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1. INTRODUCTION

Let % (H) be the Banach algebra of bounded linear operators on a complex Hilbert space H.

The absolute value of an operator A is the positive operator |A| defined as |A| := (A*A)l/ 2,

One of the central problems in perturbation theory is to find bounds for
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in terms of ||A — B|| for different classes of measurable functions f for which the function of
operator can be defined. For some results on this topic, see [5], [34] and the references therein.
It is known that [4] in the infinite-dimensional case the map f(A) := |A| is not Lipschitz

continuous on % (H) with the usual operator norm, i.e. there is no constant L > 0 such that
Al =Bl <L|A—B]

forany A, B€ #(H).
However, as shown by Farforovskaya in [32], [33] and Kato in [39], the following inequality
holds

2 Al <8
(1 HmrﬂBms—wA—mw?+mg(—————
z A—B]

for any A,B € # (H) with A # B.

1/2

If the operator norm is replaced with Hilbert-Schmidt norm ||C|| ¢ := (trC*C) "/~ of an oper-

ator C, then the following inequality is true [2]
(1.2) 141 = 1Blllzs < V2[|A = Bllus

forany A,Bc A (H).

The coefficient /2 is best possible for a general A and B. If A and B are restricted to be
selfadjoint, then the best coefficient is 1.

It has been shown in [4] that, if A is an invertible operator, then for all operators B in a

neighborhood of A we have
(1.3) 141 = 1BIIl < a1 |14~ B + a2 |4~ B|>+0 (A —B|])
where
_ _ 113 2
ar = ||[A7"|| |A|| and > = ||A7Y| + [[A7Y]]7 1Al
In [3] the author also obtained the following Lipschitz type inequality

(1.4) 1£(A) = fB)l < f'(a) |A— B

where f is an operator monotone function on (0,e0) and A, B > aly > 0.
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Let (X; |

‘|lx) and (Y;||-||y) be two Banach spaces over the complex number field C. Let C
be a convex set in X. For any mapping F : C C X — Y we can consider the associated functions

Dpyyas Praya 1 [0,1] =Y, where x,y € C, A € [0,1], defined by [25]

(1.5) DPrpya (1) 1= (L=A)F[(1 =) (1 =A)x+Ay) +1y]

FAF[(1—=0)x+1((1=A)x+Ay)]
and

(1.6) Wraya (1) 1= (1 =A)F[(1 =) (1 - A)x+Ay) +1y]

FAF x4 (1—1) (1= A)x+Ay)].

We say that the mapping F : B C X — Y is Lipschitzian with the constant L > 0 on the subset
B of X if

(1.7) |F (x) —F (y)|ly <L|lx—y|ly foranyx,y € B.
The following result holds [25]:

Theorem 1. Let F : C C X — Y be a Lipschitzian mapping with the constant L > 0 on the

convex subset C of X. If x,y € C, then we have

(1.8) ‘

Arasn (t)—/()lF[sy+(1—s)x]ds Y

(o) || (o) s

foranyt €[0,1] and A € [0,1], where Apyy 3 = Pryyp 0F Apxyr = Praya-

<2L

If we take in (1.8) Ap 3 = Pryya, A = %, then we get

oo [y (oo or o)

1 1
—/ Flsy+ (1—s)x]ds SEL
0

1 1\?
Z+ f—i lx—vllx

forany x,y € Candr € [0, 1].
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If we take in (1.8) A3 = Priya, A = %, then we get

(1.10) H% (F {(l—t))%wy} +F {ter(l—t))%})

forany 7 € [0,1] and x,y € C.

We also have the simpler inequalities

1 3x+ +3 ! 1
(1.11) H§ [F< X4 y) +F(x ; y)} _/O Fsy+ (1 —s)x]ds Y§§L|’x_y“X’
+ ! 1
(1.12) HF <x2y) —/0 Flsy+(1—s)x]ds Y§ZLHx—y||X
and
(113 VFWAFO)] - [ Flot (1-s)xdds| < ey
' 2 0 y 4 X

for any x,y € C. The constants % and 411 are best possible.

The inequalities (1.12) and (1.13) are the corresponding versions of Hermite-Hadamard in-
equalities for Lipschitzian functions. The scalar cases were obtained in [12] and [43]. For
Hermite-Hadamard’s type inequalities, see for instance [10], [12], [13], [35], [37], [38], [40],
[42], [43], [46], [47], [48], [49], [50] and the references therein.

From (1.8) we also have the Ostrowski’s inequality

<L

1
(1.14) HF[ty—l—(l—t)x]—/O Flsy+(1=s)aJds|

1 1\?
4_1+ f—§ lx—vllx

for any ¢ € [0,1] and x, y € C. For Ostrowski’s type inequalities for the Lebesgue integral, see
[1], [8]-[9] and [15]-[30]. Inequalities for the Riemann-Stieltjes integral may be found in [17],
[19] while the generalization for isotonic functionals was provided in [20]. For the case of
functions of self-adjoint operators on complex Hilbert spaces, see the recent monograph [23].
Motivated by the above results, we introduce here a class of functions that extends the concept

of Lipschitzian function and called them L-bounded norm weak convex functions. Integral
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inequalities of Hermite-Hadamard type are obtained and applications for discrete inequalities

of Jensen type are provided as well.

2. L-BOUNDED NORM WEAK CONVEX MAPPINGS

Let (X;||-||x) and (Y;]-]|y) be two normed linear spaces over the complex number field C.

Let C be a convex set in X. We consider the following class of functions:

Definition 1. A mapping F : C C X —Y is called L-bounded norm weak convex, for some given

L > 0, if it satisfies the condition
2.1) [(1=A)F (x) +AF (y) = F (1 =A)x+Ay)|ly <LA(1—2) [lx—yllx
forany x,y € C and A € [0,1]. For simplicity, we denote this by F € BN ¥ (C).

We have from (2.1) for A = % the Jensen’s inequality

2.2) HM_F(X‘H’

1
<-L|x—
! )| = gzt

for any x, y € C.
We observe that Z.4"# 1, (C) is a convex subset in the linear space of all functions defined
on C and with values in Y.

The following simple result holds:

Lemma 1. If the function F : C C X — Y is Lipschitzian with the constant K > 0, then F €
BN W (C)with L =2K.

Proof. Since F is Lipschitzian, we have
|F((1=2A)x+Ay) —F(x)|ly <KA[x—yllx

and
[F((1=2)x+Ay) = F ()lly <K(1-2)[x—yllx

forany x,ye Cand A € [0,1].
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If we multiply the first inequality by 1 — A and the second inequality by A and add these

inequalities, we get

(=) [[F((1=2A)x+Ay) = F () lly + A [F (1 =A)x+Ay) = F )y

S2KA(1=A)[lx—yllx

forany x,ye Cand A € [0,1].

We also have

(=) [|F((1=2A)x+Ay) = F (@) [ly + A [F (1 =A)x+Ay) = F »)lly
(A=) F((1 =) x+Ay) = (1= A) F (x) + AF (1 = A)x+Ay) = AF (y)ly

= [[F((1=2A)x+Ay) = (1 =A)F (x) = AF ()l
which proves that
(1 =2)F (x) + AF (y) = F (1 = A)x+Ay)[| <2KA (1= 4) [|x =yl
forany x,y € Cand A € [0, 1], namely F € BN # [ (C) with L = 2K. O
We observe also that, by the triangle inequality, we have

(2.3) 1E((1=2A)x+Ap)lly = I(1 = A) F (x) + AF () ly

<(1=A)F (x) +AF (y) = F (1 = A)x+Ay)[ly
and by (2.1) we get
IF((1=2)x+Ay)lly = [[(1=2A)F (x) + AF (y)[ly < LA (1=2) [lx = ylly,
which, again, by the triangle inequality gives
(2.4) IF((L=2)x+Ay)[ly SLA(1=A) [lx=yllx + (1 =2A) [F () lly + A [|F 0)lly

forany x,y € Cand 4 € [0,1].
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Now, if the function 7 — ||F ((1 —A)x+ Ay)||y, for some x, y € C, is Lebesgue integrable on

[0, 1], then by taking the integral in (2.4) we get
1 1
@3 [ IF((=2)x+ay)lyda <Llx—yly | 2(1-2)dA

1 1
HIF @y [ (1=2)d2+1FG)ly [ Ada

1 1 1
/1(1—1)511:1, [a-mar=[ AdAd =1,
0 6" Jo 0 2

then we get from (2.5) that

and since

1 1 1
(2.6) /0 1F (1 =2)x+Ay)llydA < eLllx =ylly + 5 (IF @lly + 1F )y

If we assume continuity for the function F on C in the norm topology of (X;||-||y ), then the
inequality (2.6) holds for any x, y € C. Moreover, if we assume that (Y;||-||) is a Banach space

and F is continuos on C, then we have the generalized triangle inequality

and by (2.6) we get

/OIF((1—7L)x+/1y)d7L

1
< [P (@ =2)x+ )y da,
Y

1
en | [ ra-merana| <gilemslc 3P @I+ IFO))

for any x, y € C.

We have the following results:

Theorem 2. Let (X; ||-||y) and (Y;||-||y) be two normed linear spaces over the complex number
field C with Y complete. Assume that the mapping F : C C X — Y is continuous on the convex

set C in the norm topology. If F € BN W1 (C) for some L > 0, then we have

1
2.8) H /F At A)da| < el

and

2.9

/F (1—A)x+Ay)dA — F(X;y)

<Iip—y
> SLjX—Ylix
Y 8

forany x,y e C.

The constants % and % are best possible.
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Proof. From (2.1) we have successively

/01 [(1=A)F (x) +AF (y) = F ((1—=A)x+Ay)]dA )

/ (1= 2)F (x) + AF (v) = F (1 - A)x+Ay)]l, dA

1
SLW—ﬂ&Alul—MdAZEHH—ﬂX

which produces the desired result (2.8).

Utilising (2.2) we have

2

F(/lx+(1—/l)y)_F<m)
Y

2

(2.10) HF((l—/I)x—i—/ly)—i—

< LI (1=A)x+Ay—Ax—(1—2A)ylly

||x )’||X

[\)|>—‘ A=

s

forany x,ye Cand A € [0,1].

Integrating in (2.10) we get

A)xtAy) +FAx+(1-4)y) <x+y)1 da

(2.11) H/ [ 5 >

Y

S/ F(1=A)x+Ay)+F(Ax+(1—21)y) _F<x+y) g
0 2 2 Jlly
<K lely [ |- 3 an= ke
= T oy (AT T e T
and since
1 1
/F((1_/1)x+/1y)d/1:/ Fx+(1—1)y)dA,
0 0
then from (2.11) we get (2.9).
= ||x||* where (H,{(.,.)) is a complex inner

Now, consider the function Fy : H — R, Fy(x)

product space. If x, y € H and A € [0, 1], then
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(1-A)Fy(x)+AF(y) —F((1-1)x+Ay)
= (1= 2) ¥l + A Iyl = [1(1 = A) 2+ Ay]>
= (1= ) lel? + 2 IyI* = (1= ) |¥l* = 2(1 = 2) ARe (x,y) = A2 |[y]|?
=(1-2)4 [HXII2 —2Re (x,y) + [yI*| = (1 =2) A [lx—y|I*.

Consider Cj a convex subset of H such that ||[x—y|| < 1 for any x,y € C. For instance Cy =

B(0,1) is the closed ball centered in 0 and with a radius 4. Then for all x, y € B (0, 1) we have
=yl < lxll+ Iyl <5+3=1.

Therefore, if we consider F (x) = |x||* defined on Co = B (0,1) , we have

0<(1=A)Fo(x)+AF (y) —F((1-A)x+Ay) <(1-A)A[lx—y]
which shows that Fo € BN 1, (Co) with L= 1.
We have
/()IFO((I—l)x—l-?Ly)d)L:/01||(1—7L)x+7ty||2d/1
:/01 (1= 277 P + 21— A)ARe (x,3) + 27 y|P] dd
= 5 [l +Re ) + 1P

forany x, y € H.

Therefore

w_/o]ﬁ)((l—l))H—ly)‘u

1 21 112 2] 1 2
= = [P+ 1] = 5 [Ill> +Re e + I IP] = = =P

Now, assume that the inequality (2.8) holds with a constant A > 0, namely

Hw _/OIF((I “A)xtAy)dAl| <ALJx—ylly,

Y

then by taking Fy € BN # 1 (Cp) with L = 1 defined above, we get

1 2
3 [x—y[|" <Alx—yllx
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namely
1
2.12) cle—yl<a.

If e € H with ||e|| = 1, thenx = Je and y = —Je € B (0, 5) giving that x—y = e and by (2.12)
we get A > %.
Now, consider the function Fy : X — [0,e0), Fy (x) = [[x— % ath |, with a,b € X with a # b.

Then

X —

[Fo (x) = Fo (y)| =

a+b a+b
_y_

' || <=,

for any x, y € X, which shows that Fy is Lipschitzian with the constant K = 1.

By utilising Lemma 1 we conclude that Fy € ZA4"# 1 (C) with L =2.

We have
1 b 1 b 1
/FO((l—/l)a+lb)d7L—F0 at :/ (1—=A)a+2b—"T20an = - |Ip—al,
0 2 0 2 4
which shows that the inequality (2.9) holds with equality. 0

3. RELATED INEQUALITIES
We have the following result as well:
Theorem 3. Let (X;||-||y) and (Y;||-||y) be two normed linear spaces over the complex number

field C with Y complete. Assume that the mapping F : C C X — Y is continuous on the convex

set C in the norm topology. If F € BN W 1,(C) for some L > 0, then we have

(3.1)
H/ (wy+ (1 —u)x) u—u_ / (sx+(1—5)y)ds FS%L?L(I—?L)Hy—xHX
forany 2 €[0,1], A # 3 and x,y € C.
Proof. Since F € BN W1 (C) for K > 0, then
(3.2) (1= A)F () + AF (V) — F (1= A)utA0)|ly <LA (1= 2) Ju—vly

forany u,ve Cand A €[0,1].
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Letz € [0,1] and for x, y € C, take
u=1-6)((1=A)x+Ay)+ty,v=tx+(1—1)((1—=A)x+Ay) €C
in (3.2) to get

(33) (1=2)F((1=1) (1= A)x+Ay)+1y) +AF (tx+ (1—1) (1= A)x+Ay))
—F((1=2)[(A=1) (1 =A)x+Ay) +2y]+ A [tx+ (1 —1) (1 = A)x+Ay)])[ly

<LA(1=A)[|(1—1) (1 =A)x+Ay)+ty—[tx+ (1 —1) (1 —=A)x+AY)]x -
Observe that

(I=A)[(1=1)(1=A)x+Ay)+ty|+A[tx+ (1 —1) ((1 —A)x+ Ay)]
=(1=-A)(1=0)((1=A)x+Ay)+(1=A)ty+Atx+A(1—1)((1 =A)x+Ay)
=(1-0)((1=A)x+Ay)+ (1 =A)ty+Arx

=[(1=t)(1 =)+ At]x+[(1 =) A+ (1 —=A)t]y
and
(I—=1)(1=A)x+Ay)+ty—[tx+ (1 —1) (1 —=A)x+ Ay)]
=(1-1)1—-A)x+(1—-1)Ay+ty—tx—(1—t)(1 =A)x— (1 —t) Ay =1t(y—x).
Then by (3.3) we have

(34) [(L=2)F((1=1) (1 =A)x+Ay) +1ty) +AF (tx+ (1 —1) ((1 - A)x+ Ay))
—F([(1=0)(1=2)+At]x+[(1 =) A+ (1= 2A)1]y)lly
SLA(1T=2A)tly —xlly,
foranyz, A € [0,1] and x,y € C.

Integrating the inequality (3.4) over 7 on [0, 1] and using the generalized triangle inequality

for norms and integrals, we get
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(3.5) H(l—/l)/olF((l—t)((l—?t)x-i—?ty)-i—ty)dt
—l—/l/lF(tx—l—(l—t)((l—/l)x—i—?ty))dt
0

_/OIF([(l_;)u_/1)+)Lz]x+[(1—t)?t+(1—/1)f]y)df

Y

S SLA(1T=A)[ly —xllx,

| —

forany A € [0,1] and x, y € C.

Observe that

(3.6) /OIF[(1—r)(zy+(1—z)x)ﬂy]dz - /OIF[((l—t)l+t)y+(1—t)(1—k)x]dt
and
1
3.7) /0F(tx+(1—t)((1—7t)x+7ty))dt
:/IF((I—z)x+t((1—)L)x+/ly))dt:/IF[tAy+(1—/lt)x]dt.
0 0

If we make the change of variable u := (1 —¢)A +1¢ then we have | —u = (1—1¢)(1 — A1) and
du = (1 —A)du. Then

1 1
/OF[((l—t)).+t)y+(1—t)(1—l)x]dt:ﬁ/}tF[uy+(1—u)x]du.

If we make the change of variable u := Ar then we have du = Adt and
1 1 rA
/F[t?Ler(l—?Lt)x]dt:I/ Fluy+ (1 — u) x] du.
0 0
Therefore
1 1
(1—7L)/0 F[(l—t)(/ly-i—(l—),)x)-l—ty]dt-l—k/o Flt(Ay+(1=A)x)+ (1 —1)x]dt

1 A 1
://l F[uy+(1—u)x]du—|—/0 F[uy—i—(l—u)x]du:/o Fluy+ (1 —u)x]du,

and we have the simple equality
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(3.8) (1—A)/OIF((l—t)((l—x)x+/1y>+ty>dt
1 1
+/1/ F(tx+(1—t)((l—l)x+ly))dt:/ Fluy+ (1 — ) 2] du
0 0

forany A € [0,1] and x, y € C.

Consider now the integral
1
/0F([(1—t)(1—x)+/u]x+[(1—;)/1+(1—/1);]y)dt.
Put
s=1-1)(1-A)+At=1-2+(2A—1)r.
Then
l—s=(1-t)A+(1-2)r.

If A # 3, then s = 1 — A 4 (24 — 1)1 is a change of variable with df = 5;'— and we have

/OIF([(I—t)(l—7L)+7Lt]x-l—[(1—t)7L+(1—7L)t]y)dt

1 A
2)L_1/11F(sx+(1—s)y)ds.

Now, making use of (3.5) we get the desired result (3.1). [

Remark 1. We observe that for A — % we recapture from (3.1) the inequality (2.9). If we take
in(3.1)A = %, then we get

1 3/4
3.9 H/O Fluy+ (1 —u)x]du—2 F(sx+(1—s)y)ds

<2 Ly —x||
—Llly—x|x-
1/4 Y Hix

P 32

4. APPLICATIONS FOR GATEAUX DIFFERENTIABLE FUNCTIONS

Following [11, p. 59], let (X, ||-||y) and (Y,]-||y) be two normed linear spaces,  an open
subsetof X and f: Q =Y. If a € Q, u € X \ {0} and if the limit

lim L [ (a+1u) — f ()]

t—0 1t
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exists, then we denote this derivative d, f (a). It is called the directional derivative of f at a in
the direction u. If the directional derivative is defined in all directions and there is a continuous

linear mapping ® from X into Y such that for all u € X

Ouf (a) = D (u),

then we say that f is Gdteaux-differentiable at a and that ® is the Gdteaux differential of f at a.
If a mapping f is differentiable at a point a, then clearly all its directional derivatives exist and
we have

ouf(a)=f (a)u, ucX.
Thus f is Gateaux-differentiable at a. However, the Gateaux differential may exist without the
differential existing. The existence of directional derivatives at a point does not imply that the
mapping is Gateaux-differentiable. To distinguish the differential from the Gateaux differential,

the differential is often referred as the Fréchet differential.

Theorem 4. Let (X;||-||y) and (Y;||-||y) be two normed linear spaces over the complex number
field C. Assume that the mapping F : C C X — Y is defined on the open convex set C and
F e BNW(C) for some L>0.Ifx, €C, pp >0 forke{1,...,n} withY}_ pr=1and F is
Gateaux-differentiable at Y} _, pixi € C, then for any y; € C and q; > 0 for j € {1,...,m} with

Z’}’:l gj=1and Z;-”:l q;yj = Li—1 PxXr we have

m n m n
(4.1) 'quF (yj)—F<Z kak> <LY qjllyi— Y pexef -
j=1 k=1 ¥ j=1 k=1 x
In particular, we have
n n n n
4.2) ‘ijF(xj)—F<Zpkxk> <LY pillxi— Y pexe|| -
j=1 k=1 ¥ j=1 k=1 x

Proof. Since F € B4 % 1 (C) then we have
IA[F (v) = F ()] + F (x) = F (1 =A)x+Ay)[ly <LA(1 =) [lx =yl

forany x,ye Cand A € [0,1].

This implies that

43) HF<y>—F<x>
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foranyx,y€Cand A € (0,1).
If we assume that F is Gateaux-differentiable at x, then by taking the limit over A — 0+ in

(4.3) we get
(4.4) |F (y) = F (x) = 0y_+F (x)||, <L|lx—yllx

for any x, y € C.

Now, if F is Gateaux-differentiable at /', prx; € C, then

n n
F(y)—F (Z pkxk) - ay*Z}Zﬂ piE (Z pkxk)
k=1 k=1

forany y € C.

4.5) <L

Y

n
Z PiXk —Y
k=1 x

Ify;€Candg; >0for j€{l,..;m} with ¥/, g; = 1, then by (4.5) we have

(4.6) Y g
j=1

n n
F<yj)_F<];1pkxk> _ayj—ZZ:mkxkF (l;lpkxk>

Y
m

<LY q;
j=1

=

n
Y piexi—y;
k=1 X

By the generalized triangle inequality we have

“.7)

m n n
Zl q;F (vj) = F (;1 Pka> =05 vt pnF (;1 Pka>
j= = =

Y

m
<Y q
=1

n n
Fly)-F ( ¥ p) RPN ( 3 p)

and by (4.6) and (4.7) we have the following inequality of interest

m n n
_Z] q;F (vj) = F (;1 Pka) =0 vt penF (}; Pka>
e - -

Y

(4.8)

Y

n
Y pexe—y;

m
<LY q;
j k=1

J=1

X
If we take Z’}’Zl q;yj = YLi_ PrXx in (4.8), then we get the desired inequality (4.1).
The inequality (4.2) follows by (4.1) on taking m =n and g; = p;, j € {1,...,n}. 0

We also have:
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Theorem 5. Let (X; ) and (Y5 ||-|ly) be two normed linear spaces over the complex number

field C. Assume that the mapping F : C C X — Y is defined on the open convex set C and
FeBNWL(C)for someL>0.Letx; €C, py >0 forke{l,...n} withY]_ pxr=1andF
is Gateaux-differentiable at x; for any k € {1,...,n}. If there exists z € C such that

n

(49) Z kaF xk Z kaxkF xk
k=1

then we have

n n

(4.10) Zka xi)|| <SLY prllee—zllx-
k=1 % k=1

Proof. From (4.4) we have

(4.11) |F (v) = F (%) = 9y F () ||y, < Ll —yllx

for any y € C and for any k € {1,...,n}.
If we multiply (4.11) by p; > 0 for k € {1,...,n} and sum, we get

(4.12) Y pi||F () = F (x) = dy—x F (x0) ||y LY. prllae—vllx
k=1 k=1

forany y € C.

By the generalized triangle inequality we get

@13 3 plF 0)=F () =2 F )], >

n n
- Z piF (xk Z pkay xk
=1 =1 v

By the linearity of the Gateaux differential we have

Zpkay () ZPkaF Xk) ZpkaxkF (xx)

and by (4.12) and (4.13) we have the inequality of interest

n
<LY pilxe—yllx
y k=1

F(y)= Y peF (xk) = Y. pkoyF (xx) + Y., pidi F (xe)
k=1 k=1 =1

4.14)

forany y € C.
Now, if z € C is such that (4.9) holds, then by (4.14) we get the desired result (4.10). [
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Remark 2. Let x;, € C, py > 0 fork € {1,...,n} with ¥}, px = 1 and F is differentiable at x;
forany k € {1,...,n}. If there exists z € C such that

n n
(4.15) Y pieF' (x)z="Y, piF (xx) x,
k=1 k=1

then we have the inequality (4.10).

Moreover, if the operator Y}, piF' (xi) is invertible and

-1

n n
(4.16) 2= ) puF" (x) Y P (x) x| €C,
k=1 k=1
then we have the inequality
n -1 n n
(4.17) F1Y oF (%) Y oiF () | | — Y piF ()
k=1 k=1 k=1

Y
-1

n n
<LY pi|x— kZlPkF () PiF (i) Xy

k=1

»
™=
I

X
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