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Abstract. In this paper, we investigate the optimal harvesting problem for a class of nonlinear population system

with fertility and mortality depending on the population size. Fixed point theory is used to obtain the existence and

uniqueness of nonnegative solution in terms of the controls. Optimality conditions are derived by means of normal

cone technique. The existence of the optimal control is carefully verified via Ekeland’s variation principle, some

results in references are extended.
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1. Introduction

The ecosystem problem has been paid more attention in recent years, especially in China, the

ecological civilization has risen to national strategies, emphasizing sustainable development.

So, population system as a main subsystem in ecosystem, it’s investigation of the optimal con-

trol has very important practical significance. Many researchers in the world have made great
∗Corresponding author

E-mail address: luozhixue2009@126.com

Received December 16, 2015

1



2 JIANGBI LIU, ZHIXUE LUO AND HONGWEI LUO

achievements; see [1-8] and the references therein. For single-species with age-structure, there

are large numbers of research and the results is relatively perfect, the works of Brokate in [1],

Anita in [3] and Barbu in [18] gave a detailed description, the methods of theirs will be a source

of inspiration and can provide a reference to the follow-up related research. For periodic age-

dependent population dynamics model, see [4]. Anita in [5] and Brauer in [15] investigated

the impact of constant harvesting on a nonlinear age-dependent, but relatively less research on

the continuous distribution multiple populations with age structure, for related work involving

optimal control of interacting species, see [6] considered the well posedness and the optimal

control of two competing species with age dependence. W.L.Chan in [7] and Z.-R. He in [8-10]

analyzed optimal birth control of age-dependent competitive species II and III, the results were

extended to N species by Zhixue Luo [11]. Recently, Zhixue Luo [12-13] first formulated a new

age-dependent toxicant population model in an environment with small toxicant capacity, effec-

tively bridge the research between age-structure and polluted environment. See Fister [14] for a

two-stage age-dependent competitive system model. However, the birth and mortality rates of

these model were not consider the total population size. Among the practical problems, it deter-

mines the real rate of the biological individual and the behavior of individual. In order to bridge

this gap, this paper propose a more realistic nonlinear population models, which description of

an optimal control of N species for a class of competitive system, the birth and mortality rates

are here nonlinear functions of the population size.

2. The model and its well posedness

In this paper, the dynamics of the control problem can be described by the following equa-

tions:



∂ pi
∂ t + ∂ pi

∂a = fi(a, t)−ui(a, t)pi−µi(a, t,
n
∑

i=1
Pi(t))pi−

n
∑

k=1,k 6=i
λik(a, t)Pk(t)pi,

pi(0, t) =
∫ A

0
βi(a, t,

n

∑
i=1

Pi(t))pi(a, t)da, i = 1,2, . . . ,n,

pi(a,0) = pi0(a),

Pi(t) =
∫ A

0
pi(a, t)da, (a, t) ∈ Q,

(2.1)
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where Q = (0,A)× (0,T ), pi(a, t) are the density of ith population of age a at the moment

t; µi and βi represents the death and birth rates of ith population respectively; A is the maximal

age of individuals in populations and T is a given finite horizon; λik(a, t) are the interaction

coefficients (i,k = 1,2, . . . ,n,k 6= i); fi(a, t) represents inputting rates of ith population respec-

tively, such as migration, earthquakes and other natural disasters caused mortality.

The aim of this paper is to seek the maximum of the following functional, which gives the

profit from harvesting less the cost of harvesting:

J(u) =
n

∑
i=1

∫ A

0

∫ T

0

[
Ki(a)ui(a, t)pi(a, t)−

1
2

Biu2
i (a, t)

]
dtda. (2.2)

where Ki(a) are selling price factors, positive constants Bi represents the cost factors of har-

vesting, u = (u1,u2, . . . ,un) are the proportions of the populations to be harvested, and the state

p = (p1, p2, . . . , pn) is the solution of the system (2.1) corresponding to (u1,u2, . . . ,un).

Definition 2.1. The control set is defined as

Uad =
n

∏
i=1

Ui, Ui =
{

ui(a, t) ∈ L∞(Q)| 0≤ ui(a, t)≤ Ni, a.e in Q
}
.

Definition 2.2. We define our state solution space as

X =
{
(p1, p2, . . . , pn) ∈ (L∞(Q))n| 0≤

∫ A

0
pi(a, t)da≤M, a.e on Q

}
,

where M = ‖ f‖L1(Q)(Ap0 +1)eβ 0T .

Throughout this paper, we always assume that:

(A1) µi(a, t)∈L1
loc(Q),0≤ µi(a, t)≤ µ0,µ0 is constant,

∫ A

0
µi(a, t)da=+∞,a.e. t ∈ (0,T ), i=

1,2, . . . ,n;

(A2) βi(a, t) ∈ L1
loc(Q),0≤ βi(a, t)≤ β 0,β 0 is constant, (a, t) ∈ Q;

(A3) 0≤ λi(a, t)≤ λ 0,0≤ pi(a, t)≤M,0≤ pi0(a)≤ p0, fi ∈ L1(Q), fi(a, t)≥ 0;

(A4) ∀s ∈ R+, |βi(a, t,s1)−βi(a, t,s2)| ≤ Lβi|s1− s2|, |µi(a, t,s1)−µi(a, t,s2)| ≤ Lµi|s1− s2|.

Integrating (2.1) along almost every characteristic line (a−t = k), draws the following propo-

sition:
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Proposition 2.1. The solution of system (2.1) can be expressed as

pi(a, t) =


pi0(a− t)Π(a, t, t;Hi)+

∫ t

0
fi(a− s, t− s)Π(a, t,s;Hi)ds, a≥ t

b(t−a;Pi)Π(a, t,a;Hi)+
∫ a

0
fi(a− s, t− s)Π(a, t,s;Hi)ds, a < t

(2.3)

where

Hi(a, t) =
n

∑
k=1,k 6=i

λik(a, t)Pk(t);

Π(a, t,s;Hi) = exp
{
−
∫ s

0

[
µi(a−τ, t−τ,

n

∑
i=1

Pi(t−τ))+ui(a−τ, t−τ)+Hi(a−τ, t−τ)
]
dτ

}
,

t ∈ [0,T ], s∈
(
0,min{a, t}

)
, b(t;Hi)∈ L∞(0,T ) is the solution of the Volterra integral equation

b(t;Hi) = F(t,Hi)+
∫ t

0
K(t,s;Hi)b(t− s;Hi)ds. (2.4)

Here we have set

K(t,a;Hi) = βi(a, t,Hi(t))Π(a, t,a;Hi), (2.5)

and

F(t;Hi) =
∫

∞

0
βi(a+ t, t,

n

∑
i=1

Pi(t))pi0(a)Π(a+ t, t, t;Hi)da

+
∫

∞

0
βi(a, t,

n

∑
i=1

Pi(t))
∫ min{a,t}

0
fi(a− s, t− s)Π(a, t,s;Hi)dsda,

(2.6)

where the functions p0, β and Π are extended by zero outside their definition sets.

Notes that the assumptions imply that K ∈ L∞(Q× (0,∞)), F ∈ L∞((0,T )× (0,∞)),

0≤ K(t,a;Hi)≤ β (a, t,0) a.e. in Q× (0,∞),

0≤ F(t;Hi)≤ F(t;0) a.e. in (0,T )× (0,∞).

Before stating the proof of the existence and uniqueness of a solution to (2.1) we have to state

some estimates.

Lemma 2.1. There exist M1T (constant depending on T), such that for any Pi,Pk ∈ X(k 6= i), we

have ∣∣F(t;H1
i )−F(t;H2

i )
∣∣≤M1T

( n

∑
i=1

(|P1
i (t)−P2

i (t)|

+
∫ t

0

∣∣P1
i (s)−P2

i (s)
∣∣ds
)
+

n

∑
k 6=i,k=1

∫ t

0

∣∣P1
k (s)−P2

k (s)
∣∣ds
)
.
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Proof. When 0 < t < A, relation (2.6) imply that∣∣F(t;H1
i )−F(t;H2

i )
∣∣

≤
∫

∞

0

∣∣βi(a+ t, t,
n

∑
i=1

P1
i (t))−βi(a+ t, t,

n

∑
i=1

P2
i (t))

∣∣pi0(a)Π(a+ t, t, t;P1
i )da

+
∫

∞

0
βi(a+ t, t,

n

∑
i=1

P2
i (t))pi0(a)

∣∣Π(a+ t, t, t;H1
i )−Π(a+ t, t, t;H2

i )
∣∣da

+
∫

∞

0

∣∣βi(a, t,
n

∑
i=1

P1
i (t))−βi(a, t,

n

∑
i=1

P2
i (t))

∣∣∫ γ

0

∣∣ fi(a− s, t− s)Π(a, t,s;H1
i )
∣∣dsda

+
∫

∞

0
βi(a, t,

n

∑
i=1

P1
i (t))

∫
γ

0
fi(a− s, t− s)

∣∣Π(a, t,s;H1
i )−Π(a, t,s;H2

i )
∣∣dsda

≤
(
Ap0Lβi +Lβi‖ fi‖L1(Q)

)( n

∑
i=1

∣∣P1
i (t)−P2

i (t)
∣∣)

+
(
Ap0

β
0Lµi +β

0Lµi‖ fi‖L1(Q)

)( n

∑
i=1

∫ t

0

∣∣P1
i (s)−P2

i (s)
∣∣ds
)

+
(
Ap0

β
0
λ

0 +Aβ
0
λ

0‖ fi‖L1(Q)

)( n

∑
k 6=i,k=1

∫ t

0

∣∣P1
k (s)−P2

k (s)
∣∣ds
)

≤M1T
( n

∑
i=1

(
|P1

i (t)−P2
i (t)|+

∫ t

0

∣∣P1
i (s)−P2

i (s)
∣∣ds
)
+

n

∑
k 6=i,k=1

∫ t

0

∣∣P1
k (s)−P2

k (s)
∣∣ds
)
,

where

M1T = max
{

Ap0
i Lβi +Lβi‖ fi‖L1(Q),Ap0

i β
0Lµi +β

0Lµi‖ fi‖L1(Q),Ap0
i β

0
λ

0+Aβ
0
λ

0‖ fi‖L1(Q)

}
.

Meanwhile, the same result we can get if A < t < T .

Lemma 2.2. There exist M2T (constant depending on T), such that for any Pi,Pk ∈ X(k 6= i), we

have

∣∣b(t;H1
i )−b(t;H2

i )
∣∣≤M2T

( n

∑
i=1

(|P1
i (t)−P2

i (t)|

+
∫ t

0

∣∣P1
i (s)−P2

i (s)
∣∣ds
)
+

n

∑
k 6=i,k=1

∫ t

0

∣∣P1
k (s)−P2

k (s)
∣∣ds
)
.

Proof. By (2.4),(2.5),(2.6) we get

∣∣b(t;Hi)
∣∣≤ β

0(p0A+‖ fi‖L1(Q))+β
0
∫ t

0

∣∣b(s;Hi)
∣∣ds,
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then using Bellman’s lemma we have

0 < b(t;Hi)< (Aβ
0 p0 +β

0‖ fi‖L1(Q))e
T β 0

:= MT .

∣∣b(t;H1
i )−b(t;H2

i )
∣∣≤ ∣∣F(t;H1

i )−F(t;H2
i )
∣∣

+
∫ t

0

∣∣K(t, t− s;H1
i )−K(t, t− s;H2

i )
∣∣b(s;P1

i )ds+
∫ t

0
K(t, t− s;H2

i )
∣∣b(s;H1

i )−b(s;H2
i )
∣∣ds

≤M1T
( n

∑
i=1

(|P1
i (t)−P2

i (t)|+
∫ t

0

∣∣P1
i (s)−P2

i (s)
∣∣ds
)
+

n

∑
k 6=i,k=1

∫ t

0

∣∣P1
k (s)−P2

k (s)
∣∣ds
)

+T MT (Lβi +β
0Lµi +λ

0)
( n

∑
i=1
|P1

i (t)−P2
i (t)|+

n

∑
i=1

∫ t

0

∣∣P1
i (s)−P2

i (s)
∣∣ds

+
n

∑
k 6=i,k=1

∫ t

0

∣∣P1
k (s)−P2

k (s)
∣∣ds
)
+β

0
∫ t

0

∣∣b(s;H1
i )−b(s;H2

i )
∣∣ds.

Using Gronwall’s lemma, we obtain

∣∣b(t;H1
i )−b(t;H2

i )
∣∣≤M2T

( n

∑
i=1

(|P1
i (t)−P2

i (t)|

+
∫ t

0

∣∣P1
i (s)−P2

i (s)
∣∣ds)+

n

∑
k 6=i,k=1

∫ t

0

∣∣P1
k (s)−P2

k (s)
∣∣ds
)
,

where M′ =
(
M1T +T MT (Lβi +β 0Lµi +λ 0)

)
, M2T = max

{
MT ,M′(2+β 0 +T β 0)eβ 0T}.

Theorem 2.1. If T is small enough, then there are constants Ki(t) with lim
T→0

Ki(t) > 0, i =

1,2, such that

n

∑
i=1
‖p1

i (·,s)− p2
i (·,s)‖L1(0,A) ≤ K1(T )T

( n

∑
i=1
‖ui(·,s)1−u2

i (·,s)‖L1(0,A)
)

(2.7)

n

∑
i=1
‖p1

i (a, t)− p2
i (a, t)‖L∞(Q) ≤ K2(T )T

( n

∑
i=1
‖u1

i (a, t)−u2
i (a, t)‖L∞(Q)

)
. (2.8)
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Proof. For almost any t ∈ (0,A)

‖p1
i (a, t)− p2

i (a, t)‖L1(0,A) =
∫ t

0
|p1

i (a, t)− p2
i (a, t)|da+

∫ A

t
|p1

i (a, t)− p2
i (a, t)|da

≤
∫ t

0
|b(t−a;H1

i )−b(t−a;H2
i )|Π(a, t,a;H1

i )da

+
∫ t

0
b(t−a;H2

i )|Π(a, t,a;H1
i )−Π(a, t,a;H2

i )|da

+
∫ t

0

∫ a

0
fi(a− s, t− s)|Π(a, t,s;H1

i )−Π(a, t,s;H2
i )|dsda

+
∫ A

t
pi0(a− t)|Π(a, t, t;H1

i )−Π(a, t, t;H2
i )|da

+
∫ A

t

∫ t

0
fi(a− s, t− s)|Π(a, t,s;H1

i )−Π(a, t,s;H2
i )|dsda.

Using lemma 2.2 we may infer that

‖p1
i (a, t)− p2

i (a, t)‖L1(0,A) ≤M2T

∫ t

0

( n

∑
i=1
|P1

i (t−a)−P2
i (t−a)|+

n

∑
i=1

∫ t−a

0
(|P1

i (τ)−P2
i (τ)|

+
n

∑
k 6=i,k=1

|P1
k (τ)−P2

k (τ)|)dτ
)
da+MT Lµi

∫ t

0

∫ a

0

n

∑
i=1
|P1

i (t− s)−P2
i (t− s)|dsda

+
∫ t

0

∫ a

0
|u1

i −u2
i |(a− τ, t− τ)dsda+MT λ

0
∫ t

0

∫ a

0

n

∑
k 6=i,k=1

|P1
k (t− s)−P2

k (t− s)|dsda

+Lµi‖ fi‖L1(Q)

∫ s

0

n

∑
i=1
|P1

i (t− τ)−P2
i (t− τ)|ds+‖ fi‖L1(Q)

∫ s

0
|u1

i −u2
i |(a− τ, t− τ)ds

+λ
0‖ fi‖L1(Q)

∫ s

0

n

∑
k 6=i,k=1

|P1
k (t− τ)−P2

k (t− τ)|dτ + p0
∫ A

t

∫ t

0
|u1

i −u2
i |(a− τ, t− τ)dτda

+ p0Lµi

∫ A

t

∫ t

0

n

∑
i=1
|P1

i (t− τ)−P2
i (t− τ)|dτda+‖ fi‖L1(Q)

∫ s

0
|u1

i −u2
i |(a− τ, t− τ)dτ

+ p0
λ

0
∫ A

t

∫ t

0

n

∑
k 6=i,k=1

|P1
k (t− τ)−P2

k (t− τ)|dτ +Lµi‖ fi‖L1(Q)

∫ s

0

n

∑
i=1
|P1

i (t− τ)−P2
i (t− τ)|dτ

+λ
0‖ fi‖L1(Q)

∫ s

0

n

∑
k 6=i,k=1

|P1
k (t− τ)−P2

k (t− τ)|dτ

≤M1

n

∑
i=1

∫ t

0
|P1

i (s)− p2
i (s)|ds+M2

∫ t

0
‖u1

i (·,s)−u2
i (·,s)‖ds+M3

n

∑
k 6=i,k=1

∫ t

0
|P1

k (s)−P2
k (s)|ds



8 JIANGBI LIU, ZHIXUE LUO AND HONGWEI LUO

and consequently
n

∑
i=1
‖p1

i (·, t)− p2
i (·, t)‖L1(0,A) ≤ n(M1 +M3)

∫ t

0

n

∑
i=1
‖p1

i (·,s)− p2
i (·,s)‖L1(0,A)ds

+M2

∫ t

0

n

∑
i=1
‖u1

i (·,s)−u2
i (·,s)‖L1(0,A)ds.

(2.9)

By (2.9) and Gronwall’s lemma we get
n

∑
i=1
‖p1

i − p2
i ‖L1(0,A) ≤ K1(T )T

( n

∑
i=1
‖u1

i −u2
i ‖L1(0,A)

)
,

where M1 =M2T (1+T )+LµiT MT +2Lµi‖ fi‖L1(Q),M2 =T MT +Ap0+2‖ fi‖L1(Q),M3 = λ 0(M2T +

MT +Ap0 +2‖ fi‖L1(Q)).

In addition, (2.8) enable us to obtain the other estimate of the standard norm in L∞ space if T

is sufficiently small, thus, the proof is complete.

Theorem 2.2. Under the hypothesis A1−A4, the system (2.1) has a unique nonnegative solution.

Proof. Let T : X → L∞(0,T ;L1(0,A)), defined by

(T q)(a, t) = p(a, t,Q),Q(t) =
∫ A

0
q(a, t)da,

absolutely, T q∈X , for any λ >M4, we can define the following equivalent norm on L∞(0,T ;L1(0,A)) :

‖q‖= Ess sup
t∈(0,T )

e−λ t
{ n

∑
i=1
‖qi(a, t)‖L1(0,A)+

n

∑
i=1
‖ui(a, t)‖L1(0,A)

}
,

we shall prove that T has a unique fixed point, ∀q1,q2 ∈ X , the process of inequality is similar

to theorem 2.1, then

‖T q1−T q2‖= Ess sup
t∈(0,T )

e−λ t
{ n

∑
i=1
‖(T q1

i )(a, t)− (T q2
i )(a, t)‖L1(0,A)

}
≤M4 Ess sup

t∈(0,T )
e−λ t

∫ t

0

{( n

∑
i=1
‖q1

i (a,s)−q2
i (a,s)‖L1(0,A)+

n

∑
i=1
‖u1

i (a,s)−u2
i (a,s)‖L1(0,A)

)}
ds

≤M4 Ess sup
t∈(0,T )

e−λ t
∫ t

0
eλ s
{

e−λ s
[ n

∑
i=1

(
‖q1

i (a,s)−q2
i (a,s)‖+‖u1

i (a,s)−u2
i (a,s)‖)L1(0,A)

)]}
ds

≤M4‖q1−q2‖Ess sup
t∈(0,T )

{
e−λ t

∫ t

0
eλ sds

}
≤ 1

λ
M4‖q1−q2‖,

where M4 = max{n(M1 +M3),M2}. It means that T is a contraction on (X ,‖ · ‖) and con-

sequently has a unique fixed point, that is system (2.1) has a unique solution. The proof is

complete.
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3. Optimality conditions
Theorem 3.1. If u∗ = (u∗1,u

∗
2, . . . ,u

∗
n) is an optimal control and p∗ = (p∗1, p∗2, . . . , p∗n) is the

corresponding optimal state, then

u∗i (a, t) = Li

((Ki−qi)p∗i
Bi

)
(3.1)

where

Li(x) =


0 x < 0

x 0≤ x≤ Ni

Ni x > Ni

i = 1,2, . . . ,n.

and q=(q1,q2, . . . ,qn) is the solution of following adjoint system corresponding to u∗=(u∗1,u
∗
2, . . . ,u

∗
n).

∂qi
∂ t +

∂qi
∂a = [µi(a, t,

n
∑
j=1

P∗j (t))+u∗i ]qi−qi(0, t)βi(a, t,
n
∑
j=1

P∗j (t))

+
n
∑

k 6=i,k=1
λikP∗k (t)qi +

n
∑

k 6=i,k=1

∫ A

0
(λki p∗kqk)dθ +Kiu∗i

+
n
∑
j=1

∫ A

0
p j(θ , t)

[
q j(θ , t)

∂ µ j

∂xi
(θ , t,

n

∑
j=1

P∗j (t))−q j(0, t)
∂β j

∂xi
(θ , t,

n

∑
j=1

P∗j (t))
]
dθ ,

qi(a,T ) = 0,qi(A, t) = 0.

(3.2)

Proof. Existence and uniqueness of the solution q to system (3.2) follows by theorem 2.2.

Denote by NUi(u
∗
i ) the normal cone at Ui in u∗i , v = (v1,v2, . . . ,vn), ∀v ∈ NUad(u

∗), as ε >

0 small enough, u∗+ εv ∈Uad , we get

J(u∗+ εv)≤ J(u∗). (3.3)

Substituting (2.2) into (3.3) gives that

n

∑
i=1

∫ T

0

∫ A

0
(Kiu∗i zi)(a, t)+ [(Ki p∗i −Biu∗i )vi](a, t)dadt ≤ 0, (3.4)

where

zi = lim
ε→0+

pε
i (a, t)− p∗i (a, t)

ε
,
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pε
i is the state corresponding to u∗i + εvi, and z = (z1,z2, . . . ,zn) is the solution of

∂ zi
∂ t +

∂ zi
∂a =−(µi +u∗i )zi−

n
∑
j=1

P∗j (t)
∂ µi
∂x j

(a, t,
n
∑
j=1

P∗j (t))zi

−
n
∑

k 6=i,k=1
λik[p∗i Zk(t)+P∗k (t)zi]− vi p∗i ,

zi(0, t) =
∫ A

0
βi(a, t,

n

∑
j=1

P∗j (t))zi(a, t)da

+
∫ A

0
P∗j (t)

n

∑
j=1

∂βi

∂x j
(a, t,

n

∑
j=1

P∗j (t))zi(a, t)da,

zi(a,0) = 0,

P∗i (t) =
∫ A

0
p∗i (a, t)da,

Zi(t) =
∫ A

0
zi(a, t)da, i = 1,2, . . . ,n,

(3.5)

where ∂ µi
∂x j

(a, t,
n
∑
j=1

Pj(t)),
∂βi
∂x j

(a, t,
n
∑
j=1

Pj(t)) means the partial derivative of µi,βi with respect to

its third argument, multiplying the (3.5)i by qi respectively, integrating on Q and since

∫
Q

qi(a, t)(
∂ zi

∂ t
+

∂ zi

∂a
)(a, t)dadt =−

∫
Q

zi(a, t)
[
(
∂qi

∂ t
+

∂qi

∂a
)(a, t)

+βi(a, t,
n

∑
j=1

Pj(t))qi(0, t)+
n

∑
j=1

∫ A

0
p∗j(θ , t)q j(0, t)

∂βi

∂x j
(θ , t,

n

∑
j=1

Pj(t))dθ
]
dadt,

now using (3.2) we obtain that

n

∑
i=1

∫
Q
(Kiu∗i zi)(a, t)dadt =−

n

∑
i=1

∫
Q
(qi p∗i vi)(a, t)dadt, (3.6)

from (3.4) and (3.6) it follows that

n

∑
i=1

∫
Q

vi[(Ki−qi)p∗i −Biu∗i ](a, t)dadt ≤ 0.

By using the concept of normal cone Ui at u∗i [18], we get (Ki− qi)p∗i −Biu∗i ∈NUi(u
∗
i ), the

proof is complete by the characteristics properties of the normal vector [17].

4. Existence of optimal control
The characterization and uniqueness of the optimal control pair u∗ is dependent on the use of

Ekeland’s principle [16]. To employ this principle, we embed our functional in the space L1(Q)
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by defining

J (u) =

 J(u) (u) ∈Uad

−∞ (u) /∈Uad

Lemma 4.1. J (u) is upper semi-continuous with respect to L1(Q) convergence.

Proof. Let un = (un
1,u

n
2, . . . ,u

n
n)→ (u1,u2, . . . ,un) = u, as n→ ∞ , by Riesz theorem there is a

subsequence, denoted still by (un), such that

(un
i )

2→ u2
i , n→ ∞.

Thus, Lebesgue’s dominated convergence theorem yields that

lim
n→∞

∫
Q
(un

i )
2dadt =

∫
Q

u2
i dadt.

On the other hand, it follows from (2.7) that

|
∫

Q
Kiun

i (a, t)pn
i (a, t)dadt−

∫
Q

Kiui(a, t)pi(a, t)dadt|

≤
∫

Q
Ki pn

i (a, t)‖un
i −ui‖dadt +

∫
Q

Kiui(a, t)‖pn
i − pi‖dadt

≤ (M+N1C1T )‖Ki‖L1(Q)‖un
i −ui‖L1(Q),

using Fatou’s lemma we conclude that on a subsequence, also denoted by (un) we have

lim
n→∞

sup
∫

Q
Ki(a)un

i (a, t)pn
i (a, t)dadt ≤

∫
Q

Ki(a)ui(a, t)pi(a, t)dadt.

We may infer that J (u)≥ limsupn→∞(u
n) .

Lemma 4.2. For u = (u1,u2, . . . ,un) ∈ U, the adjoint system (3.2) has a weak solution q =

(q1,q2, . . . ,qn) in L∞(Q)×L∞(Q) such that

n

∑
i=1
‖q1

i −q2
i ‖∞ ≤CT (

n

∑
i=1

(‖u1
i −u2

i ‖∞) (4.1)

where adjoint solutions (qi
1,q

i
2, . . . ,q

i
n) correspond to control pairs (ui

1,u
i
2, . . . ,u

i
n), i = 1,2.

Theorem 4.1. If T
n
∑

i=1
B−1

i is sufficiently small, there exists one and only one optimal control

pair u∗ = (u∗1,u
∗
2, . . . ,u

∗
n) in Uad such that

J(u∗) = max
u∈Uad

J(u)
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Proof. According to Ekeland’s variational principle [16], for ∀ε > 0, there exists uε = (uε
1,u

ε
2, · ·

·,uε
n) ∈ [L1(Q)]n such that

(1)J (uε)> sup
u∈Uad

J (u)− ε,

(2)J (uε)> J (u)−
√

ε
n
∑

i=1
‖uε

i −ui‖L1(Q) , Jε(u).

Since uε is a maximum point for Jε(u),∀v = (v1,v2, . . . ,vn) ∈NU(uε), as δ small enough,

uε +δv = (uε
1 +δv1,uε

2 +δv2, . . . ,uε
n +δvn) ∈Uad , we have

J(uε) = Jε(uε)≥ Jε(uε +δv). (4.2)

Substituting (2.2) into (4.3) and passing to the limit of both sides, as δ → 0+gives that

n

∑
i=1

∫ T

0

∫ A

0
(Kiuε

i zi)(a, t)+ [(Ki pε
i −Biuε

i )vi](a, t)dadt +
√

ε

n

∑
i=1
‖vi‖L1(Q) ≤ 0, (4.3)

where zi = lim
ε→0+

pε
i −pi(a,t)

ε
, pε

i is the state corresponding to ui+εvi, and z = (z1,z2, . . . ,zn) is the

solution of

∂ zi
∂ t +

∂ zi
∂a =−(µi +uε

i )zi−
n
∑
j=1

Pε
j (t)

∂ µi
∂x j

(a, t,
n
∑
j=1

Pε
j (t))zi

−
n
∑

k 6=i,k=1
λik[pε

i Zk(t)+Pε
k (t)zi]− vi pε

i ,

zi(0, t) =
∫ A

0
βi(a, t,

n

∑
j=1

Pε
j (t))zi(a, t)da+

∫ A

0
Pε

j (t)
n

∑
j=1

∂βi

∂x j
(a, t,

n

∑
j=1

Pε
j (t))zi(a, t)da,

zi(a,0) = 0,

Pε
i (t) =

∫ A

0
pε

i (a, t)da,

Zi(t) =
∫ A

0
zi(a, t)da, i = 1,2, . . . ,n.

Methods similar to theorem 3.1 can prove that

n

∑
i=1

∫
Q

vi[(Ki−qi)pε
i −Biuε

i −
√

εvi](a, t)dadt ≤ 0, (4.4)

a similar argument as that in theorem, there exists θ ε
i (see [3]) gives

uε = L (uε) =
(
L1
((K1−qε

1)pε
1−
√

εθ ε
1

B1

)
, . . . ,Ln

((Kn−qε
n)pε

n−
√

εθ ε
n

Bn

))
where θ ε

i ∈ L∞(Q), and with |θ ε
i | ≤ 1, i = 1,2, · · ·,n.
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Define F : U →U,F (u) =
(
L1(

(K1−q1)p1
B1

),L2(
(K2−q2)p2

B2
, . . . ,Ln(

(Kn−qn)pn
Bn

)
)
, using fixed

point, we prove uniqueness fist.

‖F (u1)−F (u2)‖ ≡
n

∑
i=1
‖Li

((Ki−q1
i )p1

i
Bi

)
−Li

((Ki−q2
i )p2

i
Bi

)
‖∞

≤ (Ki +q1
i )

n

∑
i=1

B−1
i

n

∑
i=1

(‖p1
i − p2

i ‖∞ + p2
i ‖q1

i −q2
i ‖∞)

≤C2T
n

∑
i=1

B−1
i

n

∑
i=1
‖u1

i −u2
i ‖∞

(4.5)

If T small enough, then the map F has a unique fixed point u∗, where C2 = (K +M)K2(T )+

CM.

To prove this fixed point is an optimal control pair, we use the approximate maximizers uε

from Ekeland’s principle, for

‖F (uε)−uε‖∞ =
n

∑
i=1
‖L
((Ki−qε

i )pε
i

Bi

)
−L

((Ki−qε
i )pε

i −
√

εθ ε
i

Bi

)
‖∞

≤
n

∑
i=1
‖
√

εθ ε
i

Bi
‖∞ ≤

√
ε

n

∑
i=1

B−1
i

(4.6)

Next, using (4.5) and (4.6) to show that uε → u∗ in L∞(Q) ,

‖uε −u∗‖∞ ≡ ‖uε −F (uε)+F (uε)−u∗‖∞

≤ ‖uε −F (uε)‖∞ +‖F (uε)−u∗‖∞

≤
√

ε

n

∑
i=1

B−1
i +C2T

n

∑
i=1

B−1
i

n

∑
i=1
‖uε

i −u∗i ‖∞

if T
n
∑

i=1
B−1

i is small enough, the following result holds:

‖uε −u∗‖∞ ≤

√
ε

n
∑

i=1
B−1

i

1−C2T
n
∑

i=1
B−1

i

, (4.7)

passing to the limit of both sides with ε → 0, (4.7) imply that uε → u∗ in L∞(Q). Finally, using

property (1) of Ekeland’s principle, the inequality J (u∗)> sup
u∈Uad

J (u)− ε implies J (u∗)≥

sup
u∈Uad

J (u), but actually J (u∗)≤ sup
u∈Uad

J (u), thus, J (u∗) = sup
u∈Uad

J (u), the proof is com-

plete.
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