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Abstract. This article presents a novel concept of pre-invex functions linked to generalized Ostrowski-type in-
equalities. We explore the integral representation of these pre-invex functions within the framework of local frac-
tional calculus. This approach extends traditional calculus to analyze fractional-order derivatives and integrals. We
establish several generalized Ostrowski-type inequalities by employing the properties of pre-invex functions and
their representations as integrals. Several generalized Ostrowski-type inequalities are derived by employing the
properties of pre-invex functions and their integral representation. These inequalities applied to the twice differen-
tiable functions in the context of fractional calculus locally, allowing for a deeper understanding of their behaviors
and applications. Our work contributes to the growing body of knowledge in this area by providing new insights
and results that can be applied in various mathematical and applied fields.

Keywords: preinvex functions; generalized ostrowski inequality; local fractional calculus; inequalities in frac-
tional calculus; integral representation.

2020 AMS Subject Classification: 26D 10, 90C26, 26A33.

1. INTRODUCTION

Let set of real numbers (R), positive real numbers (R™), rational numbers (Q), integers (Z)
and positive integers (N) represented accordingly, and J := R/ Q and N;= NU{0}.
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For 0 < ¢ < 1, The {- type integers set Z¢ is defined by
75 = {05} U{xm® : m e N}
the ¢- type rational number set Q¢ is defined by
¢._ ¢C. _ (M.
Q% :=g¢ ,qe(@_(;) cmeZneN
The ¢-type irrational number set J¢ is defined by
¢._ ¢C. _ (M.
Q% :=¢q ,qG@—(;) :meZneN
the a- type real number set RS is defined by
RS := QS UJ¢

If r5,r5,r; €ERS (0< ¢ <1),then
o 1 +715 €RS, 1515 €RS,
o P15 =15+ = (r+mn)s=(rn+rn)s,
o 11+ (r5+15) = (ri+m)s 413,

o rfrg = rgrlg (rir)s = (rar)°,

o 05 = (5,
o r{(r5+r3) =rirs +rir3,
o 17 +05=05+7r; =7, and 1} 16 = 1575 =1}
° Ifr1 < r2, then r1 —{—r3 < r2 —|—r3,
o If 05 < 7,05 < 3, then 05 < r}.r5,
Local fractional order derivative and integral operator on R¢ are rephrased from the sources

given as,

Definition 1. ([31, 32]) A non-differentiable function f: R — RS,y — f(y) is local fractional

continuous at y,, if for any € > 0, there exists 6 > 0 such that

1f(y) = fvo)| < €°

holds |y —yy| < 6, with €,6 € R. If f(y) is local continuous on (c,d), and denoted as f(y) €
Cg(C,d) .
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Definition 2. ([31, 32]) Local fractional order derivatives of the function f(y) of order ¢ at

y =Yy can be defined as

Oy IO TOQ)(0) - f)
2 00) =~ o im Oy
(n+1)times

b ((K+1)9) o S
D¢(b,c) is g-local derivative set. If there exists FUKEDS) (y) = D;...D5 f(y) foranyy € ICR,
we denote f € D(,y1)c(I), andn=0,1,2,...

Definition 3. ([31, 32]) Let f(y) € C¢c,d]. Local fractional integral of f(w) can be defined by

1 ¢ 1
ﬁﬁaéf@Wf—jﬁaM%Zf@A@

Where ¢ = by < {1 < ... <Uy_1 < Uy =d,[ly, 1] is partition of [c,d], Aly= Alp 1 — Ay, Al =
max{ly,?y...lxy_1}.

bl f(y) =

Note that .I¢ f(y) = 0 and Cldgf(y) = —4IEf(y) if ¢ < d. We denote f(y) € I} [c,d] if there
existsy Iy f(v) for any y € [b,c].

Lets define a couple of identities from the source [31, 32]
Definition 4. Lez f: 1 C R — RS. If the following inequality
(1.1) FAxi+(1=2)x) <ASf(x1) + (1-2)° f(x)

holds for any x,xy € I and A € [0, 1], then f is said to be a generalised convex function on I. If

the inequality in is reversed, then f'is called a generalised concave function on I.
Lemmal. (1) Let g(y) = (y) € C¢[c,d), then
pl28(y) =fld) = f(c)
(2) Let g(),f() € D¢lc,d] and g') (y),£)(y) € C.[b,c], then

b2 (v) = gY)IG — plE' O AY).-
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Lemma 2.
Sy T(4sg) o e,
dus  T(1+(s—1g)
1 ¢ I'(1+s6)
— | VS(du)s = dBs+s _ o(s+1)g >0
F(g+1)/by (du) F(1+(s+1)g)( ) s
Lemma 3.
d—c)®
sps = (d=of
bie I(1+¢)

Lemma 4. (Generalized Holder’s inequality) Let p,q > 1 with p~' 4+ ¢~ = 1, let g(w),f(w) €
C¢lc,d] ,Then

1 1

e el < (g el @) (s [ol@r)’

Recall generalized beta function:

1 1
(12) Bg()’=x):m/() D51 — DS (@RS, 3> 0,650

Local fractional theory has solid applications in control theory, communication engineering,
random walk process and Physics [33, 34, 35, 36]. Many researchers studied various types
of integral inequalities for generalized definitions of convexity on fractal sets (see [37, 38, 39,
40, 41] are references therein). Recently, in [3], Saud and co introduces generalized (h,m)-
preinvex functions, extending convexity concepts to fractal sets and deriving novel Hermite-
Hadamard-type inequalities. The work significantly broadens prior research, offering new local
fractional integral inequalities and practical applications in midpoint, trapezoidal, and Simpson-
type inequality generalizations.

Let f: I — R, where I C R is an interval, be a differentiable mapping in /°(the interior of /°)
and let a,b € I° with a < b. If | f' ()| < M, for all ¢ € [a, b], then the following inequality holds

M [(t—b)2+(t—a)2]

—a 2

-5t [

<
—b

for all t € [a,b] . This inequality is known in the literature as the Ostrowski inequality (see [9]).
For the research and extension concerning Owstrowski inequality, we can refer the Reference

[1, 6, 17, 23] and cited in.
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For the sake of tackling non-differentiable functions known as Cantor sets, Yang[26, 27] pre-
sented local fractional calculus on Yang’s fractional set and exemplified the theory comprehen-
sively. It can elaborate the aspect of continuous but differentiable functions can’t be explained
through this method. Thus, such topics have gained much popularity for the ones who are
researching in the fields of mathematical physics and applied sciences[28, 29, 30, 25]. Yang’s
theory of fractional sets and local fractional calculus has opened various new horizons for the re-
searchers who have further expanded the convexity on fractional set. For instance in [13] Mo et
al. introduced generalized convex function on Yang’s fractional sets. Mo and sui also presented
s-convex functions in [12]. Similarly, Sun in [19] established generalized harmonically convex
functions and further in [20] explained generalized harmonically s-convex functions. Moreover,
Du et al. in [7] proposed generalized m-convexity on fractal sets and and studied related integral
inequalities. For more results we refer the readers to [2, 4, 7, 8, 10, 11, 14, 15, 16, 21, 22, 24]
and further reference therein. Ostrowski [6] established an integral inequality which is now

classical and given in Theorem 1.

Lemma 5. [26, 31] The subsequent equations are valid:

doxke _ T(1+k{) )
dxt  TU+(k—1)¢)xk-DE (k€ R);

e (Local fractional integration corresponds to anti-differentiation) Suppose f = g(C) €

e (Local fractional derivative of order )

C¢ [, t2]. Consequently, we have ullﬁg)f =g(u) —g(u)-
e (Local fractional integration by parts) Assuming f,g € DC[,u], W] as well as
) glm) ¢ Ce[u1, lo]. The expression is given by ulll(é) (fg(C)) g|ﬁf - Ip(é) (f(C)g);
e (Definite integrals of xk¢ using local fractional calculus)

_ T(+k¢ (k+1)¢ (k+1)
gy i (d)f = it (e = ) (ke R).

Ostrowski [6] Introduced W classical integral inequality, as presented and established in The-

orem 1.

Theorem 1. Let f : [a,b] — R be a differentiable function whose derivative [ : [a,b] — R is

bounded on (a,b),i.e.,

S lleo=sup;caplf'(t)| < oo.Then the following inequality holds true:

b
bia/a f(t)dt

(o3P

i+ G |e-alr

<

(1.3) ‘f(x) -
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for all x € [a,b]. The constant % is best possible.

Inequality 1.3 has attracted significant attention from mathematicians and other researchers,
primarily due to its broad and diverse applications in fields such as numerical analysis and the
theory of certain special means [9]. Recently, Sarikaya and Budak [18] derived a generalised

Ostrowski inequality for local fractional integrals, which is presented in Theorem 2

Theorem 2. Let I C R be Ininterval, f:1° CR — RC(I" is the interior of 1) such that f(C) €
Dgf(ZC) € Cala,b] for a,b € I° with a < b. Also, assume that. || (&) := SUDtea,b) £ (1) < oo.
Then, for all x € [a, D).

rd+¢) ,©
(b—a)b b

a

r1+¢)

(1.4) Jx)— T +20)

¢ L, (x=5)* 5| 4(©)
B 2+t (5=2) | e-afise.

2. THE RESULTS

To derive additional inequalities of the generalised Ostrowski type for twice locally fractional
differentiable functions, we first introduce a function along with its integral representation for

such functions, as stated in the following lemma.

Lemma 6. Let I C R be an interval f : I° C R — RS (where I° is the interior of 1), such that
f.f© e D¢ (1°) and 128 ¢ C¢la,b] for a,b € I° with a < b. Then the following equality holds
true: For any x € [#, b],

n(b,a)*
(1+8)Tr(1+28)

The function k(t) is defined as follows:

(2.5) L(G:abix) = /olk<t>f<24> (a+m(b,a))(dr)s,

(

2 fo<rs nx(;Z)’
26) KO =9 (=0 it <t <25

(=1 i <i<i

Proof. Let I represent the following integral:

1 1
I::m/o k(1)) (a+ 11 (b, a)) (dr)°.
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Therefore, considering k(z), we have
2.7) I=L+hL+1,

where

_ L [a0a pg g ¢
11._m+c)/0 25 £ (a4 m(b,a)) (dr)*

and

_ 1 n () 1\%
12.:m/b_x (z—i) 729 (a4 (b,a))(dr)E.

n(b.a)

h= e (=% (0t m (b)),

n(ba)
Using local fractional integration by parts, we get

hi=per [P (kb)) @)
0

TT+0)

Let’s denote u(r) = t>¢) and v(t) = f(a+tn(b,a)). We need to compute their local fractional
derivatives and then apply the integration by parts formula. First, compute the local fractional

derivative of u(t):
ul® () = (2%)¢

Applying the rule for functional derivatives of power functions, we have:

(124)¢ = FRe+1) gen _ FRE+]) ()
r2i+1-¢) LC+1)

Now the local derivative of v(t).

VO @) = (fla+m (b)) =n(b.a) 1 (a+m(b.a)).

Now apply the local fractional integration by parts

X—a

e B /On(bm u(t)v(a)(de)®

~
I
<
—
~
N—
<
~~
-~
N—
O3
S
&

substitute u(z) and v(z).

X—a

h =1 fla+m(ba)|" - /0 " 2 (1 (b, ) ) (a-+ 1 ,0) (@)
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Evaluating the boundary term.

X—a

1 fla+1m(b,a))|J" =

X—da

2§
<n(b a)> fx)— (—n(bm)

The integral term becomes

b a)C/O"“”“)t2¢f<€>(a+m(b,a))(dt)4.

Combining the results we get:

X—a

(2.8) Il_(n(b a))

2 f(x) ‘5/ "2 O (atm (b,a)) (dr).
Similarly, we have

(2.9)

L=

x—a g box  loc. oo i VRS
Goa 2 O Gaa 3 1@ 2c/m) flatm(b.a)(e—3)* " anf.

DX (b.a))]—

b—x 20
[fla+n(b,a))—( -1) f(a+n(b,a)

n(b,a)
/: (t—1)% f S (a+m(b,a))(dr).
n(b.a)

1
I3:r(1+§)

n(b,a)*
T(1+0)

From (2.8), (2.9) and (2.10) we observe that

1:( 1 )ZC[(x—a)ch(x)—F((X_a)_n([;a))ch(b)_((b—x)—n(l;a))ch(a)]

(2.10)

n(b,a)

b—x

f@+n@ﬂD—( :

" n(b,a)

2
_ 1) fla+(b—x))

1
(1+¢)

W 2 o NN
—nea)f | [Tt mo.a) @2 [ am,a) (-3) @)
0 nb<b-z) 2

@2.11)
1 1
+—
I(1+¢) /n/?b,fz)

Finally, by substituting the variable u = a+1n(b,a) (¢t € [0,1]) into Equation (2.11) and multi-

plying both sides of the resulting identity by 1“((1 +% 7y» We can get the desired equality (2.5).

(t— 1)2€f<€><a+zn(b,a))(dt)€] .
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Theorem 3. Let I C R be an interval f: I° C R — RS (where I° is the interior of 1) such that

@ e D¢ (I°), and %9 ¢ C¢la,b] for a,b € I° with a < b. Also, assume that

1% = sup [FP) ()] < oe.

t€la,b]

in that case, the following inequality holds: For any x € [#,b],

@12) |E&ab)l < o e

(2%)
[V [2€(x a)’ +(2x—a— b)3C41C1

Proof. Let L:=L({;a,b;x) . As aresult, we obtain:

n(b,a)*
Ll et [ 0[5 a0 (@
(b, el
T(1 1 OT(1 5 20) \kxt |(dt)®

Using (2.6), we get
20| £(28) b—a a
) 1D e { 1 |7 et 1+ [0 = 4 ant

r'(1+2¢) I'(l1+a) .o

1 1
213) e
) b—x
n(b,a)

[(1+¢

Using Lemma 5, we have

(t— 1)25(dz)4} .

o e [ s = 50 (nx@,Z))SC'

v g [ e s ()
F(11+C) /71:(!:2) (1= 1)*(d1)* = F(11+C) /O”“’) u*¢ (du)®

)

Finally, it is evident that substituting (2.14), (2.15), and (2.16) into (2.13) directly leads to the
desired inequality (2.12).
Substituting x = (a+ b) /2 into Theorem 3 results in an intriguing inequality related to the local

fractional integral, as stated in the following corollary.
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Corollary 1. Under the conditions stated in Theorem 3, the following inequality is true:

L 2 a+bY| _ 170 (b0
n(b,a)c“’bf_r(1+§)r(1+2g)f( > ) = T +30)

Theorem 4. Let I C R be an interval, and let f : I° CR — RS (where I° represents the interior
of I) such that f and f(%) € D¢ (I°), and 20 ¢ C¢la,b] for a,b € I° with a < b. If | £29)] is

generalized convex, the ensuing inequality is true for all x € [‘“Lb b}.

(2.17) IL(C;a,bix)| < ”((f’fic)[Kg(xab)+L,;(xab)+M¢(xab)]
Ke(x;a,b) := F(1+3¢) ( = )4C ’f(zg)(a) +
: L(1+4¢) \n(b,a)
(1420) [ x—a \* T(1+30) [ x—a \*
219 30 (npa1) 10540 (n0) |l
(2.19) Le(va,b) = Cp(x;a,b) Hf@@(a)‘ — D¢ (x;a,b) ‘f@@(b)‘ .
’ ~I(1+30) (x—a)* — (b—x)*
Celxa,b) r(1+4§)< n(b,a)* )_
FI+20) (=¥ —(-9%\ | T1+0) (- —(p-v%
[(1+38) n(b,a)’ 450(1+2¢) n(b,a)% '
and
. CT(1+30) (((x—a)* = (b—x)** (L1420 (((x—a)Pt = (b—x)**
Pelsab) r<1+4c>< nba)® )‘2 r<1+3c>< nba)" )*
S\" T(1+&) { (x—a)** —(b—x)% 1 (2x—b—a)t
(Z) I'(1+28) n(b,a)* CHT(1+8) nb.a)f
and
o [0 (e - 9% 25r(420) (b - (-9
(el =g\ ama© )T T30 nb.a)%

e iy (G ) ]‘f 6]+ e (nx<b_,z>)4g‘f(20(”)“
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Proof.  As demonstrated in the proof of Theorem 4, let L := L({;a,b;x) in (2.5).Then, by

examining k(t), we have

a)t
21 D N (ETe / k()| £ (a1 (b.@)| ()%,
n(b,a)*
_m(H1+Hz+H3),
where

L [0 g ) ¢
=g )t mv.a)| @

1 i [ 1\
o= Ly (172) ol
n(b.a)

L(1+¢ 2
1 1
= mrgy o €V et mo.a)| @

By utilizing the generalized convexity of | f (26) | (as defined in Definition 4 and applying Lemma

5 to evaluate the local fractional integrals of the relevant powers, we obtain:

222)  HI <ﬁ/ 0 Hsz ‘+t2€n (b,a) ’fzc H (dt)* = K¢ (x;a,b)

(2.23)
H2 < 1“(11+Z;) /:%Z) [( Ly ‘f 2 (b,a)* (1 — %)ZC ‘f(ZC)” (dt)* = Le(x;a,b),
n(ba)
and
(2.24)

1 ! 1)2¢ | ) Cr— 12| £ (g6 = :
Hggm/n% P4 |7C9@) |+ n(b,a)f (= 1| 129 (dn)f = M (x:,),

At last, by plugging (2.22), (2.23), and (2.24) into (2.21), we acquire the inequality in question.

Theorem 5. Let I C R be an interval f:1° C R — RS ( I° is the interior of 1) such that
f.f© e D¢ (I°), and 129 e C¢la,b] for a,b € I° with a < b. Also let p,q € R with p,q > 1

and % + é =1 If|f (28) |7 is generalized convex, then the subsequent inequality is valid for any

X € [“—;b,b}:

225 |L(C;a,bix)| < ;
L ) I(1+28) (26T (14 ¢))

n(b,a)* 1 I(1+2pf)
(7

1+(2p+1)<§)) Je(x;a,b;p,q),
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Proof. We find from (2.21) that

n(b,a)*
I(1+20)

n(b,a)*
r(1+25)r 1+C

Where H; (i = 1,2,3) are described according to (2.21).

(H] +H, —I—H3),

/|k [P @+ mb,a)) (@) < 2

By employing H”older’s inequality for the local fractional integral, as described in Lemma 5 on
H; (i=1,2,3), we get:
(2.27)

L o g L [ea | o) !
H15<r<1+g>/o £ <dr>> x(r(lm/o ) a+m(b,a))|" (@)
(2.28) 1 ;

1 oD 1\ 27¢ » 1 ,
Hzg(WHC)/ﬂz <’_2> W) X(rmz_:)/m D fatmn(b,a) (drf)

Q=

n(b.a) T

and
(2.29) | |
e (et [ e ant) s (e [ [ @nf )

AT +0) S CU+0) /s :
Here, by applying Lemma 5, we derive:
(2.30) ;/%tng - LU1+200) ( r—a ><2p+1)c

. F(l—FC) 0 F(1+(2P+I)C) Tl(b,a)
2.31)

1 W (1N . T(1+2pg) v b—a\ S i p o\ 2PTDE
F<1+C>/m <t_2> C T2+ 1D) <2n<b,a>> —<2n<b>>

: /i (= 1yrtart = r(11+C) /Z (=0 (an®

n(b.a)

_ 1 n(oa) 2p¢ ¢
(2.32) “Ta+0) /0 u P> (du)

__ T(1+2p0) (x—a)”f’”c
L1+ 2p+ 1)) \n(b,a)
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q
Moreover, as ‘ f (2¢)

exhibits generalized convexity on [a,b], we can apply the generalized

Hermite-Hadamard inequality from (1.10) to obtain:

X—a

/Omha) f(zé)(athn(b,a))‘ (dr)® = T 20| (du)®
\f< <b>] +(f2< m(
(2.33) . .
q
(239 /(()) <2¢><a+m<b,a>>\q<dz>€g‘f% '+ !f;@ (a+b—)]
and

’ 20 (a4 b _x)‘q +]£%)(a)
26

(2.35) / 1 £ @+ mb,a)|" (dn)f <

n(b,a)

By integrating the equalities (2.30)—(2.32) and the inequalities (2.33)—(2.35) into the inequal-

ities (2.27)—(2.29), and subsequently incorporating the obtained inequalities into (2.26), we
derive the final inequality (2.25).

Substituting x = b into the aforementioned theorem results in an inequality that includes a lo-
cal fractional integral, as stated in Corollary 2. To proceed, we must first recall the following

inequality:
n n n
236) Y (uk+w) Z +Y () (neN;0<s<1;u,v>0,1<k<n)
k=1 k=1 k=1

Corollary 2. Based on the assumption that the hypothesis holds true of Theorem 5, the follow-

ing inequality is true:

1
‘(n(b,awﬁ CO+Or(1+28) 8 [(1+9)

(n(b,a)* [ T(1+2p5) 7 [1£29(a)]+ O b)|
23D S451‘(1+2<§){1“(1+(21D+I)C)}{ (26T (14 ¢))s }

Proof. By considering x = b in the aforementioned Theorem, we assume that L; is associated

by @ +10) (n(b,a))° [ (b) — ) (a)
b

with the left-hand side of the inequality in (2.37)

(n(b,a)® [ T(1+2pa) 7 (18- (=1)¢ @)+ ]2 (b))
(238 L= £ {r(1+(2p+1)§)} ( NETRST, ) { KT+ )8 }
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It is now clear that the expected inequality (2.37) is obtained by fitting the inequality (2.36) to

every single of the final two terms in (2.38).

fla)+ /(D)
ra

at+b, T(l+a) (@)

(2.39) T3S 5 e

f<

3. APPLICATION OF RESULTS: MODELING THE SPREAD OF INFECTIOUS DISEASES

IN BIOMEDICAL ENGINEERING

The spread of infectious diseases can be modeled using differential equations to predict the
dynamics of infection over time. Traditional models often use integer-order derivatives, but
these models may not adequately capture the memory effects and long-range dependencies
present in real-world disease spread. Fractional calculus provides a more accurate framework
by incorporating these effects. Generalized Ostrowski-type inequalities for fractional integrals
can be used to derive bounds on the errors in predicting the spread of infectious diseases, leading
to more reliable and accurate models.

Assume that the susceptible, infected, and recovered populations at time ¢ are denoted by S(z),
I(1), and R(t) respectively. The following system of fractional differential equations can be used

to characterize the fractional SIR (Susceptible-Infected-Recovered) model:

DES(r) = —BS(1)I(1)

DEI(E) = BS(1)I() — Yi(r)

DER() = ¥i(1)
in which f represents the transfer level, y represents the recuperation level, and D¢ represents
a fractional derivative with order {.

Define error functions for each population group as the difference between the actual and pre-

dicted values:

ES (t> - Suctual (t) - Spred (t)
E; (l) = Lactual (t) - Ipred (t)

Eg (t) - Raclual (t) - Rpred (t)
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Apply the generalized Ostrowski-type inequalities to derive bounds for these error functions.

For example:

° [Es(l)]’ < Ky ’IC [Sactual(t) - Spred(t>] ‘

1° [E[(l)]‘ <K; ‘IC [Iactual(t) _Ipred(t)} ’

IC [ER(I)]) < Kg ‘IC [Ractual(t) _Rpred(t)} ‘

where Kg, K7 and Ky are constants dependent on the model parameters.

To minimize the prediction errors Es(t),E(t) and Eg(t), optimize the model parameters (, 8
and 7). The goal is to choose these parameters such that the bounds on ‘I SEs(1)] ‘, ‘I 4 [El(t)]‘
and ‘I 4 [ER(t)]‘ are minimized.

Perform simulations to validate the theoretical bounds. Use historical data on infectious disease
outbreaks to fit the fractional SIR model. Compare the model’s predictions with the actual data
to evaluate the performance of the model. Measure the prediction error for each population
group before and after optimizing the parameters.

Example Simulation: Assume an outbreak of a disease with known transmission and recov-
ery rates. Fit the fractional SIR model to the data and apply the generalized Ostrowski-type
inequalities to derive error bounds. Optimize the parameters @, 3, and ¥ to minimize the pre-
diction error.

Calculate the MAE and RMSE for each population group before and after parameter optimiza-

tion:

1 N
MAEg = N Z ‘Sactual(ti) - Spred(ti)‘
i=1

RMSE; = \/

MAERg =

(Iactual (ti> - Ipred (ti))z

2| -
=

N
I
_

M=

1
N |Ractual (ti) - Rpred (ti> ‘

i=1
By applying generalized Ostrowski-type inequalities in the design and optimization of
fractional-order models, one can effectively predict the spread of infectious diseases with higher

accuracy. This detailed application demonstrates the practical utility of fractional calculus and
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generalized inequalities in real-world biomedical engineering tasks, providing a framework for

developing more accurate and robust disease spread models.

4. CONCLUSION

In our research, we delve into the concept of a preinvex function in the realm of local frac-
tional calculus. We start by presenting a preinvex function that is closely tied to a generalized
Ostrowski-type inequality. Ostrowski-type inequalities are important in mathematical modeling
as they have numerous uses, including error estimates for numerical integration and approxi-
mation theory, which makes this association essential. By developing an integral representation
for this preinvex function, we create a robust mathematical framework that extends the classical
Ostrowski inequality to the domain of fractional calculus locally.

Local fractional calculus, a generalization of traditional calculus, is particularly useful for ana-
lyzing functions that exhibit fractal or nondifferentiable behavior at certain points. It provides
tools for dealing with problems that cannot be addressed adequately by standard calculus. In
this context, our introduction of the preinvex function and its integral representation offers new
insights and methods for handling such complex functions.

Building upon this foundation, we utilize the preinvex function and its integral representation
to derive a series of generalized Ostrowski-type inequalities. These inequalities are tailored for
functions that are twice locally fractionally differentiable. This means that the functions pos-
sess a fractional order of differentiation, which adds a layer of complexity and precision to the
analysis. By focusing on twice-local fractionally differentiable functions, we ensure that our
results apply to a wide range of practical problems where such differentiability conditions are
met.

The inequalities we establish provide bounds and estimates that are more refined than those
available through traditional methods. This is particularly valuable in fields such as signal
processing, image analysis, and other areas where fractal and irregular patterns are common.
By providing tangible methods for error estimates and function approximation, our study not
exclusively broadens the mathematical foundation of local fractional calculus yet additionally
improves its practicality.

Our research significantly contributes to the theoretical and practical aspects of local fractional



EXPLORING GENERALIZED OSTROWSKI-TYPE INEQUALITIES 17

calculus, offering novel approaches and perspectives applicable to a range of complex mathe-

matical challenges.

ACCESSIBILITY OF DATA AND RESOURCES

Non-Applicable

CONFLICT OF INTERESTS

The authors declare that there is no conflict of interests.

REFERENCES

[1] M. Alomari, M. Darus, S.S. Dragomir, P. Cerone, Ostrowski Type Inequalities for Functions Whose Deriva-
tives Are s -Convex in the Second Sense, Applied Mathematics Letters 23 (2010), 1071-1076.

[2] S. Al-Sa’di, M. Bibi, M. Muddassar, Some Hermite-Hadamard’s Type Local Fractional Integral Inequalities
for Generalized y-Preinvex Function with Applications, Math. Methods Appl. Sci. 46 (2023), 2941-2954.

[3] S. Alsadi, M. Bibi, Y. SeolL, M. Muddassar, (A —m)-Preinvex Functions on Fractal Sets and Local Fractional
Integral Inequalities With Applications, J. Nonlinear Funct. Anal. 2024 (2024), 25.

[4] M. Bibi, M. Muddassar, Hermite-Hadamard Type Fractional Integral Inequalities for Strongly Generalized-
Prequasi-Invex Function, Int. J. Nonlinear Anal. Appl. 13 (2022), 515-525. https://doi.org/10.22075/ijnaa.2
021.23370.2524.

[5] J. Choi, E. Set, M. Tomar, Certain Generalized Ostrowski Type Inequalities for Local Fractional Integrals,
Commun. Korean Math. Soc. 32 (2017), 601-617.

[6] T.Du, M.U. Awan, A. Kashuri, S. Zhao, Some k-Fractional Extensions of the Trapezium Inequalities through
Generalized Relative Semi-(m, h)-Preinvexity, Appl, Anal, 100 (2021), 642-662.

[7] T. Du, H. Wang, M.A. Khan, Y. Zhang, Certain Integral Inequalities Considering Generalized m-Convexity
on Fractal Sets and Their Applications, Fractals 27 (2019), 1950117.

[8] S. Erden, M. Z. Sarikaya, N. C. Elik, Some Generalized Inequalities Involving Local Fractional Integrals and
Their Applications for Random Variables and Numerical Integration, J. Appl. Math. Stat. Inform. 12 (2016),
49-65.

[9] S. Erden, M. Z. Sarikaya, Generalized Pompeiu Type Inequalities for Local Fractional Integrals and Its Ap-
plications, Appl. Math. Comput. 274 (2016), 282-291.

[10] S. Iftikhar, S. Erden, P. Kumam, M. U. Awan, Local Fractional Newton’s Inequalities Involving Generalized

Harmonic Convex Functions, Adv. Differ. Equ. 2020 (2020), 185.


https://doi.org/10.22075/ijnaa.2021.23370.2524
https://doi.org/10.22075/ijnaa.2021.23370.2524

18 M. MUDDASSAR, H. Z. ARSHAD, M. BIBI, T. JABEEN

[11] C. Y. LuoC.Y. Luo, H. Wang, T.S. Du, Fejér-Hermite-Hadamard Type Inequalities Involving General-
ized h-Convexity on Fractal Sets and Their Applications, Chaos Solit. Fractals 131 (2020), 109547.
https://doi.org/10.1016/j.chaos.2019.109547.

[12] H. Mo, X. Sui, Generalized s-Convex Functions on Fractal Sets, Abstr. Appl. Anal. 2014 (2014), 254731.

[13] H. Mo, X. Sui, D. Yu, Generalized Convex Functions on Fractal Sets and Two Related Inequalities, Abstr.
Appl. Anal. 2014 (2014), 636751.

[14] M. Muddassar, S.S. Dragomir, Z. Hussain, Raina’s Fractional Integral Operations on Hermite-Hadamard
Inequalities with 1-G-Preinvex Functions, Adv. Oper. Theory 5 (2020), 1390-1405.

[15] M. Muddassar, F. Bibi, A Short Note on the Fractional Trapezium Type Integral Inequalities, Inn. J. Math. 1
(2022), 63-70.

[16] M. Muddassar, N. Siddiqui, Z. Hussain, M. Tariq, On the s-Integral Inequalities Concerning k-Fractional
Conformable Integrals via Pre-Invexity, Thai J. Math. 20 (2022), 1451-1459.

[17] M.Z. Sarikaya, H. Budak, Generalized Ostrowski Type Inequalities for Local Fractional Integrals, Proc.
Amer. Math. Soc. 145 (2017), 1527-1538.

[18] M.Z. Sarikaya, H. Budak, Generalized Ostrowski Type Inequalities for Local Fractional Integrals, RGMIA
Res. Rep. Coll. 18 (2015), Article 62.

[19] W. Sun, Generalized Harmonically Convex Functions on Fractal Sets and Related Hermite-Hadamard Type
Inequalities, J. Nonlinear Sci. Appl. 10 (2017), 5869-5880.

[20] W. Sun, Generalized Harmonically s-Convex Functions and Hadamard Type Inequalities on Fractal Sets, J.
Jilin Univ. Sci. Ed. 56 (2018), 1366-1372.

[21] W. Sun, Some Local Fractional Integral Inequalities for Generalized Preinvex Functions and Applications to
Numerical Quadrature, Fractals 27 (2019), 1950071.

[22] W. Sun, Generalized h-Convexity on Fractal Sets and Some Generalized Hadamard Type Inequalities, Frac-
tals 28 (2020), 2050021.

[23] M. Tunc, Ostrowski-Type Inequalities via h-Convex Functions with Applications to Special Means, J. In-
equal. Appl. (2013), Article ID 326.

[24] M. Vivas, J. Herndndez, N. Merentes, New Hermite-Hadamard and Jensen Type Inequalities for ~-Convex
Functions on Fractal Sets, Rev. Colomb. Mat. 50 (2016), 145-164.

[25] K.J. Wang, On a High-Pass Filter Described by Local Fractional Derivative, Fractals 28 (2020), 2050031.

[26] X.J. Yang, Local Fractional Functional Analysis and Its Applications, Asians Academic Publisher Limited,
Hong Kong, (2011).

[27] X.J. Yang, Advanced Local Fractional Calculus and Its Applications, World Science Publisher, New York,
(2012).



EXPLORING GENERALIZED OSTROWSKI-TYPE INEQUALITIES 19

[28] X.J. Yang, J.A. Tenreiro, D. Baleanu, On Exact Traveling-Wave Solutions for Local Fractional Korteweg-de
Vries Equation, Chaos 26 (2016), 084312.

[29] X.J. Yang, F. Gao, H.M. Srivastava, A New Computational Approach for Solving Nonlinear Local Fractional
PDE:s, J. Comput. Appl. Math. 339 (2018), 285-296.

[30] X.J. Yang, J.A. Tenreiro, D. Baleanu, Exact Traveling-Wave Solution for Local Fractional Boussinesq Equa-
tion in Fractal Domain, Fractals 25 (2017), 1740006.

[31] X.J. Yang, ADvanced Local Fractional Calculus and Its Applications, World Science Publisher, 2012.

[32] X.J. Yang, D. Baleanu, H.M. Srivastava, Local Fractional Integral Transforms and Their Applications, Aca-
demic Press, 2015.

[33] A. Atangana, Modelling the Spread of COVID-19 with New Fractal-Fractional Operators: Can the Lockdown
Save Mankind Before Vaccination?, Chaos Solit. Fractals 136 (2020), 109860.

[34] S. Kumar, A. Atangana, A Numerical Study of the Nonlinear Fractional Mathematical Model of Tumor Cells
in Presence of Chemotherapeutic Treatment, Int. J. Biomath. 13 (2020), 2050021.

[35] K.J. Wang, Variational Principle and Approximate Solution for the Generalized Burgers—Huxley Equation
with Fractal Derivative, Fractals 29 (2021), 2150044.

[36] X.J. Yang, F. Gao, H.M. Srivastava, Exact Travelling Wave Solutions for the Local Fractional Two-
Dimensional Burgers-Type Equations, Comput. Math. Appl. 73 (2017), 203-210.

[37] O. Almutairi, A. Kilicman, Generalized Fejér—Hermite—-Hadamard Type via Generalized (h — m)-Convexity
on Fractal Sets and Applications, Chaos Solit. Fractals 147 (2021), 110938.

[38] T.S. Du, H. Wang, M.A. Khan, Y. Zhang, Certain Integral Inequalities Considering Generalized m-Convexity
on Fractal Sets and Their Applications, Fractals 27 (2019), 1950117.

[39] S. Iftikhar, S. Erden, P. Kumam, M.U. Awan, Local Fractional Newton’s Inequalities Involving Generalized
Harmonic Convex Functions, Adv. Differ. Equ. 2020 (2020), 326.

[40] M.Z. Sarikaya, H. Budak, Generalized Ostrowski Type Inequalities for Local Fractional Integrals, Proc. Am.
Math. Soc. 145 (2017), 1527-1538.

[41] H. Mo, X. Sui, D. Yu, Generalized Convex Functions on Fractal Sets and Two Related Inequalities, Abstr.

Appl. Anal. 2014 (2014), 636751.



	1. Introduction
	2. The Results
	3. Application of Results: Modeling the Spread of Infectious Diseases in Biomedical Engineering
	4. Conclusion
	Accessibility of Data and Resources
	Conflict of Interests
	References

