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SOME GENERALIZATIONS OF THE ENESTROM-KAKEYA
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Abstract. In this paper, we obtain some generalizations of a well-known result of Enestrom-Kakeya
concerning the bounds for the moduli of the zeros of polynomials which extend certain known results in

this direction.
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1 Introduction

The following result due to Enestrom-Kakeya (see[13, 14]) is well known in theory of

the distribution of zeros of polynomials.

Theorem 1.1 (Enestrom-Kakeya). If P(z) = 7_, a2 is a polynomial of degree n with

real coefficients satisfying
p 2 Ap_y = -+ 2> 0a1 > ag >0

then all the zeros of P(z) lie in |z| < 1.
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In literature [1, 2, 5 - 7, 9 - 14] there exits several extensions of Enestrom-Kakeya
theorem. Govil and Rahman [8] generalized this theorem to polynomials with complex

coefficients by proving the following.

Theorem 1.2. If P(z) = Z?:o a;z? is a polynomial of degree n with complex coefficients
such that

larga; — Bl <a<7/2 ,j=0,1,--- ,n,

for some real 3 and

|an| Z |an—1| Z Z |a1| Z |a0|7

then all the zeros of P(z) lie in

|z| < (cosa+sina) + ZSinaZ —.
=0

A. Aziz and Q. G. Muhammad [3] used matrix method and proved among other things

the following generalization of Theorem 1.2.

Theorem 1.3. If P(z) = Z?:o a2 is a polynomial of degree n with complex coefficients
such that

larga; — | <a<w/2, j=0,1,---,n,
for some real B and for some t > 0,

t"an| <t Mapa| <o < Flag] > 0 apo] > > taa] > aol,

where 0 < k < n, then all the zeros of P(z) lie in

2tF
2] < {(t”||aik|| — 1) cosa—l—sma} —i-QSmaZ’a"f%.

For k = n, a = = 0 and t = 1, this reduces to Theorem 1.1 and for £k = n and
t =1, Theorem 1.3 reduces to Theorem 1.2. The following generalization of Theorem 1.1
and a result due to Govil and Rahman [8, Theorem 4] is also due to A. Aziz and Q. G.
Mohammad [3].
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Theorem 1.4. If P(z) = Z?:o a;z’ is a polynomial of degree n with Re a; = «; and

Ima; =p;, 7=1,2,---,n such that for somet > 0,
0<t"ay <t" oy < <Py > >t > ag >0,

where 0 < k < n, then all the zeros of P(z) lie in

2tOék |ﬁj

A. Aziz and B. A. Zargar [4] generalized Theorem 1.1 by establishing.

Theorem 1.5. If P(z) = 3 a;2’ is a polynomial of degree n such that for some k > 1,
7=0

ka, > ap—1 > --->a; >ay>0

then all the zeros of P(z) lie in |z +k — 1| < k.

2 Preliminaries

For the proof of our main results, we need the following lemma.

Lemma 2.1. If for some real numbers o, 3 and a; € C, where j =0,1,2,---n
larga; — B] < a < 7/2
then fort >0 and j=1,2,3,--- ,n,
lta; — a;1| < |tla | — |aj-1] | cos a + (t|aj| + |a;1]) sina.

This Lemma can be easily verified (for reference see [8]).

3 Main results

In this paper, we prove the following results which is a generalization of theorems 1.2

and 1.5.
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Theorem 3.1. If P(z) = Z? 0 @jz0 is a polynomial of degree n with complex coefficients

such that for some real 3,
larga; — | <a<m7/2, j=0,1,---.,n,
and for some k > 1,
klan| > lan—1| = > ar| <ara| < <aa| < aol,

where 0 < r <n — 1, then all the zeros of P(z) lie in

n—1
— 2la, : .
z+k—1| < {k+M}c03a+{k+2 g M—la—(ﬂ}sma—k [ao]
J=0

|an| an|  an] m'
Remark 3.2. . For a = f =0 and r = 0, Theorem 3.1 reduces to Theorem 1.5.

For k =1 and r = 0 Theorem 3.1 reduces to the following result which is the improve-

ment of Theorem 1.2 due to Govil and Rahman [8].

Corollary 3.3. If P(z) = Z;L 0 @iz is a polynomial of degree n with complex coefficients

such that

larga; — Bl <a<7/2 ,j=0,1,--- ,n,

for some real 5 and

lan| > |an_1| > -+ > |a1] > |aol,

then all the zeros of P(z) lie in

n
2] < { - M} (cosa +sinar) + lao| +23inazm.
‘Gn| ‘an| =0 ’Gn’

The following result which is a generalization of Theorem 1.2 follows by taking r = 0.

Corollary 3.4. If P(z) = Z?:o a;z? is a polynomial of degree n with complex coefficients

such that for some real 3,

larga; — | <a<7/2, j=0,1,---,n,
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and for some k > 1,

k‘an‘ > |0Jn71| > 2 ‘all > ’a0|7

then all the zeros of P(z) lie in

|z+k—1|<{k—|0|}(cosa+31na) anl +2smaz|| ]l.

||
Applying Theorem 3.1 to the polynomial P(tz), we immediately get the following result.

Corollary 3.5. If P(z) = Z;‘L:o a;z? is a polynomial of degree n with complex coefficients

such that for some real 3,
larga; — | <a<7/2, j=0,1,---,n,
and for some k> 1, andt >0
kt"|an) > " Hag—a| > - > ta,| <7 Har] < -0 < tlag| < agl,

where 0 < r <n — 1, then all the zeros of P(z) lie in

— 2t"a, .
|z + kt —t] St{k+M}cosa+t{k+QZ | ]l |aol }sma—l— n|ao|

t"|ay| t=ila,| "]
Instead of proving Theorem 3.1, we prove the following more general result.

Theorem 3.6. If P(z) = Z?:o a;z’ is a polynomial of degree n with complex coefficients
such that for some real 3,

|argaj—ﬁ|§a§7r/2 J=0,1,---,n,

fork>1and > 1,

Elay| > |ap_1| >+ > a.| < |ap_1| < -+ < Jas| < 7lagl,

where 0 < r <n —1, then all the zeros of P(z) lie in

-1
< la]

—2|a, . .
|Z+k_1|§{k+w}com+{k+22 a +(7_2)|ao|}sm+T|ao|‘
an

= | |l ||
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Proof of Theorem 3.6. Consider the polynomial

= —a, 2"+ (ay — ap_1)2" —1—2 i —a;1)2" + (a1 — ag)z + ag.

Let |z| > 1, so that 1/|z]"7 < 1, where j = 0,1,2,--- ,n — 1, then for £ > 1 and 7 > 1,

we have

Y

|F(z)|:‘—anz”+1+( n—Cp_1)2" —1—2 i —a;1)27 + (a1 — ag)z + ag

a; — a;
leln[|an||z+k—1|—{|kan a,_ 1|+z:| j = a1

|2~
la; — Tay |7'a0 —ag|  aol
|zt |zt |2["
n—1
(1) > |2|" [|an||z +k—1]— {|kan — Q1| + Z la; — a;—1| + a1 — Tag| + 7’|a0|}:|.
j=2

Now by Lemma 2.1 and for 1 <r <n — 1, we have

n—1
\ka, — an_1| + Z la; — aj_1| + a1 — Tao| + 7]ao|
j=2
n—1
< Hl\kan\ a3 Nagl = laga || + ] —T\aon}cosa

j=2

n—1
+{(|kan|+]an D)+ (lag] + lajal) + (|a1|+7']a0])}sina] + 7lag]
=2

_ [{(km ) + gl — o)+ 3 (gl — lag])

j=2 Jj=r+1
n—1
+ (7|ag| — |a1|)} cos a + (k|an| +2 Z la;| + T|CL0|> sin o + 7|ao|
j=1
n—1
(2) = <k|an| — 2|a,| + T|CL0|> cosa + (k|an| + 22 la;| + T|a0|) sin a + Tlag)-

J=1
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Inequality (2) is also valid if 7 = 0. Therefore, it follows from (1) that for |z| > 1 and

0<r<n-1,
— 2la,
P> laalap 1o+ -1 = { (k0 T =20 s
Qn
”*1|a‘| ‘ ‘ T‘a’
+(k+2 4 (r—2) 0)81 + 0H>0
= lan |an| |l
if
n—1
— 9a, .
|Z+k—1|>{k‘+M}COSQ+{k:JrQZM+(T—2)M}sina+—7|a0’
|| 1 | |an] ||

Thus all the zeros of F(z) whose modulus is greater than one lie in the circle

—2la,
|2+ k-1 < {lﬁ—w}cosa
an

(3) {k+22|—j‘+ - |—’}sina+7‘a0|.

|an| ’ |an|

But all those zeros of F'(z) whose modulus is less than or equal to one already satisfy the
inequality (3), we conclude that all the zeros of P(z) lie in the circle defined by (3) and

this proves the desired result. O

Remark 3.7. If 7 = 1, then Theorem 3.6 reduces to Theorem 3.1.

Applying Theorem 3.6 to the polynomial P(¢z) we immediately get the following result.

Corollary 3.8. If P(z) =7, a2 is a polynomial of degree n with complex coefficients

such that for some real 3,
larga; — Bl <a<7/2 ,j=0,1,--- ,n,

fork>1and 1> 1,

kt"|an| > t" Hap 1| > - > ta,| <t ap_a] < - < tlay| < Tlaol,
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where 0 < r <n —1, then all the zeros of P(z) lie in

—2t"a,
|z +kt—t| <t k+M COS (v
t*|an|

|ao| . 7|ao|
t{k+2 T—2 — .
+ { + Ztn =P )t”|an| sin o + T,

We next present the following result.

Theorem 3.9. Let P(z) = Z?:o a;z? be a polynomial of degree n with complex coef-
ficients. If Rea; = o and Ima; = B; for j = 0,1,2,--- ,n, such that for some real
A>0,

Adap, > ap 1> >0 >y o >0,
and
Bn2>Bua=-2=P1=Po>0,
then all the zeros of P(z) lie in

A
Z 4+ —
an

(4)

|a |{)\—|—Oén ap + ool + B} -

Proof of Theorem 1.3. Consider the polynomial
F(z)=(1-2)P(2)
=(1—2)(anz" + an12""" 4+ a1z +ag)
= —a, 2"+ (A — an1)2" F (A1 — Qo)™
+ o+ (a1 —ag)z + ag
={ = a2 (o — an1)2" 4 (o1 — ap2)2" -+ () — )2
+Oéo} + ’l{(ﬁn — Ba1)2" + (Bao1 — Ba—2)2"
+ (81 — Bo)z + 50}
2" (anz + ) + {( + X — 21)2" + (a1 — pn)2"™ !

4o (al — ao)z + Oé()} + Z{(ﬁn - Bn—1>zn

+ (Baet = Ba2)2" M4+ (B — Bo)z + Bo t-
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This gives
|F(2)] > |2["|anz + Al = {|om + A = i |[2]" + |n-1 — ans|] 2"
+-+ |041—040HZ| + |040|} - {‘@L - @wl“Z’n + |ﬁn71 - ﬁnfzﬂz‘n_l

1By = Bol 2] + 1Bl }

Q1 — Qi
= el |anz+A|—{\an+A_%_1\+%
_’_"'+’a1—040|+|a0‘
e el
el Bum By 4 ozt = Bocal 1B =Bl Bl

Now, let 2| > 1, so that —+= < 1,0 < j < n, then we have

EL
F()] 2 2] [Janz + A = { lan + A = ani] + lan1 = ans|
o Jan = aof +laol }] = 2 [{ 18 = Bail + Bucr = Bua
e |8 = Bol + 1ol }]
= yzy"[yanz+ Al = {an + A=+ —
4o+ a1 —ag+ ol }| = |#1"[{ Ba = Bus + Bo1 = B
A

_ |z]”[]anz+/\| - {an~|—)\—a0 + Jag| +@n}] >0, if

lanz + Al > oy + X — g + |ao| + Bn

that is, if

A
Z24+ —
an

1

>
[

{an + A —ag+ |ao| + Bn} -

Thus all the zeros of F'(z) whose modulus is greater than or equal to 1 lie in

A
Z+ —

1
" < —{an + A — g + |ao] + B}

= an]
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But those zeros of F(z) whose modulus is less than 1 satisfies the above inequality if

o, > 0. Hence it follows that all the zeros of F'(z) lie in

A
Z4+ —

- < —{an+ A —ap + |ao] + Bn}

|an|

Since all the zeros of P(z) are also the zeros of F'(z), Theorem 3.9 is proved completely.
O

Finally, as an application of Theorem 3.9, we present the following result.

Theorem 3.10. Let P(z) = Z;’L:o a;z’ be a polynomial of degree n with complex coef-

ficients. If Rea; = o and Ima; = B; for 5 = 0,1,2,--- ,n, such that for some real
A>0,
Qp > Qg 2> - 2> 0q 2> o >0,
and
Bn =A< B << B < By, Bn<0

then all the zeros of P(z) lie in
i

1
Z__ —

(5) | N

{X—Bn+ Bo+ |Bo] + o}

Proof. Applying Theorem 3.9 to iP(z), we get the desired result. O
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