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1. INTRODUCTION

The Jensen inequality for convex functions plays a crucial role in the Theory of Inequal-
ities due to the fact that other inequalities such as that arithmetic mean-geometric mean
inequality, Holder and Minkowski inequalities, Ky Fan’s inequality etc. can be obtained

as particular cases of it.
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Let C' be a convex subset of the linear space X and f a convex function on C. If p =
(p1, - pn) where p; >0, j € {1,...,n} with P, := 377 p; > 0 and x = (z1,...,7,) €
C™, then

n

1 o 1 ¢
(1.1) f (Fn ;pm) < F;pif (i) ,

is well known in the literature as Jensen’s inequality.

In order to extend this inequality for operator convex functions of selfdjoint bounded
linear operators on complex Hilbert spaces we need the following preliminary facts.

A real valued continuous function f on an interval [ is said to be operator convex

(operator concave) on I if
(0C) FIA=XNA+AB) <(2) (1 =) f(A)+Af(B)

in the operator order, for all A € [0,1] and for every selfadjoint operator A and B on a
Hilbert space H whose spectra are contained in I. Notice that a function f is operator
concave if —f is operator convex.

A real valued continuous function f on an interval I is said to be operator monotone
if it is monotone with respect to the operator order, i.e., A < B with Sp(A),Sp(B) C I
imply f (A) < f(B).

For some fundamental results on operator convex (operator concave) and operator
monotone functions, see [7] and the references therein.

As examples of such functions, we note that f (¢) = t" is operator monotone on [0, 00)
if and only if 0 < r < 1. The function f () = t" is operator convex on (0,00) if either
1<r<2or—1<r<0and is operator concave on (0,00) if 0 < r < 1. The logarithmic
function f (¢) = Int is operator monotone and operator concave on (0, 00). The entropy
function f (t) = —tInt is operator concave on (0, 00). The exponential function f (t) = €
is neither operator convex nor operator monotone.

We also have the following Jensen type inequality for operator convex functions f :

I — R
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Let A; be selfadjoint operators with Sp (4;) C I, j € {1,...,n}. Ifp; > 0,5 € {1,...,n}

with P, > 0 and f is an operator convex function on I then

(1.2) f (Pi ZpiAj> < Pi Zpif (45),
"i=1 "i=1

in the operator order.

This is a well known result and can be proved easily by mathematical induction over
n > 2. The details are left to the reader.

For recent results related to the Jensen inequality for selfadjoint operators in Hilbert
spaces see the papers [1]-[5], [8]-[14], [15] and the monograph [6].

In this paper we consider two functionals associated with the Jensen inequality for
operator convex functions (1.2) and provide some refinements and reverse inequalities of
interest. They will be ilustrated for some particular operator convex functions such as

the power and logarithmic functions mentioned above.

2. A FuNCTIONAL OF WEIGHTS

We consider the functional
n 1 n
(2.1) I (Ps A f, 1) = ijf (Aj) — Pof (F ijAj>
j=1 =1

where p = (p1,...,pn), p; > 0with j € {1,...,n} and P, > 0, A = (44, ..., A,) is an n-tuple
of selfadjoint operators with Sp(A;) C I for j € {1,...,n} and f : I — R is a operator
convex function defined on the interval 1.

We denote by P;I the set of all n-tuples p = (p1,...,pn), p; > 0 with j € {1,...,n} and

P, > 0. For p,q €P;" we denote p > q if p; > ¢; for any j € {1,...,n}.

Theorem 1. Assume that f : I — R is an operator convex function and A = (Ay, ..., Ay)

an n-tuple of selfadjoint operators with Sp (A;) C I, then for any p,q €P, we have
(2.2) Jo(P+a; A, f, 1) > Jy (P A f D)+ o (as AL f, 1) >0,

i.e., Jo (A, f, 1) is a super-additive functional in the operator order.
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Moreover, if p,q €P, with p > q, then also

(2.3) o (AL fD) > Ty (@ A, £, 1) > 0,
ie., Jo (s A, f, I) is a monotonic functional in the operator order.

Proof. We have

(2.4) Jn(P+a; A, f,I)
Z;(ijqu')f(Aj)—(PnJrQn)f (RL%%;(MJF%)AJ

= Z (pj + ) f(4;)

Ay ) + Qn (0 0

Pn<

Now, consider the operators

1< 1<

Then Sp(A),Sp(B) C I.

we have

Applying the inequality (OC) for A and B given above and A\ = N +Q

PN<PLHZ] 1 piA >+Qn <_Z] 1QJA)
P+ Qn

‘el (m2) et ()

in the operator order.

(2.5) f
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Making use of (2.4) and (2.5) we have
(2.6) Jn(P+a A, f, 1)

Z p]+q] ) (Pn+Qn)

P+Qn ( ij ]> P+Qn <anq” >
Z;pjf(Aj)—Pnf (Pin;PjAj)

+ZQJ —Qnf (Q ZQJ )

:Jn(p,A,f,[)+Jn(q7Aaf>I)

in the operator order, and the inequality (2.2) is proved.

Now, let p,q €P;" with p > q. Then by the super-additivity property (2.2) we have
27 e AL D) =du((P—a) + @A, [T
> T (P—a); A f, D)+ Ju (@3 A, £, 1) > T (a4 A, f, )

in the operator order, and the monotonicity property (2.3) is proved. O

Corollary 1. Assume that the function f : I — R is operator convex and the n-tuple of
selfadjoint operators (A, ..., Ay,) satisfies the condition Sp (A;) C I for any j € {1,...,n}.

If p,q €P;5 and there exists the positive constants m, M such that

(2.8) mq < p < Mq
then
(2.9) mJy (A, f, 1) < T (P A f, 1) S MJ, (a3 AL f, 1)

in the operator order.

Proof. Observe that for a > 0 we have J, (ap; A, f,I) = aJ, (p; A, f,I).
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Utilising the monotonicity property (2.3) we have
Jo (ma; A, f, 1) < o (P5 AL f, 1) < Jp (M@ A, f, )
which imply the desired result (2.9). O

Remark 1. We observe that if all g; > 0 then we have the inequality

(2.10)  min }{p—f}Jn (@A, f, 1) < Ju(p; A, f, 1)

4q;

i the operator order.
In particular, if q is the uniform distribution, i.e., q¢; = %,j € {1,....,n}, then we have

the inequalities

(2.11) n min {p;} J, (A, f,I) < J,(p; A, f,I) <n max {p;}J, (A, [ I)
je{1,...,n} je{l,...,n}
where
1 < 1 <
(2.12) Jn (A, £, 1) ::—Zf(Aj)—f<—ZAj).
i i
For n =2 and by choosing p1 = o, ps = 1 — o with a € [0,1], we get from (2.11) the
inequality
(2.13) 2min{o, 1 — a} {w—f(A;B)}

<(l—-a)f(A)+aof(B)-f(1-a)A+ab)
< 2max{a,1— a} {—f(A)ij(B) —f(AjLB)},

2 2

in the operator order, where f : I — R is an operator convex function and A and B are

two bounded selfadjoint operators on the complex Hilbert space H with Sp (A),Sp(B) C 1.

We have some refinements of the power inequality as follows.
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Remark 2. Assume that (Ay, ..., Ay) is an n-tuple of positive operators. If p,q €P; and
q; >0 for j € {1,...,n}, then for p € [1,2] we have

(2.14) min { }(ZqJAp Q”’(qu ))

j=1 J=1
n n P
< max —]} AP — Q)P A
je{1,...,n} { qj (; K ’ (; N ]> )

wn the operator order.
If (Ay, ..., Ay) is an n-tuple of positive definite operators then for p € [—1,0) the in-
equality (2.14) also holds.

If g € (0,1] then we have the reverse inequalities

(2.15) je?ll,l..r.l,n}{ } (Ql ! (Z% > —;qu?>
1 (ijAj> —> A
j=1 Jj=1

q n
P 1
< a E —§ AT
_jer{rll%%"}{ }< ( v ) jzlqj ]>

When ¢; = +,j € {1,...,n} we get from (2.14) the inequality

77777

n n p
<Y p AT - Py (ijAj>
j=1 Jj=1
1 n 1 n p
<nj Jnax {p;} (ﬁZAg_ﬁ<ZAj> )

~~~~~ j=1

n n p
1 1
(2.16) n E{rlun {p;} (E JE:l Af — — <]§:1 Aj> )
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The case for two operators is as follows:

(2.17) 2min {a, 1 — }{AP+B7’ <A—|2—B>p]

<(l—a)AP+aB?—((1—a)A+aB)’

AP + BP A+ B\’
§2max{a,1—a}{ ; —< —; )],

where A and B are positive and p € [1,2], or positive definite and p € [—1,0].

We have some logarithmic inequalities as follows:

Remark 3. Assume that (Ay,...,A,) is an n-tuple of positive definite operators. If
p,q €P and ¢; > 0 for j € {1,...,n}, then

(2.18) jetin { gj } [Q” n (Qn 2 uA ) - ; a4,

< P,In (;anj ) ijlnA

-----

In particular, we have

(2.19) je?llin {p;} [ ( ZA>_%ZIHAJ

,,,,,

< P,In <P1)n2p] ) Zp]lnA

-----

The case of two operators is as follows:

A+ B _lnA+lnB
2 2

(2.20) 2min {a, 1 — a} {m (

<In(l-—a)A+aB)—(l1—a)lnA—InaB

A+ B InA+InB
2 2 ’

< 2max{a,1 - a} i (

where A and B are positive definite operators.
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3. A FUNCTIONAL OF INDICIES

Let P (N) be the family of finite parts of the set of natural numbers N, A(H) the linear

space of all sequences of selfadjoint operators defined on the complex Hilbert space, i.e.,

A(H) = {A = (A})en | Ar are selfadjoint operators on H for all k € N}

and Sy (R) the family of nonnegative real sequences.

We consider the functional

(3.1) J(K,p; A, f,1):= Zpkf (Ag) — Px f (PLK ZpkAk>

keK keK

where K € Py (N),p €S, (R),A cA(H) with Px := ), .xpe >0and f: ] - Risa

operator convex function on the interval I.

Theorem 2. Let f : I — R be an operator convex function on the interval I and
peS: (R),A cA(H). Assume that Sp (Ax) C I for any k € N.
If K,L € Py (N)N\ A0} with KN L =0 and Pk, P, > 0, then we have the inequality

(3.2) J(KULp;A, f,1) > J (K, p; A, f,1)+J (L,p; A, f,1) > 0,

i.e., J(-,p; A, f,I) is super-additive as an index set functional in the operator order.

If ) # K C L then we have
(3.3) J(L,p; A, f, 1) = J(K,p; A, [, 1) 2 0,
i.e., J(-,p; A, f,I) is monotonic as an index set functional in the operator order.
Proof. It K, L € Py (N)\ {0} with KN L =0 and Py, P, > 0, then we have the equality

(3.4) J(KUL,p;A, f,I)

= >t (Ak)_PKuLf< ! > pkAk>

P
keKUL KUL cgur

= Zpkf (Ar) + Zpkf (Ag)

keK kel

Py - i > kex PrAR + Pr - pLL > ker PeAk
Py + Pp, '

—(PK+PL)f<



114 S.S. DRAGOMIR

Consider the operators

k:EK kel

We have that Sp (A),Sp(B) C I.

P,

Utilising the inequality (OC) for the operators A and B as above and A = e

we

have

(3.5) PK+PL <PKZPk k) P—% ( ZpkAk)

> f (PK 7 ke PRk + P 5 ZkeLPkAk>

Px + Pp,

On making use of (3.4) and (3.5) we have

(3.6) J(KUL,p;A, f,I)
1
= pf(A)—Puf< pA)
ke;UL kS (Ax xorf | p— kE;UL kAL
> pef (Ae) + > pef (Ar) — (Px + Pr)
keK kel
P 1 P, 1
PK+PLf (PK ;pk k;) + PK+PLf (PL keZkaAk>
= Zpkf (Ap) — Px f (Pi ZpkAk>
keK K rex
+ > oif (Ak) — Pof (Pi ZpkAk)
kel Loker

and the inequality (3.2) is proved.
If ) # K C L with L\ K # () then we have by (3.2)

J(L,p; A f 1) = J (KU(LNK),p; A, f, 1)

> J(K,p; A, [, 1)+ J(LNK, p; A, f, 1) > J (K, p; A, f,])

and the inequality (3.3) is proved. OJ
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We consider the functionals:

] 1p2j 1

O, (PaA /5 ] szg of AQ] 1 szg 1f< ng 1A2] 1>

and

E, (p;A, f,I) ZPQJf (Agj) sz;f( prAzg).

]12J~,

We can state the following corollary.

Corollary 2. Let f : I — R be an operator convex function on the interval I and
P =p1,.y02n), A = (A1, ..., As,) with p, > 0, Ap selfadjoint operators and such that
Sp(Ag) C I forany k € {1,...,2n} ,n > 1. The we have the inequality

(3.7) Jan (D3 A, [, 1) 2 On (p; A, 1) + Ey (P AL f, 1) 20

in the operator order, where, as in (2.1)

2n
1
Jon (P A, f,1) = o (D A, £, 1) ij — Py f (P— ;ijj> :
The proof follows by (3.2) on choosing K = {2,...,2n} and L ={1,...,2n — 1}.

Corollary 3. Let f : I — R be an operator convex function on the interval I and
p={1,-0n), A =(A1, ..., A,) with py, > 0, Ay, selfadjoint operators and such that Sp (Ay) C
I for any k € {1,...,n} ,n > 2. Then we have the inequality

(3.8) Ju (s A, . 1) > Tt (D5 AL f, 1) >0

for any k € {1,...,n} withn >k > 2.
We also have that

(3.9) Jo (DAL £,1) > pif (A)) + puf (A) — (0 + po) f (ijj +pkAk) >0

Dj + Pk

for any k,j € {1,...,n} in the operator order.

The proof follows by the monotonicity property (3.3).
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Remark 4. Utilising the inequality for the operator convex function f(t) =t?,p € [1,2]

we have for any k,j € {1,...,n} the inequality

n n p
j=1 j=1

P4 +pkAk)” >0,

> pi AL+ pe AL — (pj + k) ( s+ Dy

for the positive selfadjoint operators (Aq, ..., Ay) .

In particular, we have the inequality

n n 2
(3.11) S pA2 - Bt (ijAj) > P (A - Ay >0,
=1 i1

Pj + Pk

for any k,j5 € {1,...,n}.
If (A4, ..., Ay) are positive definite operators, then we have

1 n n
noj=1 j=1

piA; + prAk

—pilnA; —ppIn A, >0,
Dj + Pk > ’ 7o ‘

> (pj +pr) In (
for any k,j5 € {1,...,n}.
4. A REVERSE INEQUALITY

The following result also holds:

Theorem 3. If the function f : [m, M] — R is operator convex and if the n-tuple of
selfadjoint operators (Ai, ..., An) has the property that Sp(A;) C [m,M] for any j €
{1,...,n}, then for any p; > 0 with j € {1,...,n} and P, := Z?lej > 0 we have

1 < 1
(4.1) 0< P ;pjf (4) = f (Fn ;ijj>

2 {f(m);f(M)_f(m;M)}

IA

2 {f<m>+f<M>_f(#)}lH
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in the operator order.

Proof. Since the function f : [m, M] — R is operator convex, then it is convex and we

have the inequality

Fi) = f<<M_t)A”}t§;_m)M)
(M —1) f(m)+(t—m)f(M)
M—-—m

IN

for any t € [m, M].
Utilising the continuous functional calculus for a selfadjoint operator A with spectrum
Sp(A) C [m, M], we have in the operator order

f(m)(M1ly — Aj) + f (M) (A; —mly)

(12) f ) < ey

for any j € {1,...,n}.
If we multiply the inequality (4.2) by p; and sum over j from 1 to n we get

(4.3) Pin ijf (4;)

) (301 = & S mA) 4700 (& 57014 - )
M —-—m

<

in the operator order.

Therefore we have

1 — ] —
(4.4) 0< P ;ij (A5) — f (Fn ;ijj>

f(m) <M1H — B 2 ijj> + f (M) (%n > i DAy — mlH)

<
- M—-—m

1 n

in the operator order, which is a reverse of Jensen’s inequality that is of interest in itself.
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Now, from the scalar version of (2.13) we have

(4.5) 0<(A=t)f(m)+tf(M)—f((1—t)m+tM)
< 2max {t,1 -t} [f(m)+f( ) f<m+M)]

2

:2(%+‘t_%‘) [f(m);f(M) _f<m+M)]

for any t € [m, M|, where f : [m, M] — R is a continuous convex function on [m, M].

Utilising the continuous functional calculus for a selfadjoint operator 1" with 0 < T <

1y we have from (4.5) that

(4.6) 0<f(m)(y =T)+ f(M)T = f((lg = T)m +TM)
0 (o] |-

in the operator order.

Writing the inequality (4.6) for the operator

1 n
- . ijj—mlH
R <1
0= M—-—m =
we have
(47) f(m )(MlH— P Z] 1 A >+f(M)( Z; 1 DA — m1H>
’ M

—f

m
m<M1H_anZ;'L:1ij] +M< > i1 PiAj — mlH)
M—m

£(m) (ML = £ Y0 0y ) + F (M) (7 X, pidy — i)
M—m

1 n
)

o2 {f(m)Jrf() f<m+M)}

~M—-m 2
ij MlH

1
<2(M m 1H+

)

in the operator order.
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The last part is obvious since

] 1

1
2

O

Remark 5. Assume that (A, ..., An) are positive and with Sp(A;) C [m, M] for any
j €{1,....,n}. Then for any p € [1,2] we have the inequality

n n p
1 1
(4.8) 0< & > piAl - (F ijAj>
n =1 n =1
< 2 mP + MP _ m+ M\?
-~ M-m 2 2
m+M
ij L

2 mP + MP m+ M
M—m 2 2

1
X(Q(M mlH—i—

)

IA

lg.

If the operators (Ay, ..., A,) are positive definite, i.e., m > 0, then

PR IR
noiq noig

“n m+ M

N (Nm_M)

1
(2(M m 1H+

<1(m+M)Mm1
n .
- 2vVmM "

)

5. A REFINEMENT OF JENSEN INEQUALITY
The following result provides an additive refinement of Jensen inequality (1.2).
Theorem 4. If the function f : I — R is operator convex and if the n-tuple of selfadjoint

operators (Ay, ..., Ay,) is such that Sp (A;) C I for any j € {1,...,n}, then for any p; >0
with j € {1,....,n} and Py := ijlpj >0, P, : =P, — P, >0, withk € {1,...,n— 1} we
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have

PP
(5.1) 0< { (1 - T)

f (%k >t ijj) +f (%k 2 ok ijj>

}

—f( ; Z] 1pJAJ+ Z] k1 PiA; >

X

2

< %ijf(Aj) —f (P% Z;ijj>

n .
]:

for any k € {1,....n — 1} in the operator order.

Proof. Consider the n-tuple of selfadjoint operators (A, ..., 4,) and define the operators

P
:Fk;ijj andB— Zp]

j =k+1

Then Sp(A),Sp(B) C I for ke {l,...n—1}.

Applying the first inequality in (2.13) for A and B as above and a = %:, for k €
{1,...,n — 1}, we have

(5.2) 2min{%,§:}
f(p%Zf 1 DA >+f< Z] k+1pJA>
8 2
P Z] 1A+ = Z] ki1 DiA;
—f 2

i 3) 5 (7 3 )
—f(%jim&)

in the operator order.
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By Jensen’s inequality (1.2) we have

1 <& 1 <
f (Fk ;I%A> < szpjf(Aj)

J=1

and
which imply that

k - n
(5.3) %f (Pik ijAj> + %f (% > ijj>

in the operator order.

Since

then we get from (5.2) and (5.3) the desired result (5.1).

121

O

Remark 6. If the operators (A,...,A,) are positive, then for any p; > 0 with j €

{1,...,n} and Py := Z?lej >0, Py := P, — P, >0, with k € {1,....,n — 1} we have for

any k€ {1,..,n—1}

PP
(5.4) 0< { (1 - T)

_PLS (Z?lej/ljy -+ (ﬁi)p (Z?:kﬂ ijj>p

}

X

1 k 1 n 2
P g D+ 5 e ijj)

foranyp € [1,2]. If (Aq, ..., A,) are positive definite, then (5.4) also holds for p € [—1,0] .
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If (Ay, ..., Ay) are positive definite, then we also have the logarithmic inequality

B — Py
I

k n
pik D1 DA+ %k 2 jk41 Pi
2

Z?: D Aj k1 PiA
In (—;ij ) +In (—%}1 J J)

2

(5.5) 0<{ (1

X |In

1 n
<lIn — b5 ) Fn;])jln(Aj)7
forany k€ {1,...n—1}.

Remark 7. The interested reader may obtain some other inequalities of interest in the
operator order by using, for instance, the operator convex function f(t) = tlnt on the

interval (0,00) . The details are omitted.
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