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Abstract. Lung cancer is one of the leading causes of mortality worldwide, representing a major challenge for

modern healthcare systems due to its rapid progression and complex biological mechanisms. In this work, we

propose a mathematical model based on fractional differential equations in the sense of Caputo to describe the

dynamics of lung cancer while incorporating memory effects inherent to biological systems. The proposed model

considers the interactions between normal cells, tumor cells, immune response, therapeutic treatment, and a tumor

biomarker. A rigorous mathematical analysis is carried out to establish the fundamental properties of the system,

including existence, uniqueness, positivity, and boundedness of solutions, ensuring the biological consistency of

the model. Furthermore, an optimal control problem is formulated to determine an effective therapeutic strategy

that minimizes tumor growth while reducing treatment-related costs. Pontryagin’s Maximum Principle is applied

to characterize the optimal control, leading to an analytical expression of the optimal therapeutic protocol. Nu-

merical simulations are performed to illustrate the behavior of the system. The results show that the application

of a therapeutic control significantly reduces tumor growth compared to the uncontrolled case. In addition, the

influence of the fractional order is investigated, highlighting the importance of memory effects in tumor evolution.
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Finally, artificial intelligence techniques are used to estimate the model parameters from simulated data, improving

prediction accuracy and model calibration.

Keywords: lung cancer; mathematical modeling; fractional differential equations; Caputo derivative; optimal

control; numerical simulation; artificial intelligence
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1. INTRODUCTION

Lung cancer represents a major public health challenge. According to recent global statis-

tics, lung cancer accounts for a significant proportion of cancer deaths due to its aggressive

nature and late diagnosis[1]. Despite considerable progress in medical treatments, including

chemotherapy, radiotherapy, targeted therapy, and immunotherapy, the survival rate remains

relatively low. This highlights the urgent need for advanced mathematical and computational

tools to better understand tumor dynamics and improve therapeutic strategies. Mathematical

modeling has become an essential tool in cancer research, providing a framework to analyze

the complex interactions between tumor cells, normal cells, and the immune system. Classi-

cal models based on ordinary differential equations have been widely used to describe tumor

growth and its interactions with the surrounding biological environment [20] These models al-

low researchers to study key phenomena such as tumor proliferation, immune response, and the

effects of therapeutic interventions. However, classical ordinary differential equation models

have important limitations, particularly in their inability to capture memory and hereditary ef-

fects that are intrinsic to biological systems. In many biological processes, the current state of

the system depends not only on its present conditions but also on its past evolution. To address

these limitations, fractional differential equations have been introduced as a more general and

flexible modeling framework [6].

Fractional calculus provides a powerful mathematical tool for incorporating memory effects

into dynamic systems. In particular, Caputo fractional derivatives are widely used in biological

modeling due to their compatibility with classical initial conditions and their ability to represent

non-local dynamics[17]. Several studies have shown that fractional-order models provide a

more realistic description of tumor growth and biological processes than classical integer-order
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models [9]. Their capability to account for long-term memory makes them particularly suitable

for modeling complex cancer dynamics.

Optimal control theory has become an important mathematical framework for designing ef-

fective therapeutic strategies in oncology. It enables the determination of treatment protocols

that minimize tumor burden while simultaneously reducing drug toxicity and treatment-related

costs[6] .The application of Pontryagin’s Maximum Principle provides the necessary optimality

conditions and yields an analytical characterization of the optimal therapeutic control.

Optimal control approaches have been extensively applied to cancer treatment models, partic-

ularly in chemotherapy and immunotherapy optimization [7]. When combined with fractional-

order models, optimal control provides a more realistic framework by incorporating memory

effects into both tumor evolution and therapeutic response [11] . This combination offers an ef-

ficient mathematical tool for improving treatment scheduling while preserving healthy tissues.

In parallel, the rapid development of artificial intelligence and machine learning techniques

has significantly enhanced the modeling of complex biological systems. One of the major chal-

lenges in mathematical modeling is parameter estimation, since many biological parameters are

either unknown or difficult to measure experimentally. Machine learning algorithms and opti-

mization techniques provide efficient tools for estimating these parameters from experimental

or clinical data, thereby improving the predictive capability of mathematical models[14] .

In particular, Physics-Informed Neural Networks (PINNs) have recently emerged as a pow-

erful framework that combines data-driven learning with the physical laws represented by dif-

ferential equations [27]. These approaches enable the simultaneous estimation of unknown

parameters and the numerical solution of differential equations while preserving the underlying

biological and physical constraints. Consequently, they have become promising tools for cali-

brating fractional-order mathematical models and enhancing prediction accuracy in biomedical

applications.

2. MATHEMATICAL MODEL

The proposed mathematical model describes the interactions among five biological compo-

nents involved in lung cancer progression:
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• N(t) denotes the population of healthy or normal cells;

• T (t) denotes the population of tumor cells;

• I(t) represents immune cells involved in recognizing and eliminating tumor cells;

• C(t) denotes the concentration of the therapeutic drug;

• P(t) represents a tumor biomarker used to monitor disease progression.

The following biological assumptions are considered:

(1) Healthy cells proliferate according to logistic growth in the absence of tumor cells and

treatment.

(2) Tumor cells also follow logistic growth and are eliminated through immune-mediated

cytotoxicity and chemotherapy.

(3) Immune cells are supplied at a constant rate, stimulated by interactions with tumor cells,

and removed through natural death and treatment-related toxicity.

(4) The therapeutic agent is administered through an external control function and is elimi-

nated according to first-order pharmacokinetics.

(5) The tumor biomarker is produced proportionally to the tumor burden and undergoes

natural degradation.

2.1. Fractional-Order Mathematical Model. Based on the preceding biological assump-

tions, the lung cancer dynamics are described by the following system of Caputo fractional

differential equations:

(1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

CDα
t N(t) = rNN(t)

(︃
1− N(t)

KN

)︃
−βN(t)T (t)−ηC(t)N(t),

CDα
t T (t) = rT T (t)

(︃
1− T (t)

KT

)︃
− pI(t)T (t)−µC(t)T (t),

CDα
t I(t) = s+ρI(t)T (t)−dII(t)−qC(t)I(t),

CDα
t C(t) = u(t)−dCC(t),

CDα
t P(t) = aT (t)−dPP(t),

0 < α ≤ 1.

2.2. Description of Model Parameters. The variables and parameters involved in system (1)

are summarized in Table 1.
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TABLE 1. Description of the model parameters.

Parameter Description

rN Rate of healthy cell proliferation.

KN Maximum population size (carrying capacity) of normal cells.

rT Tumor cell proliferation rate.

KT Carrying capacity of tumor cells.

β Rate of interaction between normal and tumor cells.

η Toxic effect of the therapeutic treatment on healthy cells.

p Rate at which immune cells eliminate tumor cells.

µ Effectiveness of the treatment in killing tumor cells.

s Constant source (input) rate of immune cells.

ρ Tumor-induced activation rate of immune cells.

dI Natural mortality rate of immune cells.

q Inhibitory effect of the treatment on immune cells.

dC Drug elimination (clearance) rate.

a Production rate of the tumor biomarker.

dP Degradation rate of the tumor biomarker.

u(t) Control function representing the therapeutic dose.

α Fractional-order parameter (0 < α ≤ 1) representing memory

effects.
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The biological parameters listed in Table 1 were selected from the literature on tumor growth,

immune response, chemotherapy, and fractional calculus. Their values lie within biologically

realistic ranges and describe the interactions among tumor cells, immune cells, therapeutic treat-

ment, and tumor biomarkers. These parameters provide a reliable foundation for the numerical

simulations and biological interpretation of the proposed fractional-order lung cancer model.

2.3. Initial Conditions. System (1) is supplemented with the initial conditions

(2) N(0) = N0, T (0) = T0, I(0) = I0, C(0) =C0, P(0) = P0,

where

N0,T0, I0,C0,P0 ≥ 0.

All biological parameters are assumed to be strictly positive. Furthermore, the therapeutic

control is assumed to satisfy

u ∈ L∞(0,Tf ), 0 ≤ u(t)≤ umax

for almost every t ∈ [0,Tf ].

3. MATHEMATICAL ANALYSIS

In this section, we study the fundamental mathematical properties of system (1), including

existence, uniqueness, positivity, and boundedness of solutions [18]. We assume that all model

parameters are positive and that

0 < α ≤ 1.

3.1. Existence and Uniqueness. Let

X(t) = (N(t),T (t), I(t),C(t),P(t))T .

System (1) can be written in the compact form

CDα
t X(t) = F(t,X(t)),

where F denotes the right-hand side of the system. We assume that the control function satisfies

u ∈ L∞(0,Tf ), 0 ≤ u(t)≤ umax for almost every t ∈ [0,Tf ].
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Theorem 1. For any non-negative initial condition

X(0) = X0 = (N0,T0, I0,C0,P0)
T ∈ R5

+,

system (1) admits a unique local solution [20].

Proof. The components of F are given by

F1 = rNN
(︃

1− N
KN

)︃
−βNT −ηCN,

F2 = rT T
(︃

1− T
KT

)︃
− pIT −µCT,

F3 = s+ρIT −dII −qCI,

F4 = u(t)−dCC,

F5 = aT −dPP.

Each component Fi is continuous with respect to the state variables N,T, I,C,P. Moreover, on

any bounded domain

ΩM = {X ∈ R5
+ : ∥X∥ ≤ M},

The partial derivatives of F with respect to the state variables are bounded. Hence, F is locally

Lipschitz continuous with respect to X . Therefore, by the classical existence and uniqueness

theorem for Caputo fractional differential equations, system (1) admits a unique local solution

[23]. □

3.2. Positivity of Solutions.

Theorem 2. If

N0 ≥ 0, T0 ≥ 0, I0 ≥ 0, C0 ≥ 0, P0 ≥ 0,

then the solution of system (1) remains non-negative for all t ≥ 0.

Proof. We examine the vector field on the boundary of the positive orthant

R5
+ = {(N,T, I,C,P) : N,T, I,C,P ≥ 0}.

If N(t) = 0, then
CDα

t N(t) = 0.
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If T (t) = 0, then
CDα

t T (t) = 0.

If I(t) = 0, then
CDα

t I(t) = s > 0.

If C(t) = 0, then
CDα

t C(t) = u(t)≥ 0.

If P(t) = 0, then
CDα

t P(t) = aT (t)≥ 0.

Thus, on each boundary of the positive orthant, the vector field does not point outside R5
+.

Hence,

N(t),T (t), I(t),C(t),P(t)≥ 0, ∀t ≥ 0.

□

3.3. Boundedness and Global Existence of Solutions.

Theorem 3. Assume that

u ∈ L∞(0,Tf ), 0 ≤ u(t)≤ umax

for almost every t ∈ [0,Tf ]. Then every non-negative solution of system (1) is bounded on [0,Tf ].

Consequently, the unique local solution extends to a unique global solution.

Proof. From the first equation of system (1), we obtain

CDα
t N ≤ rNN

(︃
1− N

KN

)︃
.

By comparison with the corresponding fractional logistic equation,

0 ≤ N(t)≤ N, N = max{N0,KN}.

Similarly,
CDα

t T ≤ rT T
(︃

1− T
KT

)︃
,

and hence

0 ≤ T (t)≤ T , T = max{T0,KT}.
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For the treatment concentration, since

0 ≤ u(t)≤ umax,

we have

CDα
t C ≤ umax −dCC.

Therefore,

0 ≤C(t)≤C, C = max
{︃

C0,
umax

dC

}︃
.

To establish the boundedness of the tumor and immune-cell populations without imposing

the restrictive condition dI > ρKT , define

W (t) = T (t)+
p
ρ

I(t),

where p > 0 and ρ > 0. Using the second and third equations of system (1), we obtain

CDα
t W = rT T

(︃
1− T

KT

)︃
− pIT −µCT

+
p
ρ
(s+ρIT −dII −qCI) .

The interaction terms cancel:

−pIT +
p
ρ

ρIT = 0.

Consequently,

CDα
t W ≤ rT T

(︃
1− T

KT

)︃
+

ps
ρ

− pdI

ρ
I.

Let ε > 0. Since

rT T
(︃

1− T
KT

)︃
= (rT + ε)T − rT

KT
T 2 − εT,

we have

rT T
(︃

1− T
KT

)︃
≤ Mε − εT,

where

Mε =
KT (rT + ε)2

4rT
.

Thus,

CDα
t W ≤ Mε +

ps
ρ

− εT − pdI

ρ
I.



10 BOUISSOUI, AIT HAMMOU, BOUAJAJI

Set

δ = min{ε,dI}> 0.

Then

εT +
pdI

ρ
I ≥ δ

(︃
T +

p
ρ

I
)︃
= δW.

Therefore,

CDα
t W ≤ A−δW,

where

A = Mε +
ps
ρ
.

By the fractional comparison principle,

W (t)≤W (0)Eα(−δ tα)+AtαEα,α+1(−δ tα),

and consequently,

W (t)≤ max
{︃

W (0),
A
δ

}︃
.

Since

T (t)≤W (t), I(t)≤ ρ

p
W (t),

both T (t) and I(t) are bounded.

Finally, since T (t)≤ T , the biomarker equation satisfies

CDα
t P ≤ aT −dPP.

Hence,

0 ≤ P(t)≤ P, P = max
{︃

P0,
aT
dP

}︃
.

Therefore, all state variables are non-negative and bounded on every finite time interval.

Hence, finite-time blow-up cannot occur, and the unique local solution extends to a unique

global solution. □

Theorem 4 (Global Existence). Under the assumptions of Theorem 3.1, the unique local solu-

tion of system (1) extends to a unique global solution on [0,+∞).
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4. EQUILIBRIUM POINTS AND STABILITY ANALYSIS

In this section, we determine the equilibrium points of the proposed fractional-order lung

cancer model and investigate their local asymptotic stability. Equilibrium points describe the

long-term behavior of the biological system and provide important information regarding the

persistence or elimination of tumor cells. The stability analysis is carried out using the Jacobian

matrix together with Matignon’s stability criterion for fractional-order dynamical systems [24].

4.1. Equilibrium Points. The equilibrium points are obtained by setting

CDα
t N = CDα

t T = CDα
t I = CDα

t C = CDα
t P = 0.

Consequently, the steady-state solutions satisfy

F(X) = 0.

Two biologically meaningful equilibrium points are considered.

4.1.1. Tumor-Free Equilibrium. The tumor-free equilibrium corresponds to the absence of

tumor cells, namely

T 0 = 0.

Since the tumor biomarker is produced only by tumor cells,

P0 = 0.

Assuming that no treatment is administered at equilibrium,

u(t) = 0,

the drug concentration satisfies

C0 = 0.

The remaining variables satisfy

rNN
(︃

1− N
KN

)︃
= 0,

which gives

N0 = KN ,
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and

s−dII = 0,

yielding

I0 =
s
dI
.

Therefore, the tumor-free equilibrium is

E0 =

(︃
KN ,0,

s
dI
,0,0

)︃
.

4.1.2. Coexistence Equilibrium. The coexistence equilibrium

E∗ = (N∗,T ∗, I∗,C∗,P∗)

is obtained by solving

F(X) = 0,

that is, ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

rNN
(︃

1− N
KN

)︃
−βNT −ηCN = 0,

rT T
(︃

1− T
KT

)︃
− pIT −µCT = 0,

s+ρIT −dII −qCI = 0,

u−dCC = 0,

aT −dPP = 0.

From the last two equations,

C∗ =
u

dC
,

and

P∗ =
aT ∗

dP
.

The remaining variables satisfy a nonlinear algebraic system that can be solved numerically

using Newton’s method or other iterative algorithms.
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4.2. Jacobian Matrix. The Jacobian matrix associated with system (1) is

J =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

rN − 2rNN
KN

−βT −ηC −βN 0 −ηN 0

0 rT − 2rT T
KT

− pI −µC −pT −µT 0

0 ρI ρT −dI −qC −qI 0

0 0 0 −dC 0

0 a 0 0 −dP

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Evaluating the Jacobian matrix at the coexistence equilibrium gives

J(E∗).

4.3. Local Stability Analysis. Fractional-order systems possess stability properties that differ

from those of classical integer-order systems. The following theorem provides the necessary

and sufficient condition for local asymptotic stability.

Theorem 5 (Matignon [18]). Let

λ1,λ2, . . . ,λn

be the eigenvalues of the Jacobian matrix evaluated at an equilibrium point.

The equilibrium point is locally asymptotically stable if and only if

|arg(λi)|>
απ

2
, i = 1, . . . ,n,

where

0 < α ≤ 1.

Proof. The proof follows directly from Matignon’s stability theorem for linear fractional-order

dynamical systems. Linearizing system (1) around the equilibrium point yields a linear frac-

tional differential system whose characteristic equation is determined by the eigenvalues of the

Jacobian matrix. According to Matignon’s criterion, the equilibrium is locally asymptotically

stable if every eigenvalue satisfies

|arg(λi)|>
απ

2
.

Hence, the stated result follows immediately.

□
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4.4. Biological Interpretation. The tumor-free equilibrium represents a healthy physiologi-

cal state in which tumor cells have been completely eliminated while healthy and immune cells

remain at their natural equilibrium levels.

The coexistence equilibrium corresponds to a persistent state where healthy cells, tumor cells,

immune cells, treatment concentration, and tumor biomarkers coexist. the proposed lung cancer

model.

5. RESOLUTION OF THE OPTIMAL CONTROL PROBLEM AND FRACTIONAL STABIL-

ITY ANALYSIS

In this section, we derive the optimality conditions associated with the proposed control

problem and study the stability of the fractional system.

5.1. Hamiltonian Function. We consider the cost functional According to Pontryagin’s Max-

imum Principle [27], the adjoint variables satisfy

J(u) =
∫︂ T

0

(︃
AT (t)+

B
2

u2(t)
)︃

dt,

where A > 0 measures the weight associated with tumor burden and B > 0 represents the cost

of treatment.

The Hamiltonian associated with the controlled system is defined as

H = AT (t)+
B
2

u2(t)

+λ1

[︃
rNN

(︃
1− N

KN

)︃
−βNT −ηCN

]︃
+λ2

[︃
rT T

(︃
1− T

KT

)︃
− pIT −µCT

]︃
+λ3 [s+ρIT −dII −qCI]

+λ4 [u−dCC]

+λ5 [aT −dPP] ,

where λi(t), i = 1, . . . ,5, denote the adjoint variables.
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5.2. Adjoint System. According to Pontryagin’s Maximum Principle, the adjoint variables

satisfy[19, 20] .

λ̇i(t) =−∂H
∂xi

,

where

x1 = N, x2 = T, x3 = I, x4 =C, x5 = P.

Thus, the adjoint system is given by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ̇1 =−λ1

(︃
rN − 2rNN

KN
−βT −ηC

)︃
,

λ̇2 =−A+λ1βN −λ2

(︃
rT − 2rT T

KT
− pI −µC

)︃
−λ3ρI −λ5a,

λ̇3 = λ2 pT −λ3 (ρT −dI −qC) ,

λ̇4 = λ1ηN +λ2µT +λ3qI +λ4dC,

λ̇5 = λ5dP.

The terminal conditions are

λi(T ) = 0, i = 1, . . . ,5.

5.3. Characterization of the Optimal Control. The optimal control is obtained from the

condition[19, 20] .
∂H
∂u

= 0.

Since
∂H
∂u

= Bu+λ4,

we obtain

Bu+λ4 = 0.

Hence,

u(t) =−λ4(t)
B

.

Taking into account the collection of admissible control functions

U = {u(t) : 0 ≤ u(t)≤ umax},
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the optimal control is characterized by

u∗(t) = min
(︃

umax,max
(︃

0,−λ4(t)
B

)︃)︃
.

This expression shows that the optimal therapeutic dose depends directly on the adjoint vari-

able λ4(t) associated with the treatment concentration.

5.4. Fractional Stability Analysis. The fractional stability condition is based on well-known

results in fractional calculus[14, 15, 16, 18]. We now investigate the stability properties of the

fractional-order system. Let

X(t) = (N(t),T (t), I(t),C(t),P(t))T .

The model can be expressed as

CDα
t X(t) = F(X(t)), 0 < α ≤ 1.

Let E∗ be an equilibrium point satisfying

F(E∗) = 0.

To study local stability, we linearize the system around E∗:

CDα
t Y (t) = J(E∗)Y (t),

where

Y (t) = X(t)−E∗

the Jacobian matrix of F evaluated at the equilibrium point E∗. The Jacobian matrix is

J =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

rN − 2rNN
KN

−βT −ηC −βN 0 −ηN 0

0 rT − 2rT T
KT

− pI −µC −pT −µT 0

0 ρI ρT −dI −qC −qI 0

0 0 0 −dC 0

0 a 0 0 −dP

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
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5.5. Local stability analysis of the equilibrium point. Let

E∗ = (N∗,T ∗, I∗,C∗,P∗)

be an equilibrium point of the fractional-order lung cancer model. To study the local stability of

E∗, we consider the Jacobian matrix of the vector field F evaluated at E∗. The Jacobian matrix

is given by

J(E∗) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

A11 A12 0 A14 0

0 A22 A23 A24 0

0 A32 A33 A34 0

0 0 0 A44 0

0 A52 0 0 A55

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

where
A11 = rN − 2rNN∗

KN
−βT ∗−ηC∗,

A12 =−βN∗,

A14 =−ηN∗,

A22 = rT − 2rT T ∗

KT
− pI∗−µC∗,

A23 =−pT ∗,

A24 =−µT ∗,

A32 = ρI∗,

A33 = ρT ∗−dI −qC∗,

A34 =−qI∗,

A44 =−dC,

A52 = a,

A55 =−dP.

The characteristic equation associated with J(E∗) is

det(λ I − J(E∗)) = 0.



18 BOUISSOUI, AIT HAMMOU, BOUAJAJI

Since the fourth and fifth equations contain the negative diagonal terms

A44 =−dC < 0, A55 =−dP < 0,

two eigenvalues are directly associated with the treatment concentration and the tumor

biomarker dynamics. Therefore,

λ4 =−dC, λ5 =−dP.

These eigenvalues are always negative because dC > 0 and dP > 0.

The remaining eigenvalues are obtained from the reduced subsystem involving normal cells,

tumor cells, and immune cells. The corresponding block is

J3 =

⎛⎜⎜⎜⎝
A11 A12 0

0 A22 A23

0 A32 A33

⎞⎟⎟⎟⎠ .

Thus, the characteristic polynomial of this block is

det(λ I − J3) = (λ −A11) [(λ −A22)(λ −A33)−A23A32] .

Hence, one eigenvalue is

λ1 = A11,

and the two other eigenvalues are the roots of

λ
2 − (A22 +A33)λ +(A22A33 −A23A32) = 0.

For the classical integer-order system, the equilibrium point E∗ is locally asymptotically

stable if all eigenvalues satisfy

Re(λi)< 0.

However, for a fractional-order system in the Caputo sense with order

0 < α ≤ 1,

the stability condition is different. According to Matignon’s stability criterion, the equilibrium

point E∗ is locally asymptotically stable if all eigenvalues λi of J(E∗) satisfy

|arg(λi)|>
απ

2
, i = 1, . . . ,5.
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Therefore, E∗ is locally asymptotically stable if

|arg(A11)|>
απ

2
,

and if the roots of

λ
2 − (A22 +A33)λ +(A22A33 −A23A32) = 0

also satisfy

|arg(λ )|> απ

2
.

A sufficient condition for stability is

A11 < 0,

together with

A22 +A33 < 0

and

A22A33 −A23A32 > 0.

In this case, the eigenvalues of the reduced tumor–immune subsystem have negative real parts,

and consequently they satisfy the fractional stability condition for 0 < α ≤ 1.

Biologically, these conditions mean that the growth of normal cells remains controlled, the

tumor cell population does not dominate the immune response, and the immune system[11, 12]

is able to regulate tumor proliferation. The negative eigenvalues −dC and −dP indicate that the

treatment concentration and the tumor biomarker decay naturally over time. Fractional-order

systems exhibit different stability properties compared to classical systems [14, 15, 17]. At an

equilibrium point E∗, the local asymptotic stability of the fractional-order system is character-

ized by the eigenvalues λ j of

According to the stability criterion for Caputo fractional systems, the equilibrium point E∗ is

locally asymptotically stable whenever⃓⃓
arg(λ j)

⃓⃓
>

απ

2
, j = 1, . . . ,5.

In particular, when α = 1, this condition becomes the classical stability condition

ℜ(λ j)< 0, j = 1, . . . ,5.



20 BOUISSOUI, AIT HAMMOU, BOUAJAJI

Thus, the fractional order α plays an essential role in stability. When α < 1, the stability

region is enlarged compared to the classical integer-order case[18]. This means that memory

effects introduced by the Caputo derivative can improve the stability behavior of the biological

system.

6. ARTIFICIAL INTELLIGENCE FOR PARAMETER ESTIMATION

6.1. Estimated parameters table. The parameter estimation procedure was performed using

an artificial intelligence-based optimization framework. The objective was to minimize the

least-squares error between the observed data and the model predictions. Table 2 presents the

initial parameter values, the estimated values obtained by the optimization algorithm, and the

corresponding relative errors.

TABLE 2. Estimated model parameters using artificial intelligence

Parameter Initial value Estimated value Relative error (%)

rN 0.40 0.392 2.00

KN 1.0×106 9.85×105 1.50

rT 0.50 0.480 4.00

KT 1.0×106 9.92×105 0.80

β 1.0×10−7 1.05×10−7 5.00

η 1.0×10−5 9.70×10−6 3.00

p 1.0×10−7 9.50×10−8 5.00

µ 5.0×10−4 4.90×10−4 2.00

s 1.0×104 9.80×103 2.00

ρ 1.0×10−7 1.08×10−7 8.00

dI 0.10 0.103 3.00

q 1.0×10−5 9.60×10−6 4.00

dC 0.30 0.294 2.00

a 0.010 0.011 10.00

dP 0.050 0.048 4.00
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The estimated parameters remain close to their initial biological values, with relative errors

generally below 10%. This demonstrates the effectiveness of the artificial intelligence-based

estimation procedure in identifying model parameters and reproducing the observed tumor dy-

namics. The obtained results confirm that the proposed framework can be used for model cali-

bration and future patient-specific prediction studies.

In this section, the model parameters associated with the proposed lung cancer model are esti-

mated from the simulated or clinical data by employing artificial intelligence techniques. Pa-

rameter estimation is an important step. In this section, we employ artificial intelligence tech-

niques to estimate the parameters of the proposed lung cancer model from simulated or clinical

data. Estimation of the parameters is an important step to enhance the biological validity and

predictive power of the mathematical model. In fact, parameters such as tumor growth rates,

interaction coefficients, immune response rates and treatment effectiveness are difficult to mea-

sure directly. We have found efficient tools in the approaches of machine learning and opti-

mization to identify these parameters from data [22, 27, 28, 30].prove biological validity and

prediction

Let

θ = (rN ,KN ,rT ,KT ,β ,η , p,µ,s,ρ,dI,q,dC,a,dP)

be the vector of parameters to be estimated.

The mathematical optimization problem is given by: [22]:

min
θ

n

∑
i=1

(︂
yobs

i − ymodel
i (θ)

)︂2
.

where yobs
i represents the observed data and ymodel

i (θ) represents the corresponding model out-

put obtained using the parameter vector θ .
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TABLE 3. Comparison between literature values and AI-estimated parameters

Parameter Literature value Initial value Estimated value Reference

rN 0.40 0.40 0.392 [6]

KN 106 106 9.85×105 [6]

rT 0.50 0.50 0.480 [16]

KT 106 106 9.92×105 [6]

β 10−7 10−7 1.05×10−7 [23]

η 10−5 10−5 9.70×10−6 [20]

p 10−7 10−7 9.50×10−8 [16]

µ 5×10−4 5×10−4 4.90×10−4 [20]

s 104 104 9.80×103 [18]

ρ 10−7 10−7 1.08×10−7 [23]

dI 0.10 0.10 0.103 [18]

q 10−5 10−5 9.60×10−6 [20]

dC 0.30 0.30 0.294 [20]

a 0.010 0.010 0.011 [9]

dP 0.050 0.050 0.048 [7]

This approach corresponds to a classical least-squares estimation framework, widely used in

inverse problems and data assimilation [22]. Recent advances in artificial intelligence, particu-

larly Physics-Informed Neural Networks (PINNs), enable The integration of observational data

with governing differential equations to estimate unknown parameters efficiently [27, 28].

Moreover, optimization algorithms such as gradient-based methods, evolutionary Algorithms

such as gradient-based methods, evolutionary algorithms, and Bayesian inference techniques

have been successfully applied to identify parameters in complex biological systems.

identification in complex biological systems [11]. These techniques improve the stability and

convergence of the estimation procedure.

This strategy results in a more precise model calibration and improves its ability to reproduce

tumor dynamics. In personalized medicine the artificial intelligence can be employed for the
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adjustment of the model parameters to the individual patient data, which will yield more reliable

predictions and optimized therapeutic strategies [22, 30].

FIGURE 1. Comparison between observed data,the prediction of the real model,

and the tumor dynamics estimated by AI.

FIGURE 2. Artificial intelligence-based estimation of tumor dynamics

biomarker dynamics.
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The results shown in Figures 1and 2 show a good agreement between the observed data and

the model predictions obtained with the estimated parameters. The estimated tumor dynamics

as shown in Figure 1 give a good fit to the observed data.showing that the model successfully

reproduces the tumor growth behavior. The estimated biomarker dynamics can reproduce the

observed trends well 2.The results obtained confirm the efficiency of the parameter estimation

approach based on artificial intelligence for the calibration of the model [22, 30] and improve

its prediction capabilities. Such methods are especially useful in biomedical applications where

parameters are uncertain or difficult to measure directly. They are used as baseline values

for the numerical simulations and parameter estimation procedure. The results show that the

estimated values are close to the true parameters, demonstrating the effectiveness of the artificial

intelligence-based approach in calibrating the model.

7. NUMERICAL METHOD

Since the proposed lung cancer model is governed by nonlinear fractional differential equa-

tions in the Caputo sense, analytical solutions cannot generally be obtained. Therefore, an

efficient and accurate numerical scheme is required to approximate the state variables.

Among the various numerical techniques available for fractional differential equations, the

L1 finite difference method is adopted due to its simplicity, robustness, and proven convergence

properties. This method approximates the Caputo fractional derivative while preserving the

memory effect that characterizes fractional-order systems.

7.1. L1 Approximation of the Caputo Fractional Derivative. Consider the Caputo frac-

tional derivative

CDα
t x(t) =

1
Γ(1−α)

∫︂ t

0
(t − τ)−αx′(τ)dτ, 0 < α < 1.

Let

tn = nh, n = 0,1, . . . ,N,

where

h =
T
N

denotes the uniform time step.
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According to the classical L1 approximation [3, 15, 25],

CDα
t x(tn)≈

h−α

Γ(2−α)

n−1

∑
k=0

ak (xn−k − xn−k−1) ,

where

ak = (k+1)1−α − k1−α .

The truncation error of the L1 approximation satisfies

O(h2−α),

which guarantees high numerical accuracy for sufficiently small time steps.

7.2. Discrete Numerical Scheme. Applying the L1 approximation to each equation of system

(1) yields the following recursive numerical scheme.

For the healthy cells,

Nn = N0 +
hα

Γ(α +1)

n−1

∑
k=0

bk

[︃
rNNn−k

(︃
1− Nn−k

KN

)︃
−βNn−kTn−k −ηCn−kNn−k

]︃
,

where

bk = (k+1)α − kα .

Similarly,

Tn = T0 +
hα

Γ(α +1)

n−1

∑
k=0

bk

[︃
rT Tn−k

(︃
1− Tn−k

KT

)︃
− pIn−kTn−k −µCn−kTn−k

]︃
,

In = I0 +
hα

Γ(α +1)

n−1

∑
k=0

bk [s+ρIn−kTn−k −dIIn−k −qCn−kIn−k] ,

Cn =C0 +
hα

Γ(α +1)

n−1

∑
k=0

bk [un−k −dCCn−k] ,

and

Pn = P0 +
hα

Γ(α +1)

n−1

∑
k=0

bk [aTn−k −dPPn−k] .
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7.3. Numerical Algorithm. The numerical implementation proceeds according to the follow-

ing steps.

(1) Specify the biological parameters and the fractional order α .

(2) Choose the simulation time T and the time step h.

(3) Initialize the state variables using the prescribed initial conditions.

(4) Compute the coefficients

ak = (k+1)1−α − k1−α .

(5) Evaluate the right-hand side of each differential equation.

(6) Update the five state variables recursively using the L1 scheme.

(7) Repeat the procedure until the final simulation time is reached.

8. SIMULATION PARAMETERS

The numerical simulations are performed using the parameter values reported in Table 3. The

initial conditions are chosen as:

N(0) = 8×105, T (0) = 105, I(0) = 5×104,

C(0) = 0, P(0) = 10.

The simulations are carried out for different values of the fractional order α ∈

{1.0,0.95,0.90,0.85} in order to investigate the influence of memory effects on tumor evo-

lution. Numerical simulations are essential for analyzing the behavior of complex biological

systems and validating mathematical models. In cancer modeling, they are widely used to an-

alyze tumor dynamics, explore the interactions between tumor cells and the immune system,

and evaluate the impact of therapeutic strategies [6, 16]. In addition, simulations based on op-

timal control theory provide an efficient framework for assessing treatment strategies and their

effectiveness in reducing tumor growth while minimizing adverse side effects[19, 20]. In this

work, numerical simulations are performed to investigate the evolution of tumor cells under

three different scenarios:

• without control,

• with classical optimal control (α = 1),
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• with fractional optimal control for different values of the fractional order α .

The simulations are based on the proposed fractional lung cancer model and are implemented

using the Adams–Bashforth–Moulton numerical scheme for Caputo derivatives.

The main objective of this analysis is to highlight the impact of therapeutic control and to

investigate the role of memory effects introduced by fractional derivatives. Indeed, fractional-

order models are known to provide a more realistic description of biological systems by incor-

porating memory effects into the dynamics [24, 25]. This allows the model to account for the

influence of past states on current tumor evolution.

The results obtained from these simulations enable a comparative analysis of different con-

trol strategies and provide valuable insights into the influence of the fractional order on tumor

progression.

8.1. Numerical Simulation of the Fractional Lung Cancer Model Under Optimal Control

Using the Adams–Bashforth–Moulton Method.

FIGURE 3. Numerical simulations of the fractional lung cancer model under

different therapeutic control strategies.
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9. NUMERICAL SIMULATIONS

In this section, we analyze the numerical results presented in Figures 3(a)–3(i), which illus-

trate the behavior of the proposed fractional-order lung cancer model under different therapeutic

strategies.

Case 1: Tumor growth without control. Figure 3(a) shows the natural evolution of the tumor in

the absence of treatment (u(t) = 0). The tumor cell population increases rapidly and gradually

approaches its carrying capacity. This uncontrolled behavior illustrates the progression of the

disease and serves as a reference for assessing the effectiveness of therapeutic interventions.

Case 2: Tumor growth with classical control. Figure 3(b) presents the results obtained with

the classical optimal control (α = 1). Compared with the uncontrolled case, tumor growth

is significantly reduced. Although the treatment slows disease progression, it does not com-

pletely eliminate the tumor, indicating that classical control only provides a partial therapeutic

improvement.

Case 3: Tumor growth with fractional control. Figures 3(c)–(i) illustrate the behavior of the

fractional-order model. For values of α close to 1, the solution is similar to the classical model.

As α decreases, tumor growth becomes slower and the response to treatment becomes smoother

owing to the memory effects introduced by the Caputo fractional derivative.

The comparison of all scenarios, particularly in Figure 3(i), shows that fractional optimal

control provides better therapeutic performance than both the uncontrolled and the classical

control strategies. Lower values of α lead to a greater reduction in tumor progression.

Furthermore, Figures 3(e)–(h) illustrate the optimal control profile, the adjoint variables, the

tumor biomarker dynamics, and the cost functional. These results confirm the effectiveness of

the proposed fractional optimal control strategy and demonstrate the advantages of fractional-

order modeling for describing lung cancer dynamics.

10. DISCUSSION

The numerical simulations presented in this study provide important insights into the dy-

namics of lung cancer under different therapeutic scenarios. The comparison between uncon-

trolled, classically controlled, and fractionally controlled cases highlights the significant impact
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of treatment strategies and model structure on tumor evolution. In the absence of control, the

tumor population exhibits rapid growth and approaches a high saturation level, reflecting the ag-

gressive nature of cancer progression. This behavior is consistent with classical tumor growth

models, such as logistic and Gompertz-type dynamics, which describe uncontrolled prolifera-

tion of cancer cells in the absence of therapeutic intervention [7, 5]. These results confirm that,

without treatment, the disease evolves in an uncontrolled manner.

When a therapeutic control is introduced in the classical case (α = 1), the tumor growth

is significantly reduced. This demonstrates the effectiveness of treatment in limiting tumor

proliferation. The reduction in tumor size is directly related to the treatment intensity and its

ability to inhibit cancer cell growth. Such findings are in agreement with previous studies on

optimal control applied to cancer therapy, where treatment strategies are designed to minimize

tumor burden while controlling drug toxicity [20].

The most significant results are obtained in the fractional case. When the fractional order α

is less than 1, the system exhibits a different dynamic behavior due to memory effects. effects.

In particular, tumor growth becomes slower, and the response to treatment is more gradual

compared to the classical case. This behavior arises from the Caputo fractional derivative,

which incorporates the history of the system into its evolution. Consequently, fractional models

provide a more flexible and realistic description of biological processes by accounting for the

influence of past states on current dynamics [14, 15, 17].

Moreover, the results indicate that decreasing α enhances the influence of memory effects,

leading to a more controlled tumor evolution. This suggests that fractional-order models may

offer improved predictive capabilities and a better representation of treatment response in real

biological systems.

From a therapeutic perspective, the combination of optimal control theory and fractional

modeling provides a powerful framework for designing efficient treatment strategies. It allows

for the dynamic adaptation of treatment protocols according to disease progression while incor-

porating long-term biological effects[19, 20].

However, some limitations should be noted. The proposed model remains relatively sim-

plified and does not capture all biological complexities, such as spatial heterogeneity, genetic
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mutations, or multi-scale interactions. In addition, the simulations are based on synthetic or

estimated data, and further validation using real clinical datasets is required to enhance the

reliability of the model.

Future work could focus on extending the model by incorporating additional biological mech-

anisms, integrating patient-specific data, and employing advanced artificial intelligence tech-

niques.

11. CONCLUSION AND PERSPECTIVES

The model incorporates the interactions between tumor cells, treatment dynamics, and ther-

apeutic control, providing a realistic and flexible framework for studying tumor evolution

[24, 25].

A theoretical analysis of the model was carried out, including the study of existence, unique-

ness, positivity, and boundedness of solutions. These properties ensure the well-posedness of

the system and confirm its biological relevance [27].

An optimal control problem was formulated to determine an effective therapeutic strategy. By

applying Pontryagin’s Maximum Principle, we derived the necessary conditions for optimality

and obtained an explicit characterization of the optimal control. This approach allows for the

design of treatment protocols that balance tumor reduction and treatment cost[19, 20].

Numerical simulations were performed to analyze the behavior of the system under different

scenarios: without control, with classical control, and with fractional control for various values

of the fractional order α . The results showed that the application of optimal control significantly

reduces tumor growth. Moreover, the fractional model highlights the importance of memory

effects, which strongly influence tumor dynamics and treatment response.

The comparison between classical and fractional models demonstrates that fractional model-

ing provides a more flexible and realistic representation of biological systems. The fractional

order α plays a crucial role in shaping the system dynamics, offering additional degrees of

freedom for model calibration and interpretation[14, 15].

Perspectives. Several research directions can be considered to extend this work:
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• Incorporating real clinical data to validate and calibrate the model, thereby improving

its predictive accuracy and practical applicability in oncology [16].

• Extending the model to include additional biological mechanisms such as immune re-

sponse heterogeneity, tumor mutation, and resistance to treatment[5, 18].

• Developing multi-scale models that link cellular, tissue, and organ-level dynamics for a

more comprehensive understanding of cancer progression.

• Investigating more sophisticated optimal control strategies, including time-dependent,

adaptive, or personalized controls, to better represent real clinical treatment protocols

[20, 22].
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