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1. Introduction

Integral inequalities involving functions of one independent variable, which provide explicit
bounds on unknown functions play a fundamental role in the development of the theory of lin-
ear and nonlinear differential and integral equations. In recent years nonlinear integral inequal-
ities have received considerable attention because of the important applications to a variety of
problems in diverse fields of nonlinear differential and integral equations. Basic inequalities
are established by Gronwall [5], Bellman [2] and Pachpatte [8, 9] provide explicit bounds on
solutions of a class of differential and integral equations which are further studied by many
mathematicians see [1, 3, 4, 6,7, 10, 11].

In this paper, we extend and improve some of the results reported in [1, 8, 9] to obtain a new
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generalization for some inequalities, which can be used as handy tools to study the qualitative
as well as the quantitative properties of solutions of some nonlinear integral equations. Some
applications are also given to convey the importance of our results.

2. Preliminaries

Before proceeding to the statement of our main result, we state some important integral inequal-

ities that will be used in further discussion.

Theorem 2.1 (Gronowall [5]). If u(t) is a continuous function defined on the interval J =
[, ¢ + h) and

t

0<ult) < / bu(s) +alds, 1 € J @.1)

o
where a and b are nonnegative constants, then

0<u(r) <ahe’ rel. (2.2)

Theorem 2.2 (Gronowall-Bellman [2]). Let u(t) and f(t) be a nonnegative continuous func-

tions defined on J = |a., oc + h| and ¢ be nonegative constant. If
t
u(t) < c+/ f(s)u(s)ds, t €J (2.3)
04
then
t
u(t) <cexp (/ f(s)ds) ,teld. (2.4)
o

Theorem 2.3 (see [1]). We assume that x(t), f(t) and h(t) be nonnegative real valued continu-

ous functions defined on Ry = [0,0), and satisfy the inequality
t t
(1) < x0+ / F(s)xP (s)ds+ / h(s)x4 (s)ds, 2.5)
0 0
forallt € Ry, where p > q > 0, are constants. Then

x(1) < exp (11) /0 t f(s)ds) [ng+ ” /0 "n(s)exp (—pl /0 ' f()L)d/I) ds] [”]q], (2.6)

forallt € Ry, where p; = %.
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Theorem 2.4 (see [9]). Let u, f,g be real valued nonnegative continuous functions on Ry, =

[0,00) and cy,cy be nonnegative constants. If
u(t) < <c1 + [ ’ f(s)u(s)ds) (cz + tg(s)u(s)ds) , @.7)
0 0

t
and {clcz/ R(S)Q(s)ds} <1,forallt € Ry, then
0

u(t) < 01C2Q(l‘)

ST ae iR)Q()ds T E R 2.8)

where

t

R(r) = {g@ [ rsyas+50) [ tg(s)ds} and Q(1) = exp ( [t +sz(S)]dS>-

(2.9)

3. Main results

In this section, we state and prove some new nonlinear integral inequalities of Pachpatte type
and we obtain a bound on an unknown function, which can be used in the analysis of various

problems in the theory of nonlinear differential and integral equations.

Theorem 3.1. Let u, f and g be nonnegative real valued continuous functions on R, = [0,0)

and cy,cy, p be nonnegative real constants such that cico > 1 and p > 1. If

uf (1) < (c1 +/tf(s)up(s)ds> (cz+/tg(s)u(s)ds> (3.1)
0 0
and [(clcz)ﬂ /IR(S)Q(S)ds] <1, forallt € Ry then
P 0
u(t) < (lez);Q(t) . forallt €R., 3.2)
1= 2 [TR(5)Q(s)ds

where, R(t) is as same defined in (2.9) and Q(t) = exp (Il) fole1g(s) +caf(s)] ds) .
Proof. Define a function z(z) by

P(t) = (cl +/Otf(s)up(s)ds) <C2 —|—/()tg(s)u(s)ds) , forallt eR,, (3.3)
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then u” (1) < zP(t) and z(0) = ¢;c,. Differentiating (3.3) and using the fact that u(z) < z(¢) and

z(t) is monotone nondecreasing for € R, we obtain
P 020 = el 000+ agOun) + 0w ) [ 6uts)ds+gu) [ s (s)ds
< @l 1) +ag) 1)+ FOL0) [ 6)e)das+g00) [ F92G

0
< (@f@+ee)20)+ (10) [ e6)as+ ) [ ro)s) 1)
1.e.,
20 < feaf () + erg0))(0)+ S ROZ ) (3.4)
The inequality (3.4) implies the estimation for z(z) such that

m)%Q( ‘)

() [FR(s)Q(s)ds
Asu(t) < z(t), we obtain a desired bound for u(¢) given by (3.2). This completes the proof.. [J

z(t) <

, forallt e Ry.

Theorem 3.2. Let u, f and g be nonnegative real valued continuous functions on Ry = [0, o)

and cy1,cy, p,q be nonnegative real constants such that cyc; > 1,p>qg>landp—q> 1. If
t t
uf (1) < (cl—l—/ f(s)uq(s)ds) (cz—i—/ g(s)u(s)ds), forallt € Ry, (3.5)
0 0

u(t)< (0102) +‘DTI [sz( )+C1g(s)]Q(S)ds =g
B 0

then

pP—
P

, forallt e Ry, (3.6)

where, R(t) is as same defined in (2.9) and Q(t) = exp (— % féR(s)ds) .

Proof. We proceed as in the proof of the Theorem 3.1. Define a function z(z) by

P(t) = (c1 4 /0 t f(s)uq(s)ds> (c2+ /O tg(s)u(s)ds), forall £ € R, (3.7)

then u”(¢) < zP(t) and z(0) = c|c;. Differentiating (3.7) and using the fact that u(z) < z(¢) and

z(t) is monotone nondecreasing for r € R, we obtain

PO = caf @0+ ergOun)+ FOu) [ glsuls)ds+goue) [ Fsu(
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< @ f(A0) +erg)et)+ O [ slels)ds +(0)elr) [ F5)2(5)ds
0
< eaf(t) +erg(t)])2(t) + (f(z)/ g(s)ds+g(t)/ f(s)ds) 271
0 0

< feaf (1) +e18(0)]2(1) + R(6)2 (1)

Since p —q > 1, we have

p T ) (1) < feaf (1) +c1g(n)] + R(1)z(t),

< eaf (1) +erg()] +R(1)2(2).
Let z79(t) = v(t) , we have v(0) = z/~9(0) = (clcz)¥ and

(p—q) ™7 '(t) = V(1)

Zp—q—lzl<t> _ V/(t)‘

From equations (3.8) , we obtain

(Pfq> V() < leaf (1) +c1g(t)] +R(1)v(),

(ﬂ) R(1)v(t) + (?) [e2f (1) +c18(1)]-

V(1) .

IN

The inequality (3.9) implies the estimation for v(¢) such that

P—q

(i) < (c1e2) 7 + 252 [§ leaf (s) +c18(5)] Q(s)ds

, forallt € R,

) < i

, forallt € Ry.
This implies

_ | tere) 7+ 2 leaf (o) + aig(s)] Q(s)ds | 7
R 0

, forallt € Ry,

As uP(t) = z(t), we obtain a desired bound for u(z) given by (3.6). This completes the proof.

(3.8)

(3.9)
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Theorem 3.3. Let u, f and g be nonnegative real valued continuous functions on R, = [0,0)

and cy,cy be nonnegative real constants. If

e < (e [ roweias) (e [ sonrsas), (3.10)

t
p>0and {clcz/ R(s)Q(s)ds] <1, forallt € Ry then
0

c1620(?) Z
u(t) < L s féR(s)Q(s)ds} , forallt € R, (3.11)

where R(t) and Q(t) are same as defined in (2.9).

Proof. Put z(t) = uP(t) in (3.10),

z(t) < (cl +/Otf(s)z(s)ds> (cz+/()tg(s)z(s)ds> , forallz € Ry. (3.12)

Applying Theorem 2.4 to (3.12), we get

c1c20(1)
1 —ciep [yR(s)Q(s)ds

z(1) < {

} , forallt e R..

As uP(t) = z(t), we obtain a desired bound for u(¢) given by (3.11). This completes the proof.
0J

Theorem 3.4. Let u, f and g be nonnegative real valued continuous functions on R, = [0,0)

and cy,cy be nonnegative real constants such that cico > 1. If

t t
uP (1) < (c1 +/ f(s)up(s)ds) <62+/ g(s)uq(s)ds) , (3.13)
0 0
p>q>0and[ CICQZ/R ds}<1forallt€R+then
u(t) < (c1c2)7 Q1) forallt €R., (3.14)

1= 4(c1e2)? [§R(5)Q(s)ds

where, R(t) is as same defined in (2.9) and Q(t) = exp <% foleaf(s) +c1g(s)] ds).
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Proof. Define a function z(z) by

P(t) = (c1 +/0tf(s)u"(s)ds> (cz - /Otg(s)uq(s)ds) , forallt € Ry, (3.15)

then uP (1) < zP(t) and z”(0) = cjc;. Differentiating (3.15) and using the fact that u(r) < z(¢)

and z() is monotone nondecreasing for r € R, we obtain
pPUOZ) = w0+ g0 + 0w ) [ g6 (s)ds+g@ao) [ (s
< (@r)+as)? 0+ (10 [ so)ds+a) [ 1o)s) )

< (@f@+ee)2 o)+ (10) [ s6)as+ ) [ o)ds) ),

p 0 < (eaf (1) +c18(1)) +R(1)z%(t). (3.16)

Putting z7(¢) = v(¢) and differentiating with respect to t and using the fact that v(¢) is monotone

nondecreasing for ¢ € R, we have

g2 (1) = V()

EONETO)
20 V0
= . 3.17
O a0 A
From inequality (3.16) and equations (3.17) and using p > g > 0, we obtain
VW) < e +es)vie) + LR, (3.18)

The inequality (3.18) implies the estimation for v(z) such that

o) < Lere2)P0()
T 1= 4(c1e2)7 [{R()Q(s)ds

, forallt € Ry,

A1) < (c162)7Q(1)

T 1= 4(cie2)? [{R()Q(s)ds

Asu(t) =z(t), we obtain a desired bound for u(¢) given by (3.14). This completes the proof. [J

, forallt e Ry.
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Theorem 3.5. Let u, f,g be nonnegative real valued continuous functions on R, = [0,00), p >

q >0, co > 1 and c| be nonnegative real constants. If

t p t q
ul (1) < (01 +/O f(s)u(s)ds) (cz—l—/o g(s)u(s)ds) , forallt € Ry, (3.19)
then

c1620(1)
1—cic féR(s)Q(s)ds

where R(t) and Q(t) are same as defined in (2.9).

u(t) < [ } forallt e Ry, (3.20)

Proof. Since p > g and ¢, > 1, using nonnegative character of u and g, we have

00 < (ot [ o) (e [ douas)

< [ (e [ routras) (e [ etopisas)]

Define a function z(¢) by

() = <cl +f ’f<s>u<s>ds) (c2+ / ’g<s>u<s>ds) , (3.21)

then u” (1) < zP(t) and z(0) = c;c;. Using the relation u(¢) < z(¢) and monotonic character of

z(t), we have

z(1) < (c1 —i—/otf(s)z(s)ds) (Cz —I—/Otg(s)z(s)ds) , forallt € Ry, (3.22)

which is of the form (2.7). Using Theorem 2.4, we obtain

C1C2Q(l)
1—cic féR(s)Q(s)ds

z(1) < {

} , forallt e Ry.

Consequently, we get a desired bound for u(¢) given by (3.20). This completes the proof.  [J

4. Applications

In this section, we give the applications of our main results to study the boundedness and as-

ymptotic behaviour of the solutions of nonlinear Volterra integral equations.
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Example 4.1. We calculate the explicate bound on the solution of the nonlinear integral equa-

tion

(1) = (l-l-/oluz(s)ds) <1+/Olu(s)ds>, @.1)

where u be a nonnegative real valued continous function and we assume that every solution u(t)
of (4.1) exists on R ..

Applying Theorem 3.1 to the equation (4.1), we have

o(r)
u() < [1 iy féR(s)Q(s)ds] ’ (*2)

provided
1 t
[5/ R(S)Q(s)ds} <1, (4.3)
0
where R(¢) and Q(t) are defined as in Theorem 3.1 and their values are
t t
R(t) :/ 1ds+/ lds=t+t="2t (4.4)
0 0
and
1 t
Q(t) = exp (5/ 1+ 1]ds> =¢. (4.5)
0

Using (4.4) and (4.5), we get

1 _l Lo ot
{E/OR(S)Q(s)ds} —2/0 2se’ds =te' —e' + 1.

Clearly (4.3) holds for 0 <t < 1. Hence the right hand side of (4.2) gives the bound on the
solution of (4.1) in terms of the known quantities
2

< — <
u
T 1 [ysesds T 1—t

,for0<r < 1.

Example 4.2. Consider the nonlinear integral equation

(1) = <1+ /O tu(s)ds) (1+ /0 tu(s)ds), 4.6)
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where u be nonnegative real valued continuous functions and assume that every solution u(z) of
(4.6) exists on R . We estimate the bound on the solution of nonlinear integral equation (4.6).

Applying Theorem 3.2 to equation (4.6), we get

1+ J5O(s)ds
O(t)

where R(¢) and Q(¢) are same as defined in Theorem 3.2. In particular

u(t) < [ } , forallz € Ry, 4.7)

2

R(1) = /Oth/oz ds = 21 and (1) = exp (—% /Ot 2sds> _oF 4.8)

Making use of equations (4.8) in (4.7), we have

2
1+ [fe2ds
u(t) < fo# , forallt € R,. 4.9)

e 2

Example 4.3. We discuss the boundedness and asymptotic behaviour of the solution of a non-

linear Volterra integral equation of the form

WP (1) = (hl(t)+ /O [B(t—s)u”(s)ds) (hz(t)—i— /O lC(t—s)uq(s)ds), (4.10)

for all r € Ry, where p and ¢ are as defined in Theorem 3.4, u(f) nonnegative real valued
continuous function defined on R and Ay, hy, B, C are real valued continuous functions defined
on R . Here we assume that every solution u(t) of (4.10) exists on R

We list the following hypotheses on the functions involved in (4.10):

[h1(2)] < e, [ha(t)] < c2,|B(r —s)| < Mifi(s) and |C(r —5)| < Nigi(s), (4.11)

()] < cre” ™, (1) < cae™ ™, |B()] < Mufi(s)e *¢>) and

IC(t)] < Nigi(s)e *=%) (4.12)

(c12)70(1)

E; (t) = 7
1= 4(crea)? [oR(5)Q(s)ds

< oo, (4.13)

for all 0 <s <t,s,t € Ry, where c1,c2, M|, Np, o are nonnegative real constants and fi,g; are

nonnegative real valued continuous functions defined on R .
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Firs we discuss the boundedness of solution of nonlinear integral equation (4.10). Suppose that

the hypotheses (4.11) and (4.13) are satisfied, and let u(¢) be a solution of (4.10), we obtain

t t
uP(1)] < <61 +/0 M, f1(s) !u”(S)\dS) (Cz +/O Nigi(s) |u(s)| dS) : (4.14)
for all t € Ry. Applying integral inequality given in Theorem 3.4 to (4.14) yields
lu(t)| < E(t), forallt € Ry, (4.15)

where R(¢) and Q(¢) are same as defined in Theorem 3.4 by replacing f by M, f} and g by M, g1,
then every solution u(z) of (4.10) existing on R is bounded.

Now, we discuss the asymptotic behaviour of solution of nonlinear integral equation (4.10).
Assume that the hypotheses (4.12) and (4.13) are satisfied, and let u(¢) be a solution of (4.10),

one can easily observe that

WP ()] < 2 <c1 + /0 M (s)yul’(s)\emds) <C2+ /0 N gl(s)|uq(s)\e2mds>. (4.16)

Multiplying on both sides of (4.16) by €% we get

P (1) < (cl + [ |up<s>|e20“ds) (Cz+ [ Mo |uq<s>|e2‘“ds) @
0 0

Replace v/ (¢) by |u’(¢)|e** for r > 0 in (4.17) and applying Theorem 3.4, we obtain v(t) <
E1(t) and hence u(t) < E{(t)e 2% for all t € R. This shows that the solution u(z) of (4.10) is

asymptotically stable.

Example 4.4. We also discuss the boundedness of the solution of a nonlinear Volterra integral

equation of the form

WP(1) = (hl(t)+ /0 [B(t—s)u(s)ds)p (hz(t)+ /O tC(t—s)u(s)ds)q, 4.18)

for all ¢ € R4, where p and ¢ are as defined in Theorem 3.5, u(#) nonnegative real valued
continuous function defined on R and hy,h;, B, C are real valued continuous functions defined
on R, . Here we assume that every solution u(r) of (4.18) exists on R

Assume that the hypotheses (4.11) and

B chZQ(t)
BE0= 1100 JoR(5)Q(s)ds

< oo
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holds for functions involved in (4.18), and let u(¢) be a solution of (4.18). Applying Theorem
3.5, one can easily obtain an explicit bound E;(¢) for every solution u() of (4.18) existing on

R..
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