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Abstract. In this paper, we using the theory of majorization discuss the Schur convexity about related function of
Sierpinski’s inequality, the Sierpinski’s inequality is generalized and some applications are established.
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1. INTRODUCTION

Throughout the paper we assume that the set of n-dimensional row vector on the real number

field by R".

Ri:{x:(xl7,,,’xn)eRn:Xizo,i:1,...,”1},

fe={x=0...,0) eR":x;>0,i=1,...,n},
In particular, R!, R} and Rl | denoted by R, R and R ; respectively.
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In this paper, for x € R’} , , we defined

1 n
Ap(x) = . Zx,-
i=1

is arithmetic mean of n variables.
is geometric mean of n variables.

is harmonic mean of n variables.

n m

il = (H) " 20)

is m-order power mean of n variables.

Sierpinski’s inequality [1]: Let x = (x1,...,x,) € R} . Then

n n 1 1 n n-l

(1) gxii;xi <—= (i;xz)
There are many improvements and generalizations to the Sierpinski’s inequality of the related
arithmetic mean, geometric mean and harmonic mean (see[2],[3],[4],[5],[6]).

In recent years, majorization theory is used to study all kinds of means active, appeared a
large number of research results (see[13]-[25]).

In this paper we using the majorization theory to study on the other hand, we discuss the Schur
convexity of the correlation function: L(x) = [T x¥ ¥, x? for the Sierpinski’s inequality and
get some new results.

Our main result is as follows:

Theorem 1. Let L(x) = [T, x¥ ;’:1xll-3, x=(x1,...,X%,) € R .
(i) When o > 0, if one of the following conditions is satisfied: (1) 0 < 8 < %(1 +
V1I4+8ax);(2) -1 < B <land a+ B >0, then L(x) is Schur concave with x, ..., x, on
R% .
(ii) When a < 0, if one of the following conditions is satisfied: (1) —1 < B < 0;(2)0< B <

min(—a, 1);(3) B > 1, then L(x) is Schur convex with x,...,x, on R .
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Theorem 2. Let L(x) = [T, x¢¥ ;’zlxﬁ, x=(x1,...,x,) € R . Forany a and B, then L(x) is

i

Schur geometricall convex with xy,...,x, on R} .

Theorem 3. Let L(x) = [T, x¥ Z;‘:leﬁ, x=(x1,...,X%,) €RY .
(i) When o > 0, if one of the following conditions is satisfied: (1) B >0, (2) B < —1;(3)
—1<B<1land a+p >0, then L(x) is Schur harmonicall convex with xy,...,x, on
R% .
(ii) When o <0, if one of the following conditions is satisfied: (1) —1 < <0; (2) —1 <
B<landa+B <0;(3)B>1and a+ B> <0, then L(x) is Schur harmonicall concave

with xi,...,.x, on R .

2. PRELIMINARIES

We introduce some definitions and lemmas, which will be used in the proofs of the main

results in subsequent sections.

Definition 1 ([7, 8]). Let x = (x1,...,x,) and y = (y1,...,yn) € R".

(i) xis said to be majorized by y (in symbols x < y) if Zf.‘zl X| Zf-‘zl yifork=1,2,....,n—

i<
Land Y x; = YLy yi, where xpj) > -+ > x|, and ypy) > -+ > y|,| are rearrangements
of x and y in a descending order.
(ii) Q C R" is called a convex set if (ax; + Byi,...,0x, +By,) € Q for any x and y € Q,
where o and B € [0,1] with a+ 8 = 1.
(iii) let Q@ C R", @: Q — R is said to be a Schur convex function on Q if x <y on Q implies
0 (x) < @(y). ¢ is said to be a Schur concave function on Q if and only if —¢ is Schur

convex function.

Definition 2 ([7]). Let x = (x1,...,x,) and y = (y1,...,y,) € R}

(i) Q e R% is called a geometrically convex set if (x‘f‘yll3 yeen ,x,‘fy[f )€ Qforany xandy € Q,
where @ and B € [0,1] with x + 3 = 1.
(ii) let Q C R, ¢ : Q — R is said to be a Schur-geometrically convex function on if

(logxy,...,logx,) < (logyi,...,logy,) on Q implies ¢(x) < @(y). @ is said to be a
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Schur geometrically concave function on € if and only if —¢ is Schur geometrically

convex function.

Definition 3 ([7, 8]). Let Q C R,

(i) A set Q is said to be a harmonically convex set if m for every x,y € Q and
A €10,1], where xy =Y, x;y; and % = (xi], - x%)

(ii) A function @ : Q — R is said to be a Schur harmonically convex function on Q if x <y
implies ¢(x) < @(y) A function ¢ is said to be a Schur harmonically concave function

on Q if and only if —¢ is a Schur harmonically convex function.

Lemma 1 ([7, 8]). Let Q C R" is convex set, and has a nonempty interior set Q¥ . Let ¢ : Q@ — R
is continuous on Q and differentiable in Q°. Then @ is the Schur convex (Schur concave)

function, if and only if it is symmetric on Q and if

(2) (x1 —x2) (g—z - 3—2) > 0(or < 0;respectively)

holds for any x = (x,- -+ ,x,) € Q°.

Remark 1. Lemmal equivalent to

3) 9, 99

dx; — dxiy

(or < 0;respectively),i=1,2,....n—1
forallx e DNQ. Where D = {x:x; > -+ > x,}.

Lemma 2 ([9]). Let Q C R, is convex set, and has a nonempty interior set Q°, let ¢ : Q@ — R
is continuous on Q and differentiable in Q°. Then @ is the Schur geometrically convex(Schur

geometrically concave)function, if and only if it is symmetric on Q and if

d d
4) (logx; —logxy) <x18_)(cp1 —xza—;pz> > 0(or < 0;respectively)

holds for any x = (x1,...,x,) € Q°.

Lemma 3 ([7,9]). Let Q C R,, be a symmetric harmonically convex set with a nonempty interior
Q°, let @ : Q — R be continuous on Q and differentiable on Q. Then @ is a Schur harmonically

convex (Schur harmonically concave) function if and only if @ is symmetric on Q and

®) (x1 —x2) ( 209 _ 299 > > 0(or < 0;respectively)

X] = — X5
ox;  "?0xy



SCHUR CONVEXITY OF RELATED FUNCTION FOR SIERPINSKI'S INEQUALITY 5

holds for any x = (xi,. .., xn) € Q°.

Lemma 4. Let f(z) = —azP ™ + (0 + )P — (a+B)z+a(z>1). Ifa>00<f < 5(1+
V1+8a), then f(z) <O0.

Proof. By computing, we have
f)=-oa+(a+p)—(a+B)+a=0,

@) =—aB+1)P+(a+p)BF " —(a+p),
f)y=—aB+1)+(a+B)B—(a+B)=p>-B—2«,

@) =—ap(B+ 1P+ (a+B)B(B—1)'p-2)
=7 m(2),
where
m(z) = —af(B+1)z+ (a+B)B(B—1).

When 0 < < 3(14++/T+8a), we have B2 — B —2a <0,s0,m(1) = —af(B+1)B(B—1)=
B(B%—B —2a) <0. And m/(z) = —aB (B +1) <0, so, m(z) <0, therefore f”(z) <0. And
(1) =B%—B —2a <0, we have f'(z) <0, and f(1) =0, so, f(z) <O0.

The proof of Lemma 4 is complete. U

Lemma 5. Let g(z) = (a+B)P ' —a +oz—a—B(>1). fa <0, B> 1, and a+ B2 <0,
then g(z) <O0.

Proof. By computing, we have
gll)=(a+p)-a+a—a—-p=0,
¢@)=(a+p)B+1)F —apF ' +a,
g(1)=(a+B)(B+1)—ap+oa=p>+p+2e,

g'(@) = (a+B)(B+1)BP " —ap(B—1)F2

=P72n(2),
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where
h(z) = (a+B)(B+1)Bz—aBf(f—1).
h(1) = (a+B)(B+1)B—aB(B—1)=B(B*+B+2a),
H(z) = (a+PB)(B+1)B.
Ifa<0,B>1and a+ B2 <0, then
H(z) = (a+B*)B + (a+1)B> < (a+B*)B + (e +p*)B* <0,

and
(1) = B(B2+ B +2a) < 2B(a+ B?) <0,

50, h(z) <0, we have g”(z) <0, and then g'(z) < ¢’(1) = B? + B +2a < 0. Therefore g(z) <
g(1)=0.

The proof of Lemma 5 is complete. 0

Lemma 6 ([8]). Letx = (x1,...,x,) € R ,. Then

(6) (én(x)v e :An(xz) = (xla 7xn)
(if)
(7 (loan(x), e ,loan(xl) < (logxy,---,logxy).
(iii)
1 1 1 1
® HE) U E) | T (T_)

~~
n

Lemma 7 ([1]). If p > O, then

[(n+ 1Pt —1].

1 n
9 — P < Vi <
©) p+1 ,;1 p+1
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3. PROOF OF MAIN RESULTS

Proof of Theorem 1.

Proof. Let L(x) = [T x{ IB , then

oL n o & _
oL _ Ux,.a (}C—Zi;x,ﬁ + B 1) .

It is easy to see L(x) is symmetry with xi,...,x,, without loss of generality, we may assume

that x; > x, > 0, then 7 := % > 1.

) (DIf x>0,0< <1 1++v1+8a), then by Lemma 4 we have
() 3 y

JdL JL
A] = (.X'] ) (a—XI — a—x2>

N S T s

(10) :(xl—xz)gxi [Oﬂ (X_l_x_z) ;ﬁ%—ﬁ(ﬂf 1—x§ 1)]
AT .

< (x1 —xz)gxl o (x—l — x—2) (X[f +x§) +ﬁ<xlf 1 __xg 1>:|
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QIf >0, —1< B <1land a+f >0, then

A< (x —XZ)ﬁX?‘ a (— - %) (W +28) + B! _x§1>}

- i xﬁ xﬁ
= (1 =) [T#7 [(a+B) ' = ) +a (‘2‘_>]
i=1 L

. T 1 1
(o — @ p-1_ p- SRR
(=) [T | (@ +B) = )+ o <0.

By Lemma 1, when a > 0, if one of the following conditions is satisfied: (1)0 < 8 <
%(1 + \/T&«); (2) -1 <B <1and o+ >0, then L(x) is Schur concave with
X{y..Xp on RY L.

(ii) If ¢ <0, B > 1, from the inequality (10) we have A; > 0.

If o <0,and =1 < B <0o0r0<f <min(—a,1), then

Ay > (x —xz)ﬁx? P (i—i) o + 8y + ! —xg_])]

X1 X2

n [ . | XBH _xB+1
z(xl—xz)nxfx (OH—ﬁ)(xlf_ —xg_ J+a| 22— || >o0.
i=1 i X1X2
By Lemma 1, L(x) is Schur convex with xi,...,x, on R’ _ .

The proof of Theorem 1 is complete.
Proof of Theorem 2.

Proof.

aL n n
x18_x1 = ax{xy - x¥ leﬁ +Bx€} Hx?‘
=1 i=1

JdL JdL )

A2 Z:(xl —XZ) (Xla—xl —Xza—xz

—(x —xz)ﬁxi"ﬁ(xf 5.
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For any o , B, we have Ay > 0. By Lemma 2 we know L(x) is Schur geometrically convex with
Xi,...,Xpon RY .

The proof of Theorem 2 is complete. U
Proof of Theorem 3.

Proof.

oL
o =ox® Tty

8x1

DQ

n n
+1
a8 Y P 4 Bl T
i=1 i=1
n n
:fo‘ (chl leﬁ +Bx[13+1> ,
i—=1 i=1

aL n n
x%—:Hxlq chzlep—f—ﬁxgﬂ .
dxa i i=1

JdL aL
(e 20L 2
Az = (x] —x2) (xl o x5 8x2>

= (m —xz)ﬁxia (azlﬁ (1 —x2) + B! —xé*“)) .

i—
It is easy to see that for @ >0 and B > 0,0or a > 0 and B < —1, we have A3 > 0. By Lemma
3 we know L(x) is Schur harmonically convex with xp,...,x, on R’ .
For ¢ <0 and —1 < f3 <0, we have A3 < 0. By Lemma 3 we know that L(x) is Schur
harmonically concave with xi,...,x, on R} , .

Foroo >0, —1 <fB <1and o+ >0, we have

JL JL
o _ 2 2
Az = (x1 —x2) (xl_axl x2_8x2)

= (xl _XZ) In—!xla (OC ilxlﬁ ()Cl _X2> +,B(x[13+1 _x§+1))
n 2

> (=) [af (“2% —x2) + B! ‘x§+1))

= (u —xz).ﬂxﬁa(x[f +25) (1 =) + BOF T =)

= (x; —x2) Hx,q[(oc+ﬁ)(x[f+l —x§+1) - chlxz(xf_l —xﬁ_l) > 0.
i=1



10 HUAN-NAN SHI, DONG-SHENG WANG, CHUN-RU FU

By Lemma 3, it follows that L(x) is Schur harmonically convex with xp,...,x, on R _ .

Fora <0,—1<fB <1land a+f <0, we have

, dL JdL
A3:(x1 x)( axl 28)62)

:(xl—m)f!x?( ZX X1 —x2) + B(x ﬁ“—xé”l))

n

2
S(xl—)Q)Hxlq( Z f}xl—xz —i—B( B+1_x§+l))

(x1 —x2 Hx ‘BH xgﬂ) axlxz(xllgf —x‘;*l)go.

By Lemma 3, it follows that L(x) is Schur harmonically concave with xi,...,x, on R’} _ .

For o <0, Zlanda—kﬁzgo,letz:;ﬂz 1, then

, 0L oL
A3 = (x1-x2) ( 8x1 x%axz)

< (x _xz>ﬁx? (a;xﬁm —x) + B! —x§“>>

— (1~ ! ﬁx?[(aw)zB“ o —a-p)

(x1 —x2)x Hx g(z

From Lemma 5, we have A3 < 0, and then by Lemma 3, it follows that L(x) is Schur harmonic

3 n
concave with xp,...,x, on R’ .

The proof of Theorem 3 is complete. UJ
4. APPLICATIONS
As an applications of Theorem 1, Theorem 2 and Theorem 3, we get the following corollaries.

Corollary 1. Let x = (x,...,x,) € R}

(i) When a > 0, if one of the following conditions is satisfied: (1)0 < B < %(1 +V1+8a);
(2)—1<B<1land o+ >0, then

n n 1 n notp

i=1 1=1
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(ii) When a < 0, if one of the following conditions is satisfied: (1) —1 < <0; (2) 0 <
B <min(—a,1); (3) B > 1, then inequality (11) is reversed.

Proof. (i) For a > 0, if one of the following conditions is satisfied: (1) 0 < 8 < %(1 +v148a);
2)—-1<pB<land a+f>0,by

n no n ﬁ
-1 X - 1 X
n =17 =17
n n

| " no+B
- nnoH—ﬁ—l (iZIXi) ’

Similar argument leads to the proof of the proposition (ii).

The proof of Corollary 1 is complete. 0J
Remark 2. (i) Taking @ = 1, B = —1, the inequality (11) is reduces to Sierpinski’s inequality.

(ii) Taking o = 1, B = 1, the inequality (11) is reduces to GM — AM inequality.
(i) Lety=—a>0,8>1,Y" ,x; =1, by Corollary 1(ii) we have

n n
sz-/ < pP-nr-1 leﬁ
i=1 i=1
Corollary 2. Letx; e Ry, i=1,2,...,n. If0 <m < 3, then

(12) nGr ) ) < TT Yo < nAp™ ().
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Proof. Whenm >0, m < 1(14++/1+8m) & m>0,2m—1)2<1+8m+0<m<3. Let

o = 3 = m. By Corollary 1, we have

Let Li(x) = (x1---x,)" (2" +--- +x}'). By Theorem 2 L(x) is Schur geometrically convex with
Xiy...,Xpon RY
By

logGp(x), -+ ,logGy(x) | < (logxy,---,logx,),

~~
n

and Definition 2, we have Lj(x) > Li(G,(x)), that is

(v1 )" o) 2 G ().
The proof of Corollary 2 is complete. 0
Corollary 3. Faizlev’s inequality (see[10]) Let x; € Ry, i=1,2,...,n. Then
(13) (Xl"'xn)(xl+"'+xn)erll+1+"'+xz+1-

Proof. Taking m = 1, by Corollary 2 and power mean inequality(see[10])

n p n
Y| <Y A (p>1),
i=1

i=1
it follows that

(x1~--xn)(x1+~'+xn)§n( p

(n+l n |
n+
nn+1 Z Xj

=1

The proof of Corollary 3 is complete. UJ
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By Corollary 2, it can easily be shown that the following Corollary.

Corollary 4. Letx;c R, i=1,2,....,n. If0<m <3 and Y ,x; =n, then
(14) (7" ) O - ) <n

Remark 3. (i) Suppose x,y € R4 and x+y = 2, proof

x2y2(x2 +y2) <2.

It is an inequality question for the 2002 Irish Mathematical Olympiad(see[11])
Suppose x,y € R, and x+y = 2, proof

x3y3(x3 +y3) <2.

It is inequality question of the Indian Mathematical Olympiad (see[11])

Corollary 4 is generalization of this two inequalities questions

(1) If m > 3, inequality (14) does not necessarily hold. For example, let x; = 1.1, x,

m = 4, though x; +x, = 2, but x{x5 (x] +x3) ~ 2.0367 > 2.

By Corollary 2, we have the following Corollary.

Corollary 5. Letx; c Ry, i=1,2,...,nand 0 <m < 3, then

(15) Ga(x) < [(Ga(®))"MY" ()] 7T < An().

From corollary 2, we can get the sharpen of Cauchy inequality n! < (%)n(see[u])

Corollary 6. Ifn > 4, then

1 1 \" 1\"
a ey (57) <)
Proof. Letm =3, x, =k(k=1,..

.,3), by Corollary 2 and Lemma 7, we have

3(n+1)
Hk32k3 n'32k3 <"+1>

n+1 n+l ,1
:>n!§n% (n;—l) ! 1 Sn% (n—i—l) 4—3
(Xi=

SR - )

=0.9,

13
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If n > 4, then

1 1 1 1
—(14+=- )< —(14+-=])~09921 < 1.
ﬁ( U)-%( *4) <

The proof of Corollary 6 is complete.

Corollary 7. Let x = (x1,...,x,) € R .
(i) When o > 0, if one of the following conditions is satisfied: (1) B > 0;(2) B < —1; (3)

—1<B<land a+p >0, then

(17) xf Zn:xlﬁ > n[H, (x)]"*P.

=

(if) When o < 0, if one of the following conditions is satisfied:(1) —1 < B <0; (2) -1 <

._.
~.
I
—_

B<landa+B <0;(3)B >1and a+ B2 <0, then inequality (17) reverse.

Proof. By Theorem 3, Definition 3 and

it is easy to prove inequality (17) holds.

The proof of Corollary 7 is complete. U

Remark 4. If let o = —1, 8 = 1, by Corollary 7, then inequality

" < ()’

holds. If let &« = —1, B = 0, then HM — GM inequality holds.

5. SCHUR CONVEXITY OF Ly (x) =T, (a+x)* YL, (b +x;)P

Theorem 4. Leta>0,b >0, x= (x1,--- ,x,) € R’ ,

n

Li(x) = [J(a+x)*

(b —|—x,~)ﬁ .

ngE

N.
_
~
Il
_

(i) When o > 0,0 < B <1, then Ly(x) is Schur concave with xi,...,x, on R" .

(ii) When o« <0, B <0 or B > 1 then Ly(x) is Schur convex with x,...,x, on R’ .



SCHUR CONVEXITY OF RELATED FUNCTION FOR SIERPINSKI'S INEQUALITY 15

Proof. Tt is easy to see L;(x) is symmetry with xi,--- ,x,, without loss of generality, we may

assume that x; > x; > 0, we have

aL n n n
a—xl = Ot(a—i—xl)a*ln(a—f—x, Z b+x)P +B(b+x)P 1H(a+x,')a
1 i=2 i=1 i=1
H a+x)* Y (b+x)P +Bb+x)P [(a+x)%,
a+x1 =1 i=1 i=1
? =a(a+x)*! H (a+x; O‘Z (b+x)P+B(b+x)P 1I_I(a—|—x,-)oC
X2 i—1,i£2 i=1 i=1
B a n o n B B—1 n o
= [Ta+x)%) (b+x)P +B(b+x)P ' []la+x)
a-+xp i=1 i=1
oL, JdL,
Agi= R e
4 (XI ) (&xl aX2>

:(xl—xz){OCH(a"‘xi)“zn:(b“‘xi)ﬁ( 11 )

i=1 i=1 a+xl a+x2
-I-ﬁH a+x;) [ (b+x)P~! (b-i—xz)ﬁ_]}}.
Easy to see, when @ > 0, 0 < f8 < 1, we have A4 <0, by Lemma 1, it follows that L;(x)
is Schur concave with x1,...,x, on R . When o <0, B <0or 8 > I, we have A4 > 0, by

Lemma 1, it follows that L (x) is Schur convex with xy,...,x, on R .

The proof of Theorem 4 is complete. 0J

Question: when o > 0, B > 1 or B < 0, what is the Schur convexity of L; (x)?

By Theorem 4, Lemma 6(i) and Definition 1, we get the following conclusion:

Corollary 8. Leta>0,b>0, x = (x1,---,x,) ERL . Ifa>0,0< B <1, then

B
(b+x,)> .

™=

(19) I’l[(a+x,-)“zn:(b+xi)ﬁ§n1*"“*ﬁ (Zn:(a+xi)> (

i=1 i=1 i=1 !

1

Let ny,--- ,ny, are any m (m > 1) natural numbers. Then

m 2 m ”j
(20) (;5) (JHlnjH) <1.

is Minc’s inequality[26].
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It is easy to see that the equivalent form of Minc’s inequality is
o1 18 1
@1 i_Zln_iSE,Hl(”nT)'
In the following, we give reverse Minc’s inequality.

Corollary 9. Let ny < --- < n,, are any m (m > 1) natural numbers. Write

m m
. m Ny m np
A=min | — ,— ,
(nm (l+nm> n (1+n1) >
then

1 d 1
22) | n—yﬂ(u—).

Proof. For any x = (x1,---,x,) € R7_, by Theorem 4(ii), Lemma 6(i) and Definition 1, we

have
mn " mo(14+x)\" Y™ x
21 +x)""' Y % >2 (M) =1t
i=1 i=1 m m
_2m" Y X
(m+ X, x)"
Letxi:—i,l:1,~~-,m,then
21’—"1 n; il 2mm Y ok
l:1ni+1 1 M B <m+2711nl>

Let f(r) = émTy:)’m t > 0, we have

() =2m"[m+ (1 —m].

Easy to see, when 0 < t < % f is increasing, hence
mym 1
ﬁ - f 2, 2o
=it =n; <m+ i %)
memnL
> m
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When t > % f 1s decreasing, hence
m

mym 1
i=1n;

(2 4)

v

2 2m
. n

m
i=1

n; o
I’li—f—li:Zl

The proof of Corollary 9 is complete. 0
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