

Proof. By Lemma 2.1, Holder’s inequality, and the h-convexity of |f”|?, we have

'AMJr(l—)\)f(a;b) —bfa/abf@c)dx
(bIG‘L)?{/Olt\zA—t\[f”((1_t)a+t“;b)‘+ f”(t“;bﬂl—t)b)u dt}
e T A NN
+ Mltq f”(taTH) +(1 —t)b) th} Uq}

< O Ppop-ref i [ oae+

()]

The proof of Theorem 3.8 is complete. 0

IN

IN

q rl 1/q
/ tqh(t) dt}
0

,(a+Db
2

ltqh(t) dt + |f”(b)|Q/01tqh(1 —t) dt} l/q}.

0

Corollary 3.9. Under the conditions of Theorem 8.8, if h : J — Rq is symmetric to X

27

then

MOEIO - nr(“50) - 52 [ f@ad < ETEpmonpe

<[ emoa] " {ar | (ST [ (50 +vrer]

Remark 3.10. Under the conditions of Theorem 3.8, if A =0, ;, é, 1, we have

Hy0) = 2=L g (L) a=L](2 G/ G/
° 2(]_17 s 3 2g — 1 3 3 ,

1 q—1 q—-1 1 _
Hs( =) =—, Hs(l 2(2¢=1/(a=1) _ 1],
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Theorem 3.11. Let I,J C R be intervals, (0,1) C J, and h : J — Ry. Let f: 1 - R

be a twice differentiable function on I° such that f” € L([a,b]) for a,b € T with a < b. If

0<A<1and|f"? is an h-convez function on [a,b] for ¢ > 1, then
b b b— 1\
(3.19) ‘A—f(a);f( ) +(1—A)f(a+ ) / fla “> (zqq_ 1)

! a+b Ya
« { [|f"(a)yq/ 20 — ¢9h(1 — t)dt + f”( ! ) / 12X — ¢h (1) dt}
0 0
a+b\|* [! ! Y
+ [f”(T) / |2X\ — t|7h(t) dt + |f”(b)|q/ 12X\ — t|7h(1 — t) dt} }
0 0
Proof. Using Lemma 2.1, Holder’s inequality, and the h-convexity of | f”|?, we have

'Af(a);f(b) G-

SR N R
(bz—;y[/ol /(a1 dt] H/q{ Vgl 12\ — t[? f”<(1 t)a+t%b> dt} v

+ Uol |2\ — t|? f”(taTerqL (1 —t)b) th} l/q}

<O i [ - -

b q 1 1/q b q 1

+ f”(—a;) A!?A—t!qh(t)dt] +{f(%) /0]2)\—t|qh(t)dt
1 1/q

1w / 22 — t7h(1 — 1) dt} }

The proof of Theorem 3.11 is complete. U

IN

IN

Corollary 3.12. Under the conditions of Theorem 3.11, if h : J — Rq is symmetric to
, then

‘AMJF(l—A)f(a;b) —bia /abf(x) dz

(=) {lrer b (5)

D=

< % [/01 |2)\—t|qh(t)dt] v

o e o)
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Theorem 3.13. Let I,J C R be intervals, (0,1) C J, and h : J — Ry. Let f: 1 - R
be a twice differentiable function on I° such that f” € L([a,b]) for a,b € T with a < b. If

|f”| is an h-convex function on |a,b] for ¢ > 1 and 2q > r > 0, then

(3.20) ’f(a+b) _a/ fo b_ay(gqq__rl_l)ll/q
A[ron [ ena=nare (S0 [ enora]

+ {f”(a;b> q 1t’"h(t) dt + \f”(b)\q/()1 t"h(1 —t) dt} 1/,1}.

Proof. Using Lemma 2.1, Holder’s inequality, and the h-convexity of | f”|?, we have
a+0b 1 b
(50) ot [ s
<(b—a)2 /lt(2q7' qldt v
=716\,
+[/ ”(a+b 1—t)
{{ "h(l—t)dt+ f”(a; )
1/q
{ (a+b) / "h(t)dt + |f"(b)|? / h(l—t)dt} }
0

The proof of Theorem 3.13 is complete. 0

0

q 1/q
#(a-tar i) o

v
o}t G

£ h(t )dt] v

Corollary 3.14. Under the conditions of Theorem 3.13, if h : J — Rq is symmetric to
, then

(3.21) ’f(a;b) b_a/f
<{|rar+

(1) if r =0 also, we have

‘f(“*b)—bia/abﬂx)dx

o=

C () o [ e "
! (%b) ] " (0] <o ”q};

Furthermore,

<0 I6a>2 <3qq—_ 11)1—1/q [ /01 (o) dt} Ha
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flhror s (5T

sfa+0b
(5)
(2) if r = 2q also, we have

58) 2 w5 o]
X {|:’f//<a>’q+ //(a;b) ‘1} 1/‘1+ { /,(a;—b) q+ !f”(b)!ql 1/q}'

Theorem 3.15. Let I,J C R be intervals, (0,1) C J, and h : J — Ry. Let f: 1 - R

o] l/q};

be a twice differentiable function on I° such that f" € L([a,b]) for a,b € T with a <b. If

|f"|? is an h-convex function on [a,b] for ¢ > 1 and ¢ > r,s > 0, then

‘%[f(a);f(b)+f(a—2kb)] b—a/f o < - 1/q<2q r—1 2q—s—1)

¢g—1 = q¢-—1
(bza) {Df”( )|Q/Oltr(1—t)5h(1—t)dt+ f”(aTer) /0 t’“(l—t)sh(t)dt]l/q

+ [ H<a7+b) q/oltr(l —t)5h(t)dt + |f/'(b)|q/01tT(1 R - 1) dt} 1/q}'

where B(a, B) denotes the well known Beta function which may be defined by

1
(3.22) B(a, B) :/ N1 —t)P7tdt, o, B> 0.
0

Proof. Using Lemma 2.1, Holder’s inequality, and the h-convexity of | f”|?, we have

[0 ()] -,

< a);—;)?{/oltu—t)[f~<(1_t)a+ta42rb)’+
X{Léuwl—ﬂs”<G—¢m+¢a;b>qum
+ Ml”(l — )|/ (ta;rb +(1- t)b> th] Uq}

< (b— a)? [B<2q—r_1 zq_s_l)}l_l/q

jWGa;b+u—ww>Hd*

IN

16 g—1 = q-1
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f”(a;b) q/()l £7(1— £)*h(t) dt} v

q/olm — £)*h(t)dt + |f"(b)|q/01 £(1 — t)*h(1 — t) dt] Uq}.

x { [yf”<a)|q /01 (1 — £)°h(1 — t) dt +

Tt

The proof of Theorem 3.15 is complete. 0
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