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Abstract. This paper is concerned with the Hyers-Ulam stability of third order nonlinear differential equations
with nonlinear damping. New criteria are developed to transform the ordinary differential equations under consid-
eration to integral inequalities. By employing the Gronwall-Bellman-Bihari type integral inequality, the stability of
ordinary differential equations is proved. Moreover, the Hyers-Ulam constants are established. Lastly, the obtained
results are not only new but also included the results stated in [14, 17].
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1. INTRODUCTION

In reality differential equations have become tools for many real life problem in biology,
mathematical finance, engineering, medicine and so on. Many notable researchers which we
are going to mention in this article have devoted most of their study on the qualitative(stability)
of solution of differential equations. In 1940, S.M. Ulam [61] posed the following question con-
cerning the stability of functional equations before the Mathematical Club of the University of
Wiscnsin: Give conditions in order for a linear mapping near an approximately linear mapping

to exist.” Since then, this question has attracted the attention of many researchers. Note that
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the solution to this question was given by Hyers [52] for additive functions defined on Banach
Spaces in 1941. Thereafter, the result by Hyers [52] was generalised by Rassias[48], Aoki[6]
and Bourgin[8], problem for approximately additive mappings, on Banach spaces,was solved
by Hyers [22]. The result obtained by Hyers was generalised by Rassias [48]. After that, many
authors have extensively investigated the Ulam problem to other functional equations in various
directions, see [3, 9, 10, 18, 19, 20, 23, 26, 30, 31, 41, 42, 45, 49, 50, 51, 55, 60, 62, 63].

The generalization of Ulam’s problem was recently proposed by replacing functional equa-
tions with differential equations. Obloza seems to be the first author who proved the Ulam
stability of differential equation in [43, 44]. Thereafter, Alsina and Ger [5] published their
papers,which handles the Hyers-Ulam stability of the linear differential equation u’(r) = u(z).
The result obtained by Alsina and Ger was generalized by Takahasi et.al.[58] to the case of
the complex Banach space valued differential equation. Since then Hyers-Ulam stability of
various classes of linear differential equations were investigated using different methods such
as direct method, fixed point method, iteration method open mapping theorem and so on (see
[1,2,21, 25,27, 28, 29, 32, 33, 34, 35, 36, 37, 38, 40, 43, 44, 56, 57, 58, 59]).

Now a days, the Hyers-Ulam stability of nonlinear ordinary differential equations has been
investigated (see [4, 11, 12, 13, 14, 15, 16, 46, 47, 53, 54]), and the investigation is going
on. In this paper, we are going to prove the Hyers-Ulam stability of the third order nonlinear
differential equations and also obtain the Hyers-Ulam constant of every equation considered.

The equations are:

" () p(u())u” (£))" + (y(e) f (u(t))u' (1)) + B (1) g u())u'(¢)

(Py(t,u(t),u' (6)u" ()" +np(e)Pa(t,u(e) ' (1))l (1)

+O(t,u(t)) = H(t,u(t, )i (1)),

2)

with initial conditions
3) u(to) = u'(tg) = u"(10) = 0.

where n € N(the set of natural numbers),u(t) € C3(ILLR,), Pi(t,0,0) = 0, P>(t),0,0) =
07 Q<t070) = 07 puf»gup € C(R+7R+)7 Q € C(I X R7R)7 H7P17P2 € C(I X
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RZ,R),ﬁ(l‘),r(l),OC(Z‘),’)/(I),p(l) € C(17R+)7 I= (0700)7 R+ = [0700)7 R= (_°°7°°)'

2. PRELIMINARIES

In this section we present some assumptions, definitions, lemmas and theorems to make this
paper self-dependent. For convenience, we list the following general assumptions:

let
i H(t,u(t),u' (1)) = ¢(t)@(u(t)) (' (¢))", where n a positive integer, @ € C(R,R})

¢(t) € C(Ry),
it Py(t,ut),u (1)) = h(t)x(u(r))b( ()", where k(u(t)), b(/(t)) € C(R.,RY), h(f) €

Definition 1. We say that equation (1) has the Hywrs-Ulam stability, if there exists a constant

K1 > 0 with the following property: for every € > 0, u(t) € C3(R,), if
[(a()p(u(e))u" (1)) + (y(e) f (o))’ ()" + B(£)g (u(t))u' ()

+r(t)p(u(t)) — H(tu(t),u' (1) <&,

“)

then, there exists some ug(¢) € C*(R, ) such that
u(t) —uo (1) < Kié,
we call such K the Hyers-Ulam constant.

Definition 2. The differential equation (2) has the Hyers-Ulam stability, if there exists a positive

constant K, > 0 with the following property: for every £ > 0, u(t) € C?>(R_.), which satisfies
|(Py (2, ue),u' (6))u” (1)) + np () Pa(t,u(t) ,u' () ) (1)

+0(t,u(t)) — H(t,u(t),u'(1))| < &,

&)

then there exists a function ug(t) € C3(R. ) satisfies (2) with initial condition (3) such that
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u(t) —uo(1)| < Kae,

we call such K; a Hyers-Ulam stability for the differential equation (2).

Lemma 1. [7] Let u(z), f(¢) be positive continuous functions defined on 7y <t < b, (< o) and
K >0, M > 0, further let ®(u) be a nonnegative nondecreasing continuous function for u > 0,
then the inequality
t
(6) u(t) SN+M | f(s)o(u(s))ds, to <t <b,
Io

implies the inequality

@) u(t) < Q1 (Q(N) +M tf(s)ds) , fo<t<b <b,
where

“ d
(8) Q(u):/ th)’ 0 <up <u.

In the case @(0) > 0 or Q(0+) is finite, one may take ug = 0 and Q! is the inverse function of
Q and r must be in the subinterval [fy,b'] of [fy,b] such that
t
Q(N)+M [ f(s)ds € Dom(Q").
Iy
Lemma 2. [24] Let r(¢) be an integrable function then the n successive integration of r over the

interval [to,] is given by

9) /t:- --/tolr(s)ds" = ﬁ/ﬂ:(l — )" r(s)ds

Theorem 1. [39]If f(¢) and g(¢) are continuous in [fp,7] C T and f(z) does not change sign in
t t
the interval, then there is a point & € [y, 7] such that / g(s)f(s)ds=g(&) / f(s)ds
To

fo
Theorem 2. [14, 15] Suppose u(t),r(t),h(t) € C(I,R,) are nonnegative, monotonic, nonde-
creasing, continuous and @(u) be submultiplicative for u > 0. Let

t t

r(s)B (u(s))ds+ L / h(s)@ (u(s))ds

To

(10) u(t) <N+ T/

To
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for N, T and L positive constants, then

u(t) < Q7! (Q(K) +L zh(s)a')' <F1 <F(1) +T Sr(a)doc)) ds>

To fo

Fl (F(l)—l—T/tOtr(s)ds>

where 3 (u) # @ (u), Q is defined in equation (7) and F(u) is defined as

(In

U ds

~Ju B(s)

F~', Q7! are the inverses of F, Q respectively and ¢ is in the subinterval (0,b) € Iso that

(12) F(u) , 0<uy <u,

F(L)+T lr(s)ds € Dom(F™1)

To

and
t t

QN)+L [ his)® (Fl <F(1) +T r(a)da>) ds € Dom(Q™")

o fo
Theorem 3. [14, 15] If u(t),r(z),h(t),p(t),8(t) € C(R;) be nonnegative, monotonic, nonde-

creasing continuous functions. Let y be submultiplicative. If

1) < p(0)+A [ rOB(u(s))ds +B [ hs)@(u(s))ds+
(13) 0 fo t

L[ g(s)y(u(s))ds

Iy

for A,B,L > 0, then

u(r) <p(0)Y™!

t

so7[2 ! ()48 [ o (T(e)da) 75| as]

Ty

(14 {T(l)%—L/

To

Q! (Q(1)+B lh(s)GJ(T(s))ds) (1)

To

where 7'(¢) is given as

(15) T(t)=F"! (F(1)+A tr(s)ds)

and

(16) Y(r):/rﬂ, 0<ro<r
ro Y(5) B
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and F~!, Q=1 and Y~! are the inverses of F, Q, Y respectively ¢ € (0,5) C (I). So that

Y(1)+L tg(s)]/ {Q_l (Q(l) +B sh(Ot)(D (T(oc))doc) T(s)} ds € Dom(Y ™!

to Iy
3. MAIN RESULTS

In this section, we will state our main results and give their proofs.

Theorem 4. Suppose that

i setting |u'(r)| < A where A >0,
t
ii lim / |/ (s)|ds = L, where L > 0,
To
t

fg—o

iii lim [ ¢(s)ds <nj <eo, wheren; >0,
fp—roo 1o

t
iv lim [ B(s)ds <ny < oo, wheren, >0,
fo—=°° J1,

t
v lim [ r(s)ds <nz < oo, wherenz >0,

fog—ro° to

vi [F(u(t))| > [u(r)], o

u(t

vii setting F(u(t)) = / Flu(s)ds < oo,
u(to)
are satisfied. In addition, let @ (u(¢)) be continuous, nondecreasing and monotonic, then equa-

tion (1) has the Hyer-Ulam stability with initial conditions (3), if for Hyers-Ulam constant
K; > 0 and for each approximate solution u(¢) € C3(R ) of (1) satisfying (4), there exists any

solution ug(t) € C3(R,) of (1) such that
u(t) —uo(t)| < Kie,
thus, the Hyers-Ulam constant is given as
K = %Y‘l {T(l) + %“1“’ {Q‘l (9(1) + G—llnzp (T*)) T”
Q! <g(1) + énzp (T*)) T,
Proof. Multiplying inequality(4) by u/(¢) to obtain

—eu'(t) < (o) p(u())u” (1)) (t) + (y(e) f (w(t))ad' (1)) sl (2)
+B()g(u() (' (1)) +r()p (u(t))u'(r) — H (¢, u(r),u (1))u (1) < & (7).

(7)
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Integrating twice and applying Lemma 2, since «’(¢) is differentiable and nondecreasing on R,

then u” (1) > 0 Vr € I, we use this condition on the second term of (17) to have

— [[(s)ds < [ ()l () (s + [ Bls)gluls)) ' 5) s
(18) 0 fo fo

t t

+ / F(s)p (u(s))ul (s)ds — /

Io Ty

t
H(s,u(s),u (s))u'(s)ds < 8/ u'(s)ds, t>0.
Io
We apply the assumption (1) to fifth term of (18) and use the mean value Theorem 1 for integrals,

that is, there exist &, v, 1, 8 € [fy,7] such that

48 [ 0) )l ) s+l (2 [ Bls)sluls))ds
(19) 0 Iy ;

wal(n) [ rolp(uts)ds = 31! [ omlut)ds <e [ u)as

o To
Employing the condition (vii) of Theorem 4 to the first term of (19), integrating by parts, let ()
be differentiable on R, if /() > 0 for all 7 € I, then 7(r) is nondecreasing on R, in addition
Y (t) > 0, since y(r) > 0 there exists constant ¢ > 0 such that y(¢) > o, thus, we have

(E)oF () < e [ W o)ds—a (VP [ Bs)slu(s)ds

Io

() [ Hopu(s)ds+ ()" [ omut)ds. o

0

We apply the conditions (i), (vi), (vii) of Theorem 4 to obtain

|(u(s))] <%L+ B() (lu(s)[)ds

1 "

-y i r(s)p(u(s)|)ds + % i O (1)@ (|u(t)|)ds, vVt > 0.

Furthermore, we apply the Theorem 3 to arrive at

u(t)| < i—irl {Y(1)+g
(20) /z(,t")(s)w {Ql (Q(l) + G—I/I/Z:r(oc)p (T(oc))doc) T(s)] ds}

for
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Applying the conditions (iii)- (v) of Theorem 4, we get
Le A" 1 1 )
< — R N
lu(t)| < G?LY [Y(1)+ Gnlw{Q (Q(l)—i—clnzp(T ))T ”

Q! (Q(l) +$n2p (T*)) T*

and
* -1 A
T =F F(l)+—n3|.
c
Hence,
u(t) —u(to)| < [u(r)| < Kie,
where

n

- o S (00 )]

Q! <Q(1) +$n2p (T*)) T*.

0

Theorem 5. Suppose the assumptions (i)-(iv) and conditions (i), (vii) of Theorem 4 remained

satisfied. In addition, let

u(t)
v @)= [ olus)ds
ulto
ii” setting |D(u(r))| > |u(z)],
iii” let [u”(r)| < p where p > 0,

t
iv’ lim / p(s)y(s)v(s)ds < ng < o, where nq > 0,
fo—o° to
t
v’ lim [ h(s)ds < ns where ns > 0,
t()—>°° 1o

hold, then equation (2) is stable in the sense of Hyers-Ulam, if K; > 0 and for each approximate

solution u(t) € C3(R..) satisfying (5), there exists any solution uy(¢) € C*>(R..) of (2) such that
u(t) —uo(1)| < Kz¢,

for Hyers-Ulam constant is given as

ln—i—l

K — %T—l Y(1) + ki@ {Q_l (Q(l) +ﬂv6k40)(Tz*)) TZ*H

6
Q! (Q(l) +%k4w(T2*)> Ty,
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Proof. In this case we simplify (5), consider the right hand side of first inequality and multi-
plying by u/(t) where we apply on the first term the Theorem 1, there exists & € [tg,] such

that

t

M'(é)/tot(Pl(37M(S)aul(s)uﬁ(s))'dﬁn/to p(s)Pa(s,u(s),u'(s)) (u'(s))*ds
+ zol Q(s,u(s))u'(s)ds — /tOtH(S,M(S)M/(S))M/(S)dS < S/tot u'(s)ds.
Using the assumptions (i)-(iv) to get

[ wotato)d (s < [ (3ds—id(€) [ hstuts) b (5)) " (5)ds
(21) 0 0 0

_n/ttp(s)y(s)v(s)a)(u(s))(u'(s))6a’s+ tot q)(s)&)'(u(s))(u'(s))"“ds, Ve > 0.

0
Applying the condition (i’) of Theorem 5 to the first term of (21) and Theorem 1 there exists
t, €, 0 € [fy,t] such that

() L (u(s))ds < e / "W (s)ds — i (E)b( (Y () [ (s)x(u(s))ds

ds f fo

@) " [ [
—nu'(8)6/ p(8)y(s)v(s)@(u(s))ds +u' (§)" i o (s)@(u(s))ds, ¥t > 0.

fo
Integrate by parts the first term of (22) by letting w(z) be nondecreasing function on R implies
y/(¢) > 0 and using the fact that since y/(r) > 0 there exists a positive constant v such that
y(t) > v with application of the conditions (i), (vii) of Theorem 5 together with the conditions

(i1’), (111”) of Theorem 5 to obtain

4 t
Ab(A4p 1)

ut)] < Lt 0 [ hs)(futs))ds
S [ rotsmsratusas+ = [ oousas, v > o
As before, we apply the Theorem 3 to arrive at
u) <t v+ 2 [owala e
23) i [ pent@m@or@)da) ()
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where

T(t)=F"! <F(1) + w th(s)ds) .

Simplifying (23) using conditions (i) of Theorem 4 and (iv’),(v’) of Theorem 5 to obtain

no [Ql (Q(l) + ﬂv6n4a)(T2*)> TZ*H

Le n+1

1%

u()] < - [Y<1>+

6
Q! (Q(l) + %mw(rz*)) T,

where
Ty =F! <F(1) + w%) .
Hence,
ju(r) —uto)| < lu()] < Kae
and

ki@ lgl (Q(l) +ﬂv6k4w(7’2*)) T;H

6
Q! <9(1) + %I@@(Tj‘)) T

Next, we consider the equations (1) and (2) in the following forms:
Q@4 (o(e)p(u(e))u” (1)) + (v(0) £ (o)) (1)) + B(t)g(u(t))u'(t) + r()p (u(t)) = 0
and
(25) (Py(t,u(t),u' (6)u" (¢))" +np(6)Pa(t, u(t) ,u' (1)) (1) + Q(t,u(t)) = 0.
where the term H (¢, u(t, )u/ (1)) is replaced by 0

Theorem 6. Supposed the conditions (ii)-(iv) of Theorem 4 and conditions (i’), (iii”) of Theo-

rem 5 remain valid. In addition to the above conditions, let the following conditions:

) u(t)
i7" Au(r)) = p(u(s))ds,
) u(to)
ii” lim [ y(s)ds < ng < oo, where ng > 0,
fo—=>o Jig
!
iii” lim [ o(s)ds < ny < oo, where ny > 0.
fo—o° t0
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hold. Then, equation (24) is Hyers-Ulam stable with Hyera-Ulam constant given as

K3 = %T‘l [Y(l) + %21128 [Q_l (Q(l) + %2”6f(T3*))

2
e (Q(l) T %nﬁf@)) 77,

Proof. We proceed as in Theorem 4 by allowing H (7, u(z, )u’ () = 0 in inequality (4) and using
the Theorem 1 there exists &, Vv, € [f,7] such that

0(8) [ (@) pluls)u"(5))ds +1/(€) [ (1) u(s))u (5)ds
(26) 0 fo

P [ B@)stutods+ [ rp(u) (s <e [ (s)as.

Integrating again (26) from 7, to 7, using Lemma 2 and condition (i’) we obtain

J(3) [ als)pluls ) (s 44l ) [ 705)Fluls) ' 5)ds
@7) t ’ t ’ t
+u' (v)? s B(s)g(u(s))ds+ i r(s)diA(u(s)))ds < 8/ u'(s)ds, t>0.

S to
Integrating by parts of the fourth term of (27), since r(¢) a nondecreasing on R, then r/(z) > 0
and using the fact that r(z) > 0 so r(t) > n where constant n > 0, we obtain
t

ne(u(n) <e | ' (s)ds —(6) | ols)pluts))ul (5)ds

o o

(&) [ (o) (s =/ (2 [ Bo)tuls))ds. i >0

fo
Using conditions (ii), (iii) of Theorem 4, (iii’) of Theorem 5 and Theorem 1, there exists x, ¢ €

[to, 2] such that

u)l = 2o+ | ap(uls)ds
(28) o o
o ), Y (ui)Dds 20 | Bls)g(luls)ds, ¥ >0.

As before, we apply the Theorem3 to (28) leads to

2t 2 s
u)] < 50t v+ 2 [0 ot () + 2 [ rteos (e aa)

2

nlase (a0)+ 5 [ orne)as) 1o,

To
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for
T3(t1) =F~! (F(l) + lnﬁ/tt a(s)ds> .

Using conditions (iv) of Theorem 4 and (ii”), (ii1”") of Theorem 6 , we arrive at
eL A2 A2
()] = 501 1)+ g [0 (000) + S (1))

2
0! (Q(l) ; %nd(Tg*)) 7,

and
Ty (t)=F! (F(l) + @m)
Hence,
u(t) — uto)| < [u(t)| < Kze,
where

) 2
K3 = %T‘l [Y(l) + %nzg {Q_l (Q(l) + %l%f(T;))
2

* — A * *
e (20 + Soef (7)) 75
O
Theorem 7. Let the assumptions (ii)-(iv), conditions (i) of Theorem 4 and (ii’), (v’) of Theorem

5 hold. Then, the equation (25) has the Hyers-Ulam stability, if u(¢) € C*(R..) is any solution

satisfying
|(Py(t,u(t),u' (6)u" (¢)) +np () Pa(t,u(t) u' () ) (1)

+0(r,u(t))| <e,

(29)

there exists a solution uy(¢) € C3(R ) of equation (25) such that
ju(t) —u(to)| < lu(t)] < Kae,

where Hyers-Ulam constant of (25) is given as

S )
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Proof. We evaluate and simplify the inequality (29) to get

¢ /t " (s)ds < / (P (s, u(s), 1 ()" ol (s)ds+
(30) 0 0

t

n/ p(s)Po(s,u(s),u'(s)) (' (s))*ds + tQ(s,u(s))u’(s)a’s < S/ttu'(s)ds.

To To 0

Using assumptions (1), (ii), (iii) and considering the right hand side of first inequality of (30) in

the form

t t

, (h(s)r(u(s)b(d (s))*u" () u (s)ds +n / p(s)y(s)v(s)o(u(s))(u'(s))°ds
(31) 0 fo

t t

+ [ wis)o(uls)ds < e / W (s)ds.

o To
Integrating inequality (31), as before, applying Lemma 2 and Theorem 1 there exists & € [to, 7]

such that
t

M'(ﬁ)/tth(S)K(M(S))b(u'(S))4M'/(S)dS+n/ p(s)y(s)v(s) @ (u(s)) (' (s))°ds
G2) ° ;o :
+ [ y(s)o(u(s))ds < 8/ u'(s)ds, t>0.

Ty To -

Now, we use condition (1°) of Theorem 6 on the third term of (32) and reapplying mean value

Theorem 1 for the integrals to the first and second terms to obtain

W) G @u(s))ds < e [ (s = E (2) () | (o)) ds

33 ,
() [ p(s)y(s)s)o(u()ds, 10

To

where fo <t <randfy < u <t.
Integrating by parts the first term of (33), simplify further, since y(¢) a nondecreasing, then
v/(¢) > 0 and y(¢) > 0 there exists constant & > 0 such that y > 6 and using conditions (i) of

Theorem 4, (ii’) of Theorem 6, we have

4 t n 6 t
o)) < 2 2SR iy(uis)yas + 5 [ plsyishvisiollutsas, >0

fo Iy
As before, applying the Theorem 2 we obtain

nAb
u)l < 50 (o + 75 [ penorslo(F )

Iy

PR i) Jas) p ()« TP )
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and using the conditions (iv’), (v’) of Theorem 5 to have

Ju(r)| < La_te <Q(1) + %671560 (Fl (F(U t M(;)le”“)))

Hence,

for

Example 1. Consider the following equation

(tl4u4(t)(u”(t)) + (%bﬁ(t)u’(t)) + t—zuz(t)(u'(t)) + tl4u2(t) = t—6u2(t)(u'(t))8, t>0,

where H(r,u(1),u (1)) = 5u* (1) (' (1))%, a(t) = &, y(t) = &, B(t) = %, r(1) = 71,
By criteria of Theorem 4 and inequality (20) we have

()] < 23T [T+

/,ts%w {Q—l (Q(l)-l-% tosép (T(a))da) T(s)} ds}

0

Q! (Q(l) + o_l/x [Ot Sl4p (T(s))ds) ()

where

T(1)=F! (F(l) + A tlds) .

O Ji S2

Further simplification by using the conditions (iii)- (v) of Theorem 4, we arrive at

()| < (I;_irl [Y(l) +%n1w [Ql (Q(l)+ %nzp (T*)) T*”

Q! (Q(l) +%n2p (T*)) T,
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where

T*=F~! (F(l) +§n3> .

iii —ds < n3
) s

Therefore, Hyers-Ulam constant is given as

s G_I}LTI {r(1)+§ma‘f {Ql <9(1)+$an (T*)) T”

Example 2. Consider the following equation
1 S 4 1
(t—4u4(t)(u”(t)) +nt—6u6(t)u’(t) +tY2 (1) = t—6u2(t)(u'(t))8, t>0,

where Py (,u(t),u' (1)) = }4”4(0(1/(1))2, Py(t,u(t),u' (1)) = t%uz(t)(u'(t))3a O(t,u(t)) =

iy Hu(000(0) = 020 0% 10) = G SOPOYD) = 5wl = 5. 00 = 5

By criteria of Theorem 5 and using (23) to obtain

n+1 t
u() < 2 o+ 2 [ Safo @)
n 6 s
A’ iw(r(a))da) T(s)} ds]

\% to OC6

where

Then, we obtain

An—i—l

@ {Q—l (9(1) + n—fmw(Tz*)) TZ*H

Le
()] < -x 1[Y(1)+
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where

6,

T =F~! <F(1)+ v

The limits are taking as:

t
1 —ds < nj

1il —4ds < ns
to S

The Hyers-Ulam constant is given as

L n+1
K= ;Y‘l {Y(1)+

no [Q_l (Q(l) + "T’an(Tz*)) Tz*H

4. CONCLUSION

In this work, Hyers-Ulam stability criteria of third order nonlinear differential equations with

nonlinear damping which is very prominent in finding the stability of some problems such as

hereditary, the surge in birth-rates, spreading of certain contagious diseases and so on. These

problems appear directly in terms of integral equations and in terms of differential equations

with certain criteria which can be reduced to integral equations whereby Gronwall-Bellman-

Bihari type inequality is useful to determine the stability.
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