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Abstract. In this paper, the main purpose is to promote the global dynamics of system (2) in [1]. By using method
of constructing Lyapunov functionals, we establish global asymptotic stability of the infection-free equilibrium,
the immune-free equilibrium and the existence of a unique HAM/TSP equilibrium. Our numerical simulations
suggest that if 1 < Ry, an increase of the intracellular delay may stabilize the HAM/TSP equilibrium while the

immune delay can destabilize it.
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1. Introduction

In [1], Lu, Hui and Liu consider the following system:

%C = —‘LLIX(Z‘) _ﬁx(t)y(t),

dy
7 ofx(t —n)y(t — 7)) — oy(r) — yy(r)z(1),
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dz _ (1= 1)zt — )
dt  zZ(t—m)+K

— H3z(2). (1)

where x(t), y() are the population sizes of the uninfected and infected CD4" T-cells, and z(z)
the number of HTLV-I-specific CD8" T cells at time ¢, respectively. Parameter A is a constant
input rate of CD4 ™" T-cells, {1, U, and p3 the removal rates of uninfected and infected CD4+ T
cells, and HTLV-I-specific CD8™ T cells, respectively,  the transmission coefficient, ¢ € [0, 1]
a fraction of cells newly infected by contacts that survive the antibody immune response, Y
the rate of CTL mediated lysis. The main purpose of [1] is to explore the global dynamics of
system (1) and investigate the impact of the intracellular delay 7; and the immune delay 7, on the
dynamical behavior of the system. Lu et al show that the global dynamics of the model system
are determined by two threshold values Ry, the corresponding reproductive number of a viral
infection, and R, the corresponding reproductive number of a CTL response, respectively. If
Ry < 1, the infection-free equilibrium is globally asymptotically stable, and the HTLV-I viruses
are cleared. If Ry < 1 < Ry, the immune-free equilibrium is globally asymptotically stable,
and the HTLV-I infection is chronic but with no persistent CTL response. If 1 < Rj, a unique
HAM/TSP equilibrium exists, and the HTLV-I infection becomes chronic with a persistent CTL
response. Moreover, Lu et al [1] show that the immune delay can destabilize the HAM/TSP
equilibrium, leading to Hopf bifurcations. Numerical simulations suggest that if 1 < Rj, an
increase of the intracellular delay may stabilize the HAM/TSP equilibrium while the immune
delay can destabilize it. If both delays increase, the stability of the HAM/TSP equilibrium may
generate rich dynamics combining the “stabilizing” effects from the intracellular delay with
those “destabilizing” influences from immune delay. In this paper, we shall investigate HTLV-I

Infection Model which includes a nonlinear incidence rate 4 (x,y). We consider the following

system:
fz—f = & — pux(t) — h(x(t), (1)),
i’% = oh(x(t —11),y(t — 71)) — oy(t) — yy(t)z(2), (2)

dz _ y(t—n)t — )
dt  z(t—m)+K

where all the other parameters of model (1) except 71, 7> are the same as model (2). The nonlin-

—N3Z(l‘).

ear incidence function %(x,y) is assumed to satisfy the following conditions: In this paper, we
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assume that the function i(x,y) is always positive, differentiable, and monotonically increasing

for all x > 0,y > 0, and that i(x,y) is concave with respect to y; that is, it satisfies the following

(H1) h(x,y),he(x,y), hy(x,y), and —hyy(x,y) are positive for any x > 0 and y > 0. Furthermore
h(x,0) = h(0,y) =0, hy(x,y) > 0 forx >0and y > 0.

(H2)h; (x,0) is increasing with respect to x > 0.

The paper is organized as follows. In Section 2, the threshold parameters Ry and R; are de-
rived and the existence conditions for all equilibria are established in terms of the values of Ry
and R;. In Section 3, main analytical results on the stability of the equilibria, uniform persis-
tence of the system. Numerical simulations are presented in Section 4, and brief conclusions

finally complete the paper in Section 5.

2. Preliminaries

To investigate the dynamics of system (2), we need to consider a suitable phase space and a
feasible region.

For 11,17, > 0, define the following Banach space C = C ([-7,0],R), T = max{t, 1>}, and
we assume

x(1) = ¢1(6), y(t) = ¢2(0), z(t) = ¢3(6), for —7 <6 <0.

In addition, throughout this paper, we set ¢ = (@1, ¢, ¢3) and ¢; € C(i=1,2,3) for —71 < 0 <0,
with norm ||@|| = sup_r<g<o{|91(0)],|92(0)|,|93(0)|} for ¢; € C, i = 1,2,3. The nonnegative
cone of C is defined as C* = C([—7,0],R> ). Initial conditions for system (??) are chosen at
t=0as

(P:((Plv ¢27 ¢3)EC+7 ¢i(0)>07 l:17273 (3)

Lemma 2.1. Under initial conditions in (3), all solutions of system (2) are positive and ulti-

mately bounded in R X C x C.

Proof. First, we prove x(¢) is positive for # > 0. Assume the contrary and let #; > 0 be the

first time reached by x such that x(r) > 0, 0 <t < ; and x(¢;) = 0. It then follows from the



4 HUAJIAO ZHAO, SHENGQIANG LIU

first equation in (2) that x'(#;) = A > 0, and hence x(r) < 0 for t € (t; — €,1;) where € > 0 is
sufficiently small. This contradicts x(z) > 0 for ¢ € [0,¢1), and thus it follows that x(¢) > 0 for
t > 0 so long as x(r) exists.

Second, it follows from the second equation in system (2), for 7y, 7, > 0, that
y(t) = y(0)e Joratre(m)dT | /O t oh(x(s— 1)), y(s — 71))el 2+ 10T g
Suppose there exists 7o > 0, such that y(fy) = 0, and y(¢) > 0 for 0 < 7 < #p. Then
¥i0) = y(0)e™ o'k 7T /0 " oh(x(s — 1), y(s— 7))elo B g 5

a contraction. Thus y(¢) is positive.
Similarly, if there exists 79 > 0, such that z(#p) = 0, and z(z) > 0 for 0 < ¢ < 1, it follows from

the third equation in (2) that

t
— — st [.L3(s—t)y(s - TZ>Z(S - TZ)
z(t) =z(0)e +v/0 e p— ds,

and then it leads to a contradiction as before. Hence we have z(¢) > 0, for all # > 0.
Next we prove that positive solutions of (2) are ultimately uniformly bounded for # > 0. From
the first equation in (2), it follows that x (f) < A — p;x(¢), and thus limsup, ... x(t) < A /.

Adding the first two equations in (2) together, we have

() +y(t+1)) = A = pux(t) = (1= O)h(x(0), (1) — pay(t + 1) = Pyt + 7)2(t +71)

<A—p(x(t)+y(t+1))

where fi = min{p;, o }. Thus limsup,_, . (x(t) +y(t+71)) < A/fi. It then follows, in addition
from (2), that, for any € > 0 and for a solution y(¢) of system (2) with y(7) < % + €, there exists

T =T(g) > 0 such that for r > T, the following differential inequality holds:
/ A
(t+m) <vy(t) -zt + 1) <v e H3z(t + ).

Let £ — 0. Then limsup, ... z(r) < 24

< - Hence, x(t), y(t) and z(r) are all ultimately uniformly

boundedin R x C x C.
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As a consequence of the proof of Lemma 2.1, we know that the dynamics of system (2) can

be analyzed in the following feasible region:

A A vA
ﬁ:{)@yaz €ER XC+XC+7XS_7 x+y ST;ZS__}.
(32) € R o] < 2 bl € Sl <

Moreover, the region .# is positively invariant and hence the model system is well posed.

Lemma 2.2. Given system (2) with ¢;(0) >0, i = 1,2, 3, we have all solutions x(t) > 0, y(t) >0,

z(t) >0, vVt > 0.

Proof. By similar arguments as in the proof of Lemma 2.1, the positivity of x(¢) for all # > 0
follows directly.

Next, we show that y(¢) and z(¢) must be non-negative for all # > 0. Otherwise, there must
exist 7y > 0 such that min{y(y),z(t0) } <O.

Let

fo = igf{to > 0| min{y(t9),z(f0)} < 0}.

Then we have 7y > 0 and there exists a sufficiently small constant € > 0, € < %min{ 71, T2 }, such
that min{y(#% + €),z(fo + €)} < 0. Hence we have the following three cases:

() y(fo+¢) <O0.

(i) z(fp+¢€) < 0.

(iii) y(fo+ €) < 0 and z(fp + €) < 0.

We first assume (i), and put 7 + € into (5). Then we have

f0+8

Y(fo+€) = y(0)e Do patyz(n)dT /Oio+s Sh(x(s— 1), y(s — 11))e°’%+8 patya(n)de (4)
This contradicts y(fy + €) > 0 for ¢ > 0. Similarly, we can prove (ii) and (iii).
System (1) has the infection-free equilibrium P; = (%,O, O) . The reproductive number of
a viral infection is defined as Ry := (E W) . There exists an equilibrium P, = (,7,0)
with no CTL response, as Ry > 1, thatL\Lx%e call);he immune-free equilibrium, which satisfies

A —‘Lll)f—]’l()f,)_/) = 07

Gh()@y) — Wy = 0,
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We define R := (v_yk> . We call R the basic reproductive number of a CTL response.

M3
In the following, we give a lemma gives the existence condition of the immune-free equilib-

rium.
Lemma 2.3. If Ry > 1, then there exists a immune-free equilibrium P, = (%,y,0).
Proof. Let the right-hand sides of the three equations in system (2) equal zero, and we have that

A — pix = h(x,y) = %y-

After substituting the expression of x by y, we obtain the following equation for y:
Ao —
A o G o

ol o

Ao
It is obvious that H(0) = 0, and when y = yg = —,

H2
H(yo) = h(0,y9) —A = -4 <0.

H(y) = h(

Since H (y) is continuous for y > 0, we have that

Y0t y dy c o c

(Ro—1).

A chronic infection equilibrium P = (x*,y*,z*) with CLT response (z* > 0) is called a

HAM/TSP equilibrium. The coordinates x*, y*, z* satisfy

A —px*—h(x*,y") =0,

Ooh(x*,y*) — " —yy'z" =0, (5)
V' .
1 — w3z =0,
71K Uus

and P; exists as R} > 1.

3. Main results

In this section, we investigate the stability of the equilibria P;, P>, P3, respectively. In order to

avoid an excessive use of parentheses in some of later calculations, we write x = x(z), y = y(t),
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z=12z(t), and let g(x) := x —Inx — 1, such that g(x) > 0 for x > 0, and g(x) = 0 if and only if

x=1.

Theorem 3.1. For system (2), if Ry < 1, the infection-free equilibrium P is globally asymptoti-

cally stable in 7.

Proof. From (H2), it is easy to see that the following inequalities hold:

]’l; (X(), 0)
hy(x,0)

/’l; (X(), O)
hy,(x,0)

>1 for x € (0,x0) and <1 for x> xo. (6)

We define the following Lyapunov functional

U=U (x,,y;,Zz) + U +U37

where
x(t) h(xo,y) 1 ky
U = — X0 — lim —2==d6 + —y+ — !
l(xtatht) x(t) X0 /XO y;I(I)l+ h(@)y) T Gy+ VGZ, ( )
T
Uy = /0 "h(x(t - 0),y(t — 0))do, (8)
and

_ ky [® vy(t—0)z(t — )

Us:
T yedo 2(t—0)+k

de. (9)

Calculating the time derivatives of (7), (8) and (9) along solutions of system (2), we have

b _ (1— lim h(x—o’y)) (A — mx—h(x,y)) +h(x(t —11),y(—11))

dt y—0t h(x,y) (10)
ey ky [ y(—m)t— )
R R AR L <v —5)+K —Haz(f)> ;
T2 — hry) (ol — ), (e~ 1), (1)

and

dUs Ky (, vz p-m)=m)) (12)
dt  vo \ z+K 2(t—m)+K
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Combining(10), (11), and (12), we have

d_U :—“1)(,'(——1) <1— 11 XO7 )
dt (2) yﬁO*
. hxo,y) M2 ¥ Ky yz  Kyu+3
h lim ———~f — =y =
* (x,y)y;r(l; h(x,y) o’ o~ s o z+K Vo C

(Yo pen Px0,y)
N ulx(x) 1) (1 yli>r(r)1+ h(x,y) >
2
+&(gh(x,y) lim h(xo7y)_1>_ W
Ly y=0t h(xy) o(z+k)

From (H2), it is easy to see that the following inequalities hold:

I, (x0,0)
y )
D0 S 1 for xe (0,x0),
hy(x,0)
4 ()C() 0)
y ) 1
h’y(x,O) < for x> Xxg

We have

h (x0,0
(@_1> (1_ - h(xo,y)> _ (@_1> - y/( 0,0) <0
X y—0+ h(x,y) X R, (x,0)
Furthermore, the concavity of A(x,y), with respect to y implies that

dh(xo,0)
O h(xy) | h(xoy) 0 hlxy) dy
2y y=0+ h(x,y)  p2y  dh(x,0)

dy
_ 0 9h(x,0)
T Uy dy
= Ry.

Therefore, it follows from Ry < 1 that 4 (2) < 0 for all x(t),y(),z(z) > 0.

Set
= {(x,,2) =0}.

Then 9 = 0 if and only if
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Substituting (13) into the first equation in system (2) then yields y = 0. By the LaSalle-
Lyapunov theorem ([2], Theorem 3.4.7), the largest compact invariant set of .27 is the singleton

point P;. Thus we conclude that P; is globally asymptotically stable in .%.

Theorem 3.2. For system (2), if Ry > 1 > Ry, the immune-free equilibrium P> is globally

asymptotically stable in F \{x-axis}.

Proof. From (2), there exists a immune-free equilibrium P», when Ry > 1. Define a Lyapunov

functional for P»:

V=Vi+W4+V;,
where
xh Y v
Vi ::x—i—/ (5:9) s, (14)
x h(s,y)
1/ _ [ [ h(x,y)
Vyi= — = h d 15
) G<yg(_)+6 (x,y)/o g(h(x,y) S)7 (15)
and

Ky 2oyz
V3= — ds ). 16
3= <z+v/0 K S) (16)

Then calculating the time derivatives of (14), (15), and (16) along solutions of system (2) yields

avi (1 B h(%,9)

= (15T = ) (17)

dd% :éy%y_(ch(x(t — 1), y(t = T1)) — toy — 1y2)
— 7)) — 7)) e

h(x,y) ’

+h(x,y) —h(x(t—11),y(t —11)) + h(x,5) In hlx(t

and

dvs Ky vz
_—— —_— . 19
dt vo ( ,u3z~|-vz ) (19)
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Combining (17), (18), (19), we have

dv dvi dV,  dVs
dt (2): ar dar | at
(1) <1 ) Zgi;) - a(}zlny) s
469 (2= 55 i)
i) (- R et e)
(13 (-5c5)

<
=
=
—~
|
K
S—
~
-
|
A
N—
N—
|
—_
=
>
—~
=
~~
-~
|
A
N—
~
—~
~
|
A
S—
N—
|
—_
N———

+ h(%,7)

7~ N N 7N 7 N
=
oyl
—~
=l
=
~— | —~
=
=
=
N

+
w(1-3) (1 48) s (13

_ - yh(x(t_rl)7y(t_fl)) ChE yh(xv)_))
_h(xay)g( yh()?,)?) ) h( 7y)g (yh(;C,y))

(Y hx) [(h(x3) v vz Ku
w9 (35 Gy ) ~stim t o (500

From the monotonicity of the function A(x,y) on x, the following inequality holds:

(- (g =°

Furthermore, from the concavity and monotonicity of the function i(x,y) on y, the inequalities

h(x,y)
h(x,5)

h
1> M) Y 0y <y, and 1<
h(x,y) — ¥

hold, which implies that

<2 for y>y". (20)
y
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Then, V' = 0 if and only if
x=x, z=0. (21)
Substitute (21) into the first equation in system (2), we have y = y. By the LaSalle-Lyapunov
theorem ([2], Theorem 3.4.7), the largest compact invariant set of .27 is the singleton point P».

Thus, we conclude that P, is globally asymptotically stable in .% \ {x-axis}. This completes the

proof.

As R| > 1, system (2) has a unique endemic HAM/TSP equilibrium P; = (x*,y*,z*). We

further have the following uniform persistence result.
Theorem 3.3. System (2) with 7y > 0, 7, > 0, and initial conditions given in (3) is uniformly
persistent if R1 > 1; that is, there exists a positive constant & > 0 such that all solutions of (2)
satisfy

liminf(x(z,0),y(1,9).2(t,9)) > &.

Proof. It follows from Lemma 2.1 and the similar arguments in [8, Proposition 1]8 that x(r) has
positive ultimate lower boundary. Thus it suffices to prove both of y(z) and z(¢) have positive
eventual lower boundaries.

Define
X :={(¢1,00,03) ER. xCT xCT},
and
Xo :={(91,02,93) € X: 2(0) > 0,93(0) > 0}, 9Xp =X\Xo.
Let ¥(z) : X — X be the solution semiflow of system (2), that is, ¥(¢) = (x;(9),y:(0),z:(9)).
We proved earlier that the solution semiflow ¥(¢) of (2) has a global attractor .# on X. Clearly,
Xp is relatively closed in X. Moreover, by Lemma 2.2, system (2) is positively invariant and

point dissipative in R;. Thus Xy is positively invariant for V.

Define
Qy:={9p e X :¥(9) € IXp, Vt > 0}.

We now claim that

Qy={¢ €dXp:y(t,¢)=0for Vet >0, orz(t,9) = 0 for Vr > 0}. (22)
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Assume ¢ € Q. We only need to show that either y(¢,¢) = 0 for V¢ > 0 or z(¢, ¢ ) = 0O for all
t > 0. For the sake of contradiction, assume that there exist two nonnegative constants ty > #;
such that y(7o,¢) > 0,z(¢1,¢) > 0. Following the definition of Qj, one must have y(7;,¢) =
z(t9,9) = 0.

By the last two equations in (2) and Lemma 2.2, we have

w > — (2 +72(t,0))y(t,¢), Vi > 10,

and

dz(t
M > —,u?,Z(t,(P),VZ > 1.
dt
Thus using the comparison principle, we have y(z,¢) > 0, for all t > 1, and z(z,¢) > 0, for all
t > t1, which contradicts y(t1,¢) = z(fo, ¢) = 0. This proves (22).

We now let

@0 = ﬂ W((]))

0eZy
Here Zj is the global attractor of W(r) restricted to dXy. We claim that ®y = {P; } U{P>}.
In fact, ®y C Qy = {(x(¢,9),y(z,9),0),(x(¢,9),0,z(¢,9))}. If y(¢,9) = z(¢,¢) = 0, for all
t >0, by (2), we obtain lim;_,x(r) = A/u;. Thus P; € ®y. For other cases, using Theo-
rem 3.2, we have lim; o (x(7,0),y(¢,0),0) = P, if y(¢,¢) > 0 for some ¢ > 0; and we get
limy e (x(2,9),0,2(¢,9)) = Py given that z(¢,¢) > 0 for some t > 0, proving Oy = {P; } U{P>}.

Since {P;},{P,} are two isolated invariant sets of ¥(z) in Q,, using the similar arguments
for Theorem 3.2 and noting Ry > R; > 1, we can prove that P, is asymptotically stable in Q as
defined in (9). Hence ®g has an acyclic covering.

Next, we prove that W¥(P;))NXo =0, i = 1,2. For i = 1, suppose it is not true; that is, there
exists a solution (x(z,¢),y(t,0),z(t,¢)) € Xo, such that lim;_,e(x(z,0),y(z,9),z(t,9)) = P;.
Then for any sufficiently small € > 0, there is 71 = T;(€) large enough, such that x(z) > /%1 —
e, max{y(t),z(r)} < eforallt > Ty, and y,z — 0, as t — oo.

Let
V)= [ ohx(&) (g +

Then we have U(t) > 0 and lim;_,., U (t) = 0.
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However, by the assumption Ry > R > 1, we have the time derivative of U(r) satisfy

dUu
dt

which is a contradictions to lim, ,., U(t) = 0. This proves the case i = 1. Similarly we can
prove the case i = 2. By ([7] Theorem 1.3.2), we conclude that there exists & > 0O such that
liminf, e (y(7,9),z(t,¢)) > €& for any ¢ € Xo. This shows the uniform persistence of solutions

of system (2).This completes the proof.
Theorem 3.4. For system (2), if Ry > 1, the HAM/TSP equilibrium P is globally attractive.

Proof. Consider the following Lyapunov functional

W =W+ W, +Ws,

where
*h(x",y")
W :=x—x*—/ = Lds, 23
| - hGy) (23)
1 y o (h(x(r—7),y( — T1))>
Wy = —y*g | = | +h(x", */ ds, 24
) Gyg(y*> (557 ). g( ey (24)
and
Y(Z*+K) [z

Wyi=——g| — 25
3 Vo 8 Z* ) ( )

respectively.

The derivatives of (23), (24), and (25) along the solutions of system (2) are

awy (1 h(x*,y*)

dt h(x,y*) ) (‘ulx* _ ‘LL]X—F/’l(x*’y*) —h(x,y)) , (26)

%:é (1—%) (O'l’l(x(l‘—fl)vy(t—Tl))—‘uzy—'}/yz) (27)
e o [(R(x,y) —h(x(t —11),y(t — 1)) h(x(t — 1), y(t — 1))
+h(x",y") ( CRD) > +1n ) :
and
dw- '}’(Z*‘f‘K) z* vz
dt3 B Vo (1 B ?) (VZ_|_K —[.L3z) ’ (28)

respectively.
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Combining (26), (27), (28), we have
(XN (RN e (R
5 () (i) e ()
i h(x*,y*)g <y*h<x(t - Tl)ay(t - Tl))) . h(x*,y*)g <yh<x7y*)>
(29)

aw
dt

yh(x*,y*) Y h(x,y)
w o (Y h(ey) \ (h(xy)
e (5= ) G )
7y )
_—G(z+K)(Z_Z )2,

aw aw
It then follows that I <0, and o =0 if and only if

=2 y=y', z=2"
Similarly as in the proof of Theorem 3.1, by LaSalle-Lyapunov theorem ([2], Theorem 3.4.7),

Py is globally attractive in .% if R; > 1. This completes the proof.

4. Numerical simulations

In this section, we present computer simulation of some results of the system (2) with

Bxy

of [1], that is: a set of parameters from Tables 1-3 corresponding to the conditions in Theorem

,¢ = 0.01 using MATLAB, and most of these values are taken from the data

3.1, Theorem 3.2, and Theorem 3.4, respectively. The corresponding numerical simulations are
shown in Figures 1-3.

The time scale is based on days, a production rate of CD4" T cells is within the range of
(20— 120) cells/mm/day3 [3][4][5], the removal rates for uninfected and infected CD4 ™" T cells
are selected in the range of (0.01 —0.05) day~! [5], the death rate for HTLV-I-specific CD8*
cells is selected in the range of (0.01 —0.4) day~! [3][4], and B is chosen in the range of
10~3mm?>/cell/day [6]. The range for & is chosen as (0.01 —0.05) [3], for v as (0.001 —0.03)
[3], for y as (0.002 — 0.02) [3], respectively. We let K be in the range of (1 —20) [3][4].

Figure 4 shows the solutions of model system (2) corresponding to the increase of 7; from 0

to 20, while 7, = 15. For 7 < 8 approximately, the solutions are all oscillatory. As T; increases
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FIGURE 1. The above three graphs are about x,y,z when Ry =0.08 < 1.

from O to 8, the vertical amplitudes of x(¢), y(¢), and z(¢) become smaller and smaller, and the
HAMY/TSP equilibrium P3 changes from unstable for 7; < 8 to stable for 7; > 8.

On the other hand, it shows, in Figure 5, the stability change for the HAM/TSP equilibrium
P3 as 15 increases from 0 to 20 while 7y = 1. For 7, < 7.5 approximately, P; is asymptotically
stable. As T, increases in the interval (7.5,20), the HAM/TSP equilibrium P is unstable, and

the vertical amplitudes of x(¢), y(¢), z(¢) become larger and larger.

Parameter table

TABLE 1.

parameter A U, © B Ww v % K u 71 m»

value 20 0.05 0.01 0.001 0.05 0.02 003 1 001 5 5
TABLE 2.
parameter A U c B Ww v % K u 7 n

value 20 0.015 0.05 0.001 0.01 0.02 0001 1 04 5 5

TABLE 3.

parameter A U; O B J175) Y v K us 71 n

value 20 0.01 0.02 0.001 0.005 0.02 003 1 0.01 10 O
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FIGURE 2. The above three graphs are about x,y,z when R; ~ 0.24< 1 < Ry ~ 6.67.
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FIGURE 4. The ultimate oscillation interval of the solution to system (2) when

71 increases from O to 20, here 7, = 15,1 € [500,5000).

FIGURE 5. The ultimate oscillation interval of the solution to system (2) as 7,

increases from O to 20, here 71 = 1,7 € [500,5000].
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5. Conclusion

In this paper, we consider the generalized system (2) that incorporates non-liner incidence
rates. We derive formulas for the basic reproductive numbers of a viral infection, Ry, and of
a CTL response, R, and show that the infection-free equilibrium P is globally asymptotically
stable if Ry < 1 (Theorem 3.1 and Figure 1), the immune-free equilibrium P, is globally asymp-
totically stable if Ry < 1 < Ry (Theorem 3.2 and Fig. 2), and the HAM/TSP equilibrium P; is
globally attractive if 7; > 0,7, = 0 (Theorem 3.4 and Figure 3). Moreover, if 1 < Ry, system
(2) 1s uniformly persistent with chronic infection and CTL response (Theorem 3.3).Our numer-
ical simulations suggest that if 1 < Ry, an increase of the intracellular delay may stabilize the
HAM/TSP equilibrium while the immune delay can destabilize it.

The bilinear incidence rate Bxy and saturated incidence rate

are two special cases of
+cy
h(x,y). Our result also generalizes the global stability results in [1].

Conflict of Interests

The authors declare that there is no conflict of interests.

Acknowledgments

The authors are very grateful to Ms. Xuejuan Lu for her warmly help in simulations. This work
is supported by the NNSF of China (No.11471089, 11301453) and the Fundamental Research
Funds for the Central Universities (Grant No. HIT. IBRSEM. A. 201401).

REFERENCES

[1] X. Lu, L. Hui, S. Liu and J. Li, A mathematical model of HTLV-I infection with two time delays
Math.Biosci.Eng, 6 (2015), 431-449.

[2] J. LaSalle and S. Lefschetz, Stability by Lyapunov’s Direct Method, Academic Press, New York, 1961.

[3] H. Gémez-Acevedo, M. Y. Li and S. Jacobson, Multistability in a model for CLT response to HTLV-I infection
and its implications to HAM/TSP development and prevention, Bull. Math. Biology, 72 (2010), 681-696.

[4] M. Y. Li and H. Shu, Global dynamics of a mathematical model for HTLV-I infection of CD4™" T cells with
delayed CTL response, Nonlinear Anal. 13 (2012), 1080-1092.



18 HUAJIAO ZHAO, SHENGQIANG LIU

[5] P. W. Nelson, J. D. Murray and A.S. Perelson, A model of HIV-I pathogenesis that includes an intracellular
delay, J. Math. Biosci 163 (2000), 201-215.

[6] A.S. Perelson, Modeling the interaction of the immune system with HIV. In: Castillo-Chavez, C.(Ed), Math-
ematical and Statistical Approaches to AIDS Epidemiology, Lecture Notes in Biomathematics, 83(1989),
350-370, Springer, Berlin.

[7] X.Zhao, Uniform persistence and periodic coexistence states in infinite-dimensional periodic semiflow with
applications, Can. Appl. Math. Q. 3 (1995), 473-495.

[8] K. A. Pawelek, S. Liu, F. Pahlevani and L. Rong, A model of HIV-1 infection with two time delays: mathe-
matical analysis and comparison with patient data, Math. Biosci. 235 (2012), 98-109.

[9] J. H. Richardson, A. J. Edwards, J. K. Cruickshank, P. Rudge and A. G. Dalgleish, In vivo cellular tropism of
human T-cell leukemia virus type 1, J. Virol. 64 (1990), 5682-5687.



