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Abstract. In this paper, Let A be a nonempty subset of {1,2,...,n} of positive integers. A is r-relatively prime
if greatest 7" power common divisor of elements of A is 1. In this case we write gcd,(A) = 1. A is r-relatively
prime to n if greatest 7/ power common divisor of elements of A and n is 1. It is denoted as gcd, (AU {n}) = 1.
For positive integers k,[,m,n we write [[,m] = {l,I+1,...,m} and for | <m < n, let o) ([{,m] ,n) be the number
of subsets of [/,m] which are r-relatively prime to n. The number of sets in ®)([I,m],n) of cardinality k is
q),(f) ([{,m] ,n). In the present work we consider the case for [ = 1. That is we obtain the formulae for the functions
@) ([1,m],n) and CIDI(:)([I ,m],n) . We also obtain the exact formulae for the functions U") (m,n) which denotes
the number of subsets of [1,n], having the elements in both the sets [1,m] and [m,n] which are r-relatively prime to

n and the number of sets in U(") (m, n) of cardinality k is U,g” (m,n).
Keywords: r-relatively prime sets; @) ([[,m] ,n) ; <I>,((r>([l ,m|,n).
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1. Introduction

A nonempty set A C {1,2,...,n} of positive integers is said to be relatively prime if gcd of
elements of A is 1, and that A is relatively prime to n if gcd of elements of A andnis 1. A
is r-relatively prime if greatest * power common divisor of elements of A is 1. In this case
we write gcd,(A) = 1. A is r-relatively prime to n if greatest /" power common divisor of
elements of A and n is 1. It is denoted as ged, (AU {n}) = 1. For positive integers [ < m < n,
let [I,m] = {l,1+1,...,m} and [x] denotes the floor of x . For non-negative integers 0 <M < N

we have,
N .
J\ _ (N+1
£(0)-(70)

2. Preliminaries

In [1] we obtained

n
) o) ([1,n],n) = ¥ p(d) [ 2d" 1
d"n
n
3) & ([1,n]m) = ¥ (") ( )
d"|n
In [2] we obtained
n n—i
) O(mn),m) =Y p@2d -y Y )2 d
d"|n i=1 dr|gedy(i,n)
mey S
o e gn(§)- g ()
drln dfn i=1 \k—1
drli
In [3] we proved that
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d"|n
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i_ m—1
) ¢£’><[m,n1,n>:2ur<df>(dr 7 })

d"|n

Lemma 1. Let

WO ([1,m],n) =#{A C {1,2,....,m} : meA ,gcd, (AU {n}) = 1}

WU ([1,m],n) = ${A C {1,2,...,m} : A = k, ged, (AU {n}) = 1}

Then
OOl = Y pld) |24
d’|(m,n),
i) P (11, m] n) = Ad" dr
@ = 2 owa(7))

Proof. (i) Let a(S) be the set of subsets of [1,m] containing m and let ¢t(m,d") be the set of
subsets A of [1,m] such that meA and ged, (AU {n}) = d". The set a(S) of cardinality 2!
can be partitioned using the equivalence relation of having the same " power gcd. We can see
that the mapping A — %A is a 1-1 correspondence between the subsets of a(m,d") and the set

of subsets C of [1, %] containing % and gcd, <C U {% }) = 1. Then

da(m,d") :‘I‘(’)([l,g} n)
Thus

= ¥ sama)= ¥ owO([LE]7)

dr|(mn), dr|(m,n),

By Mobius inversion formula ,we get
——1
() ( [1 ﬂ} l) - (d")2d"
wha) =, Y, w(d)
7| (m,n)r
Which proves (i).
1
(i1) We note that the correspondence A — EA preserves the cardinality and using an argument

similar in part (i) we have

R ([
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Using the generalized mobius inversion formula we have

RA(CLUIOR MCH (E—_ll)

d’|(m,n),

which proves (ii).

3. Main results

Theorem 2. We have

(i) @) ([1,m],m ;mf(rﬂ )
)

@) ([1,m],n) ={A C [1,m] :A+#0,gcd, (AU{n}) =1}

=~z

) (1) = Lt

d'ln

Proof. (i) From Lemma(1) and equation (2), we get

") ([1,m+1],n) =#{AC [1,m+1]: A # 0,gcd, (AU{n}) = 1}
PO ([1,m+1],n) =#{A C [I,m+1]: m+ 1€A , gcd, (AU {n}) = 1}
Therefore
@) ([1,m],n) = ®V)([1,m+1],n) =L ([1,m+1],n)
=) ([1,m+2],n) — [P ([1,m+2],n) + ¥ ([1,m+1],n)

n—m

=@ ([1,n],n)— Y. P([1,m+1],n)

i=1

n m m+i_
zmwwG?Qz: Y o) (2d

=1 d"|(m+in),
m—+i

n—m
— dr 2dr Z,ur dr Z Z ‘ur(dr) 2 dr
d’|n d"n drn i=1
d"|m+i
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n -
me%wf02mw> § o
d"|n d'n j:{%]—k—l

d"n d'ln d'|n

mti_|
=) d’2dr L ur(d) = ) ur(d) Zurd” (2 d’ )
d’\m+l

7] ol !
_+ —_—
+2ld"l . 2d"

me(? ) Y ur(d) |2
d"|n d"|n

—Zu,(d’)(di ) Y w(d)2 {m} _1+2+...+2§{%]1
d'n

=Y u(d) (2% _ 1) -y ur(d’)zig} lzg{%} — 1]

d"|n d’|n

d'n d'n d"|n

meﬂG?02mwnW+zmwﬂb}

m

= ¥ grin (") [2 {?} . 1] ‘Which proves (i)
(i1) From Lemma(1) and equation (3), we get

) ([1,m),n) =@ ([1,m+1],n) =WV ([1,m+1],n)
:CI),(:)([I,m—f—Z] ) — ‘P,(cr)([l,m+2],n)—f—‘P,((r)([l,m—i— 1],n)

=0 ([1,n],n) = Y, ¥ ([m+i],n)
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d'ln drin i=1
d"|m+i
i
e & (ji-1
gl (1) £ ()
d’ln m
-]
" m
g |)-£0)- £ 0
g | )£ £ ()
T k = k—1 = k—1
_ r c?’ _ % [%]
- L |(§)-(2)+ ()]
7
=¥ (L))
d'|n k
(by equation (1)). Which proves (ii). ]

Corollary 3. When U")(m,n) denote number of nonempty subsets of [1,7] having elements
in both the sets [1,m] and [m,n] which are r-relatively prime to n and Uk(r) (m,n) be the number

of sets in U") (m,n) of cardinality k , then

n [m—l} n orm
(i)U(r)(m,n):Z‘u,(dr) 2dr —pl d —zﬁi{ﬁ}
d’|n

m—1

wopron-zuie|(8)- () (5

d"|n k
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Proof. we have

U (m,n) = @7 ([1,n],n) — @ ([1,m—1],n) — @) ([m+1,n] ,n)

n m—1 nom
=Y wld") (251) - Y w(@) 2[ a ]—1 - Y w(@) (ﬁm)

d"n d'n d'ln

(By equations (2) and (6))

N o
=Y @) |2d —1-2L @ Jy12a Lo
d'ln

5ol )i ]
= Y (@) | 2dar 12l @ 1 _oalar
d'|n

which proves (i).

(i1) We have

U (mn) = @) ([1,n],0) — ) ([1,m — 1],n) — @) (jm+ 1,1 ,n)

:dz;l‘ur(dr) (%) dz;lyr(dr)([m‘j; 1}) —dz;lur(dr) (% _k[%})
(By equations (3) and (7))
Ay (SN e
-z | (1) -(C7 ) - ()

which proves (ii).

Asymptotic Estimates for ®(")([1,m],n) and d),(:) ([1,m],n) :

Theorem 4. Let the smallest r-prime power divisor of n in [1,m] is p”. Then
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i i
(i) 0 < (’") - ( P’ > — ") ([1,m],n) §m< P’ )
k k k
Proof. (i) The upper bound for the function ®)([1,m],n) is

obtained by deleting the subsets of [1,m] consisting of multiples of p". So we have

m
P

@) ([1,m],n) <2"—2

d’|n
wr(1) (2" = 1)+ (p") 2[17]—1 + ) w(d) (2[%}1)
d"n,d>p
=(2"-1)— 2[17}—1 + Y ) (2[%}1)
d"ln,d>p
zzm_z{%} + Y w(d) (2[%} 1)
d"ln,d>p
.-.¢<r>([1,m],n)—2m+2{g}: Y ow(d) 2{17}—1
d"\n,d>p

>- ) (2{%}1)
d"n,d>p

> 2{1%—1 Y1

d'n

; »l
:2’”+2b}—q><’>([1,m],n)gm 2lP") g
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which proves (i).

(ii) The number of subsets of cardinality k of {1,2,...,m} consisting of multiples of p” is

Hence
< (7)- ()
By theorem (2)
o (1w = ¥ m(dr)([%b
() enin((F) e 2w ()
-7 g pon ()
(@) (g g ()
-()-(g)--(7)
0< (’Z) - d%b — @) ([1,m],n) <m([%])

which proves (ii).
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