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Abstract. In the article, the authors prove that the double inequalities Lo(a,b) < Sag(a,b) < Ly/s(a,b), Lo(a,b) <
Soa(a,b) < Ly3(a,b) holds for all a,b > 0 with a # b, where L,(a,b) = (a?™' +bP*") / (aP +-bP) is the pth

Lehmer mean, and Sap(a,b), Spa(a,b) are the Sandor-Yang means, respectively.
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1. Introduction

For p € R and a,b > 0,the Sdndor-Yang means Syp(a,b) and Spa (a,b)[2] ,and Lehmer mean
L,(a,b)[1] are defined by
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A(a,b)_l
Sag(a,b) = Q(a,b)e™? (L.1)

QO(ab) 4
SoA (a,b) = A(a,b)eMab)

(1.2)

and

Lp(a,h) = —— (1.3)

where Q(a,b) = \/(a®+b?)/2, A(a,b) = (a+b)/2, T(a,b) = (a—b)/[2arctan((a — b) /(a +
b))] and M(a,b) = (a —b)/[2arcsinh((a — b)/(a+ b))] are respectively the quadratic, arith-
metic, second Seiffert and Neuman-Sandor means of a and b.

Recently, the inequalities and sharp bounds for the bivariate means have attracted the atten-
tion of many researchers. In particular, many remarkable inequalities for the Sandor-Yang mean
and the Lehmer mean can be found in the literature [2, 3, 4, 5, 7, 10, 11].

Xu[6] find the best possible parameters oy < 2/3, B1 > (1 + V2)[(1 + v2)V2 — €] /e =
0.6747-+, 00 < 1/3,B> > (V2ei! — 1)/(v2 — 1) = 03405+, a3 < (1 +v2)V2Je— 1 =
0.2794--- B3 >1/3, a4 < V2ei 1 -1=0.1410--- , B4+ > 1/6 such that the double inequalities

OtlQ(a,b) + (1 — Otl)A(aJ?) < SQA(a,b) < B]Q(a,b) + (1 - ﬁl)A(a,b),
000(a,b) + (1 —0)A(a,b) < Sap(a,b) < BrQ(a,b)+ (1 —B,)A(a,b),
03C(a,b)+ (1 —o3)A(a,b) < Spa(a,b) < B3C(a,b)+ (1 —P3)A(a,b),

(X4C(a,b) + (1 — (X4)A(a,b) < SAQ(a,b) < [34C(a,b) + (1 —ﬁ4)A((l,b)

holds for all a,b > 0 with a # b.

In [8, 9], the authors proved that the double inequalities

Lo(a7b) < M(aab) < L1/6 (Cl,b),

Lo(a,b) <T(a,b) <Lys3(a,b),

holds for all a,b > 0 with a # b.
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The main purpose of this paper is to present the best possible parameters A, Ay, 4y and

such that the double inequalities
Ly, (a,b) <Sap(a,b) < Ly, (a,b),Ly,(a,b) < Spa(a,b) < Ly,(a,b)

holds for all a,b > 0 with a # b.
2. Main results

Theorem 2.1. The double inequality
Ly, (a,b) < Spp(a,b) < Ly, (a,b)

holds for all a,b > 0 with a # b if and only if A} <0 and p; > 1/6.

Proof Since L,(a,b) and Ssp(a,b) are symmetric and homogenous of degree one, without

loss of generality, we assume thata =x > 1 and b = 1. Let p € R, then (1.1) and (1.3) lead to

log[Sap(a,b)] —log[Ly(a,b)]

—llo X+ +x+1arctan x—1 lo SRR 1
2%\ —1 X1 B\ 1 '

1 A1\ x+1 x—1 xPt 4]
F(x)==1 t —1 —1.
(x) 2og( 5 )+x_1arcan(x+1) Og<xl’+1

Then simple computations lead to

Let

F(17) =0,
ren 1
F( )_ (X—l)zFl(x),
where
(=) [P — pxP T 4 2(p 4+ 1)xP — pxP T 41 x—1

Filx) = W+ 1) (P 1 1) — 2arctan (x+1)’
Fi(1)=0,
Fi() = - ik e

X2 (x+ 1) (P +1)? (xP+1 1)

2.1

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)
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where

f(x) :x4p+3 +x4p+2_p(p_ 1)x3p+5+2p (p_|_ 1)x3p+4_2p(p+ 1)x3p+3
+2(p2+p+2)x3p+2_p(p+3)x3p+1+px2p+5 +5px2p+4_4(p+l)x2p+3

_'_4(p+1)x2p+2_5px2p+1_px2p+p<p+3)xp+4_2(p2+p+2)xp+3

+2p(p+ 1) =2p(p+ )P + p(p—1)xP —x =¥, 2.7)

We divide the proof into four cases.

Case1 p =0. Then (2.7) becomes
flx)=8x*(1—x) <0 (2.8)

for x > 1.
Therefore,

SAQ(aab> > L()((l,b)

follows easily from (2.1)—(2.6) and (2.8).
Case2 p > 0. Then (1.1) and (1.3) lead to

p L) L V2 (x ) o f - 09
X—rtoo SAQ (x7 1) X—r—-o0 (X+1)arctan(§+—]) ' ez—l

VX2 1(xP+1)e” =1 -

Inequality (2.9) implies that there exists large enough X; = Xj (p) > 1 such that Sxp(x,1) <

Ly(x,1) for all x € (X, +o0).
Case 3 p=1/6. Then (2.7) lead to

1
%x(xl/z’ —1)3 (0 4 1) (5x* — 4x23/0 1 18x11/3 — 14x7/2  40x19/3 — 30x1%/0 + 8443

—48x17/0 1 148x8/3 — 68x%/% +234x7/3 — 58x13/0 £ 262x% — 58x!1/0 £ 234x5/3

fx) =

— 68x/% 4 148x*/3 — 48x7/0 1 84x — 30x°/0 + 40x>/3 — 14x"/% 4 18x1/3 — 4x1/6 1 5)

1
> %x(xlﬁ — 13O+ 1)2(* + 4x"13 1051973 3603 + 80x3/3 + 176x7/3 + 20447

+ 1663 4+ 100x*3 4 54x +26x%/3 + 14x'3 +5) > 0 (2.10)

forx > 1.

From (2.4)—(2.6) and (2.10) we clearly see that F(x) is strictly decreasing on (1, +oo).
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Therefore,
SAQ(avb) < L1/6(a7 b)

follows from (2.1)—(2.3) and the monotonicity of F(x).

Case4 p < 1/6. Letx > 0 and x — 0, then making use of (1.1) and (1.3) together with the

Taylor expansion we get
SAQ(L 1 +x) _L[’(17 1 —I—X)

B 1+(1_}_x)26(2+x)arctan(2x?)_l 1+(1+x>p+1
B 2 1+ (1+x)?

1—-6p
e sz—f—o(xz).

(2.11)

Equation (2.11) implies that there exists small enough &; = 6; (p) > 0 such that S4p(1,1+x) >

L,(1,1+4x) forall x € (0,6).

Theorem 2.2. The double inequality
Ly, (a,b) < Spa(a,b) < Ly,(a,b)

holds for all a,b > 0 with a # b if and only if A, <0 and uy > 1/3.

Proof Since L,(a,b) and Spa(a,b) are symmetric and homogenous of degree one, without

loss of generality, we assume thata =x > 1 and b = 1. Let p € R, then (1.2) and (1.3) lead to

log[Soa(a,b)] —log[Lp(a;b)]

. x—1
o (X+1)+\/2(x2+1)arcs1nh (x+l> o (xp+l+1) o
2 x—1 xP+1
Let
2 (x2+1)arcsinh (x;l) 1
G(x):log(x+1>—i— x+1 _10g<x"’+ —|—1)_1'
2 x—1 xP+1

Then elaborated computations lead to
G(17) =0,

G (x) =

(2.12)

(2.13)

(2.14)

(2.15)
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where
Va2 +1(x—=1) [x2 — pxPT 4 2(p+1)x? — pxP~1 1 —1
G1(x) = X2+ 1(x—1) [x* = pxPT1 +2(p+ 1)xP — pxP~ 1 + }—\/iarcsinh x '
(x+1)(xP 4+ 1) (xPT1 +1) x+1
Gi(1)=0, (2.16)
x—1
G (x)=— g(x), (2.17)
1) V2T (x+ 1) (e + 1) (0t 4 1) )
where

g(x) = 363 L X2 (p— 1) PO 4 p(p4) 3PS 3(p+ 1P 43 (p42) 5Pt
F (P2 —2p+5) X012 = p(p3) 3Pl pPHO LT paAP S (g 7) 2P
+(p+7) P2 —TpxP T — p?P 4 p(p+3) x> — (p? —2p+5) X7
—3(p+2)xP B 43(p+ D)2 —p(p+4) P 4 p(p—1)xP —x* —34°. (2.18)

We divide the proof into four cases.

Case1l p =0. Then (2.18) becomes
glx) =16x* (1 -x%) <0 (2.19)

forx > 1.
Therefore,

SQA (a, b) > Ly (a, b)

follows easily from (2.12)—(2.17) and (2.19).
Case2 p > 0. Then (1.2) and (1.3) lead to

. L,(x,1) , 2 (xPt 4 1) 2e
lim -2/ — lim = >1. (2.20)
X—roo SQA (x7 1) X—ro0 \/2(x2+1)arcsinh(§;l) \/E
(x+1) (xP + 1)e St (144v2)

Inequality (2.20) implies that there exists large enough X, = X, (p) > 1 such that Sps(x,1) <
L,(x,1) forall x € (X3, +o0).
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Case 3 p=1/3. Then (2.18) lead to
g(x) = éx1/3(x2/3 — l)(x1/3 — 1)2(2)c16/3 + 720 + 14x1473 £ 375133 1 83x* 4 155x11/3
+214x193 123353 4+ 266x%/3 +233x7/3 +-214x% + 15553 + 83243 4-37x
+14x%3 4 7x13 4-2) (2.21)
forx > 1.

From (2.15)—(2.17) and (2.21) we clearly see that G(x) is strictly decreasing on (1, +4o0).

Therefore,
SQA(a7b) < L1/3(Cl,b)

follows from (2.12)—(2.14) and the monotonicity of G(x).
Case4 p < 1/3. Let x > 0 and x — 0, then making use of (1.2) and (1.3) together with the

Taylor expansion we get

SQA(l, 1 —|—x) —Lp(l, 1 —I—x)

_( X 2(1+(1+x)2)arcsinh(2iﬂ)il 1+ (1 +x)p+1
_( +§>e T+ (1)

_1-3p, 2
= ¥ +o(x%). (2.22)

Equation (2.22) implies that there exists small enough 6, = &, (p) > 0 such that Sp4 (1,1 +x) >
L,(1,1+4x) forall x € (0,8,).
Letx € (0,1),a=1+x,b=1—x. Then Theorems 2.1-2.2 lead to Corollary 2.1 immediately.

Corollary 2.1.  The double inequality

1 t 1

1—~log(1+x%) < arctan(x) <1—-log(l1+x%)
2 X 2

Tlog [V1—2(VTHa+VT—x) — V1T-2({/ (1422 + /(1 —x2) — V12 42,
1 arcsin h(x) 1

V1+x? = x = V1+x?
N log [((1+x)V1+x+ (1 —x)v/1—x)/(V14+x+ V1 —x)]
Vi

hold for all x € (0,1).
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