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Abstract. We examine a stochastic HIV infection model that includes CD4+ T-cell homeostasis and CTL-mediated
immune response, represented by four compartments: uninfected CD4+ T cells, infected CD4+ T cells, free HIV
virions, and CTL response. The model accounts for environmental fluctuations using multiplicative 1t6 noise. We
establish the existence and uniqueness of the stochastic solution and derive Lyapunov estimates to show stochastic
boundedness and long-term infection behavior. The impact of environmental noise on viral persistence and extinction
thresholds is emphasized. Numerical simulations illustrate these theoretical findings, highlighting how stochastic
perturbations affect CD4+ T-cell depletion, viral load, and CTL control, providing a robust framework for

understanding HIV—immune system dynamics amidst environmental variability.
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1. INTRODUCTION

Human immunodeficiency virus (HIV) infection remains a major problem in mathematical and
computational immunology because the interaction between viral replication, target-cell depletion,
and host immune response produces complex temporal dynamics. In particular, the interaction
among uninfected CD4+ T cells, infected CD4+ T cells, free viral particles, and cytotoxic T
lymphocytes (CTLs) provides a fundamental framework for describing the progression of HIV

infection and the ability of the immune system to control viral replication.
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CDA4+ T cells play a central role in the immune response and are progressively depleted during
HIV infection. Infected CD4+ T cells constitute an important source of viral production, whereas
CTLs contribute to the elimination of infected cells and therefore represent one of the principal
mechanisms of cellular immune control. Consequently, mathematical models incorporating both
viral replication and CTL-mediated immune clearance can provide a useful framework for
studying the interaction between HIV and the host immune system.

An additional biological mechanism that is relevant to the dynamics of CD4+ T cells is
homeostatic proliferation. In the absence of severe infection, the CD4+ T-cell population is
regulated around a characteristic physiological level. When the population decreases,
compensatory proliferation can partially restore the population. To represent this mechanism, we

incorporate a logistic-type homeostatic term
B(t)
pB(t) (1 Y ),

where B(t) denotes the concentration of uninfected CD4+ T cells, p is the maximum homeostatic
proliferation rate, and K represents the carrying capacity associated with the healthy CD4+ T-cell
population.

Human immunodeficiency virus (HIV) infection is a significant global public health concern,
as the number of individuals living with HIV/AIDS worldwide exceeds 38 million [1]. In particular,
the distinctive characteristic of HIV infection involves a progressive decline in CD4+T cells,
leading to development of acquired immunodeficiency syndrome (AIDS), and consequently
increasing susceptibility to opportunistic infections. The immune system plays an indispensable
role in controlling HIV infection, and the interaction between the virus and the host cytotoxic T
lymphocyte (CTL) immune response is a complex mathematical and dynamic process.
Mathematical models have been widely used to provide a deeper understanding of the dynamics
and to assess the impact of differential intervention strategies. However, many existing models of
HIV infection neglect the immune response, particularly the cellular key role in controlling viral
replication and delaying the progression to AIDS [2-6]. In this context, human immunodeficiency
immune response mediated by CD8+CTLs, which nonetheless plays a virus (HIV) infection
models that consider CD4+T cell homeostasis and the cytotoxic T lymphocyte dynamics have been
established. Furthermore, the global stability of both the disease-free and endemic equilibrium
points has been investigated. Under specific parametric conditions, it was demonstrated that the
model exhibits backward and forward (trans critical) bifurcation. In addition, Hopf and Hopf
bifurcations were identified. Moreover, a time lag was incorporated into the model to represent the
delay between CD4+T cell infection and viral particle production, followed by stability and
bifurcation analysis for the delay system. Comprehensive numerical experiments were also

conducted to visualize the dynamical behavior of the HIV model and validate the analytical
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findings [7-8]. More broadly, mathematical models of viral infections have played an important
role in enhancing understanding of the dynamic of the viruses across different biological systems,
including HIV, hepatitis T virus (HTV), and others. In particular, ordinary differential equations
have been extensively used in epidemiology and virology to describe the dynamics of infectious
diseases [9-21]. The basic and important research topics in this filed includes the existence of the
threshold values that distinguish between local and global stability of steady states, as well as the
existence of periodic solutions, persistence, and extinction of disease. Furthermore, the author’s
previous research has made significant contributions to analyzing the properties of these systems
from the perspective of stability and dynamics. Their work focused on system stability analysis,
bifurcation analysis, and numerical simulation to evaluate system behavior under different
scenarios. In [22], the author’s developed a stochastic HIV model that captures the dynamics of
infection by incorporating different epidemiological classes, encompassing susceptible individuals,
asymptomatic HIV- positive individuals, and those exhibiting symptoms. Initially, the
deterministic counterpart of the model was analyzed to establish the existence and stability of both
disease-free and endemic equilibrium with in deterministic version of the model. Their analytical
results confirmed that the basic reproduction number R, plays a fundamental role in determining
the qualitative behavior of the system. Furthermore, the study extended the model by introducing
environmental stochastic perturbations to better reflect real- world uncertainties. It was shown that
stochastic effects can significantly influence the long —term dynamics of the disease. In particular,
the results revealed the existence of critical thresholds under which the infection may become
extinct. Interestingly even in situations where the deterministic model predicts persistence of the
disease, stochastic fluctuations may lead to its eradication. From an epidemiological perspective,
the inclusion of noise intensity was found to reduce oscillatory behavior in the system and decrease
the average number of infected individuals. This highlights the important role of stochastic in
shaping disease and suggests that deterministic models alone may not provide a complete picture
of HIV progression. Motivated by these findings, the present study aims to further investigate HIV
dynamics by incorporating both immune response mechanisms and stochastic effects within a
unified modeling framework. In particular, we consider a dynamical model that includes
homeostatic growth of CB4+T cells along cytotoxic immune response, and we extend it to
stochastic differential equation system to account for environmental variability. The remainder of
this work is organized as follows. In first section, we introduced fundamental definitions and basic
concepts required for the analysis. In the subsequent section, we formulate the extend the existing
model presented in [7] and analyze it’s essential dynamical properties, including positive and
boundedness of solutions, as well as the local and global stability of equilibrium points. Thereafter,
we construct the corresponding stochastic model preliminary theoretical results. Finally, we

perform numerical simulations system to illustrate the theoretical results.
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Deterministic ordinary differential equation models have been extensively used to describe
HIV infection dynamics. Such models can characterize viral replication, target-cell depletion,
immune-mediated clearance, and the effects of therapeutic interventions. However, deterministic
models implicitly assume that the biological parameters and population dynamics evolve without
random environmental fluctuations.

This assumption may be restrictive in biological systems. Viral replication, cellular activation,
immune responses, and host-environment interactions can be affected by intrinsic and extrinsic
sources of variability. Consequently, stochastic differential equation models provide a natural
extension of deterministic HIV models by incorporating environmental fluctuations directly into
the population dynamics.

In the present study, we introduce multiplicative It6 noise into the four biological
compartments. The multiplicative structure g;X;(t)dW;(t) is particularly appropriate when the
magnitude of environmental fluctuations depends on the size of the corresponding population.

Thus, stochasticity is introduced without changing the biological compartmental structure of
the deterministic model.

Although stochastic HIV models have been investigated from different perspectives, several
aspects of the long-term behavior of multi-compartment HIV models incorporating both CD4+ T-
cell homeostasis and CTL-mediated immune clearance remain insufficiently characterized. In
particular, a rigorous analysis should distinguish between local well-posedness, positivity, global
existence, stochastic boundedness, and the asymptotic behavior of infection-related variables.
Moreover, the effect of environmental noise on viral persistence and extinction cannot be inferred
solely from deterministic threshold conditions.

The main objective of this work is to develop and rigorously analyze a stochastic HIV
infection model incorporating CD4+ T-cell homeostasis and CTL-mediated immune response. The
specific objectives are:

to formulate a four-dimensional deterministic HIV model describing the interactions among
uninfected CD4+ T cells, infected CD4+ T cells, free virus, and CTLs;

to construct a stochastic counterpart by incorporating multiplicative environmental noise into
the four biological compartments;

to establish existence and uniqueness of the local stochastic solution;

to prove positivity and forward invariance of the biological state space;

to establish global existence and exclude finite-time explosion;

to derive deterministic disease-free and endemic equilibria and determine the corresponding
threshold quantity;

to investigate stochastic extinction and persistence under appropriate conditions;
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to examine numerically how environmental noise influences viral load, CD4+ T-cell dynamics,
and CTL-mediated immune control.

The main contributions of this study are threefold. First, we provide a rigorous well-posedness
analysis of the proposed stochastic HIV model, including positivity, global existence, and non-
explosion. Second, we investigate threshold-dependent long-term behavior of the infection and
clarify the role of environmental stochasticity in modifying deterministic HIV dynamics. Third,
numerical experiments are used to complement the analytical results and illustrate the biological
consequences of stochastic perturbations.

The remainder of the paper is organized as follows. Section 2 introduces the stochastic-
analysis preliminaries required throughout the paper. Section 3 presents the deterministic and
stochastic HIV models and discusses the biological meaning of their parameters. Section 4
establishes well-posedness, positivity, and global existence of the stochastic system. Section 5
investigates the stochastic long-term behavior, including extinction and persistence under suitable
conditions. Section 6 presents numerical simulations supporting the analytical findings. Section 7

discusses the biological implications of the results, and concludes the paper.

2. PRELIMINARIES

In this section, we present some basic concepts related to stochastic differential equations and
stochastic dynamical systems that are relevant to our study.

Definition 2.1 [22] Let (Q,F,P) be a complete probability space with a natural
filtration {F}se[o ] satisfying the usual conditions. A standard one-dimensional brownian motion
(or wiener process) (By)¢>o is a real valued continuous {F;}¢eqo,) -adapted process with the
following properties:

(1) Bo = 0 almost surely.

(i) Forany 0 < s < t < oo, the increment §; — 35 is normally distributed with mean zero and
variance t — s.

(ii1) The increments are independent of F;.

Definition 2.2 [22] Assume that (Q,F,[P) is a complete probability space with natural
filtration {F,};¢ satisfying the usual conditions. We assume that, (t) = (B1(t) .... B ()Tt >
0 is an n-dimensional Brownian motion (wiener process) defined on the space. Let 0 < ¢y, < oo

and x, F; — a measurable R% — random variable with E|xq|? < oo. Assume that f:R% X

[to, T] — R% and g: R? X [to, T] — R¥*™ are both Borel measurable. Consider the following

d —dimensional stochastic differential equation of Itd type

d(x®) = f(t, X(©)dt + g(t, X (£))dB(t) (2.0)
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With initial value X(0) = X,,. By definition of stochastic differential equation, this equation is

equivalent to the following stochastic differential equation:
X(t) = X(ty) + ftz f(s,X(s))ds + ftto a(X(s))dB(s).

Definition 2.3 [22] An R% —valued stochastic process {X(t) to<t<r) 18 called a solution of
equation (2.0) If it has the following properties:

(1) {X(t)} is continuous and F;-adapted,

(ii) £(&, X () € L([to, T], R%) and g(s, X(s)) € L*([to, T], R®™),

(iii) Equation (2.0) holds for every t € [t,, T] with probability 1.

Theorem 2.4 [22]: Assume that there exist two positive constant k and k such that:

(i) (Lipschitz condition) for all x,y € R¥, and allt € [t,, T]

If &%) = f@0OPVIghtx) — g0 <klx -yl

(i) (Linear growth condition) For all (x,t) € R X [t,, T]

If (017 VIgEtx1? <K+ [x?]).

Then there exists a unique solution belong to M* ([t,, T]; R¥).

Definition 2.5 [22]: (Stability of differential equation)

(1) The trivial solution of equation (2.0) is called stable if, for any € € (0,1), there exists §, =
8o (g, ty) > 0 with {|x(t,tg, x0)| < €} for all t = tywhen |xy| < 8. Otherwise it is said to be
unstable.

(1) The trivial solution of equation (2.0) is asymptotically stable if it is stable and there exists
8o = 6y(ty) > 0 such that tll_)rg x(t, ty, xo) = 0, whenever|x,| < &.

(111) The trivial solution of equation (2.0) is called stochastically stable if, for any

€ € (0,1), there exists §; = 84(&,ty) > 0 and r > 0 such that P{|x(t, to, xo)| < 7:t > ty} >
1 — &, when |x,| < 6.

Otherwise it is said to be unstable.

v) The trivial solution of equation (2.0) is called stochastically asymptotically stable if for any
€ € (0,1) there exists 8, = &y (&, ty) > 0 with P{lim;_,x(t,ty, x9) = 0} = 1 — &, when |x,| <
d.

(vi) The trivial solution of equation (2.0) is called stochastically asymptotically stable in the
large if it is stochastically stable and moreover, for allx, € R¢

P{lim;_x(t, ty, xo) = 0} = 1.

(vii) The trivial solution of equation (2.1) is called globally asymptotically stable any € > 0
there exists § > 0 such that {|x(t) — x*| < e:Vt > 0}, when |x(0) —x*| < § where x* is

equilibrium point.
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Definition 2.6 [22]: Let C**(R% x R, ; R) denote the family of all real-valued functions

V(x, t)defined on R® X R, such that are twice continuously differentiable in X and once in. If
V(x,t) € C*'(R* X R, ; R), we define the Lyapunov operator by

d 0 41 _Z_
Li= g+ B file ) 5o+ 3 Bl (09" (6 Oy 55

i

av2 ov?
oxom, %2 07g
o o0 o - e e e .
her = — = (=, v et -— =G = .
wnere, Vt at’ Vx (6x1 4 axd)’Vxx (6xi6xj)d)<d e aee e .
aVZ LR aVZ
dx30x, axdade
SO,

LIV] = |V, + f(x, OV, + 1/2 trace <gT(t) (&) g(t))l dt.

Definition (2.7)[22]: A stochastic process X(t) = (B(t),C(t),D(t),E(t)) is said to be
ultimately bounded in mean if there exists a positive constant M > 0 and at time T > 0 such that:
E|X(t)| < M,vt = T. Equivalently, lim sup o E[|X(t)|] < M.

For the analysis, it is convenient to introduce

X(t) = (B(t),C(t),D(t),E(t)) € RE.

We write the stochastic HIV model as

dX(t) = F(X(t))dt + G(X(t)dW (t). (2.1)
The drift vector is
F(x) = (F;(x), F,(x), F3(x), K, (x))",
where, x = (b,c,d,e)T, Fi(x) = A+ pb(1 — %) —kbd —dgb, F,(x) = kbd —d.c —dec,

F3(x) = pc — dpd, and Fy(x) = qc — dge.
The diffusion matrix is diagonal:

osb 0 0 0
0 o,c O 0

0 0 0 o4

This formulation will be used throughout the analytical part of the paper.
We now give the precise notion of solution.
Definition 2.8 (Strong solution)[22]: Let X, € R* be F, — measurable. An adapted

continuous process

X(t) = B®),C(),D®),E®)

is called a strong solution of (2.1) on an interval [0, T), where 7 is a stopping time, if
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X(t) = Xo + [, F(X(s)) ds + [ GLX(s)) dW (s)
for every 0 < t < 7, almost surely. In component form, this means, for example,
B(t) = By + [ Fy(X(s)) ds + [, 01B(s) dW1(s),

and similarly for C, D, E.

The following property is fundamental for our first existence theorem.

Definition 2.9 ( Local Lipschitz continuity)[22] A function H: R* — R™ is said to be locally
Lipschitz if, for every R > 0, there exists a constant Ly > 0 such that

IHx) = HD)II < Lellx =y i

whenever ||x|| < R, ||yl £ R.

Lemma 2.10 ( Local Lipschitz Property of the HIV Coefficients) For the stochastic HIV model
(2.1), the drift coefficient F: R* — R* and the diffusion coefficient G: R* — R* x R* are
locally Lipschitz continuous.

Proof Each component of F is a polynomial in (b, ¢, d, e). For example,

Fy(b,c,d,e) = A+ pb —%bz — kbd — dgb.

The only nonlinear terms are b? and bd. For x,y in a bounded set, say
llxIl, [yl < R,
we have
|b2 — bZ| = |by — by ||by + by| < 2R|b, — by|.
Similarly, |bxdx — bydy| can be written as
bd, — byd, = d(by — by) + b, (dy — d,).
Hence
|bxdy — byd,| < R|by — by| + R|d, — d,|.
Therefore F; is Lipschitz on every bounded subset. The same argument applies to
F,(b,c,d,e) = kbd — d.c — d,ec,

because the nonlinear terms are bd and ec. The remaining two components,
F3(b,c,d,e) = pc —dpd
and
Fy(b,c,d,e) = qc — dge,

are linear. Therefore F is locally Lipschitz. For G, every nonzero entry is a linear function:

o1b,0,c,03d,0,4€.
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Consequently,

I6(x) =G < Cllx =yl

for some constant C > 0. Thus G is globally Lipschitz, and therefore locally Lipschitz. Hence
F and G are locally Lipschitz.
Because the coefficients are only locally Lipschitz rather than globally Lipschitz, the first
existence result initially gives a local solution. We therefore need to define its maximal lifetime.
Definition 2.11 (Explosion time)[22] The explosion time of the maximal local solution X(t)
of (2.1) is given by

T, = lim 7, (2.3)
n—oo
where
7, = inf{t = 0: || X(®)|| = n}. (2.4)

By convention, inf@ = o. If 7, < o, the solution leaves every bounded subset of R* in finite
time.
LetV € C?(R%; R). For x = (b, ¢, d, e), the infinitesimal generator associated with (2.1) is

v 1 av
LV () = S Fi@) - +3 (667 () 5 2.5)
Since G (x) is diagonal,
gZb?> 0 0 0
ceT=| 0 g5 0 0
0 0 o02d> O
0 0 0 oie?
Therefore
LV = F1Vb + FZI/C + F3I{q + F4I/e
+%012b2Vbb + %O'ZZCZVCC
+-02dVyq + 5 07e%V,e. (2.6)

This operator will be the principal analytical tool in Sections 4-6.
Theorem 2.12 [22] ( 1t6's Formula) Let X (t) satisfy dX(t) = F(X(t))dt + G(X(t))dW (t),
and let V € C%(R*; R).Then

AV (X(0)) = LV (X(D)dt + VV(X(£)TG(X(£)dW (b). 2.7)

Equivalently,
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V(X(©) = V(X0) + [T LV(X(s)) ds + [, vV (X(®)) G(X(©)) dW (). (2.8)

The final stochastic integral is a local martingale whenever the standard square-integrability
conditions hold.

Definition 2.13 A function V:Q x R — [0, 0)is called a stochastic radially unbounded

Lyapunov function if V(w,.) € C?(R%) and V(w, x) — o as ||x|| = oo almost surly.

For the present model, a particularly useful choice is
V.(B,C,D,E)Y=B+C+D+E. (2.9)

This function will be used to establish global existence and boundedness.

For higher-order moment estimates we will later use
V,(B,C,D,E)=1+BP+CP +DP +EPp > 2. (2.10)
Definition 2.14(Biological state space): The natural state space of the stochastic HIV model is
X =Rj%. (2.11)
Its interior is
X° =R%. (2.12)
The boundary 0X = X \ X° contains states in which at least one biological compartment is zero.
The desired invariance property is

XoeX =X({t)€EX, Vt =0.a.s. (2.13)

This will be proved rigorously in Section 4.
Definition 2.15 (Almost sure extinction) We say that HIV infection becomes extinct almost

surely if
tli_)rglo[C(t) +D(t)] =0 a.s. (2.14)
A stronger exponential extinction property is
lim sup=In(C(t) +D(1)) <0 a.s. (2.15)

Whenever (2.15) holds, infection converges to zero exponentially fast.
We must also distinguish persistence from mere non-extinction.
Definition 2.16 (Stochastic persistence) The infection is said to be stochastically persistent if,

for every sufficiently small € > 0, there exists § > 0 such that

tli_)rg) infP{C(t) +D(t) >} =>1—c¢. (2.16)

This is the appropriate notion to use later if we prove persistence in probability.
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3. MATHEMATICAL MODEL FORMULATIONS

In this section, we adopt an existing deterministic HIV model and develop its stochastic
counterpart by incorporating environmental fluctuations and provide the biological interpretation

of the model variables and parameters.

3.1. DETERMINISTIC MODEL FORMULATION
HIV targets CD4+ T cells upon entering the body, leading to a decline in their population.

Uninfected CD4+ T cells send signals to activate CTLs to eliminate infected cells and prevent viral
spread. To maintain the level of CD4+ T cells, homeostatic proliferation allows the replenishment
of CD4+ T cells [25, 26]. Mathematical modeling is critical for understanding these interactions,
predicting HIV progression, evaluating treatment strategies and guiding the development of
immunotherapies. Here, we construct a mathematical model that depicts the dynamics of the
spread of HIV infection with

CD4+T and CTLs cells based on the following assumptions:

(A1) B(t) and C(t) are the concentrations of uninfected and infected CD4+ T cells at any
time t > 0, respectively.

(A2) D(t) and E(t) are the concentrations of free virus and CTLs cells at any time t > 0,
respectively.

(A3) The CD4+ T cells are assumed to be growing with the constant growth rate A [27].

(A4) To model the homeostatic production of CD4+ T cells in response to the presence of a

virus and the subsequent decrease in healthy CD4+ T cells, which can initiate throughout the

infection, we use pB(t) (1 — %), K is the carrying capacity of healthy cells.

The biological meaning:
-If K decreases, reproduction is activated.
-If K approaches the normal level, growth gradually stops.
(AS) k is the rate at which CD4+ T cells get infected as they come in contact with the virus.
(A6) d, the clearance rate of infected CD4+T cells due to CTL immune response
(A7) p and q are the production rates of free virus and CTLs cells, respectively.
(A8) dg, dp, d. and dy are the natural death rates of uninfected CD4+T cells, infected
CD4+T cells, free virus and CTLs cells, respectively.

In view of the above said assumptions, we propose the following HIV infection model
dB B(1)

= A+pB(®) (1-22) - kD(OB(E) — dsB (D),
dc(t) _
TR

kB()D(t) — dcC(t) — dyE()C(L), (3.1)
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d
L0 = pe(t) - dpD(),

L8 = qc(t) - dgE®).

With initial value B(0) =B, >0, €C(0)=0, D(0)=Dy=0 E0)=E,=0. Al
parameters in the model are considered to have non-negative values, and their meanings are proved
in summarized in Table 1.

The initial represent the moment when then HIV enters a body that has a normal number
CD4+T cells, no infected cells yet, an initial viral load, and an immune response that may be

present or not yet activated, so the infected dynamics start from realistic and non-negative biology

state.
Table 1. Values of parameters.
Parameters and
References Values Variables Description
B Uninfected CD4+T cells
C Infected CD4+ T cells
D Free HIV virus
E CTL immune response
Natural inflow rate of uninfected
Assumed 10 X day™! A CD4+B cell
Infection rate of uninfected CD4+ T
Assumed 1.6126 k cell with virus
x 10~*mm3day !
Death rate of uninfected CD4+ T
[17] 0.1day™? dg cell
[17] 0.01day p Maximum homeostatic growth rate
Assumed 2.4day-! d, Death rate of free virus
i +
[7] 0.3day-"! d, Death rate of infected CD4+T cells
Death rate of CTL immune
[7] 0.01day™? dg response
Clearance rate of infected cells by
Assumed 0.01day™?* d, CTL immune response
Assumed 30day ! p Rate of virus production
[18] 300day ! G Homeostatic half velocity

Constant growth rate of CTLs
0.8day~? q immune response
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3.1.1. DISEASE-FREE EQULIBRIUM
We now derive the disease-free equilibrium rigorously. At a disease-free state, there are no infected
cells, no free virus, and consequently no activated CTL response generated by infection. Therefore,

C*=0,D"=0,E"=0.

The healthy-cell component B* must satisfy

0=A+pB"(1-2)—dsB".

Expanding,

0=A+pB* —2(B*)” —dpB *.

Hence

E(B*)* +(dp —p)B*— A =0. (3.2)

Assuming p > 0, multiplication by K gives

p(B)?+ K(dg — p)B* — KA = 0.
Applying the quadratic formula,

_ —K(dB-p)+K%(dB—p)2+4pKA

B*
2p
Thus
B — K(p-dB)+\K?(p—dp)?+4pKA
2p ’
Because

K?(p — dp)* + 4pKA > |K(p — dp)|,
the negative branch is strictly negative. Hence only the positive branch is biologically
admissible. We therefore obtain

__ K(p—dB)+\/K2(p—dp)2+4pKA

B, 2 3.3)
Consequently, the unique biologically meaningful disease-free equilibrium is
Eo = (By,0,0,0). (3.4)

The quantity By is the healthy CD4+ T-cell carrying equilibrium in the absence of HIV infection.

It is important that By is not simply dgA. That expression would arise if homeostatic proliferation
were absent. Here, because the model contains pB(1 — g) , the disease-free population is

determined by the nonlinear balance equation (3.2). This distinction is important when calculating
R,.
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3.1.2. LINEARIZATION AROUND THE DISEASE-FREE EQUILIBRIUN

To derive the basic reproduction number, we identify the infected compartments. The infection-
related variables are C, D. The variable E is not included in the infected subsystem at the linear
level because —d,EC is a product of two quantities that vanish at the disease-free equilibrium.
Indeed, around &£, = (B;, 0,0,0), the term EC is of second order. Therefore the linearized infected

subsystem is

dc . dp
= =kByD —dcC, = =pC—dpD. (3.5)

This two-dimensional subsystem is the correct starting point for the next-generation method.
We now derive R, systematically. Let x; = (C, D) denote the infected subsystem. Following

the next-generation approach, write

dx
21— Pl = V@),
where F contains the terms associated with the appearance of newly infected biological units,
kByD
0
new infected CD4+ T cells are generated through viral infection. The transition/removal vector is

[ dcC
V‘(%D—pﬁ'

Thus the Jacobian matrices evaluated at the disease-free equilibrium are

while V contains transfers and removals. For the present model, we choose F = ( ), because

_ _ (0 kB
F = DF(E,) = (0 . ). (3.6)
and
de 0
V=DV(&) = ( > 3.7
( 0) —p dD ( )
Since detV = d.dp > 0, the matrix V is invertible. Its inverse is
— 0
v-l= pc 1 (3.8)
dcdp dp
The next-generation matrix is defined by
K =FVL (3.9
Therefore,
. 0 kBip kB
0 kBy\|[ dc -
7(:(0 00) pC . =<dc(;iD d(;;).

dedp dp
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Hence
kBip  kBg
K = <dCdD dD>. (3.10)
0 0
Because K is upper triangular, its eigenvalues are 1, = % , A, = 0. Consequently, p(K) =
c“D
kBgp
dcdp”
Therefore, we define
Ro = p(K) = <22, 3.11)
cYD
Substituting (3.3),
R, = p(K) = de K(p—dB)i\/Kz(p—dB)2+4pKA. (3.12)
c4D

2p

This is the correct deterministic basic reproduction number for the present model under the chosen
next-generation decomposition.

kBgyp
dcdp
characteristic lifetime of an infected CD4+ T cell. During that period, infected cells produce virus

The expression Ry = has a natural interpretation. The factor di represents the
Cc

at rate p.Each viral particle has an average lifetime di . The infection rate is controlled by kBy.
D

. . kB
Therefore the combination - ;p
c“D

measures the effective number of newly infected CD4+ T cells

generated by one infection cycle near the disease-free state. Importantly, CTL-mediated clearance
does not appear explicitly in Ry. This is not an omission. At the disease-free equilibrium, C* =
E* = 0, and therefore d,EC is a nonlinear term of order two. Hence CTL-mediated removal
affects the endemic dynamics and nonlinear persistence behavior, but it does not contribute to the
first-order invasion reproduction number around the disease-free equilibrium. This is an important
biological and mathematical observation.

The next-generation matrix gives the natural invasion threshold Ry = 1. Thus the
deterministic model has the standard threshold interpretation: Ry < 1. Corresponds to the regime
in which HIV cannot invade the disease-free state at the linearized level. Conversely, Ry > 1
corresponds to the regime in which the infection has positive linear growth near the disease-free
equilibrium.

However, we should be careful in the paper: Ry < 1 by itself should not yet be stated as a
global extinction theorem.

To establish global asymptotic stability of the disease-free equilibrium, we still need an

appropriate stability argument.
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Likewise, Ry > 1 does not automatically prove stochastic persistence. These will be separate
theorems.

) kB e )
Since Ry = ﬁ, we can define the critical infection rate
c4p

k, = % (3.13)
Then Ry < 1 & k < k., while Ry > 1 & k > k.. This will be useful in the numerical section
because we can vary k while keeping the other biological parameters fixed.

There is an important consequence of the above derivation. The parameter d,, does not occur
in (3.11). Therefore we should not claim that increasing dx changes the basic invasion threshold
Ry.

Instead: d, controls nonlinear immune clearance after infection is established.

Whereas R, controls initial invasion of the disease-free state. This distinction gives the paper

a much stronger biological interpretation.
kBgp
c4pD

We now have the deterministic threshold Ry = . The stochastic model is

dB = F,(X)dt + 6,BdW,,
dC = F,(X)dt + 6,CdW,,
dD = F5(X)dt + o5 DdWs,
dE = F,(X)dt + o,EdW,.

Near the disease-free state, the infected subsystem becomes approximately
dC = (kByD — d:C)dt + 0,CdW,, dD = (pC — dpD)dt + o3DdWs. (3.14)

3.2. STOCHASTIC MODEL FORMULATION

We extend the deterministic HI Model by adding white noise terms. The stochastic HIV model is
driven by introducing white noise terms o;df; (t) to the state variable B(t), C(t), D(t) and E(t).
Here f;(t),i = 1,2,3, are independent standard Brownian motion, and o; represent the intensities
of environmental stochastic effects. This leads to a stochastic differential equation system in the

Ito sense. Thus, the system can be written as follows:

dB (t) = A+ pB(®) (1 - 29) — kD(t)B(t) - dB(0)| dt + o, B(t)dp (0),

dC(t) = [kB(6)D(t) — dcC(t) — dxE@®)C(t)]dt + 0, C()dB,(1),
dD(t) = [pC(t) — dpD(B)]dt| + 03D (t)dp3(t),

dE(t) = [qC(t) — dgE(t)]dt + g, E(t)dB,(t). (3.15)

The multiplicative noise terms represent environmental fluctuations whose magnitude scales with

the corresponding biological population.



17
STOCHASTIC DYNAMICS OF AN HIV MODEL WITH CTL RESPONSE

For simplify, we write X (t) = (B(t), C(t), D(t),E(t))T. Hence
dX(t) = F(X(£))dt + G(X(£))dW (t). (3.16)

4. BIOLOGICAL ACCEPTABLE OF THE STOCHASTIC MODEL

In this section, we will show whether the solution of equation (3.2) are realistic or not, for all the
parameters adopted in the model. In order to make sure that the solutions are positive and bounded,
we will use the principle of random comparison, so we have:

Theorem 4.1 (Existence, Uniqueness and Positivity of the Local Solution)The solutions of
(3.2) are positive and bounded.

Proof Consider the first equation of (3.2).

dB = [A+pB(®) (1 - %) — kD()B(t) — dgB(t)| dt + 0, B(t)dpy (1)

<|a+pB(1-2)|dt + 0,Bap, (2.

Now, consider the new SDE
dB* = [A + pB* (1 - %)] dt + a,B*dB, (t).

Note that it is not a Geometric Brownian Motion equation due to the presence of the logistic term
and the constant A, and therefore it does not have a closed-form solution in the usual sense.

. .. . o B
Therefore, the correct mathematical solution is to use appropriate approximations. If P 0, then

the new SDE becomes
dB* = [A+ pB*]dt + o,B*dB,(t)

and this is a linear equation in Itd, which can be solved using the integrating factor method. Then

the explicit solution is given by

B = ®;(){B*(0) + A [ &, (1)"d1},

2
where @, (t) = exp [(p - %) t+ alﬁl(t)].
This represents a good approximation in the early stages of the infection.
Then

B(t) < exp [(p — %2) t+ alﬁl(t)] + Afot exp [— (p - %2) t— alﬁl(t)] dr.

We claim that

lim;_,, supB(t) < —.
91

5 P
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2
For, suppose thata = p — %1 , with a < 0. We have
B(t) < X(t)(B(0) + AI(t)),
where X (t) = e®+91A1(0) and I(t) = fot X~1(t) dt. From the "Law of the Iterated Logarithm"

we know that @ — 0 a.s. So,

w =a+to; —Blt(t) — aa.s.
Since a < 0, then X (t) — 0 a.s. To compute X (t)I(t). Write
1(®) = fy o™ /@ dr.
Then
X()I(t) = fot ea(t—‘f)+01(l31(t)—ﬁ1(1-)) dr.
Set =t — 1, we get

XOI®) = fo'*easwl(/sl(t)—ﬁl(t-s)) ds.

Since W (t) =W (t —s) ~ N(0,s), and a < 0, then the factor e*® suppresses the random growth

exponentially. And by using the ergodic theorem for the exponential Brownian motion, we obtain

; - _1
tll_)ngo X@®)I() = - a.s.

Hence
) 1
th_)rrgo supB(t) < A (— E)’
that is
) A
tllm supB(t) < == 2A; = Bax
—00 ﬂ_p
2

Equation in the right hand side models a process which naturally falls back to it’s equilibrium level
of A.

ac(t)
dat

< kB()D(t) — dcC(D)+02(0)C(D)B2 (D),
By using B(t) < di = Ay, and D < Dypqy, then
B

kB(£)D(t) — dcC(t) — dxE(®)C()+0,(0)C(D)dp,(¢)

dC(t) < (kADypax — dcC(8))dt + a,(£)C(t)dB(t)
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< (kA3 — dcC(D))dt + a,(D)C(£)dB,(t)
< (= deC(®)dt + o (DC(O)dB (0,
where 1 = kA;A3. Now consider the SDE:
dc* = (n — dCC*(t))dt + 0,(t)C*(t)d S, (t) is provided by:
C*(8) = DO + 11 f; ®(1) " d1),

where

@, (t) = exp{— <dc + %2 (U) t + 0,6, (t).

Then
C(®) < ¢ (0 exp{~ (de + ) t + 3:8,(1)}

+1 [} exp{(de +Z)(t 1) — 0B (6) — B (D))dlr.
Hence
lim;_o sup C(t) < dlc =1, = Chax-
Similarly, the SDE
dD = (pC(t) — dpD())dt + o3(t)D(t)dpBs(¢)
< (pA; —dpD(t))dt + o3D(t)dS5(1).
Consider the SDE
dD* = (pA, — dpD*(t))dt + a3 D*(t)dS5(t).

Hence
lim; . sup D(t) < Pl _, Az
dp
Finally,
dE(t) = (qC(t) — dgE(1))dt + +0,(£)E (£)dB, (D),
By using4,

dE(t) < (g1 — dgE(@®))dt + +0,()E (£)dB,(8).
Now solve the SDE

dE* = (qA; — dgE*(D))dt + o, (DE*(£)dB,(0),
E*(t) = @, (D{E*(0) + [, @, " (t)d1},

where®, = exp{— <dE + %2 (t)> t + 04f4(0)

Hence,

19
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E(t) < E*(0) exp {— (dE + ‘%2 (t)> t+ 0454(t)}

+q2, J; exp{- (dE o (t)) (t = 1) = 04 (B (0) — Bu(D))dlr.

Consequently,
. qiz _,
lim;_o sup E(t) < = Ag.
So, we have:
A= {(B, C,D,E) € R4:B < Al,C < /12,D < A3,E < /14,},
where
21 = ZL, AZ = la /13 ::P_Ma and & ::/14'
ﬁ_p dc dp dg
2

We conclude from the above discussion that the domain region A is positive, and this indicates
that the model in equation (3.2) is called biologically acceptable.

Biological interpretation:

The existence and uniqueness result ensures that the stochastic HIV model is well-posed and
produces biologically meaningful trajectories that remain valid for all time under random
environmental fluctuations.

Corollary 4.2 For the first equation of (3.2) we have two important cases:
A

of
- P
2

2
(1) Ifp < 62—1, then tlim supB(t) < . That is, the large noise prevents the explosion of

B(t), and the solution becomes almost certainly limited.
(i1) If A = 0, then tlim B(t) = 0 a.s. And it is the classical result of the stochastic logistic

equation without an external source.

Theorem (4.3) For any initial value X, = (B(0),C(0),D(0),E(0)) € R%, the solution of
model (3.2) stochastically ultimately bounded permanent Here, the Markov process
(B(t),C(t),D(t),E(t)) € R% of our stochastic model (3.2) is first shown to be geometrically
ergodic, implying that exist stationary distribution exist.

Proof Let N(t) = B(t) + C(t) and define the Lyapunov function

1

V(t) =N(t) + m

Applying Ito’s formula, we obtain
1 1
dv(t) = dN(t) — dN(t) + (dN(1))2.

By substituting the stochastic system (3.2) in to above equation and simplifying yields
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av(t) = (1-=)|a+pB®) (1- @) — kD(t)B(t) — dgB(t) + kD(t)B(t) —

K

1
N2

dcC(t) — de(t)C(t)] dt + (1 - ﬁ) (01Bdp + 0,Cdp) + — (2B + (07 C2)dt.
Let £ denote the generator of the stochastic system. Then

B(t)

v =(1-=)[a+pB@) (1-22) = dpB(t) - dcC(t) — dE)C()]
+— (02B? + (02C?)
Using the inequality B(t) < N(t) and C(t) < N we obtain
LV < K; — K,V(x,t) such thatK;, K, > 0 4.1)
where the model (2.3) is uniformly elliptic, thus there exists a jointly continuous function

p:(0,00) X X X X — (0, o) such that P;(X (, Z) remains strictly positive for all (t,X,,Z), and

for every measure set A,
P(Xo,2) = fA P (Xo,Z) dZ.

For w > 0, then if inf{P,(X ¢,Z): X0, Z € X,|Xol,1Z] < w} = C (a constant C = C(t,w) > 0).
For any set A,

P.(Xo,Z) = [,P:(X,Z) dZ = CLeb(A, B,,(0)) = CLeb(B,,(0))P(A).

Provides the minorization condition, where Leb denotes the Lebesgue measure and

P(A) = Leb(A n B, (0))/Leb(B,(0)).

This end the proof.

Biological interpretation:

It means HIV persists at controlled, bounded levels inside the host despite random fluctuations.

Theorem (4.4) The Markov process (B(t), C(t), D(t), E(t)) € R* of stochastic model (3.2)
with initial value X, = (B(0), C(0),D(0),E(0)) € R%, exhibts V —geometrically ergodicity.

Proof Let N(t) = B(t) + C(t) and V(t) = N(t) + —

NGO Using Itos formula and (4.1),

EeXztv (t) = EV(0) + E ([ €2 (K,V (s) + LV (s))ds )
< EV(0) + K, E ([ e ds)

= EV(0) + 22 (g2t — 1),
K>
It follows that
EV(t) = EV(0)e Kzt + %(1 — e Kty = ¢,
2
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We choose a big a big enough constant ¢ such that% < 1 and apply Chebyshev’s inequality

to obtain

{N(t) + m g} {N(t) + m} % = €.

This implies

1—5<P{N(t)+?SC}SP{%SNS9}.

Nothing N? < 2|X|? < 2N?, we have

Plasfsiisdz1-e

According to the definition of stochastic ultimate boundedness and stochastic permanence the
stochastic model (3.2) is stochastically bounded and permanent.

Biological interpretation:

The populations remain biologically controlled and do not grow without bound despite
random fluctuations.

Theorem (4.5) Consider the stochastic HIV model (3.2) with initial value X, =
(Bo, Co, Do, Eg) € R% and ¢t € [0, 7,) almost surely, where 7,the explosion time. Then system (4.1)
admits a unique maximal strong local solution.

Proof

Step 1. Local existence and uniqueness. Write the system in the vector form. Put
X=(B®,C1,D®),E) ER}
Define F: R* — R* by F(X) = (F,(X), F,(X), F;(X), F,(X)), where
Fi(X)=A+pB(1— g) — kBD —dgB , F,(X) =kBD —d.C—d.EC, F;(X)=pC—
dpD, andF,(X) = qC — dgE.
As for the diffusion matrix, it is

B 0 0 O
0 oC 0 O
0 0 oD 0 [
0 0 0 o4F

G(X) =

So,
dX(t) = F(X(t))dt + G(X(t))dW (1),
where, W (t) = (B1(£), B2(2), B3(£), Ba(D)).

Now we notice that all the components of G are polynomials in (B, C, D, E). Therefore, F and
G are locally Lipschitz on R*, meaning that for every R > 0, there exists a constant Lg > 0 such
that if
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if | X|l <R, lIY]l <R, then [|[F(X) = F(V)I| + [[6G(X) = G|l < LgllX =Y.

Therefore, from the standard existence and uniqueness theorem for stochastic differential
equations, there exists a unique strong solution X(t) on the interval [0,7,). This proves the
existence and uniqueness of the local solution.

Step 2. Positivity of B(t). We B(0) = By > 0. We define the time to reach zero by

T = inf{t > 0: B(t) = 0}.

We want to prove that P{rz < 7.} = 0. On the interval 0 <t < 75, we have B(t) > 0.
Therefore, we can define Y; (t) = In B(t). By applying Itd's formula to the function f(x) = Inx,

we have
fle0 = f"() = —=.
Hence
dInB(t) = %dB(t) - %Bj(t) (dB(t))>2. (4.2)
Since
dB(t) = F;(X(t))dt + o1 B(£)dB,(t),
Then from (4.2),
(dB(t))? = 0, B2(t)dL.
So

dInB(t) = [B(t)A+ p —2B(t) — kD(t) — dp — 5 02]dt + 0,dp; (1), (4.3)

Note that B(t) = e"*(®. Aslong as Y;(t) remains bounded over any finite time interval before the
explosion time, then B(t) = e"1(®) > 0. Thus, B(t) cannot reach zero in a finite time. SoB(t) >
00<t<rT,a.s.

Step 3. Positivity of C, D, E.We will use the same method for each variable.

The variable C(t). Assume that Cy > 0. Set

Y5 (t) = InC(t).
By applying It6, we obtain
dInC(t) = [C(t)kB(t)D(t) —d¢ — d,E(t) — %azz]dt + 0,dB,(t). (4.4)

50, C(t) = e2(Y), Then C(t) > 0 forevery t < T, a.s.
The variable D(t). If DO > 0, set Y5(t) = In D(t). By applying It6, we obtain
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dInD(t) = [D(OPC(t) — dp — 3 03]dt + a3dP3(L). (4.5)
Then D(t) = e3® > 0.S0D(t) > 0,0 <t < 7,,a.s.
The variable E(t). If E; > 0. Set Y,(t) = In E(t). By applying It6, we obtain
dInE(t) = [E(t)qC(t) — dE — %af]dt + 0,dP4(t). (4.6)
Consequently, E(t) = e¥3® > 0. Hence E(t) > 0,0 <t < 7,,a.5.
Step 4. Nonnegativity when the initial value is zero. Here we must be very precise, because
the HIV model we adopted allows for Co = 0,Dg = 0, Ey = 0. Therefore, InC, InD, or InE

should not be used at zero. Instead, we use boundary structure on the boundary limits. When € =

0, we have
F,(B,0,D,E) = kBD.

Since B,D = 0, then F(B,0,D,E) = 0. At the same time 0,C = 0 when C = 0. So there is no
random force pushing C into the negative region, and the drift at the boundary is directed inward.
ThereforeC(t) = 0.

When D = 0, we have

F3(B,C,0,E) =pC = 0.
At the same time g;D = 0. Hence D(t) = 0. When E = 0, we have
F,(B,C,D,0) = qC = 0.
Also 0,E = 0. So, E(t) = 0. When B = 0, we have
F,(0,C,D,E) = A.

Assume that A > 0. The drift at the boundary B = 0 moves directly inward. Also, 0;B = 0 at
B = 0.So B cannot cross the boundary into the negative region. Then B(t) = 0. Since BO > 0
and A > 0. We obtained the strongest result in the previous step:B(t) > 0.

The final result is the sum of the previous results. If it is
By >0,Cy>0,Dy >0,E, >0,
then
(B(t),C(t),D(t),E(t)) € R*
forall 0 <t <7, a.s. As for whether it is Cy, Dy, Ey = 0, then
(B(), C(1), D(1),E()) € R}

forall 0 <t < 7, .as. And thus, the set
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RY = {(B,C,D,E):B,C,D,E > 0}.

forward invariant with respect to the stochastic system (4.1).And this completes the proof. o

Theorem 4.6 ( Global Existence and Non-Explosion) Consider the stochastic HIV system
(3.2).Assume the hypotheses of Theorem 4.5 hold. Then the unique local positive solution X(t) =
(B(t),C(t),D(t),E(t)) exists globally, i.e., T, = o a.s. Consequently, (t) € R% t >0 as.
Moreover, for every finite T > 0,

E[supose<r (B(t) + C(t) + D(t) + E(1))] < 0.

Proof We will prove the result in several steps.

Step 1. Choosing Lyapunov function. Consider

V(B,C,D,E)=B+C+D+E. (4.8)

This function is very suitable for the biological model because it represents, up to a scaling constant,
the total size of the viral cellular population. Because all the variables are non-negative, V(X) >
0. As well as V(X) — oo when ||X]|| — oo.

So, V is a radially unbounded Lyapunov function.

Step 2. Applying Itd's formula.

Since
V(B,C,D,Ey=B+C+D+E,
then
Vg =Ve=Vp=Vp =1,
and all second derivatives equal zero. Therefore, there are no second-order It6 limits. Then
dV(t) = dB(t) +dC(t) + dD(t) + dE(t).
With compensation from the system, we obtain
dv(t) =[A+ pB — %BZ —kBD —dgB + kBD —d.C —d,EC +pC —dpD + qC — dgE]dt

+01Bdp, + 0,Cdp, + 03Ddf3 + 0,Edp,.

Here an important feature of the model appears:

—kBD + kBD = 0.

That is, the transfer of healthy cells to the infected cells does not directly change the total number.

Therefore
v(t) = [A+pB —2B* —dpB + (p — dC + q)C — dpD — dEC — dpE]dt

+ X 0 X (D) dBi(D),
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WhGI‘CXl = B,XZ = C,X3 = D,X4 =FE.
Step 3. Estimation of the drift limit
We use first —%BZ <0, also —d,EC < 0. So

LV <A+pB—dgB+ (p—dC+q)C—dpD —dgE.
Since
B<V,C<V,DLSV,EZV,
There exists a positive constant ¢, such that
LV < co(1+ V). (4.9)
For example, one can choose
co=max{A,p+dgp+q+d.dp dg}

then
LV < co(1+ V).
Step 4. Expectation estimation
We take the expectation from the previous equation. And since the random integrals have a

mean of zero,

E [y 0:X:(8) dBi(s) =0,
we get
EV(t) < V(0) + cot + ¢, [ EV(s) ds.
Using Gronwall's inequality,
EV(t) < (V(0) + cot)eot. (4.10)
Consequently,
EV(t) < oo, for every t < co.

Step 5. Exclusion of the explosion

Define the stop time.
T, = inf{t = 0: V(X (t)) = n}.

If an explosion occurs in a finite time, it must 7,, — 1, < 0. Take T > 0. From the definition of

Tn-
V(X(1, AT)) =n

on the event {t, < T}. So
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nP{t, < T} < EV(X(t, AT)).
And using the previous estimate, we obtain a constant C; < oo such that
P{r, < T} < % Then lim P{r,, < T} = 0. Since
n—ooo

{te =T} E Npoa{tn < T},

then P{t, < T} = 0. Since T > 0 is arbitrary, P{r, < oo} = 0. Hence 7, = o a.s. this prove
the existences of the global solution.

Biological interpretation:

This result shows the despite stochastic perturbations, the HIV system remains stable and
bounded, with persistent virus-immune interaction converging to a long-term stochastically
behavior.

Theorem (4.8) The model (3.2) has unique global positive solution (B(t), C(t),D(t), E(t))
fort € [0, 7,)

and for every initial value (By, Cy, Dy, Ey) € R%. Moreover, the solution will remain in R%
almost surely.

Proof In order to proof the existence of the global solution, it is sufficient to show that the
explosion time 7, = oo almost surely. If K, € Z, is a sufficient large such that (B, Cy, Dy, Ey) lies
in the closed ball B(K,) € R%. For K > K,, we take and describe the stop- time as

T, = inf{t € [0,7.):B €& (%,K) orE ¢ (%,K)}.

Assume that inf @ = oo (as usual, @ =null set). According to the description of stopping time,
we can know that k — oo. Let lim;_,, Ty = T, then, T, < T, almost surely. If P{t,, = o0} =1,
then P{r, = oo} = 1. If this declaration false, i.e., T, # 0, then T > 0 and € € (0,1). And they
satisfy P{7,, < T} > . Thus there exists an integer k; > ko, so that P{z; < T} > ¢. Define C? —

function as the function continues second derivatives. So we construct a C2 — function V: R —
R, U {oo} as follows. Let

V(B,C,D,E) = Yxew,cpeX({#) —1—InX(?))
V(B,C,D,E) =(B(t) —1—InB(t)) + (C(t) —1—1InC(t))
+(D(t) —1—1InD(t)) + (E(t) — 1 —InE(t))).

The partial derivative for V for all variables

w_ 1w _ i 1o _ o1
aB B’dC c’aop D’ 9B E'
So

1 1 1
dV = Yxe,c,0.E) (1 - }) dX + EZXE(B,C,D,E) P (0xX)?dt,

and
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dX = fth + O'Xxdﬁx.
Then

dV = Yxe(s,c,p,E) (1 - %) dX + %ZXE(B,C,D,E) % (oxX)?dt
av =Yx (1 - %) fxdX + %ZX(O-X)Zdt +2x (1 - %) oxXdfx
dV=—dB+ dC+—dD+ dE+ (01 + 0% + 0f +02) =
(1-2) (A +pB(©) (1-22) ~ kD (©)B(®) - dBB(t)) +(1-2) (Pe — dyD(®) +
(1-3)(Pc(®) — ayD(®)) + (1-3) (4C(t) — dgE(®)) + 2 (oF + 0F + 03 + oP)]at

+(1-3)Boydp, + (1-3) Coydp, + (1 =) Dosdps + (1 — 1) Eaudp.

dV = f(B,C,D,E)dt + g(B,C,D,E)dp

where,
f(B.¢,D,E)=(1-3) (A +pB(t) (1-22) —kD(0)B(®) - dBB(t)>
+(1-3) (Pc(®) = dyD(®)) + (1 - =) (PC(®) — dy D (1))
+(1-2) (4C(®) — dgE®) +5 (oF + 0% + 07 + 07)
and

g(B,C,D,E) = (1- g) Boydf, + (1 - %) Co,dp, + (1 — =) Dadp;

+ (1 - g) Ec,dg,

Then, Thereis M > 0, so ||f (B,C,D,E)|| < M, for all (B,C,D,E) € R%. It follows that

TmAt TmAt

[ av(B,C,D,E) < [;™" Mdt + [ g(B,C,D,E) dp
Where {tx A T} = min {tg, T}. Consider the aforementioned inequality Exceptions, yield
= EV(B(ti A L), C(Tx A1), D(Tx A1), E(ti At) < V(B(0),C(0),D(0),E(0)) + MT.
Note that no one less than one of (B(ty At),C(ty At),D(tx At) and E(t) A t) lies in (K, %) for

every w € (), consequently,

V(B(ti A L), C(te A), D(t AL),E(Te At) 2 (k— 1= InKAG — 1= In3)
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Hence, from 27
EV(B(ty At),C(t, At),D(T AL),E(T) A L))

> Elg, (k—1-In AG—-1—In )

> g(k—1—Ink)AG —1—In3).
Here Iq, the characteristic function of (. Take k — oo implies to a contradiction:
o > V(B(0),C(0),D(0),E(0)) + MT = oo.
Therefore, P{t,, = o} = 1.Thus,
P{((BY),C(t),D(t),E(t)) € R%:t = 0} = 1.
Biological interpretation:

The results show that the stochastic HIV model remains biologically valid with unique global

positive solution, preserving positivity under random environmental fluctuations.

5. DISEASE STOCHASTIC EXTINCTIONS

In the context of infection models, we consistently assess the long-term possibility of disease
eradication. The reproduction number is widely recognized as one of the most crucial variables in

epidemiology. This section provides an expression of stochastic reproduction number

kpA

If R{ < limples to almost surly extension.
Theorem (5.1) Assume that R7 < 1, then the solution (B(t), C(t), D(t), E(t)) of the model

(3.2) has the following property:

log D(t)

<0 and

log C(t .
gT() <oo , lims,e Sup

lim,_ oo sup%fOtB(s) ds < % , lim;_ sup

limg_, o0 sup@ <0.

The theorem demonstrates that infection in that four compartment HIV model dies out with
probability 1, as both infected cells and viral load gradually decay to zero, while susceptible cells
remain within their natural bounds. This reflects the body ability to completely control the
infection and maintain long —term immunological stability, even under stochastic fluctuations.

Proof Consider the first equation of (3.2)

B(t)

dB = (A + pB(t) (1 - 7) — kD(t)B(t) — dBB(t)> dt + o, B(t)dpy(t) (5.1)

with the initial value (0) = B, > 0, and setting with
dB < (A—dgB(t))dt + 0, B(t)dp; (0),
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f(B(©)) = A—dgB(t) and (B(t)) = 6,B(t), B(t) € (0, ).
We calculate that

fB(t)&du — ff(’)(t) 1 (A dBu)du = —(—— —dgln B(t)) + Cy,

ap o?(u) 012%u?

[EOLE gy = [P0 (A - dywydu = 73 (-5—dsImB(®) +

a  g2(w) 012u?

where a, is an arbitrary fixed positive constant and C; is constant determined by the foregoing
formula. It is evident that

fB f@ 4

o 1 1 26 12(—ﬁ—d3 InB(t))+Cp)
fo 72(8) w0 dB = f 232 e db
20; o 24B 5 28
=2 [®B el "¢ @1%dB < oo,
012 0

thus, we obtain that the model (5.1) is ergodic with the ergodic distribution

—-2B 2A

ezcl -2 — 2n
K(B) = o1 e “01?BdB, B(t) € (0, ),

Where C, £ = 1. It then follows that

[e%) . 1 pt
fo BK(B)dB = tlerc}O;fo B(s) ds,

almost surly and from Theorem (3.1) of [28] we have [ 000 BK(B)dB = %‘

Letting B(t) be the solution of (5.1) with the initial value B(0) = B, > 0, by comparison
theorem for stochastic differential equations [34].Applying It6’s formula yields

kB(t)D(t) 1
v~ de = diE(0)307 ) dt = 05 () (0)

dmC=(

< kB(£)D(t) — d¢ — dcE(t)— 5 02)dt + 0, ()dB, (¢) (5.2)

Hence from equation (5.2), we derive the following equation by integrating both side from 0 tot

t kB(t)D(1)

InC(t) =InC(0) + |, )

—d¢ — dyE(t)— 3 03)dr + 05 (£)df,(7)
<InC) + (kB(T)D(T) —dp — dE(t) — %022) d + [, 0,(1)dB, () (5.3)
Setting ¢(t) = [, 0,dB, (1), we have
(p(0), $(0) =1 [, 0F ds = 0} < co.

¢(

Hence, using the law of large numbers for martingales, we obtain llm sup — ) = 0as. It follows

from (5.2) the dividing by t on both sides of (5.3) and letting t — oo, we derlve
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- ! A_ 1,2 i 1 A_
tlgn;sup;lnC(t)SkDE ((dc+de+202))<t11_)rgsuptlnC(t)SkB (dc+
%022)<0.a.s.

Hence from equation (5.2), we derive the following equation by integrating both side from 0
tot

lim 220 <21 (kBMV (1) — de — dyE(D) —303) d + 3 [ 05(2)dB,(1)d7)
lim sup~In C ()
< lim sup s (kB(t)V(t) —d.C(t) — d E)C(E) — 5022) dt +3 [} 0,(r)dp, (1)dr)
lim £ [ (KB(OV(6) = deC(0) — dE()C(E) — 507 ) dt
< kD % — (d¢ + dE(£)C(t) +5 02)
< k% — (dcC(6) + dE()C(E) +350%) < 0

Likewise,

dInD = (”DC((;)) — dp—303)dt + 03()ds(8) < (pC(t) — dp — 303 ) dt + a5 (£)dfs (t)

Therefore, setting ¢, (t) == [ Ot 033(7), we have

t
(p2(0), 92(D)) = £ [ 0} ds = 0F < oo,

Hence, using the law of large numbers for martingales, we obtain tlim sup sz(t) = 0 a.s. It follows

from (5.2) the dividing by t on both sides of (5.3) and letting t — oo, we derive
. 1 A 1 1
lim supIn D(¢) < p(k %) — (dc +302) + (dp+30%))) < 0. as.

Let ¢,(t) = In E(t).By using It6’s formula

dinE(t) = (L2 — d; —107) dt + 0, (t)df(0). (5.4)

E(t)

Hence from equation (5.4), we derive the following equation by integrating both side from 0 tot

InE() = EQ) + [; (2 - d; — 107 ) dr + 0,(1)dpa(0)

E(t)
<In E(0) + fot (C[C(T)—dE — %af) dr + fot 0, (t)df, (7). (5.3)

Setting @, (t) = [ Ot 04,dB, (1), we have
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(@4(0), p4(®)) = 7 [ 0% ds = 0 < oo,

Hence, using the law of large numbers for martingales, we obtain lim sup a0 _ 0 a.s.It follows

t—oo t
from (5.4) the dividing by t on both sides of (5.4) and letting t — oo, we derive
tlim sup%log E(t) < (qC(t)—(dE + 3042)) <0.as.

Remark (5.2) Theorem (5.1) provides sufficient conditions for disease to be eradicated in the
long run. Due to the fact that R{ < R, we are pleasantly surprised to discover a scenario where
Ry, > 1 but R} < 1 such that the asymptotically infected population C(t) of the SDE model (3.2)
become extension, which is quite differential from the result of Theorem (5.1) for deterministic
model (3.1). This tells us that the impact of environmental noise on disease dynamics must not be

ignored.

6. NUMERICAL SIMULATION

The stochastic HIV model is driven by introducing white noise terms o;df;(t) to the state variable
B(t), C(t), D(t) and E(t). Here B;(t).,i = 1,2,3, are independent standard Brownian motion, and
o; represent the intensities of environmental stochastic effects. This leads to a stochastic

differential equation system in the Ito sense. Thus, the system can be written as follows:
Bn(t) ;

Buss = By + A+ pBy(t) (1= 222) — kB.D,, — dgB, + 01 ByVALE, s + 2 (82, —

1)AtB,,
93 (22
Cov1 = Cu + kByDy — dcCy — dy En Gy + O-ZCn\/A_tS;n,Z + > (‘fn,z — DAt]Cy,
2
Dyy1 = Dp +pCy —dpDy + 0-3Dnmfn,3 + 073 (5133 — 1)AtB,,

Enit = En + qCo — dpEp + 04 EgVBEn s + 2 (62,4 — DALE,.
We will explain how to choose parameter values. We will choose values close to the known
clinical data for the early HIV infection stage. The proposed initial values:
Baseline Scenario:
B(0) = 1000 cell/mm3, C(0) = 0, D(0) = 10 copies/mm3, E(0) = 5 cell/mm3
Interpretation:
* A healthy person has approximately 800—1200 CD4+ cells/mm?.
» At the moment the virus enters, there may not be any infected cells yet.
* The initial viral load is small.
* CTL response is still weak.

Now choosing noise coefficients, in published HIV models, the values are often used:

0.01 < g; < 0.30
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to avoid losing positivity.
Numerical methodology: The Milstein scheme was used for the random case with

multiplicative noise for each variable X,,.1 = X,, + f(X,,)At + o X,VAt:
1
En + EO-ZXn(Erzz—l - 1)At'

Then, non-negativity was imposed after each step because the variables represent vital
concentrations.

Important notice: The shapes use normalization for each variable between 0 and 1 so that
the differences in scales do not hide any of the curves.

Definition of the five cases:

. The intensity of the noise Biological
The case Initial values . .
01, 03,03, 0y modification

Case 1: Weak B, = 1000, C, = 0, .
environmental fluctuation Dy =10,E, =1 0.02,0.02, 0.02,0.02 Essential
Ca§e 2: Moderate random B, = 1000, C, = 0, 0.06. 0.06, 0.06, 0.06 Essential
noise Dy =10,E, =1
Case 3: High primary B, = 1000, C, = 0, .
viral load Dy = 60,6, = 1 0.05, 0.05, 0.07, 0.05 Essential
Case 4: Strong CTL By, = 1000, C, = 0, _ _
response Dy = 20,E, = 20 0.04, 0.04, 0.05, 0.04 d, =0.025,g =1.2
Case 5: Weak immune B, = 1000, C, = 0, _ _
removal Dy = 20,E, = 0.5 0.06, 0.08, 0.08, 0.06 d, = 0.003,g =0.4

These values are balanced, numerically stable, and usually provide realistic curves for both
deterministic and stochastic models.

How do we choose K? In healthy adults: 800—1200 CD4 cells/mm3, so I suggest: K = 1200.

Case 1: Weak environmental fluctuation

Case 1 - Mild environmental fluctuation

=== B(t) uninfected CD4+ T cells
—— C(t)infected CD4+ T cells
s D(t) free HIV virus

= E(t) CTL response

0.8 1
0.6
0.4

0.0

Normalized stochastic trajectory (0-1)

0 20 40 60 80 100 120 140
Time (days)

Milstein scheme with multiplicative white-noise terms; curves are normalized only for visual comparability.

Figure 1. Four colored curves in a single figure for the random case: B, C, D, E.
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Biological interpretation: There is a limited drop in healthy cells B with a short viral peak;
then the immune response E gradually grows, reducing the infected cells C and the virus D to a
low level.

Raw numerical indicators: Minimum B = 90.76, Maximum C = 33.17, Maximum D =
403.81, Maximum E =~ 129.63.

Case 2: Moderate random noise

Biological interpretation: Noise increases the roughness of pathways around the general
trend; biologically, this represents daily variations in exposure and environment, with immune
control remaining possible after a transient viral spike.

Case 2 - Moderate stochasticity

= B(t) uninfected CD4+ T cells
= C(t) infected CD4+ T cells
== D(t) free HIV virus

0.8 1 = E(t) CTL response

0.6

0.4

0.2 4

Normalized stochastic trajectory (0-1)

0.0 1

0 20 40 60 80 100 120 140
Time (days)

Milstein scheme with multiplicative white-noise terms; curves are normalized only for visual comparability.

Figure 2. Four colored curves in a single figure for the random case: B, C, D, E.

Raw numerical indicators: Minimum B =~ 77.83, Maximum C = 37.85, Maximum D =
462.69, Maximum E =~ 205.25.
Case 3: High primary viral load

Case 3 - High initial viral inoculum

=]
|

B(t) uninfected CD4+ T cells
C(t) infected CD4+ T cells
D(t) free HIV virus

E(t) CTL response

e
oo
L

e
@
L

0.4

0.2

Normalized stochastic trajectory (0-1)

e
o
s

0 20 40 60 80 100 120 140
Time (days)

Milstein scheme with multiplicative white-noise terms; curves are normalized only for visual comparability.

Figure 3. Four colored curves in a single shape for the random case: B, C, D, E.
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Biological interpolation: The large initial viral load produces an earlier wave that is more
severe than D and C, so B drops faster. Later, CTLs are stimulated, causing E to rise and suppress
the infection.

Raw numerical indicators: Minimum B = 84.93, Maximum C =~ 47.79, Maximum D =~ 607.29,
Maximum E = 182.44.
Case 4: Strong CTL response

Case 4 - Enhanced CTL response

1.0 —— BIt) uninfected CD4+ T cells
= = (C(t) infected CD4+ T cells
é = Dt) free HIV virus
208 = E(t) CTL response
S
o
@

T

; 0.6 1

@A

T

<

g

g 0.4 1

o

bl

N

© ,

g 0.2

=

S

=z

0.04
T T T T T T T T
0 20 40 60 80 100 120 140
Time (days)

Milstein scheme with multiplicative white-noise terms; curves are normalized only for visual comparability.

Figure 4. Four colored curves in a single shape for the random case: B, C, D, E.

Biological explanation: The initial increase in E and the increased removal efficiency of d,
accelerate the elimination of C; therefore, the peak of D is shorter and weaker, and B recovers to
a relatively higher level.

Raw numerical indicators: Minimum B = 83.11, Maximum C = 4.99, Maximum D =
61.02, Maximum E = 56.12.

Case 5: Weak immune removal

Case 5 - Weak immune clearance

o
L

w—= B(t) uninfected CD4+ T cells
= ((t) infected CD4+ T cells
= D(t) free HIV virus

== E(t) CTL response

o
=)
L

o
o
L

0.4+

0.2 A

Normalized stochastic trajectory (0-1)

o
o
L

0 20 40 60 80 100 120 140
Time (days)

Milstein scheme with multiplicative white-noise terms; curves are normalized only for visual comparability.

Figure 5. Four colored curves in a single shape for the random case: B, C, D, E.
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Biological explanation: The reduced production/effectiveness of CTLs allows C and D to
persist longer and with greater fluctuations; this explains the more pronounced decrease in B and
the delayed control of the infection.

Raw numerical indicators: Minimum B =~ 72.88, Maximum C = 98.05, Maximum D =
1211.75, Maximum E =~ 252.05.

7. DISCUSSION AND CONCLUSIONS

The deterministic model describes HIV dynamics through a system of ordinary differential
equations in which the evolution of all compartments is fully determined by the initial conditions
and parameter values. The system exhibits predictable behavior, and it’s long- term dynamics are
governed by equilibrium points determined mainly by threshold parameter R,.The stochastic
model (3.2) is constructed as an extension of deterministic system by introducing multiplicative
white noise via independent Brownian motions. This modification is directly incorporated into the
original model structure to represent environmental and biological fluctuations. Consequently, the
system dynamic becomes random, and the qualitative behavior is characterized in terms of
stochastic stability, mean-square properties, and probabilistic long-term outcomes rather than
deterministic quilibria. Thus, the stochastic formulation represents a perturbed version of the
deterministic model, where random effects modify the trajectory behavior without changing the

undeelying biological structure of the system.
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  f  ( t , X ( t ) ) ∈ L (  [   t 0 , T ] ,  ℝ  d )


  g  ( s , X  ( s ) ) ∈   L 2 (  [   t 0 , T ] ,  ℝ  d × m )


  t ∈  [   t 0 , T ]


  k


    k ~


  x , y ∈  ℝ  k ,  


  t ∈ [   t 0 , T ]


    | f  ( t , x ) − f  ( y , t ) | 2 ∨    | g  ( t , x ) − g  ( y , t ) | 2 <   k ~    | x − y | 2


  x , t ) ∈  ℝ  k ×  [   t 0 , T ]


    | f  ( t , x ) | 2 ∨    | g  ( t , x ) | 2 < K ( 1 + |   x 2 | )


    M  k (  [   t 0 , T ] ;  ℝ  k )


  𝜀 ∈ ( 0 , 1 )


    𝛿 0 =   𝛿 0  ( 𝜀 ,   t 0 ) > 0


  {  | x  ( t ,   t 0 ,   x 0 ) | < 𝜀 }


  t ≥   t 0


    | x 0 | < 𝛿 .


    𝛿 0 =   𝛿 0  (   t 0 ) > 0


     lim  t → ∞ ⁡  x  ( t ,   t 0 ,   x 0 ) = 0


    | x 0 | < 𝛿 .


  𝜀 ∈ ( 0 , 1 )


    𝛿 0 =   𝛿 0  ( 𝜀 ,   t 0 ) > 0


  r > 0


  ℙ  {  | x  ( t ,   t 0 ,   x 0 ) | < r : t >   t 0 } > 1 − 𝜀


    | x 0 | < 𝛿


  𝜀 ∈ ( 0 , 1 )


    𝛿 0 =   𝛿 0  ( 𝜀 ,   t 0 ) > 0


  ℙ  {   l i m  t → ∞ x  ( t ,   t 0 ,   x 0 ) = 0 } ≥ 1 − 𝜀


    | x 0 | < 𝛿


    x 0 ∈  ℝ  d


  ℙ  {  lim  t → ∞ x  ( t ,   t 0 ,   x 0 ) = 0 } = 1


  𝜀 > 0


  𝛿 > 0


  {  | x  ( t ) −   x ∗ | < 𝜀 : ∀ t > 0 }


   | x  ( 0 ) −   x ∗ | < 𝛿


    x ∗


    C  2 , 1 (  ℝ  d ×  ℝ  +   ; ℝ )


  V ( x , t )


   ℝ  d ×  ℝ  +  


  X


  V ( x , t ) ∈   C  2 , 1 (  ℝ  d ×  ℝ  +   ; ℝ )


  ℒ : =   𝜕  𝜕 t +   ∑  i = 1  d    f  i ( x , t )   𝜕    𝜕 x  i +  1 2   ∑  i , j  d    [ g ( x , t )   g  T ( x , t ) ]  i j     𝜕 2    𝜕 x  i   𝜕 x  j


    V  t =   𝜕 v  𝜕 t


    V  x = (   𝜕 v    𝜕 x 1 , … …   𝜕 v    𝜕 x  d )


    V  x x =   (     𝜕 V 2    𝜕 x  i   𝜕 x  j )  d × d =  [           𝜕 V 2    𝜕 x 1   𝜕 x 1   .      .   .       𝜕 V 2    𝜕 x  d   𝜕 x 1        … …   … …   … . . .   … …   … . .            𝜕 V 2    𝜕 x 1   𝜕 x  d   .   .   .       𝜕 V 2    𝜕 x  d   𝜕 x  d ]


  ℒ  [ V ] =  [   V  t +   f  ( x , t )   V  x + 1 / 2   t r a c e  (   g  T  ( t )  (     𝜕 2 V  𝜕   x 2 ) g  ( t ) ) ] d t


  X  ( t ) = ( B  ( t ) , C  ( t ) , D  ( t ) , E ( t ) )


  M > 0


  T > 0


  𝔼 | X ( t ) | ≤ M


  ∀ t ≥ T


    lim ⁡ sup    t → ∞ 𝔼 [ | X ( t ) | ] ≤ M


  X ( t ) = ( ​ B  ( t ) , C  ( t ) , D  ( t ) , E  ( t ) ​ ​ ) ∈  ℝ + 4 ​


  d X ( t ) = F ( X ( t ) ) d t + G ( X ( t ) ) d W ( t )


  F ( x ) =   (   ​ F 1  ( x ) ,   ​ F 2 ​  ( x ) ,   ​ F 3 ​  ( x ) ,   ​ F 4 ​  ( x ) )  T ​ ​


  x =   ( b , c , d , e )  T


    ​ F 1 ​ ( x ) = 𝛬 + 𝜌 b ( 1 −   b  K ​ ) − k b d −   d  B ​ b


    ​ F 2 ​ ( x ) = k b d −   d  C c −   d  x e c


    F 3 ( x ) = p c −   d  D ​ d


    F 4 ( x ) = q c −   d  E ​ e


  G ( x ) = G =  (      𝜎 1 b  0     0                0   0    𝜎 2 c     0              0      0   0     0   0          𝜎 3 d   0       0       𝜎 4 e ) ​


    𝑿  𝟎 ∈  ℝ +  𝟒


    𝓕  𝟎 −


  X ( t ) = ( B ( t ) , C ( t ) , D ( t ) , E ( t ) )  


  [ 0 , 𝜏 )


  𝜏


  X ( t ) =   X 0 +   ∫ 0  t  ​ F ( X ( s ) ) d s +   ∫ 0  t  G ( X ( s ) ) d W ( s )  


  0 ≤ t < 𝜏


  B  ( t ) =   B 0 +   ∫ 0  t    F 1 ​  ( X  ( s ) ) d s +   ∫ 0  t    𝜎 1 ​ B  ( s ) d W 1 ​  ( s ) ,


  C , D , E


  𝑯 :  ℝ  𝟒 ⟶  ℝ  𝒎


  𝑹 > 𝟎


    𝑳  𝑹 ​ > 𝟎


   ‖ H ( x ) − H ( y ) ‖ ≤   L  R  ‖ x − y ​   ‖


   ‖ x ‖ ≤ R ,  ‖ y ‖ ≤ R


  𝑭 :  ℝ  𝟒 ⟶  ℝ  𝟒


  𝑮 :  ℝ  𝟒 ⟶  ℝ  𝟒 ×  ℝ  𝟒


  𝑭


  ( 𝒃 , 𝒄 , 𝒅 , 𝒆 )


    F 1 ​ ( b , c , d , e ) = 𝛬 + 𝜌 b −   𝜌  K ​   b 2 − k b d −   d  B b .  


    b 2


  b d


  x , y


   ‖ x ‖ ,  ‖ y ‖ ≤ R


   |   b  x 2 −   b  y 2 ​ | =  |   b  x −   b  y ​ |  |   b  x +   b  y ​ | ≤ 2 R  |   b  x −   b  y ​ | ​


   |   b  x ​   d  x ​ −   b  y   d  y | ​


    b  x ​   d  x ​ −   b  y   d  y =   d  x ​ (   b  x −   b  y ​ ) +   b  y ​ (   d  x −   d  y ​ )


   |   b  x ​   d  x ​ −   b  y   d  y | ​ ≤ R  |   b  x −   b  y ​ | + R  |   d  x −   d  y | ​ ​


    F 1


    F 2 ​ ( b , c , d , e ) = k b d −   d  C c −   d  x ​ e c


  b d


  e c


    F 3 ( b , c , d , e ) = p c −   d  D ​ d  


    F 4 ( b , c , d , e ) = q c −   d ​  E e ,


  F  


  G


    𝜎 1 ​ b ,   𝜎 2 ​ c ,   𝜎 3 ​ d ,   𝜎 4 ​ e


   ‖ G ( x ) − G ( y ) ‖ ≤ C  ‖ x − y ‖


  C > 0


  G


  F


  G


  𝑿 ( 𝒕 )


    𝜏  e =    lim  n → ∞ ⁡    𝜏  n ​ ​


    𝜏  n =  inf ⁡  { t ≥ 0 :  ‖ X ( t ) ‖ ≥ n }


   inf ⁡ ∅ = ∞


    𝜏  e < ∞


   ℝ 4


  V ∈   C 2 (  ℝ + 4 ​ ; ℝ )


  x = ( b , c , d , e )


  L V ( x ) =   ∑  i = 1 4  ​   F  i ​ ( x )   ​ 𝜕 V  𝜕   x  i ​ +  1 2 ​   ( G   G  T )  i j ​ ( x )   𝜕 V  𝜕   x  i 𝜕   x  j


  G ( x )


  G   G  T =  (      𝜎 1 2   b 2  0     0                0   0    𝜎 3 2   c 2     0                0      0   0     0   0          𝜎 3 2   d 2   0     0     𝜎 4 2   e 2 )


  L V = ​   F 1 ​   V  b + ​   F 2 ​   V  c + ​   F 3 ​   V  g + ​   F 4 ​   V  e


  +  1 2 ​   𝜎 1 2   b 2   V  b b +  1 2 ​   𝜎 2 2   c 2   V  c c ​


  +  1 2 ​   𝜎 3 2   d 2   V  d d +  1 2 ​   𝜎 4 2   e 2   V  e e


  𝑿 ( 𝒕 )


  𝒅 𝑿 ( 𝒕 ) = 𝑭 ( 𝑿 ( 𝒕 ) ) 𝒅 𝒕 + 𝑮 ( 𝑿 ( 𝒕 ) ) 𝒅 𝑾 ( 𝒕 )


  𝑽 ∈   𝑪  𝟐 (  ℝ  𝟒 ​ ; ℝ )


  d V ( X ( t ) ) = ​ L V ( X ( t ) ) d t + 𝛻   V ( X ( t ) )  T G ( X ( t ) ) d W ( t )


  V  ( X  ( t ) ) = ​ V  ( X 0 ​ ) +   ∫ 0  t  L V  ( X  ( s ) ) d s +   ∫ 0  t  𝛻   V  ( X  ( t ) )  T G  ( X  ( t ) ) d W  ( s ) .


  V : Ω ×  ℝ + 4 ⟶  [ 0 , ∞ )


  𝑽  ( 𝜔 , . ) ∈   𝑪  𝟐 (  ℝ +  𝟒 )


  𝑽 ( 𝜔 , 𝒙 ) ⟶ ∞


   ‖ 𝒙 ‖ → ∞


    V 1 ​ ( B , C , D , E ) = B + C + D + E


    V  p ( B , C , D , E ) = 1 +   B  p +   C  p +   D  p +   E  p


  p ≥ 2


  𝒳 =  ℝ + 4


    𝒳 ∘ =  ℝ + 4 ​


  𝜕 𝒳 = 𝒳 ∖   𝒳 ∘


    X 0 ∈ 𝒳 ⟹ X  ( t ) ∈ 𝒳 ,     ∀ t ≥ 0


  ​    lim  t → ∞ ⁡   [ C ( t ) + D ( t ) ] = 0     a . s .


     lim  t → ∞ ⁡   sup ⁡   1  t  ln ⁡  ( C ( t ) + D ( t ) ) < 0       a . s . ​  


  𝜺 > 𝟎


  𝜹 > 𝟎


     lim  t → ∞ ⁡   inf ⁡  ℙ  { C ( t ) + D ( t ) > 𝛿 } ≥ 1 − 𝜀 . ​


  B ( t )


  C ( t )


  t > 0


  D ( t )


  E ( t )


  t > 0


  Λ


  𝜌 B  ( t )  ( 1 −   B  ( t )  K )


  K


  K


  K


  k


    d  x


  p


  q


    d  B


      d  D


      d  c


    d  E


    d B  d t = Λ + 𝜌 B  ( t )  ( 1 −   B  ( t )  K ) − k D  ( t ) B  ( t ) −   d  B B ( t )


    d C ( t )  d t = k B  ( t ) D  ( t ) −   d  C C  ( t ) −   d  x E ( t ) C ( t )


    d D ( t )  d t = p C ( t ) −   d  D D  ( t )


    d E ( t )  d t = q C ( t ) −   d  E E  ( t )


  B  ( 0 ) =   B 0 > 0


  C  ( 0 ) = 0


    D  ( 0 ) =   D 0 ≥ 0


  E  ( 0 ) =   E 0 ≥ 0


  B


  C


  D


  E


  10 ×   d a y  − 1


  Λ


  1 . 6126 ×  10  − 4   m m 3   d a y  − 1


  k


    0 . 1   d a y  − 1


    d  B


  0 . 01   d a y  − 1


  Ρ


    2 . 4 d a y  − 1


    d  D


  0 . 3   d a y  − 1


    d  C


  0 . 01   d a y  − 1


    d  E


  0 . 01   d a y  − 1


    d  x


  30   d a y  − 1


  p


  300   d a y  − 1


  G


 


  q


    C ∗ = 0 ,   D ∗ = 0 ,   E ∗ = 0


    B ∗


  0 = 𝛬 + 𝜌   B ∗ ( 1 −     B ∗  K ​ ) −   d  B ​   B ∗


  0 = 𝛬 + 𝜌   B ∗ −   𝜌  K ​   (   B ∗ ) 2 −   d  B ​ B ∗


    𝜌  K ​   (   B ∗ ) 2 + (   d  B ​ − 𝜌 )   B ∗ − 𝛬 = 0


  𝜌 > 0


  K


    𝜌 (   B ∗ ) 2 + K (   d ​  B − 𝜌 )   B ∗ − K 𝛬 = 0


    B ∗ =   − K ( d B − 𝜌 ​ ) ±    K 2   ( d B − 𝜌 ) 2 + 4 𝜌 K 𝛬  2 𝜌


    B ∗ =   K ( 𝜌 − d B ​ ) ±    K 2   ( 𝜌 −   d  B ) 2 + 4 𝜌 K 𝛬  2 𝜌


    K 2   ( 𝜌 −   d  B ) 2 + 4 𝜌 K 𝛬 >  | K ( 𝜌 −   d  B ​ ) |


    B 0 ∗ =   K ( 𝜌 − d B ​ ) ±    K 2   ( 𝜌 −   d  B ) 2 + 4 𝜌 K 𝛬  2 𝜌


   ℰ 0 ​ = (   B 0 ∗ ​ , 0 , 0 , 0 )


    B 0 ∗


    B 0 ∗


    d ​  B 𝛬


  𝜌 B ( 1 −   B  K ​ )


    R 0


  C , D


  E


  −   d  x E C  


   ℰ 0 ​ = (   B 0 ∗ ​ , 0 , 0 , 0 )


  E C


    d C  d t   ​ ​ = k   B 0 ∗ ​ D −   d  C ​ C


    d D  d t   = p C −   d  D ​ D


    R 0


    x  I = ( C , D )


    d   x  I ​ ​  d t = F (   x  I ​ ) − V (   x  I ​ )


  F


  F =  (    k   B 0 ∗ ​ D   0 )


  𝒱 =  (      d  C C     d  D D − p C )


  F = D ℱ (   ℰ ​ 0 ) =  (    0  k   B 0 ∗   0  0 )


  V = D 𝒱 (   ℰ ​ 0 ) =  (      d  C  0   − p    d  D )


   det ⁡  V =   d  C   d  D ​ > 0


    V  − 1 =  (     1    d  C  0     p    d  C   d  D   1    d  D ) ​ ​ ​


  𝒦 = F   V  − 1


  𝒦 =  (    0  k   B 0 ∗   0  0 )  (     1    d  C  0     p    d  C   d  D   1    d  D ) =  (      k   B 0 ∗ p    d  C   d  D    k   B 0 ∗    d  D   0  0 )


  𝒦 =  (      k   B 0 ∗ p    d  C   d  D    k   B 0 ∗    d  D   0  0 )


  𝒦


    𝜆 1 =   k   B 0 ∗ p    d  C   d  D ​ ​


    𝜆 2 = 0


  𝜌 ( 𝒦 ) =   k   B 0 ∗ p    d  C   d  D


    R 0 = 𝜌 ( 𝒦 ) =   k   B 0 ∗ p    d  C   d  D


    R 0 = 𝜌 ( 𝒦 ) =   k p    d  C   d  D


    R 0 =   k   B 0 ∗ p    d  C   d  D


   1    d  C


  p


   1    d  D


  k   B 0 ∗


    k   B 0 ∗ p    d  C   d  D


    R 0


    C ∗ =   E ∗ = 0


    d  x ​ E C


    R 0 = 1


    R 0 ​ < 1


    R 0 ​ > 1 ​  


    R 0 ​ < 1


    R 0 > 1


    R 0 =   k   B 0 ∗ p    d  C   d  D


    k  c =     d  C   d  D    B 0 ∗ p


    R 0 < 1 ⟺ k <   k  c


    R 0 ​ > 1 ⟺ k >   k  c


  k


    d  x


    R 0


    d  x


    R 0


    R 0 =   k   B 0 ∗ p    d  C   d  D


  d B ​ =   F 1 ( X ) d t +   𝜎 ​ 1 B d   W 1


  d C =   F 2 ( X ) d t +   𝜎 2 ​ C d   W 2


  d D =   F 3 ​ ( X ) d t +   𝜎 3 ​ D d   W 3


  d E =   F 4 ( X ) d t +   𝜎 4 E d   W 4


  d C ​ = ( k   B 0 ∗ ​ D −   d  C C ) d t +   𝜎 2 ​ C d   W 2


  d D = ( p C −   d  D D ) d t +   𝜎 3 D d   W 3


    𝜎  i   d 𝛽  i ( t )


  B  ( t )


  C  ( t )


  D  ( t )


  E  ( t )


    𝛽  i ( t )


  i = 1 , 2 , 3 ,


    𝜎  i


  d B   ( t ) =  [ Λ + 𝜌 B  ( t )  ( 1 −   B  ( t )  K ) − k D  ( t ) B  ( t ) −   d  B B  ( t ) ] d t +   𝜎 1 B ( t )   d 𝛽 1 ( t )


  d C  ( t ) =  [ k B  ( t ) D  ( t ) −   d  C C  ( t ) −   d  x E  ( t ) C  ( t ) ] d t +   𝜎 2 C ( t )   d 𝛽 2 ( t )


  d D ( t ) =  [ p C  ( t ) −   d  D D  ( t ) ] d t | +   𝜎 3 D ( t )   d 𝛽 3 ( t )


  d E  ( t ) =  [ q C  ( t ) −   d  E E  ( t ) ] d t +   𝜎 4 E  ( t )   d 𝛽 4  ( t )


  X ( t ) =   ( B ( t ) , C ( t ) , D ( t ) , E ( t ) )  T


  d X ( t ) = F ( X ( t ) ) d t + G ( X ( t ) ) d W ( t )


  d B =  [ Λ + 𝜌 B  ( t )  ( 1 −   B  ( t )  K ) − k D  ( t ) B  ( t ) −   d  B B  ( t ) ] d t +   𝜎 1 B  ( t ) d   𝛽 1  ( t )


  ≤  [ Λ + 𝜌 B  ( 1 −   B  K ) ] d t +   𝜎 1 B d   𝛽 1  ( t )


  d   B ∗ =  [ Λ + 𝜌   B ∗  ( 1 −     B ∗  K ) ] d t +   𝜎 1   B ∗ d   𝛽 1  ( t ) .


  𝛬


    B  K ≈ 0


  d   B ∗ =  [ Λ + 𝜌   B ∗ ] d t +   𝜎 1   B ∗ d   𝛽 1  ( t )


    B ∗ =  Φ 1  ( t ) {   B ∗ ( 0 ) + Λ   ∫ 0  t     Φ 1  ( 𝜏 )  − 1 d 𝜏 }


   Φ 1  ( t ) = exp ⁡  [  ( 𝜌 −       𝜎 1 2 2 ) t +   𝜎 1   𝛽 1  ( t ) ]


  B  ( t ) ≤  exp ⁡   [  ( 𝜌 −       𝜎 1 2 2 ) t +   𝜎 1   𝛽 1  ( t ) ] + Λ   ∫ 0  t   exp ⁡   [ −  ( 𝜌 −       𝜎 1 2 2 ) t −   𝜎 1   𝛽 1  ( t ) ] d 𝜏 .


    lim ⁡  t → ∞  sup ⁡  B  ( t ) ≤  Λ      𝜎 1 2 2 − 𝜌   .


  a = 𝜌 −     𝜎 1 2 2


  a < 0


  B ( t ) ≤ X ( t ) ( B ( 0 ) + 𝛬 I ( t ) ) ,


  X ( t ) =   e  a t +   𝜎 1   𝛽 1 ( t )


  I  ( t ) =   ∫ 0  t    X  − 1  ( 𝜏 )   d 𝜏 .


      𝛽 1 ( t )  t ⟶ 0


     log ⁡  X ( t )  t = a +   𝜎 1     𝛽 1 ( t )  t ⟶ a


  a < 0


  X ( t ) ⟶ 0


  X  ( t ) I ( t )


  I  ( t ) =   ∫ 0  t    e  − a 𝜏 −   𝜎 1   𝛽 1 ( 𝜏 ) d 𝜏 .


  X  ( t ) I  ( t ) =   ∫ 0  t  ​   e  a  ( t − 𝜏 ) +   𝜎 1  (   𝛽 1  ( t ) −   𝛽 1  ( 𝜏 ) ) d 𝜏 .


  = t − 𝜏


  X  ( t ) I  ( t ) =   ∫ 0  t  ​   e  a s +   𝜎 1  (   𝛽 1  ( t ) −   𝛽 1  ( t − s ) ) d s .


  W ( t ) − W ( t − s ) ∼ N ( 0 , s ) ,


  a < 0 ,


    e  a s


     lim  t ⟶ ∞ ⁡  X  ( t ) I  ( t ) = −  1  a               a . s .


     lim  t ⟶ ∞ ⁡   sup ⁡  B ( t ) ≤ Λ  ( −  1  a ) ,


     lim  t ⟶ ∞ ⁡   sup ⁡  B ( t ) ≤  Λ      𝜎 1 2 2 − 𝜌 ≔   𝜆 1 =   B  m a x


  Λ


    d C  ( t )  d t = k B  ( t ) D  ( t ) −   d  C C  ( t ) −   d  x E  ( t ) C  ( t )   + 𝜎 2  ( t ) C  ( t )   d 𝛽 2  ( t )


  ≤ k B  ( t ) D  ( t ) −   d  C C  ( t )   + 𝜎 2  ( t ) C  ( t )     𝛽 2 .  ( t )


  B ( t ) ≤  Λ    d  B =   𝜆 1


  D ≤   D  m a x


  d C  ( t ) ≤  ( k   𝜆 1   D  m a x −   d  C C  ( t ) ) d t +   𝜎 2  ( t ) C  ( t ) d B  ( t )


  ≤  ( k   𝜆 1   𝜆 3 −   d  C C  ( t ) ) d t +   𝜎 2  ( t ) C  ( t ) d   𝛽 2  ( t )


  ≤  ( 𝜂 −   d  C C  ( t ) ) d t +   𝜎 2  ( t ) C  ( t ) d   𝛽 2  ( t )


  𝜂 = k   𝜆 1   𝜆 3


    d C ∗ =  ( 𝜂 −   d  C   C ∗  ( t ) ) d t +   𝜎 2  ( t )   C ∗  ( t ) d   𝛽 2 ( t )


    C ∗  ( t ) =  Φ 2  ( t ) {   I ∗ + 𝜂   ∫ 0  t   Φ 2    ( 𝜏 )  − 1 d 𝜏 }


   Φ 2  ( t ) = exp ⁡ { −  (   d  C +       𝜎 2 2 2  ( t ) ) t +   𝜎 2   𝛽 2  ( t )


  C  ( t ) ≤   C ∗  ( 0 )  exp ⁡   { −  (   d  C +       𝜎 2 2 2 ) t +   𝜎 2   𝛽 2  ( t ) }


  + 𝜂   ∫ 0  t  exp ⁡ { (   d  C +       𝜎 2 2 2 ) ( t − 𝜏 ) −   𝜎 2 (   𝛽 2  ( t ) −   𝛽 2  ( 𝜏 ) ) } d 𝜏


    lim ⁡  t → ∞  sup ⁡  C  ( t ) ≤   𝜂    d  c = :   𝜆 2 =   C  m a x


  d D = ( p C ( t ) −   d  D D  ( t )   ) d t + 𝜎 3 ( t ) D ( t )   d 𝛽 3 ( t


  ≤ ( p   𝜆 2 −   d  D D  ( t )   ) d t + 𝜎 3 D ( t ) d   𝛽 3 ( t )


    d D ∗ = ( p   𝜆 2 −   d  D   D ∗  ( t )   ) d t + 𝜎 3   D ∗ ( t ) d   𝛽 3 ( t )


    lim ⁡  t → ∞  sup ⁡  D  ( t ) ≤   p   𝜆 2    d  D = :   𝜆 3


  d E  ( t ) =  ( q C  ( t ) −   d  E E  ( t ) ) d t +   + 𝜎 4  ( t ) E  ( t )   d 𝛽 4  ( t )


    𝜆 2


  d E  ( t ) ≤  ( q   𝜆 2 −   d  E E  ( t ) ) d t +   + 𝜎 4  ( t ) E  ( t )   d 𝛽 4  ( t )


    d E ∗ =  ( q   𝜆 2 −   d  E   E ∗  ( t ) ) d t +   𝜎 4  ( t )   E ∗  ( t )   d 𝛽 4  ( t )


    E ∗  ( t ) =  Φ 4  ( t ) {   E ∗ ( 0 ) +   ∫ 0  t     Φ 4  − 1 ( 𝜏 ) d 𝜏 }


   Φ 4 = exp ⁡ { −  (   d  E +       𝜎 4 2 2  ( t ) ) t +   𝜎 4   𝛽 4  ( t )


  E  ( t ) ≤   E ∗  ( 0 )  exp ⁡   { −  (   d  E +       𝜎 4 2 2  ( t ) ) t +   𝜎 4   𝛽 4  ( t ) }


  + q   𝜆 2   ∫ 0  t  e x p { −  (   d  E +       𝜎 4 2 2  ( t ) )  ( t − 𝜏 ) −   𝜎 4 (   𝛽 4  ( t ) −   𝛽 4  ( 𝜏 ) ) d 𝜏


    lim ⁡  t → ∞  sup ⁡  E  ( t ) ≤   q   𝜆 2   (   d  E ) = :   𝜆 4


  ∆ = { ( B , C , D , E ) ∈  ℝ 4 : B ≤   𝜆 1 , C ≤   𝜆 2 , D ≤   𝜆 3 , E ≤   𝜆 4 }


    𝜆 1 ≔  Λ      𝜎 1 2 2 − 𝜌


    𝜆 2 ≔     𝜂    d  C


    𝜆 3 = :   P   𝜆 2    d  D


      q   𝜆 2    d  E = :   𝜆 4


  ∆


  𝜌 <     𝜎 1 2 2


     lim  t ⟶ ∞ ⁡   sup ⁡  B ( t ) ≤  Λ      𝜎 1 2 2 − 𝜌


  B ( t )


  Λ = 0


     lim  t ⟶ ∞ ⁡  B ( t ) = 0


    X 0 = ( B ( 0 ) , C ( 0 ) , D ( 0 ) , E ( 0 ) ) ∈  ℝ + 4


  ( B ( t ) , C ( t ) , D ( t ) , E ( t ) ) ∈  ℝ + 4


  N  ( t ) = B  ( t ) + C ( t )


  V  ( t ) = N  ( t ) +  1  N ( t )


  d V  ( t ) = d N  ( t ) −  1    N 2 d N  ( t ) +  1    N 3   ( d N ( t ) ) 2


  d V  ( t ) =  ( 1 −  1    N 2 )  [ Λ + 𝜌 B  ( t )  ( 1 −   B  ( t )  K ) − k D  ( t ) B  ( t ) −   d  B B  ( t ) + k D  ( t ) B  ( t ) −   d  C C  ( t ) −   d  x E  ( t ) C  ( t ) ] d t +  ( 1 −  1    N 2 )  (   𝜎 1 B d 𝛽 +   𝜎 2 C d 𝛽 ) +  1    N 3   ( 𝜎 1 2   B 2 +   ( 𝜎 2 2   C 2 ) d t


  ℒ


  ℒ V =  ( 1 −  1    N 2 )  [ Λ + 𝜌 B  ( t )  ( 1 −   B  ( t )  K ) −   d  B B  ( t ) −   d  C C  ( t ) −   d  x E  ( t ) C  ( t ) ]


  +  1    N 3   ( 𝜎 1 2   B 2 +   ( 𝜎 2 2   C 2 )


  B ( t ) ≤ N ( t )


  C ( t ) ≤ N


  ℒ V ≤   K 1 −   K 2 V ( x , t )


    K 1 ,   K 2 > 0


  p : ( 0 , ∞ ) × X × X ⟶ ( 0 , ∞ )


    P  t (   X    0 , Z )


  ( t ,   X    0 , Z )


    P  t  (   X    0 , Z ) =   ∫  A      P  t (   X    0 , Z )   dZ .    


  w > 0


   inf ⁡   {    P  t  (   X    0 , Z ) :   X    0 , Z ∈ X ,   | X    0 |  ,  | Z | ≤   w } ≥   C ^  


    C ^ =   C ^ ( t , w )   > 0


  A


    P  t  (   X    0 , Z ) =   ∫  A      P  t (   X    0 , Z )   dZ ≥   C ^ L e b  ( A ,   B  w  ( 0 ) ) =   C ^ L e b (   B  w  ( 0 ) ) P ( A )


  ℙ  ( A ) = L e b  ( A ∩   B  𝜔  ( 0 ) ) / L e b (   B  𝜔  ( 0 ) )


  ( B ( t ) , C ( t ) , D ( t ) , E ( t ) ) ∈  ℝ 4


    X 0 = ( B ( 0 ) , C ( 0 ) , D ( 0 ) , E ( 0 ) ) ∈  ℝ + 4


  V −


  N  ( t ) = B ( t ) + C ( t )


  V  ( t ) = N ( t ) +  1  N ( t )


  𝔼   e    K 2 t V  ( t ) = 𝔼 V  ( 0 ) + 𝔼  (   ∫ 0  t    e    K 2 s  (   K 2 V  ( s ) + ℒ V  ( s ) ) d s )


  ≤ 𝔼 V  ( 0 ) +   K 1 𝔼  (   ∫ 0  t    e    K 2 s d s )


  = 𝔼 V  ( 0 ) +     K 1    K 2 (   e    K 2 t − 1 )


  𝔼 V  ( t ) = 𝔼 V  ( 0 )   e    − K 2 t +     K 1    K 2  ( 1 −   e  −   K 2 t ) ≔   C ^


  𝜍


      C ^  𝜍 < 1


  ℙ  { N  ( t ) +  1  N  ( t ) > 𝜍 } ≤  1  𝜍 𝔼  { N  ( t ) +  1  N  ( t ) } ≤     C ^  𝜍 ≔ 𝜀


  1 − 𝜀 ≤ ℙ  { N  ( t ) +  1  N  ( t ) ≤ 𝜍 } ≤ ℙ {  1  𝜍 ≤ N ≤ 𝜍 }


    N 2 ≤ 2   | X | 2 ≤   2 N 2


  ℙ  {  1   2 𝜍 ≤   N   2 ≤  | X | ≤ 𝜍 } ≥ 1 − 𝜀


    X 0 = (   B 0 ,   C 0 ,   D 0 ,   E 0 ) ∈  ℝ + 4


  t ∈ [ 0 ,   𝜏  e )


    𝜏  e


  X =  ( B  ( t ) , C  ( t ) , D  ( t ) , E ( t ) ) ∈  ℝ + 4


  F :  ℝ 4 ⟶  ℝ 4


  F  ( X ) =  (   F 1  ( X ) ,   F 2  ( X ) ,   F 3  ( X ) ,   F 4 ( X ) )


    F 1 ( X ) = 𝛬 + 𝜌 B ( 1 −   B ​  K ) − k B D −   d  B B


    F 2 ​ ( X ) = k B D −   d  C C −   d  x ​ E C ,  


    F 3 ​ ( X ) = p C −   d  D ​ D ,  


    F 4 ( X ) = q C −   d  E ​ E .  


  G  ( X ) =  (      𝜎 1 B  0     0  0   0    𝜎 2 C     0  0      0   0     0   0          𝜎 3 D  0      0    𝜎 4 E ) .


  d X ( t ) = F ( X ( t ) ) d t + G ( X ( t ) ) d W ( t ) ,  


  W  ( t ) =  (   𝛽 1  ( t ) ,   𝛽 2  ( t ) ,   𝛽 3  ( t ) ,   𝛽 4 ( t ) )


  G


  ( B , C , D , E ) .  


  F


  G


   ℝ 4


  R > 0


    L  R > 0


   ‖ X ‖ < R


   ‖ Y ‖ < R


   ‖ F ( X ) − F ( Y ) ‖ +  ‖ G ( X ) − G ( Y ) ‖ ≤   L  R  ‖ X − Y ‖


  X ( t )


  [ 0 ,   𝜏  e )


  𝑩 ( 𝒕 )


  𝑩 ( 𝟎 ) =   𝑩  𝟎 > 𝟎


    𝜏  B = inf { t > 0 : B ( t ) = 0


  ℙ {   𝜏  B <   𝜏  e } = 0


  0 ≤ t <   𝜏  B


  B ( t ) > 0


    Y 1 ( t ) =  ln ⁡  B ( t ) .  


  f ( x ) =  ln ⁡  x


  f ′ ( x ) =  1  x ​ , f ′ ′ ( x ) = −  1    x 2 ​ .  


  d  ln ⁡  B ( t ) =  1  B  ( t ) ​ d B ( t ) −  1 2  1    B 2 ( t ) ​   ( d B ( t ) ) 2 .  


  d B ( t ) =   F 1 ( X ( t ) ) d t +   𝜎 1 B ( t ) d   𝛽 1 ​ ( t ) ,  


    ( d B ( t ) ) 2 =   𝜎 1   B 2 ( t ) d t .  


  d  ln ⁡  B ( t ) = ​ [ B ( t ) 𝛬 ​ + 𝜌 −   𝜌  K ​ B ( t ) − k D ( t ) −   d  B −  1 2 ​   𝜎 1 2 ​ ] d t +   𝜎 ​ 1 d   𝛽 1 ( t ) . ​


  B ( t ) =   e    Y 1 ​ ( t ) .  


    Y 1 ​ ( t )


  B ( t ) =   e    Y 1 ​ ( t ) > 0 .  


  B ( t )


  B ( t ) > 0 , 0 ≤ t <   𝜏  e ​ , a . s . ​  


  𝑪 , 𝑫 , 𝑬


  𝑪 ( 𝒕 )


    𝑪  𝟎 > 𝟎 .  


    Y 2 ​ ( t ) = ln C ( t ) .  


  d  ln ⁡  C ( t ) = ​ [ C ( t ) k B ( t ) D ( t ) ​ −   d ​  C −   d  x E ( t ) −  1 2   𝜎 2 2 ​ ] d t +   𝜎 2 ​ d   𝛽 2 ​ ( t )


  C ( t ) =   e    Y 2 ( t ) .  


  C ( t ) > 0 ​  


  t <   𝜏  e  


  D ( t )


  D 0 ​ > 0 ,  


    Y ​ 3 ( t ) =  ln ⁡  D ( t ) .  


  d  ln ⁡  D ( t ) = ​ [ D ( t ) p C ( t ) ​ −   d  D ​ −  1 2   𝜎 3 2 ] d t +   𝜎 3 d   𝛽 3 ​ ( t )


  D ( t ) =   e    Y 3 ( t ) > 0


  D  ( t ) > 0


  0 ≤ t <   𝜏  e ​ ,


  E ( t )


    E 0 > 0


    Y 4 ( t ) =  ln ⁡  E ( t ) .  


  d  ln ⁡  E ( t ) = ​ [ E ( t ) q C ( t ) ​ − d E ​ −  1 2   𝜎 4 2 ​ ] d t +   𝜎 4 ​ d   𝛽 4 ​ ( t )


  E ( t ) =   e    Y 3 ( t ) > 0 .  


  E  ( t ) > 0


  0 ≤ t <   𝜏  e


    𝑪  𝟎 = 𝟎 ,   𝑫  𝟎 = 𝟎 ,   𝑬  𝟎 ​ = 𝟎 .  


    𝐥 𝐧 ⁡  𝑪


    𝐥 𝐧 ⁡  𝑫


    𝐥 𝐧 ⁡  𝑬


  𝑪 = 𝟎


    F 2 ​ ( B , 0 , D , E ) = k B D .  


  B , D ≥ 0 ,  


  F ​ ( B , 0 , D , E ) ≥ 0 .  


    𝜎 2 ​ C = 0  


  C = 0 .  


  C


  C ( t ) ≥ 0 . ​  


    D = 0


    F 3 ( B , C , 0 , E ) = p C ≥ 0 .  


    𝜎 3 D = 0 .  


  D ( t ) ≥ 0 . ​  


  E = 0


    F 4 ​ ( B , C , D , 0 ) = q C ≥ 0 .  


    𝜎 4 ​ E = 0 .  


  E ( t ) ≥ 0 . ​  


  B = 0


    F 1 ​ ( 0 , C , D , E ) = 𝛬 .  


  Λ > 0 .


  B = 0


    𝜎 ​ 1 B = 0  


  B = 0


  B ( t ) ≥ 0 . ​  


  B 0 ​ > 0  


  Λ > 0 .


  B ( t ) > 0 . ​  


    B 0 > 0 ,   C 0 > 0 ,   D 0 ​ > 0 ,   E 0 > 0 ,  


  ( B ( t ) , C ( t ) , D ( t ) , E ( t ) ) ∈  ℝ 4  


  0 ≤ t <   𝜏  e  


    C 0 ​ ,   D 0 ​ ,   E 0 ≥ 0 ,  


  ( B ( t ) , C ( t ) , D ( t ) , E ( t ) ) ∈  ℝ + 4


  0 ≤ t <   𝜏  e  


   ℝ + 4 = { ( B , C , D , E ) : B , C , D , E ≥ 0 } ​  


  𝑿 ( 𝒕 ) = ( 𝑩 ( 𝒕 ) , 𝑪 ( 𝒕 ) , 𝑫 ( 𝒕 ) , 𝑬 ( 𝒕 ) )  


    𝝉  𝒆 = ∞


  ( 𝒕 ) ∈  ℝ +  𝟒


  𝒕 ≥ 𝟎


  𝑻 > 𝟎


  𝔼 [    sup  0 ≤ t ≤ T ⁡    ​ ( B ( t ) + C ( t ) + D ( t ) + E ( t ) ) ] < ∞


  V ( B , C , D , E ) = B + C + D + E


  V ( X ) ≥ 0


  V ( X ) ⟶ ∞  


   ‖ X ‖ ⟶ ∞


  V


  V ( B , C , D , E ) = B + C + D + E ,  


    V  B ​ =   V  C ​ =   V  D =   V  E = 1 ,  


  d V ( t ) = d B ( t ) + d C ( t ) + d D ( t ) + d E ( t ) .  


  d V ( t ) = ​ [ 𝛬 + 𝜌 B −   𝜌  K   ​ B 2 − k B D −   d  B ​ B + k B D −   d  C ​ C −   d  x ​ E C + p C −   d ​  D D + q C −   d ​  E E ] d t


  +   𝜎 ​ 1 B d   𝛽 1 +   𝜎 2 ​ C d   𝛽 2 +   𝜎 3 ​ D d   𝛽 3 +   𝜎 4 ​ E d   𝛽 4


  − k B D + k B D = 0 .  


  d V ( t ) = ​ [ 𝛬 + 𝜌 B −   𝜌  K   ​ B 2 −   d ​  B B + ( p − d C ​ + q ) C −   d  D ​ D −   d ​  x E C −   d  E ​ E ] d t


  +   ∑  i = 1 4    ​ 𝜎 ​  i   X  i ( t ) d   𝛽  i ( t )


    X 1 = B ,   X 2 = C ,   X 3 = D ,   X 4 = E .  


  −   𝜌  K   ​ B 2 ≤ 0 ,  


  −   d ​  x E C ≤ 0 .  


  L V ≤ ​ 𝛬 + 𝜌 B −   d  B ​ B + ( p − d C ​ + q ) C −   d  D ​ D −   d  E ​ E . ​  


  B ≤ V , C ≤ V , D ≤ V , E ≤ V ,  


    c 0


  L V ≤   c 0 ​ ( 1 + V )


    c 0 = max { Λ , 𝜌 +   d  B ​ , p + q +   d  C ​ ,   d  D ​ ,   d  E ​ } . ​  


  L V ≤   c 0 ​ ( 1 + V )


  𝔼   ∫ 0  t    ​ 𝜎 ​  i   X  i ( t ) d   𝛽  i ( s ) = 0 ,  


  𝔼 V ( t ) ≤ V ( 0 ) +   c 0 t +   c 0   ∫ 0  t  𝔼 V ( s ) ​ ​ d s


  𝔼 V ( t ) ≤ ( V ( 0 ) +   c 0 ​ t )   e    c 0 ​ t


  𝔼 V ( t ) < ∞ ​  


  t < ∞


    𝜏  n =  inf ⁡  { t ≥ 0 : V ( X ( t ) ) ≥ n } .  


    𝜏  n ⟶   𝜏 ​  e < ∞


  T > 0


    𝜏  n


  V ( X (   𝜏  n ​ ∧ T ) ) ≥ n  


  {   𝜏  n ≤ T } .  


  n ℙ  {   𝜏  n ≤ T } ≤ 𝔼 V ( X (   𝜏  n ∧ T ) ) .  


    C  T < ∞


  ℙ  {   𝜏  n ≤ T } ≤     C  T  n


     lim  n ⟶ ∞ ⁡  ℙ  {   𝜏  n ≤ T } = 0 .


  {   𝜏  e ≤ T } ⊆   ⋂  n = 1 ∞  ​ {   𝜏  n ≤ T }


  ℙ  {   𝜏  e ≤ T } = 0


  T > 0


  ℙ  {   𝜏  e ≤ ∞ } = 0


    𝜏  e = ∞


  ( B ( t ) , C ( t ) , D ( t ) , E ( t ) )


  t ∈ [ 0 ,   𝜏  e )


  (   B 0 ,   C 0 ,   D 0 ,   E 0 ) ∈  ℝ + 4


   ℝ + 4


    𝜏  e = ∞


    K 0 ∈  ℤ +


  (   B 0 ,   C 0 ,   D 0 ,   E 0 )


  B (   K 0 ) ⊆  ℝ + 4


  K ≥   K 0


    𝜏  k =  inf ⁡  { t ∈  [ 0 ,   𝜏  e ) : B ∉  (  1  K , K ) or E ∉  (  1  K , K ) }  


   inf ⁡  ∅ = ∞


  ∅ =


  k → ∞


    lim ⁡  t → ∞   𝜏  k =   𝜏 ∞


    𝜏 ∞ <   𝜏  e


  ℙ  {   𝜏 ∞ = ∞ } = 1


  ℙ  {   𝜏  e = ∞ } = 1


    𝜏 ∞ ≠ ∞


  T > 0


  𝜀 ∈ ( 0 , 1 )


  ℙ  {   𝜏 ∞ ≤ T } > 𝜀


    k 1 ≥   k 0


  ℙ  {   𝜏 1 ≤ T } > 𝜀 .


    C 2


    C 2 −


  V :  ℝ + 4 ⟶  ℝ + ∪  { ∞ }


  V  ( B , C , D , E ) =   ∑  X ∈ ( B , C , D , E )  ( X  ( t ) − 1 −  ln ⁡  X  ( t ) )


  V  ( B , C , D , E ) = ( B  ( t ) − 1 −  ln ⁡  B  ( t ) ) +  ( C  ( t ) − 1 −  ln ⁡  C  ( t ) )


  + ( D  ( t ) − 1 −  ln ⁡  D  ( t ) ) + ( E  ( t ) − 1 −  ln ⁡  E  ( t ) ) )


  V


    𝜕 V  𝜕 B = 1 −  1  B


    𝜕 V  𝜕 C = 1 −  1  C


    𝜕 V  𝜕 D = 1 −  1  D


    𝜕 V  𝜕 B = 1 −  1  E


  d V =   ∑  X ∈ ( B , C , D , E )   ( 1 −  1  X ) d X +  1 2   ∑  X ∈ ( B , C , D , E )   1    X 2     ( 𝜎  X X ) 2 d t


  d X =   f  X d t +   𝜎  X X d   𝛽  X


  d V =   ∑  X ∈ ( B , C , D , E )   ( 1 −  1  X ) d X +  1 2   ∑  X ∈ ( B , C , D , E )   1    X 2     ( 𝜎  X X ) 2 d t


  d V =   ∑  X   ( 1 −  1  X )   f  X d X +  1 2   ∑  X      ( 𝜎  X ) 2 d t +   ∑  X   ( 1 −  1  X )   𝜎  X X d   𝛽  X


  d V =   𝜕 V  𝜕 B d B +   𝜕 V  𝜕 C d C +   𝜕 V  𝜕 D d D +   𝜕 V  𝜕 E d E +  1 2  (   𝜎 1 2 +   𝜎 2 2 +   𝜎 3 2 +   𝜎 4 2 ) =


  [  ( 1 −  1  B )  ( Λ + 𝜌 B  ( t )  ( 1 −   B  ( t )  K ) − k D  ( t ) B  ( t ) −   d  B B  ( t ) ) +  ( 1 −  1  C )  ( P C  ( t ) −   d  V D  ( t ) ) +  ( 1 −  1  D )  ( P C  ( t ) −   d  V D  ( t ) ) +  ( 1 −  1  E )  ( q C  ( t ) −   d  E E  ( t ) ) +  1 2  (   𝜎 1 2 +   𝜎 2 2 +   𝜎 3 2 +   𝜎 4 2 ) ] d t


  +  ( 1 −  1  B ) B   𝜎 1 d   𝛽 1 +  ( 1 −  1  C ) C   𝜎 2 d   𝛽 2 +  ( 1 −  1  D ) D   𝜎 3 d   𝛽 3 +  ( 1 −  1  E ) E   𝜎 4 d   𝛽 4


  d V = f  ( B , C , D , E ) d t + g  ( B , C , D , E ) d 𝛽


  f  ( B , C , D , E ) =  ( 1 −  1  B )  ( Λ + 𝜌 B  ( t )  ( 1 −   B  ( t )  K ) − k D  ( t ) B  ( t ) −   d  B B  ( t ) )


  +  ( 1 −  1  C )  ( P C  ( t ) −   d  V D  ( t ) ) +  ( 1 −  1  D )  ( P C  ( t ) −   d  V D  ( t ) )


  +  ( 1 −  1  E )  ( q C  ( t ) −   d  E E  ( t ) ) +  1 2  (   𝜎 1 2 +   𝜎 2 2 +   𝜎 3 2 +   𝜎 4 2 )


  g  ( B , C , D , E ) =  ( 1 −  1  B ) B   𝜎 1 d   𝛽 1 +  ( 1 −  1  C ) C   𝜎 2 d   𝛽 2 +  ( 1 −  1  D ) D   𝜎 3 d   𝛽 3


  +  ( 1 −  1  E ) E   𝜎 4 d   𝛽 4


  M > 0


   ‖ f    ( B , C , D , E ) ‖ ≤ M


   ( B , C , D , E ) ∈  ℝ + 4


    ∫ 0    𝜏  m ∧ t  d V ( B , C , D , E ) ≤   ∫ 0    𝜏  m ∧ t  M d t +   ∫ 0    𝜏  m ∧ t  g ( B , C , D , E ) d 𝛽


    { 𝜏  K ∧ T } = min ⁡     { 𝜏  K , T }


  = 𝔼 V  (   B ( 𝜏  k ∧ t ) ,   C ( 𝜏  k ∧ t ) ,   D ( 𝜏  k ∧ t ) ,   E ( 𝜏  k ∧ t ) ≤ V  ( B  ( 0 ) , C  ( 0 ) , D  ( 0 ) , E  ( 0 ) ) + M T .


   (   B ( 𝜏  k ∧ t ) ,   C ( 𝜏  k ∧ t ) ,   D ( 𝜏  k ∧ t )


    E ( 𝜏  k ∧ t )


  ( K ,  1  K )


  w ∈  Ω  k


  V  (   B ( 𝜏  k ∧ t ) ,   C ( 𝜏  k ∧ t ) ,   D ( 𝜏  k ∧ t ) ,   E ( 𝜏  k ∧ t ) ≥ ( k − 1 − ln ⁡ ⁡ k ) ⋀ (  1  k − 1 − ln ⁡  1  k )


  𝔼 V  (   B ( 𝜏  k ∧ t ) ,   C ( 𝜏  k ∧ t ) ,   D ( 𝜏  k ∧ t ) ,   E ( 𝜏  k ∧ t ) )


  ≥ 𝔼   I   Ω  k ( k − 1 − ln ⁡   k ) ⋀ (  1  k − 1 − ln ⁡    1  k )


  ≥ 𝜀 ( k − 1 −  ln ⁡  k ) ⋀ (  1  k − 1 −  ln ⁡   1  k )


    I   Ω  k


   Ω  k


  k → ∞


  ∞ > V  ( B  ( 0 ) , C  ( 0 ) , D  ( 0 ) , E  ( 0 ) ) + M T = ∞


  ℙ  {   𝜏 ∞ = ∞ } = 1


  ℙ  {  (  ( B t ) , C  ( t ) , D  ( t ) , E  ( t ) ) ∈  ℝ + 4 : t ≥ 0 } = 1


    R 1  s =   k p Λ    d  B  (   d  C +     𝜎 2 2 2 )    (   d  D   +     𝜎 3 2 2 )


    R 1  s < 1


    R 1  s < 1


  ( B ( t ) , C ( t ) , D ( t ) , E ( t ) )


    lim ⁡  t → ∞  sup ⁡   1  t   ∫ 0  t  B ( s ) d s ≤  Λ  𝜇


    lim ⁡  t → ∞  sup ⁡     log ⁡  C ( t )  t < ∞


    lim ⁡  t → ∞  sup ⁡     log ⁡  D ( t )    t < 0


    lim ⁡  t → ∞  sup ⁡     log ⁡  E ( t )    t < 0


  d B =  ( Λ + 𝜌 B  ( t )  ( 1 −   B  ( t )  K ) − k D  ( t ) B  ( t ) −   d  B B  ( t ) ) d t +   𝜎 1 B ( t )   d 𝛽 1 ( t )


   ( 0 ) =   B 0 > 0


  d B ≤  ( Λ −   d  B B  ( t ) ) d t +   𝜎 1 B ( t )   d 𝛽 1 ( t )


  f  ( B  ( t ) ) = Λ −   d  B B  ( t )


   ( B  ( t ) ) =   𝜎 1 B ( t )


  B ( t ) ∈ ( 0 , ∞ )


    ∫    a 0  B ( t )    g  ( u )    𝜎 2 ( u ) d u =   ∫    a 0  B ( t )   1      𝜎 1 2   u 2  ( Λ −   d  B u ) d u =  1      𝜎 1 2 ( −  Λ  B −   d  B  ln ⁡  B  ( t ) ) +   C 1


    ∫    a 0  B ( t )    f  ( u )    g 2 ( u ) d u =   ∫    a 0  B ( t )   1      𝜎 1 2   u 2  ( Λ −   d  u u ) d u =  1      𝜎 1 2 ( −  Λ  B −   d  B  ln ⁡  B  ( t ) ) +   C 1


    a 0


    C 1


    ∫ 0 ∞   1    g 2 ( B )   e    ∫    a 0  B    f  ( u )    g 2 ( u ) d u d B =   ∫ 0 ∞   1    𝜎 1 2   B 2   e  2 (  1      𝜎 1 2  ( −  Λ  B −   d  B  ln ⁡  B  ( t ) ) +   C 1 ) d B


  =     e  2   C 1      𝜎 1 2   ∫ 0 ∞    B    − 2 d B    𝜎 1 2 − 2   e  −   2 Λ      𝜎 1 2 B d B < ∞ ,


  K  ( B ) =     e  2   C 1      𝜎 1 2   B    − 2 B    𝜎 1 2 − 2   e  −   2 Λ      𝜎 1 2 B d B


  B ( t ) ∈ ( 0 , ∞ )


    C 2 ≜     e  2   C 1      𝜎 1 2


    ∫ 0 ∞  B K  ( B ) d B = 1


    ∫ 0 ∞  B K  ( B ) d B =    lim  t ⟶ ∞ ⁡   1  t   ∫ 0  t  B ( s ) d s ,


    ∫ 0 ∞  B K  ( B ) d B =  Λ  B


  B ( t )


  B  ( 0 ) =   B 0 > 0


  d  ln ⁡  C =  (   k B  ( t ) D  ( t )  C  ( t ) −   d  C −   d  x E  ( t )  1 2   𝜎 2 2 ) d t −   𝜎 2 ( t )   d 𝛽 2 ( t )


  ≤ k B  ( t ) D  ( t ) −   d  C −   d  x E ( t )   −  1 2   𝜎 2 2 ) d t + 𝜎 2 ( t )   d 𝛽 2 ( t )


  t


   ln ⁡  C  ( t ) =  ln ⁡  C ( 0 ) +   ∫ 0  t    k B  ( 𝜏 ) D  ( 𝜏 )  C ( t ) −   d  C −   d  x E ( t )   −  1 2   𝜎 2 2 ) d 𝜏 + 𝜎 2 ( t )   d 𝛽 2 ( 𝜏 )


  ≤  ln ⁡  C  ( 0 )   +   ∫ 0  t   ( k B  ( 𝜏 ) D ( 𝜏 ) −   d  C −   d  x E  ( t ) −  1 2   𝜎 2 2 ) d 𝜏 +   ∫ 0  t    𝜎 2 ( 𝜏 )   d 𝛽 2 ( 𝜏 )  


  𝜙  ( t ) ≔   ∫ 0  t    𝜎 2   d 𝛽 2 ( 𝜏 )


   〈 𝜙  ( t ) , 𝜙  ( t ) 〉 =  1  t   ∫ 0  t    𝜎 2 2 d s =   𝜎 2 2 < ∞ .


     lim  t → ∞ ⁡   sup ⁡    𝜙  ( t )  t = 0


  t


  t → ∞


     lim  t → ∞ ⁡   sup ⁡   1  t  ln ⁡  C ( t ) ≤ k D  Λ  B − (  (   d  C +   d  x E +  1 2   𝜎 2 2 ) ) <    lim  t → ∞ ⁡   sup ⁡   1  t  ln ⁡  C  ( t ) ≤ k  Λ  B −  (   d  C +  1 2   𝜎 2 2 ) < 0


  t


   lim  t → ∞    ln ⁡  C ( t )  t ≤  1  t   ∫ 0  t   ( k B  ( 𝜏 ) V  ( 𝜏 ) −   d  C −   d  x E  ( 𝜏 ) −  1 2   𝜎 2 2 ) d 𝜏 +    1  t     ∫ 0  t    𝜎 2 ( 𝜏 )   d 𝛽 2 ( 𝜏 ) d 𝜏 )


     lim  t → ∞ ⁡   sup ⁡   1  t  ln ⁡  C ( t )


  ≤      lim  t → ∞ ⁡   sup ⁡   1  t ⁡  (   ∫ 0  t   ( k B  ( t ) V  ( t ) −   d  C C  ( t ) −   d  x E  ( t ) C  ( t ) −  1 2   𝜎 2 2 ) d t +    1  t     ∫ 0  t    𝜎 2 ( 𝜏 )   d 𝛽 2 ( 𝜏 ) d 𝜏 )  


     lim  t → ∞ ⁡   1  t     ∫ 0  t   ( k B  ( t ) V  ( t ) −   d  C C  ( t ) −   d  x E  ( t ) C  ( t ) −  1 2   𝜎 2 2 ) d t ⁡  


  ≤ k D  Λ    d  B − (   d  C +   d  x E  ( t ) C  ( t ) +  1 2   𝜎 2 2 )


  < k  Λ    d  B − (   d  C C  ( t ) +   d  x E  ( t ) C  ( t ) +  1 2   𝜎 2 2 ) < 0


  d  ln ⁡  D = (   p C  ( t )  D  ( t ) −   d  D   −  1 2   𝜎 3 2 ) d t + 𝜎 3  ( t )   d 𝛽 3  ( t ) ≤  ( p C  ( t ) −   d  D −  1 2   𝜎 3 2 ) d t +   𝜎 3  ( t )   d 𝛽 3  ( t )


    𝜑 2  ( t ) ≔   ∫ 0  t    𝜎 3 3 ( 𝜏 )


   〈   𝜑 2  ( t ) ,   𝜑 2  ( t ) 〉 =  1  t   ∫ 0  t    𝜎 3 2 d s =   𝜎 3 2 < ∞ .


     lim  t → ∞ ⁡   sup ⁡      𝜑 2  ( t )  t = 0


  t


  t → ∞


     lim  t → ∞ ⁡   sup ⁡   1  t  ln ⁡  D ( t ) ≤ p ( k  Λ  B ) − (  (   d  C +  1 2   𝜎 2 2 ) +   ( d  D   +  1 2   𝜎 3 2 )   ) ) < 0


    𝜑 2  ( t ) =  ln ⁡  E  ( t )


  d  ln ⁡  E ( t ) =    (   q C  ( t )  E ( t ) −   d  E −  1 2   𝜎 4 2 ) d t + 𝜎 4  ( t )   d 𝛽 4  ( t ) .


  t


   ln ⁡  E  ( t ) =  ln ⁡  E ( 0 ) +   ∫ 0  t     (   q C  ( t )  E ( t ) −   d  E −  1 2   𝜎 4 2 ) d 𝜏 + 𝜎 4  ( 𝜏 )   d 𝛽 4  ( 𝜏 )


  ≤  ln ⁡    E  ( 0 ) +   ∫ 0  t   ( q C  ( 𝜏 )   − d  E −  1 2   𝜎 4 2 ) d 𝜏 +   ∫ 0  t    𝜎 2  ( 𝜏 )   d 𝛽 2  ( 𝜏 ) .


    𝜑 4  ( t ) ≔   ∫ 0  t    𝜎 4   d 𝛽 4 ( 𝜏 )


   〈   𝜑 4  ( t ) ,   𝜑 4  ( t ) 〉 =  1  t   ∫ 0  t    𝜎 4 2 d s =   𝜎 4 2 < ∞ .


     lim  t → ∞ ⁡   sup ⁡      𝜑 4  ( t )  t = 0


  t


  t → ∞


     lim  t → ∞ ⁡   sup ⁡   1  t  log ⁡  E ( t ) ≤  ( q C  ( t )   − ( d  E +  1 2   𝜎 4 2 ) ) < 0


    R 1  s <   R 0


    R 0 > 1


    R 1  s < 1


  C ( t )


    𝜎  i   d 𝛽  i ( t )


  B  ( t )


  C  ( t )


  D  ( t )


  E  ( t )


    𝛽  i ( t )


  i = 1 , 2 , 3 ,


    𝜎  i


    B  n + 1 =   B  n + Λ + 𝜌   B  n  ( t )  ( 1 −     B  n  ( t )  K ) − k   B  n   D  n −   d  B   B  n +   𝜎 1   B  n  Δ t   𝜉  n , 1 +     𝜎 1 2 2 (   𝜉  n , 1 2 − 1 ) Δ t   B  n


    C  n + 1 =   C  n + k   B  n   D  n −   d  C   C  n −   d  x   E  n   C  n +   𝜎 2   C  n  Δ t   𝜉  n , 2 +     𝜎 2 2 2 (   𝜉  n , 2 2 − 1 ) Δ t ]   C  n


    D  n + 1 =   D  n + p   C  n −   d  D   D  n +   𝜎 3   D  n  Δ t   𝜉  n , 3 +     𝜎 3 2 2 (   𝜉  n , 3 2 − 1 ) Δ t   B  n


    E  n + 1 =   E  n + q   C  n −   d  E   E  n +   𝜎 4   E  n  Δ t   𝜉  n , 4 +     𝜎 4 2 2 (   𝜉  n , 4 2 − 1 ) Δ t   E  n


  B ( 0 ) = 1000    


  C ( 0 ) = 0


  D ( 0 ) = 10  


  E ( 0 ) = 5


  0 . 01 ≤   𝜎  i ≤ 0 . 30


    X  n + 1 =   X  n + f (   X  n ) 𝛥 t + 𝜎   X  n  𝛥 t


    𝜉  n +  1 2 𝜎 ²   X  n (   𝜉  n − 1 2 − 1 ) 𝛥 t .
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