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Abstract. In this paper, an autonomous predator-prey system with stage structure of distributed-delay type is
studied in this paper. By using an iterative method, the global stability of the interior equilibrium point of the
system is investigated. Our result extends the main result in [Global stability of a stage-structured predator-prey

system, Applied Mathematics and Computation, 223 (2013), 45-53].
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1. Introduction

During the last two decades, the study of dynamic behaviors of stage-structured ecosystem
become one of the most important research topic, many excellent results have been obtained,

see [1]-[25] and the references cited therein.
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In their series paper, Chen et al. [2, 3, 4] studied the dynamic behaviors of the following

stage-structured predator-prey system (stage structure for both predator and prey).

X1 (l) = n (I)XQ(I) —dix (l‘) — 1 (l — Tl)efd”T]XQ(l — Tl),

0 X2(t) = n (l‘— Tl)e_d“TIXQ(t—Tl) —dlzxz(t) —bl(t)x%( )—cl( ) ( )}72( )
yi(t) = r@)ya(t) —doyi(t) — ra(t — T)e 22y, (1 — 1),

Vot) = rt—mn)e 2%y (t — 1) —daya(t) — ba(t)y3(2) + ca(t)y2(t)x2(2),

where x;(7) and x,(¢) denote the densities of the immature and mature prey species at time 7,
respectively; y; () and y; () represent the immature and mature population densities of predator
species at time ¢, respectively; r;(t), b;(t), ¢;(t)(i = 1,2) are all continuous functions bounded
above and below by positive constants for all > 0. d,;, 7;,i,j = 1,2 are all positive constants.
By using the comparison theorem of differential equation, they investigated the partial survival
and extinction property of the system [2]; By introducing a new lemma and applying the stan-
dard comparison theorem, they investigated the persistent property of the system [3]; For the
autonomous case, by using an iterative method, they investigated the global stability of the in-
terior equilibrium point of the system [4]. Their result shows that conditions which ensure the
permanence of the system is enough to ensure the global stability of the system.

An important assumption behind the work of Chen et al. [2, 3, 4] is that all individuals take
the identic amount of time to become mature, which seems biologically unreasonable since
individuals in a population do not necessarily always mature at the same age [18]. With the aim
of overcome this defect, recently, Chen et al. [5, 6] proposed the following non-autonomous

predator-prey model with stage structure of distributed-delay type:
2)
) = r(Oxa(t) —dy(0x @) — / =) fils exp{/ —dyy (m)dm)xa(t — 5)ds,

1
Xo(t) = /Owrl(t—s)fl eXP{/ —dyi(m)dm}x;(t — s)ds

—dip(t)x2(1) = b1(1)x5(t) — c1(1)x2(t)y2 (1),
10 = nOn0=dnOn 0= [ =950 [ —damdnba s
nt) = /Orz(f—sfz eXP/ dy(m)dm}ys(t —s)ds

—da1 (1)y2(t) = b2 (1)y3 (1) +c2(£)y2(1)x2(2),
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where x| (7) and x»(¢) denote the densities of the immature and mature prey species at time ¢,
respectively; y;(¢) and y, () represent the immature and mature population densities of preda-
tor species at time ¢, respectively; r;(t),d;; bi(t), ¢i(t)(i,j = 1,2) are all continuous functions
bounded above and below by positive constants for all # > 0. fi(s),i = 1,2 is the probability
density function of species i that the maturation time is between s and s + ds with ds being
infinitesimal and [;° fi(s)ds = 1. In [5], they obtained sufficient conditions which concern with
the extinction of the system and partial survival of the predator (prey) species, respectively. In
[6], they obtained a set of sufficient conditions which ensure the permanence of the system.
However, comparing the results of [5, 6] and the results of [2, 3], one could see that the con-
ditions about the permanence and the partial survival of the system with distributed-delay are
complex than that of the discrete delay ones, the reason is that in system (1.1), the first and third
equation could be expressed in an integral form and consequently, the dynamic behaviors of x;
and y; are determined by x, and y,. While for the distributed-delay case, with the introducing
of probability density function f;(s), the first and third equation in system (2) could no longer
be expressed in integral form.

To the best of the authors knowledge, to this day, still no scholars investigate the stability
property of the system (2), which is one of the most important topic in the study of population
dynamics. As far as the non-autonomous ecosystem with stage-structure of distributed-delay is
concerned, only [19] investigated the stability property of a non-autonomous nonlinear stage-
structured competition system, however, their conditions are very complicated and not easy to
verify. This motivated us to consider a slightly more simple system, i.e., the autonomous case

of system (2).

X](l‘) = rlxz(t)—d“xl(t)—rl /Ooofl(s)exp{—d“s}xz(t—s)ds,
() = /0 " fu(s) expl{—diishxa(t —5)ds
—dlzxz(l) — blx%(t) — CpCz(t)yz(t),
(3) o
yi(t) = rzyz(f)—dzzyl(f)—rz/o fo(s)exp{—daas}ys(t —s)ds,
52(0) = 1 [ hls)exp{-dushylt ~s)ds

—d1y2(t) — bay3 (1) + coya (1) xa (1),
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where x;(¢) and y;(¢),i = 1,2 have the same meaning as that of system (2); r;, b;, ¢;(i = 1,2),
d;j,i,j = 1,2 are all positive constants.

The initial conditions for system (3) take the form of

xi(6) = ¢:(6),y:(6) = yi(6) >0,
9;(0) > 0,;(0) > 0,i =1,2,0 € (—o0,0],

“)

where @ (1) = (91 (1), 92(¢), w1 (2), y2(r)) € UC,, which is referred to as the fading memory space
[26, p. 46]. Set

F— /O " i(s) exp{—dsds,i = 1,2.
From [5] we know that x,(z) — 0 as t — oo if r1F}; < d), holds. Since we are focus on the

stability property of the positive equilibrium, for the rest of the paper, we assum that r{ F; > d;»
holds.

The interior positive equilibrium E*(x],x3,y7],y5) of system (3) satisfies the following equa-

tions
)
rixy —dyxy —riFixy =0,
r1F1xy — dyaxy — b1x3 — c1xay2 =0,
(5
ry2 —dyr —rkhy, =0,
| n2foy2 —doryr — bay3 + caxays =0,
and so, if
(6) by (riFy —di2) —c1(rF,—da) >0
and
(7) c2(riFi —din) +bi(rF, —da) >0

hold, then system (3) admits an unique positive equilibrium E*(x},x3,y],y5), Where

c_n=F) . by (riFy —di2) — i (rF, —dy)

8 X = ——"X, X
®) ! diy 272 baby +cacy

Y

- n(l-R), , oa(nFA—do)+bi(nk—dn)

9 EERLACILIN S
©) 1 d Y2 2 baby +cacy

Following is the main result of this paper:
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Theorem 1.1. In addition to (6) and (7), further assume that

(A1)
(10) cic2 < biba,
(A2)
c10a cq
(11) (1—b1b2>(r1F1—d12) > b—z(i’ze—dzl)

hold. Then the unique interior equilibrium E*(x7,x5,y7,¥5) of system (3) is globally attractive,

that is,

im () = lm ovi() = v i —
tgrfwx,(t)—xl, IETooy’(t) yi,i=1,2.

Remark 1.1. Comparing the corresponding Theorem 3.4 in [1] for system (1) with Theorem

1.1 for (2), we find out that the term

F = / fi(s) exp{—dﬁs}ds,i =1,2.
0

in our result are corresponding to the e~%i% j = 1,2 in [4]. That is, we extend the result of finite

discrete delay case to the distributed delay case.

2. Some lemmas

Lemma 2.1. [20] Consider the following equation:
u(t) = a/ooof(s) exp{—ds}u(t — s)ds — bu(t) — cu*(1),
wherea > 0,b > 0,c > 0;d > 0, and
A= a/ooof(s) exp{—ds}ds.

(1) IfA> b, then lim u(t)=(A—b)c .
< i =
(2) If A < b, then IETWMO) 0.

Lemma 2.2. [6] Consider the following equation:

(12) u(t) = a/ooof(s) exp{—ds}u(t — s)ds+ bu(t) — cu*(t),
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where a,c > 0,b > 0;u(t) = @¢(t) > 0 for —eo <t <0, and
A= a/ f(s)exp{—ds}ds.
0
: _ -1
we have tgl}rlwu(t) =(A+b)c".
Similarly to the proof of Theorem 2.1 in [1], one could easily obtain the following Lemma.

Lemma 2.3. Solutions of system (3) with initial conditions (4) are positive for all t > 0.

d
Lemma 2.4. [27]If a > 0,b > 0 and d—): > b—ax, whent > 0 and x(0) > 0, we have

liminfx(r) >
1—>-oo

QI

d
Ifa>0,b>0and d—’; < b—ax, when t > 0 and x(0) > 0, we have

QI

limsupx(z) <
t—+oo

Lemma 2.5 Consider the following equation:

(13) i(t) = av(t) — bu(t) —a /O " F(s)exp{—ds}v(t —s)ds,

wherea > 0,b > 0,c > 0;d > 0, and

(14) F= /0 " £(s)exp{—ds}ds.

Assume that lir+n v(t) = v*, where v* is some constant, then
t——+oo

: _a(l—F)
IETwu(t) ==

Proof. Setting M > sup{v(¢),r € R}, it follows from . lirf v(t) = v* and (14) that for any enough
— 00

small € >0 (e < %%) there exists a positive number T such that forallt > T,

(15) Vi—g <v(t) <v'+e, /()Tf(s)exp{—ds}ds > (1—¢)F.
Now, for t > 2T, from (13), we have
u(t) = av(t)—bu(t) — a/wf(s) exp{—ds}v(t —s)ds
0

(16) < av(t)—bu(t)—a /0 " () exp{—ds}v(t —s)ds
< a(v+e€)—bu(t)—a(v: —¢€)(1—¢)F.
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Applying Lemma 2.4 to (16) leads to

(17) htrgiipu(t) < a(V*—l—S)—a(\;*—e)(l—g)F.

Setting € — 0 in (17), we obtain

1—F)*
(18) limsupu() < a(l—F)v.
f—s 400 b

Also, for t > 2T, from (13), we have
i(t) = av(t)—bu(t)—a /0 " (s) exp{—dshvlt — s)ds
(19) —a /:f(s)exp{—ds}v(t —s)ds
> a(v'—¢€)—bu(t)—a(v' +€)F —aMEeF.
From the definition of €,
(20) av* —¢€)—a(v+¢€)F —aMeF > %a(l—F)v* > 0.

And so, applying Lemma 2.4 to (19) leads to

@D liminfu(r) > W =8 Zal +e)F —aMeF
t—>—+o0 - b .

Setting € — 0 in (21), we obtain

. a(l —F)v*
> —
(22) 1l1£>n_il_£lof u(t) > 5
(18) combing with (22) implies that
, a(l —F)v*
(23) Jim u(r) = S———.

This completes the proof of Lemma 2.5.

3. Proof of the main result

Proof of Theorem 1.1. Conditions (A;) and (A3) in Theorem 1.1 is equivalent to

c1c
b1by

(24) (riF —di2) > ;—;(rze —do1) + (rF —dp),

which is equivalent to

C C
(25) rk >d12+b—;<r2F2—d21+b—T(71F1—dlz))-
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Condition (A) and (7) in Theorem 1.1 is equivalent to

c1C2 2 c1C2
26 (1——> P—d —<1——) Fi —dy2) >0,
(26) bibs (rF 21)+bl biba (rF —di)
and so,
(27) Fze—d21+C—2 F1F1—d12—ﬂ<r2F2—d21+c—2(7”1F1—d12)> > 0.
by b by

From (25) and (27), one could choose € > 0 small enough such that

riFy —dip— l%(’"ZFZ_le +62(%+8)>
b

(1) def

(28) m| —£>0.

and

rk —d»

C C
(29) P, —do + = VlFl_d12__1(”2F2_d21+02(—+8)> > bye.
by by by

From the definition of mgl) and (29), it follows that

1
1) def F2F2+szg)—d21

(30) m 2
2

—£>0.

Let (x1(t),x2(t),y1(¢),y2(¢))T be any positive solution of system (3) for # > 0. From the second

equation of system (3) and Lemma 2.3, we have

(31) i (t) < ry /O Fi(s) exp{—diyshaa(t — s)ds — dyoxa (1) — bd (1),
By applying Lemma 2.1 (1) and standard comparison theorem, it follows that
F—d
(32) limsupx, () < L2,
{—stoo by

For € > 0 be defined by (28) and (29), it follows from (32) that there exists a Tll > 0 such that

Fi—d ,
(33) xo(t) < 22 e S for all 1> 73,
1

Fort > Tll, from the forth equation of system (3) and (33), we have

nt) < n /Ooofz(s) exp{—das}ya(t — s)ds — doya(t) — boy3(t) +02M1(1))’2(f)
(34) oo
= rz/o fo(s)exp{—daas}ya(t — s)ds — (da —Cszl))yz(l) — boy3(t).

By applying Lemma 2.1 (1) or Lemma 2.2 to (34), we can obtain

(1)

Ftom g

(35) limsupy, (1) < /22 2M =
t—-Foo b
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For above € > 0, it follows from (35) that there exists a 77 > le such that

rnk + Cszl) —ds
by

def

(36) (1) < MY forall t> Ty

+ &
Thus, for ¢ > T, from the second equation of system (3) and (36), we have

() > n /wal (s)exp{—dy15}x2(t — 5)ds — dyoxa (t) — b1x3(t) — clMél)xg(t)
(37) -
- /O fi(s)exp{—dishxa(t —s)ds — (dia +e1M3 ) xa () — b1a3 ().

By applying Lemma 2.1 (1) and standard comparison theorem, it follows from (37) that

(1)
. rki—dpp—aM,
liminfa, (¢) >
(38) iminfx(r) > b

)

and so, from (28) there exists a Tzl > T such that

(1)
Fi—diy»—ciM /
riF 1; ) _gzm(ll)>0forallt>T2-
1

(39) x(t) >

Above inequality together with the forth equation of system (3) leads to

@) ht) > r /Om Fa(s) exp{—daastya(t — s)ds — (a1 — exm)ya (1) — by3(1).

From this differential inequality, by applying Lemma 2.1 (1) or Lemma 2.2, we have

(1)
. rky+coym;’ —dy
1 fy,(t) >
iminfy, (1) > b ,

and so, from (30) there exists a 7, > TZI such that

(1)

2 —d

r 2+C2bm1 2 _e=ml") >0 forall t > 7.
2

(41) ya(t) >
From the second equation of system (3) and (41), for ¢t > 7>, we have

@) wl) < n /0 " fis)exp{—diishxa(t — s)ds — diaxa(t) — b3 (1) — crmi s (o).
By applying Lemma 2.1 (1) and standard comparison theorem, it follows that

1
r1F1 —d12 — clmé )

(43) limsupx, (¢) <
t—> o0 b

For € > 0 be defined by (28) and (29), it follows from (43) that there exists a T3' > T5 such that

1

rifF —d12—01mg ) +§ def
by 2

(44) x(t) < M? forall t > T;.
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Fort > T3/, from the forth equation of system (3) and (44), we have

@5) ) < /0 " fa(s)exp{—daas}ya(t — s)ds — (dar — caMP)ya(t) — oy ().

By applying Lemma 2.1 (1) or Lemma 2.2 to (45), we can obtain

2)

Ptom? _d

(46) limsupy (1) < 22—
t—+oo by

For above € > 0, it follows from (46) that there exists a 73 > T3/ such that

(2)
F M —d £ 1
raro 4 oM, 21 + = d_—efMéz) for all r > T;.
b2

47) y2(t) <

Thus, for t > T3, from the second equation of system (3) and (47), we have
48) %) > n /0 f1(s)exp{—dis}xa(t — s)ds — (dia + M) x2 (1) — b1 (2).

By applying Lemma 2.1 (1) and standard comparison theorem, it follows from (48) that

(2)
. riky —dip — M,
4 | f >
“49) imintx(r) 2 b

Y

and so, from (49) there exists a Té > T3 such that

2
rik —d12—61M§ 6 g )

(50) xo(t) > : —5 S m >0 forallr> T,.
1

Above inequality together with the second equation of system (3) leads to
. = 2
(51) ) > "2/0 fo(s)exp{—daas}y(t — s)ds — (da1 — szg ))yz(f) —boy3(t).

From this differential inequality, by applying Lemma 2.1 (1) or Lemma 2.2, we have

rnk + sz(l2) —dy

liminf >
e

and so, there exists a 7 > TA; such that

(2)
F —d €
(52) () > 22 +chm1 22l >0 for all 1> 73,
2
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Obviously,
(1)
2) rnk—dp—cmy,’ € nrF —dp (1)
M = — < —F4=M;";
: by 2 b :
2) rFy + CzM}z) —dy & nkh+ Cle(l) —dp (1)
My” = b + 5 < b +e=M,";
(53) i (2) i (1)
n? rnfi—dp—caM,” € - rky—dp—aM, =m0
b by 2 by b
(2) (1)
. nk+om” —dy e S roFy +comy’ —dy PR
2 by 2 by 2
Repeating the above procedure, we get four sequences Mi(") , ml(") ,i=1,2,n=1,2,---, such that
forn>2
Fi—dp—cmi™" ¢
an) _ nfi—an—cm + &
bl n
M(n) _ nhk —i—Cle(n) —dy €
2 — )
(54) b2 . "
O riFy —dip — M, i
! by n’
m(n) _ nk -I-szgn) —dh i
2 bz n'
Obviously,

mgn) <x(t) < an), mgn) <n() < Mén), for t > Tyy,.

(n)

We claim that sequences Ml-("),i = 1,2 are strictly decreasing, and sequences mi" ,i=1,2 are
strictly increasing. To proof this claim, we will carry out by induction. Firstly, from (53) we

have

M < @ s, i— 10,

1 1

Let us assume now that our claim is true for n, that is,

(55) M"Y <MD s Y =12,

1
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By using the second inequality in (55), one could easily see that

(n)

y) riFi —dip—cimy. £
1 —
(56) dl” wn !
Fi —di» —
rir 12— C1, -I-Ele(").
b1 n

Similarly, by a straightforward computation, one could easily see that

(n+1)

>m, .

and we have
0< m(ll) < m§2>

0< mél) < mgz)

58) <oeem <) <MV << MP < Y,
<oeeml <yo(t) <MV <o <MD <MD,

Therefore, the limits of Mi(n),ml(n),i =1,2;n=1,2,--- exist. Denote that

lim M"Y =%, lim M{" =7,,

(39)
; (n) _ ; (n) _
S m” =, fim s =y

Letting n — +o0 in (54), we obtain
riFi —dip —c1y, —bi1x; = 0;
1y —dyi + Xy — byy, = 0;
(60)
riFi —dp —c1y, —b1x, =0;
rF, —dy +coxy — b222 =0.

Solving equation (60), one could obtain

by (riFy —dy2) — ci (rF>, — doy)

61 X=X, =X3 = )
b T byby +cacy

_ c2(rFi —diz) +bi(rF —da)
62 = pr—y * =
(62) V=Y, =" Dby T orc] ;
that is
(63) lim xp(t) =x5 lim yy(7) =y5.

f—oo t—+oo
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By using (63), applying Lemma 2.5 to the first and third equations of system (3), it immediately
follows that

: _n(l=-F)x _n(l-R)y;
(64) tgffwxl(f) =T an ZETWM(I) =T an
(63) and (64) shows that the unique interior equilibrium E*(x7,x3,y},y3) of system (3) is glob-

ally attractive. This completes the proof of Theorem 1.1.
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