Available online at http://scik.org
Commun. Math. Biol. Neurosci. 2015, 2015:23
ISSN: 2052-2541

ANALYSIS OF A CHEMOSTAT IN THE PRESENCE OF VIRAL INFECTION
EXPRESSED BY A GENERAL INFECTION RATE

YUAN TIAN!*, HAITING SUN!, ANDRZEJ KASPERSKI>

School of Information Engineering, Dalian University, Dalian 116622, China
2Department of Biotechnology, Faculty of Biological Sciences, University of Zielona Géra,

ul. Szafrana 1, 65-516 Zielona Gora, Poland

Copyright (© 2015 Tian, Sun and Kasperski. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Abstract. Viral are present greater abundance than bacteria in marine and lake environments. In order to analyze
the viral infection on the dynamics of the bioprocess, the paper deals with the problem of a substrate-biomass
interaction chemostat model where biomass is divided into uninfected and infected groups. The general nutrient
uptake functions and infection rate function are taken into account. Conditions for infected biomass extinction are
derived by taking the dilution rate as a control parameter The results show that when the dilution rate is kept in a
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that the three component system may persist for a certain range of dilution rate.
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Viruses are evidently the most abundant entities in marine and lake environments, which have
significant impact on the aquatic populations [1, 2]. In a letter to Nature, Bergh et al. stated that

13

. virus infection may be an important factor in the ecological control of planktonic micro-

2

organisms ... and indicated that studying the role of viruses in aquatic environments should
not be neglected [3]. Quite a good number of researches focus on studying the role of viral
infection in the population [4, 5, 6]. Among these studies, Beltrami and Carroll [4] proposed
and analyzed a predator-prey system in which some of the susceptible phytoplankton cells were
infected by viral contamination and formed an infected group. Chattopadhyay and Pal [5]
modified the model equations of Beltrami and Carroll and observed that there is a possibility
for the coexistence of the system when the contact rate follows the law of mass action rate.
But if the contact rate follows the law of standard incidence rate then only a minute amount of
infection can destabilize the system. And followed, Chattopadhyay et al [6] introduced the virus
infection in phytoplankton populations and analyzed Nutrient-phytoplankton model. Different
threshold values of spread of infection have been calculated. The results also show that if
both the susceptible and infected phytoplankton consume nutrient, then the coexistence of both
uninfected and infected population is not feasible.

The chemostat is a laboratory apparatus used for the continuous culture of microorganisms,
which has the advantage that certain of the biological parameters presumed to influence com-
petitive outcome can be controlled by the experimenter. The basic chemostat model predicts
that coexistence of two or more microbial populations competing for a single non-reproducing
nutrient is not possible [7, 8, 9]. To answer the question ’Can the incorporation of a virus induce
the stable coexistence of bacterial competitors in a chemostat-like environment?”’, Northcott et
al. [10] derived a model of competition between two populations of bacteria for a single limit-
ing nutrient in a chemostat where a virus is present. It was proved that the persistence of both
the uninfected and the resistant populations (provided the disease is endemic) can either be in
the form of convergence to an asymptotically stable steady state or in the form of sustained
oscillatory behavior. Other researchers’ studies that consider the effect of a virus on competing
species in a basic chemostat include Mestivier et al. [11] and Weitz ef al. [12]. In Mestivier

et al. [11] simulations show that coexistence between two bacterial populations can be induced
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by the addition of a virulent virus. In Weitz et al. [12] it was shown that for a reasonable choice
of parameters, the system possesses a coexistence steady state.

The current research aims at providing a further analysis of the viral infection on the aquat-
ic population and the coexistence of uninfected and infected population in a chemostat. The
general nutrient uptake functions and infection rate function are taken into account. In Section
2, a mathematical model consisting of concentration of substrate, uninfected biomass and in-
fected biomass with substrate uptake rate and infection rate as general continuous functional
form is proposed. In Section 3, the boundedness, local stability and persistence of the system
are studied. The analysis leads to different thresholds, which are expressible in terms of the
model parameters and determine the existence and stability of various equilibrium states of the
system. In Section 4, an applied instance and numerical simulations are provided to verify the

theoretical results. Section 5 contains the general conclusion of the paper.
2. Model formulation

Let S(7) be the substrate concentration in the bioreactor medium at time 7. Let Xg(¢) and
Xi(t) be the uninfected biomass concentration and infected biomass concentration, respectively
at time ¢. Let Sr be the constant input of limiting substrate concentration; D, the dilution rate;
Ox,, mortality rate of uninfected biomass and Jy,, mortality rate of infected biomass, where
Ox; < Ox,. The maximum specific growth rate for the uninfected biomass and infected biomass
is denoted by /.Lfflﬁx and vé’ax, respectively. The biomass yield coefficient for the uninfected
biomass and infected biomass is denoted by Yy, /g and Yy, /s, respectively, and it is assumed that
the uninfected biomass and infected biomass have the same biomass yield constant, i.e. Yy, /g =
Yx,/s = 1/7. The capability for the infected biomass to consume the substrate is denoted by k
(0 <k <1), where k = 1 represents the full capability and kK = O represents that the infected

biomass is incapable of substrate consumption. The mathematical model can be formulated as

ds
5 = D(Sr—8) = yu($)Xs — kyv(S)Xr,
dX

M S~ HS)Xs = D Xs — (X Xi),
dX;

—_— = K'V(S)X[ -+ OC(Xs,X]) —DX[X[,
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with initial conditions
5(0) > 0,Xs5(0) > 0,X;(0) >0,

where Dy, := D + 8x, and Dy, := D + Jx,. The functions p(S) and v(S) describe the substrate
uptake rates of the uninfected and infected biomass, respectively; o (Xg,X;) represents the in-
fection rate between the uninfected and infected biomass. We assume the following hypotheses

on the substrate uptake functions and infection function:

H1) u(S) and v(S) are continuously differentiable, increasing on [0,c0), and (X, X;) is
continuously differentiable on [0, 0) X [0,0);

H2) 1(0) = 0. dut(S)/de > 0, and Jim p1(S) = ks

H3) v(0) =0.dv(S)/dr >0, and lim v(S) = vl

H4) pu(S) > v(S) forall § > 0.

HS) XoX; = 0= ot(Xs, X;) = 0; XsX; > 0= 0 < 0t,(Xs, X;) < (t/u)(Xs,X;) < 1, u = X5, X;.

3. Dynamics analysis

Firstly, it is shown the boundedness of the system (1).

Theorem 3.1. System (1) has a unique and bounded solution with initial value (S(0),Xs(0),X;(0)) €

o :={(S,Xs,X;) € Ri : S < Sr}. Moreover, the compact set
) I':= {(S,Xs,XI) ceQ:S<SFr, S+yXs+vX; < Sp+¢€,Ve > 0}

attracts all positive solutions in 1.

Proof. Define a new variable ¥ := S + yXg + yX;. Taking the time derivative of ¥ along the
solutions of system (1) yields that

dx B ds n dXg n dx;
a @ Vo
= D(SF — S) —DXS’}/XS —DXI’)/X]

< DSp —DE,

which implies that

3) (1) < Sp—[Sr—Z(0)]e ™ =Sp(1—e P+ 2(0)e .
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From Eq. (3) we get that
Y =S+ yXs+ yX; <max{X(0),S¢},Vt >0

and for 1 — oo, there is Sup(N + yXs + ¥X;) < Sr. Hence all the solutions of system (1) which

initiate in [y are eventually confined in the region I'. This completes the proof.

Lemma 3.2. If Dyp < 1 and D > Dyyp hold, where

D = Kv(S o/Xr)(Xs, X))} — Ox,,
MID Sﬂxglfly?;éSF{ (S)+ (a/X1)(Xs,X1) } — Ox,

then there is Xy — 0 ast — oo,

Lemma 3.3. If D > Dyax, then there is Xs — 0 as t — oo,
3.1. Infected biomass extinction dynamics

It can be observed that if X;(0) = 0, then X;(¢) = 0 for all # > 0. Thus, the plane S — X is an

invariant set of the system (1). In this case, system (1) is reduced to

ds
— =D(Sr —5) — Yu(S)Xs,
) d
S
? = H(S)XS _DXSXS-

Define Dyax := 1 (SF) — Ox,. Then the following result for the system (4) holds.

Theorem 3.4. If D > Dyax, then the biomass extinction equilibrium EB(S F,0) of the system (4)
is global asymptotically stable; if 0 < D < Dyax, then EVO(SF,O) is unstable and the positive
equilibrium /Evl(S 1,X§) exists and is global asymptotically stable in the S — Xg plane, where

0< S8 = ‘u_l(DXS) < Srand0 < X; :D(SF _Sl)/yDXS'

Proof. The biomass extinction equilibrium EVO(S 7,0) is locally stable since the eigenvalues
of the variational matrix of subsystem (4) are negative if D > Dyax. In addition, for any
X5(0) > 0, there is Xg < Xg(0)ePyax—D) _5 0 when D > Dy4x, which implies that Eq(S,0)
is global asymptotically stable. When 0 < D < Dyax, there exists a unique 0 < S; < S¢ such
that 1(S!) = Dxj. In this case, the positive equilibrium E\ (S ,X{) exists, where S} = u~!(Dx,)

and XS1 = D(Sr — S1)/vDx,. The eigenvalues of the variational matrix of subsystem (4) at E,
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are the roots of the equation
A%+ (D+ ' (S1)X§)A + (SR (51)X5 =0,

which have negative real parts, and leads to the result of locally stable of Evl . To investigate the

global asymptotic stability of E\, let us define a Liapunov function

N _ Xs o — X!
Vi(s.xs) = [ PO B “(Sl)dcm//sCy % do.
SR—Ey W o

Then V| (S,Xs) > 0 in the S — Xs plane and Vi (S, Xs) = 0 if and only if S = S}, X5 = XSI. Taking

the time derivative of V; along the solutions of subsystem (4) yields that

dvi  9vds 9V dXs

@ osdr Voxs
_ () —p(81)dS | Xs—Xg dXs

w(s) dr Xy dt
— () — 1(51)] % - yxs] (X5 — X1 [1(S) — Dy,
o D(Sr—S) D(Sr—$1)

= [1(S) = (S [@(S) — @(S1)]

where @(S) = D(Sp —S)/u(S). Since ¢'(S) = —D(u(S) + W' (S)(Sr — $))/1*(S) < 0 and
(' (S) > 0, then dV;/dr <0 and dV;/dt = 0 if and only if § = S;. By LaSalle’s invariance
principle [13], E, (SI,XSI) is global asymptotically stable in the S — X plane and attracts all

feasible solutions. This completes the proof.
3.2. Uninfected biomass extinction dynamics

It is noted that when Xs(0) =0, Xs(¢) = 0 for all # > 0. So, the plane S — X; is also an invariant

set of the system (1). In this case, system (1) is reduced to

ds

— =D(Sp—8) — kyv(S)X],
(5) %,

E = K'V(S)X[ — DX[X[.

Define Dyyy := max{kV(Sr) — 8x,,0}. Then similar to Theorem 3.4, the following result for

the system (5) holds.
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Theorem 3.5. If D > Dyyy, then the unique biomass extinction equilibrium EB(SF,O) of the
system (5) is global asymptotically stable; if 0 < D < Dyyn, then EE (SF,0) is unstable and the
positive equilibrium E; (Sz,Xf) exists and is global asymptotically stable in the S — Xj plane,
where 0 < S, = v~!(Dx, /k) < Sp and 0 < X} = D(SF — S2)/yDx,-

3.3. The full dynamics of the system (1)

In this section, the dynamics of the system (1) for Xg(0) > 0 and X;(0) > 0 are discussed. At

the steady state, (S, Xs, X;) satisfies that

[.L(S)—DXS—OC/XS 0 ¥ 0
S
(0) p(S) — Dx; kv(S) — Dy, . = 0
1
’}/DXS ’}/DXI D<SF - S)

Obviously, the biomass extinction equilibrium Eo(Sr,0,0) always exists. By (H4), there is
Dyiv < Dyjax. Thus if D > Dyax holds, Ej is the unique steady state, and its local stability

can be determined by the eigenvalues of the variational matrix of the system (1) at Ep, i.e.

-D  —yu(Sr) —KYV(SF)
JE, = 0 u(Sr)—Dxg 0
0 0 KV(SF) — Dy,

Theorem 3.6. If D > Dy;ax holds, then the system (1) has a unique biomass extinction equilib-

rium Ey(Sg,0,0), which is global asymptotically stable.

Proof. For the case of D > Dy4x, the eigenvalues of the variational matrix Jg, are all negative,
which means that Ej is locally asymptotically stable. Besides, by Theorem 3.4, if D > Dyux,
then Xg — 0 when ¢ — oo, which means that system (1) has a limiting system (5). Then by
Theorem 3.5 that EE is global asymptotically stable in the plane S — X;. Therefore, Ey is global
asymptotically stable and attracts all the feasible solutions.

For the case of 0 < D < Dy4x, defined

o . KV(51) +ax(Xs,0)
1: DXI .
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Theorem 3.7. If Dy;y < D < Dyjax, then the uninfected biomass extinction equilibrium doesn’t
exist and the system (1) has an infected biomass extinction equilibrium E|(S 1,XSI ,0), which is

locally asymptotically stable if ®1 < 1 and unstable when @1 > 1.

Proof. Similar to the discussion in Theorem 3.6, the biomass extinction equilibrium Eo(Sr,0,0)
is unstable in the direction orthogonal to S — X; plane in the case of Dy;y < D < Dyjax. The
infected biomass extinction equilibrium E| (Sl,Xsl,O) exists and the variational matrix of the

system (1) at E is

—D— W (S1)Xg —yu(S1) —Kyv(S1)
e, = u'(S1)Xg 0 ax, (Xg,0)
0 0 kv (S1) — Dx, + o, (X4, 0)

The eigenvalues of the variational matrix Jg, are the roots of the equation
(M) [A = (kv(S1) + o, (X, 0) = D, )[[A% + A (W' (S1)Xg + D) + yu(S1) ' (S1)Xg] = 0.

If ®; < 1, then all the eigenvalues have negative real parts, which means that E; is locally
asymptotically stable. When ®; > 1, one eigenvalue is positive, then E| is unstable in the

direction orthogonal to S — Xg coordinate plane.

Remark. O is a threshold for the stability of E; (Sl,Xsl,O), which is the ratio of the sum of
maximal uptake rate of the infected biomass and the infection rate to its mortality rate at the
steady state E1. By HS5, ®) > 1 means that xv(S) — Ds+ (& /X;)(Xs,X;) > 0, i.e. dX;/dt >0
for X; > 0and S > Sy, which leads to the instability of E|.

Theorem 3.8. For the case of Dyyy = 0 and D < Dyjax, if ®1 > 1, the system (1) has a positive
equilibrium E*(S*,X¢, X[) with S| < §* < Sp. The steady state E* is locally asymptotically
stable if A < 0 and unstable when A > 0, where A is defined in Eq. (10). Especially, when Kk =0,
i.e. the infected biomass is incapable of substrate consumption, E* is locally asymptotically

stable if Ay < 0 where

Ar = [(oug — o/ Xr) (s — 0/ Xs) — s 00, (X, X7 ).
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Proof. By Eq. (6), it can be obtained that

x5\ _ D(Sy —5) Dx ~ V()
xp ) YPx(R(S) = Dx;) = Dx(kV(S) =Dx) \  p(s7) - Dy,

Substituting X¢ and X} into Eq. (6) yields that

®) F(S*) =: u(S*) — Dx; — (a/Xs) (X5, X/ ) =0
and
) G(S*) =:xv(S*) — Dx, + (o/X1) (X5, X)) = 0.

Define H(S) := F(S) — G(S). Then Egs. (8)-(9) mean that S = S* is a root of the equation
H(S) = 0. It is noted that H(S) = —G(S;) due to F(S;) =0, and then by ®; > 1, it follows
that G(S1) > Dx,(®; —1) > 0,i.e. H(S1) <0. On the other hand, H(Sr) = F(Sr) — G(Sr) >0,
then by the intermediate value theorem of continuity function H, there exists S| < S* < S¢ such
that H(S*) = 0, i.e. the positive equilibrium E*(S*,X¢, X;") exists. The variational matrix of the

system (1) at the positive equilibrium E* is

mi —yu(S*) —Kyv(S*)
Jer = W(S)Xg mp) —o, (X5, X[) |
K‘V/(S*)XI* aXS<X§7X[*) ms3

where my; := —D — yXS ' (S*) — kyX;V/(S*) <0, mp = (X, X[ ) /XS — axg (XE, X)) >0
and m33 1= o, (Xg,X;) — (X, X[ ) /X; < 0. By using the elementary operations, the matrix

Jg+ 1s equivalently changed to J;, where

myp —yu(S*) —Kkyv(s)
=1 0 my my,

/ /
0 ms, mss3

where m/22 = myy + '}/[.L(S*N.L/(S*)X;/mn, m'23 = K’)/V(S*)[.LI(S*)X;/WIH — ocx,(X;‘,Xl*) < 0,
mhy = o (X$, X))+ kyu(S*)V/(S*)X[ /miy and mlyy = m33 + KZ}’V(S*)V/(S*)XI*/mH <0.1In
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a similar way, the matrix J; can be equivalently changed to J,, where

myp —YU(S*) —Kkyv(S¥)
= 0 nly, 0

/ /
0 ms, mss3

" / / / /
/ !/ !/ /
(10) A= My3Nizy — MyoNl33.

Clearly, m’2’2 has the same sign with A. The eigenvalues of the matrix J, are A} = mj; <0,
A= m’2’2 and A3 = m’33 < 0. Since the matrix Jg+ and J, are equivalent and the operations are
elementary, the eigenvalues of Jg+ have the same signs with the eigenvalues of J5, i.e. if A <0,
then the eigenvalues of Jg+ are all negative, which means that E* is locally asymptotically
stable. Otherwise, when A > 0, E* is unstable. When x = 0, i.e. the infected biomass is
incapable of substrate consumption, there is mb; = —ox, (X§,X[), my, = ox,(X{, X[), mhy =

ox, (X$, X)) — (a/X1)(XE, X)), mhy, < (a/Xs) (X, X)) — ox, (XS, X[). Therefore,
A < [(a, — a/Xp) (s — 0/ Xs) — s o] (X5, X/ ) = A,

so when A <0, thereis A < 0,1i.e. E* is locally asymptotically stable. For the case of Dyy > 0

and D < Dy, define

@ — 1(S2)
h = i

Dx; + o (07X1 )
Theorem 3.9. For the case of Dyyn > 0 and D < Dy, the system (1) has a uninfected
biomass extinction equilibrium E2(S2,0,X[2> and an infected biomass extinction equilibrium
E; (Sz,Xsl,O). Furthermore, E| is locally asymptotically stable if ®1 < 1 and unstable when

®1 > 1, E; is locally asymptotically stable if ®; < 1 and unstable when ©, > 1.

Proof. For the case of Dyy > 0 and D < Dyy, two eigenvalues of the variational matrix Jg,
are positive, the biomass extinction equilibrium E is unstable. In this case, the system (1) has
an infected biomass extinction equilibrium £ (Sz,XSI,O) and a uninfected biomass extinction

equilibrium E; (SZ,O,XIZ). By Theorem 3.7, Ej is locally asymptotically stable if ®; < 1 and
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unstable when ® > 1. The variational matrix of the system (1) at E; is

—D — kyV'(S2)X7 —Au(S2) —KYV(S2)
JE, = 0 1 (S2) — Dx, — axg (0, X7) 0
KV (S) ax, (0, X7) 0

The eigenvalues of the variational matrix Jg, are the roots of the equation
[A — (1(S2) — Dxg — axs (0,X7))][A% + A(D+ kyV'(S2)X7) + K*yv (S2)V/(52)] = 0.

If ®, < 1, then E2(52,07X12) is locally asymptotically stable. When @, > 1, then EZ(SZ,O,Xlz)

is unstable.

Theorem 3.10. For the case of Dy > 0 and D < Dyyn, if ®1 > 1 and @, > 1, then the system
(1) has a positive equilibrium E*(S*,X¢,X}") with S1 < §* < S». Furthermore, E* is locally

asymptotically stable if A < 0 and unstable when A > 0, where A is defined in Eq. (10).

Proof. The proof is similar to that of Theorem 3.8 and the existence of the positive equilibrium
E*(S*,X5,X[) can be determined as follows: F(S1) = G(S2) = 0. Thus, H(S1) = —G(S1)
and H(S;) = F(S2). By ©; > 1, it follows that G(S;) > Dx,(®; —1) > 0. And by ®, > 1,
it follows that F(S2) > 0. Therefore, H(S;) < 0 and H(S2) > 0. By the intermediate value
theorem of continuity function H, there exists S; < S* < S, such that H(S*) =0, i.e. the

positive equilibrium E*(S*,X¢, X} exists.
4. Applied instance and computer simulations

The substrate uptakes are chosen as Holling type-II functional form, i.e.

X X
_ HmaxS VinaxS

11 S) = , V(S)= ;
(11) u(s) Ky, + 5 (S) Ky 15

with Umax/Vmax > max{1,Kx,/Kx, }. The infection rate is chosen as

pPXsXy
8 (XS ) XI )

The dilution rate D can be treated as a control parameter in the following discussion.

(12) o(Xs,Xp) =

4.1. Case of g(X5,X;) =Xs+X;and 0 < k < 1
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In this case, system (1) takes the following form:

ds SX SX;
=2 = D(SF —8) — yu’s — eyl 22
dr ( F ) Ylmax KXS +S Y Vmax KX, +S
dXs X SXg pXSX[
13 = = s - - ,
(13) dr Himax Kx,+S Xs2S Xs+ X;
dX; X SX; pXSX[
— =KV, — Dy, X;.
[ dr g+ S Xs+Xx

The dynamics of the system (13) can be depicted as follows:

(i) The system always has a biomass extinction steady state Eo(Sr,0,0). This steady state

is global asymptotically stable when

Xy
.umaxSF
D>D =

max KXS T SF

Xs

as shown in Figure 1, where lnax = 0.8, Vinax = 0.6, Kx, = 8; Kx, = 10, p = p; =0.115,
0s =0.056,=0.1,k=1,y=2,Sr =60 and D = 0.7 > Dpax =~ 0.656. The initial
conditions are S(0) =40, X5(0) = 20 and X;(0) = 6. In this case, Ey attracts all feasible

solutions.

D
o
|

N
o

L

0
0 100 200 300 400 500 0 100 200 300 400 500
Time (h) Time (h)

Substrate (g/dm?®)
S 5
Uninfected (g/dm?®)

o]

=
o

w
[¢)]

Infected (g/dm?®)
Infected (g/dm?q)

o

0 100 200 300 400 50 40

10 60
0o 3 0 20
Time (h) Uninfected (g/dm®) Substrate (g/dm?3)

FIGURE 1. Time series and phase portrait of the system (1) for D > D, Where

Ey is asymptotically stable and global attractor.
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(i1) For Dyy < D < Dyyax, the biomass extinction steady state Ey is unstable in the direc-
tion orthogonal to § — X coordinate plane, and there exists an infected biomass extinc-
tion steady state E1(S1,X{,0), where

DgKxg 1 D(Kxg+Sr) Dyax —D

Sl = X< .~ XS - X )
“m%x - DXS YDXS “m%x - DXS

which is locally asymptotically stable when

® = VishxS1 -+ p (Kx, +51)
DX](KX[ +Sl)

<1,

and unstable when ®@; > 1. For the parameters used in (i), when D is decreased to 0.6,
which is smaller than Dys4x and greater than Dys;p = 0.414, the solutions are presented
in Figure 2. In this case, it can be easily calculated that ®; = 0.83, i.e. Ej is locally
asymptotically stable. Meanwhile, by Theorem 3.5, in the S — X; plane, EB(SF,O) is
global asymptotically stable, as illustrated in Figure 3, which indicates that £ is not
globally attractive. When p is increased to p, = 0.25, then ®1 will be increased to 1.02,

which means that E is unstable, as shown in Figure 4.

@A 40 & 20
S S
=) If =
) ©
17 L
o] c
2 <
0 20 5 10
0 100 200 300 400 500 0 100 200 300 400 500
Time (h) Time (h)
a6 A
(S £ 10
3 B
= RS
- 3 - 5
o &
° ©
) L L ol
c S 20
B 0o 100 200 300 400 500 - 15 10 20 30 N
Time (h) Uninfected (g/dm®) Substrate (g/dm?)

FIGURE 2. Time series and phase portrait of the system (1) for Dyy < D <

Dnax, where E| is locally asymptotically stable.

(iii) For the case of D < Dyyn, Ey is unstable, and E| and E;(S>, O,XIZ) coexist, where

Dx,Kx, o2 D(Kx, +Sr) Dyiv — D

Sy = A X2 .
X > A X
leax - DX[ yDXI leax - DX1
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[e2]
o

-

Substrate (g/dm?)
3
Uninfected (g/dm?®)
o
(6]

N
o

0
0 100 200 300 400 500 0 100 200 300 400 500
Time (h) Time (h)

[«2)

o

I

w

Infected (g/dm®)
N

Infected (g/dm®)

RO

A

0 100 200 300 400 500 05 0 40 50 €0 3
Time (h) Uninfected (g/dm?®) Substrate (g/dm?3)

FIGURE 3. Time series and phase portrait of the system (1) for Dyyny < D <

Dpax in the S — Xj plane, where EE is stable.
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FIGURE 4. Time series and phase portrait of the system (1) for Dyny < D <

Dyax, where E; is unstable.
Meanwhile, by (ii), E; is locally asymptotically stable if ®; < 1 and unstable when
®; > 1. The steady state E; is locally asymptotically stable if

.uI?I(szKX[DX]
(Dxg + p) (K1 Vishx + (Kx, — Kxs)Dx; )

0, = <1,

and unstable when ®, > 1. For the parameters used in (i), when D is decreased to

0.4, which is smaller than Dy, the solutions are presented in Figure 5. In this case,
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®;=0.84 and ®, = 1.22, so E is locally stable and E; is unstable. When p is increased
to pp =0.25, ®; = 1.1 and ®, = 0.985, so E, is locally stable and E; is unstable, as
illustrated in Figure 6. When p lies between p; and p», for example p = 0.2, then @] =
1.008 and ®, = 1.06, and thus E;| and E; are unstable, and there exists a coexistence
steady state E*(11.28,19.51,1.93), as shown in Figure 7, in this case, A= —0.0012 < 0,
which means that E* is locally asymptotically stable. It is noted that the stability of E* is
determined by the model parameters, i.e. the sign of A, when some parameters changed,
for example, Viax 1s increased from 0.6 to 0.64, and the other parameters are the same

as those in Figure 7, then there is A = 0.021, which implies that E* is unstable.

N
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FIGURE 5. Time series and phase portrait of the system (1) for D < D7y, where

E is locally asymptotically stable and E; is unstable.



16 Y. TIAN, H.T. SUN, A. KASPERSKI

60 % 30
E §
E - - - )
=) P e 2
~ ’
2 30 ¢ ® 15
S S
I / 2
Q £
@ o 5 o = -
0 100 200 300 400 500 0 100 200 300 400 500
Time (h) Time (h)
& € 15
K S 2
> 8 f N 2 10
- B
B St T s @c\
5 4 ! ° L
c £ 40
B Oo 100 200 300 400 500 20 00 25 %0
: 3
Time (h) Uninfected (9/dm”) = sypstrate (g/dm?3)

FIGURE 6. Time series and phase portrait of the system (1) for D < Dysrn, where

E, is locally asymptotically stable and E is unstable.
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FIGURE 7. Time series and phase portrait of the system (1) for D < Dy, where

E; and E; are unstable, E* exists and is locally asymptotically stable.

4.2. Case of g(Xs,X;) = C, where C > Sp/yand x =0
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In this case, the system (1) takes the following form:
(dS
dr

dr M Ky, + S
dX;

— =0pX¢X; — Dy, X
T PXsXr X, X1

SX
=D(Srp —S) — Yy Koot
S

— Dx X5 — pXsX;

(14)

where p := p/C. The dynamics of the system (14) are depicted as follows:

(1) If D > Dpjax, then the uninfected biomass and hence the infected biomass would be
eventually extinct, i.e. the biomass extinction steady state Ey is global asymptotically
stable. In this case, Ej attracts all feasible solutions.

(i1)) When D < Dy4x, the biomass extinction steady state Eq is unstable and there exists a
feasible infected biomass extinction steady state E1 (S ,XSI ,0), where

D(KXS +SF) Dyax — D

5, _ _DsKx,
YDXS ;u'I?I(lSE‘lX - DXS

Xl

= —-—n—n pu—

X )
.umglx - DXS

b

and E is locally asymptotically stable when ® = stl /Dx, < 1, as shown in Figure
8, where lUmax = 0.8, Kx, =8, p = 0.05, 8§ = 0.05, §; = 0.1, y =2, Sr = 60, C = 30
and D = 0.6 < Dpax =~ 0.656. The initial conditions are S(0) = 40, X5(0) = 20 and

X;(0) =6.
@ 50 £ 20
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= o)
545 25
2 40 3
g 35 B 10
2 S
0 30 5 s
0 100 200 300 400 500 0 200 400
Time (h) Time (h)
™
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g 5 S 10
=) RS
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3 g
° [3)
2 o 0l
q) N—
= S 20
=0

0 100 200 300 400 500

40
i 3y 0 30 3
Time () Uninfected (g/dm®) Substrate (g/dm?®)

FIGURE 8. Time series and phase portrait of the system (1) for D < Dpax, Where

E is locally asymptotically stable.
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FIGURE 9. Time series and phase portrait of the system (1) for D < Dpax, Where

E. is locally asymptotically stable.

(i11)) When ®1 > 1, the infected biomass extinction steady state E is unstable in the direction
orthogonal to the S — X plane, which implies the persistence of the system (14). The

system (14) possesses a positive interior steady state E*(S*,X¢,X;) with

PD(Sr — Kx;) — TiisuDyx, +\/ (PD(Sr — Kx) — YitiiDx, )2 +4p DK, Sr

St =
2pD ’

_Dx X/ = D(SF —5") — YDXSXE'

X *
S YDx,

The variational matrix of system (14) around the positive equilibrium E* is

—D — YU K Xg/ (Kxg +5°)2 —yinssS™/(Kxg+5%) 0
Jer = HminKxXs/ (Kxg +57)? 0 —X§
0 X; 0
Since A; = 0 for o = pXgX;, then by Theorem 3.8, the positive equilibrium E* is locally
asymptotically stable, as illustrated in Figure 9, where D = 0.4.

In Figures. 6-7, 9 the general behaviors of the bioprocesses after infection are presented. It is
visible that high concentration of the infected biomass lasts for a very long time. Moreover, the

uninfected biomass concentration presented in Figures 1, 3-4 drops to zero. In this article the
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theoretical aspects of these cases have been signaled, but in practice these processes should be

interrupted as soon as possible.

5. Conclusion

In this work, a three component chemostat model consisting of substrate, uninfected biomass
and infected biomass concentrations are presented. The stability behavior of the system around
the feasible steady states with general infection rate function and general nutrient uptake func-
tion both for uninfected and infected biomass are discussed in detail. By taking the dilution
rate as a control parameter, conditions for infected biomass extinction are obtained. The results
indicated that when the dilution rate is kept at a proper level, the uninfected biomass can be
sustained while the infected biomass is eliminated from the system. Meanwhile, there exists a

certain range of the dilution rate such that the three component system persists.
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