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Abstract. In this paper, we investigate the optimal harvesting problem for a class of nonlinear population system
with fertility and mortality depending on the population size. Fixed point theory is used to obtain the existence and
uniqueness of nonnegative solution in terms of the controls. Optimality conditions are derived by means of normal
cone technique. The existence of the optimal control is carefully verified via Ekeland’s variation principle, some

results in references are extended.
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1. Introduction

The ecosystem problem has been paid more attention in recent years, especially in China, the
ecological civilization has risen to national strategies, emphasizing sustainable development.
So, population system as a main subsystem in ecosystem, it’s investigation of the optimal con-

trol has very important practical significance. Many researchers in the world have made great
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achievements; see [1-8] and the references therein. For single-species with age-structure, there
are large numbers of research and the results is relatively perfect, the works of Brokate in [1],
Anita in [3] and Barbu in [18] gave a detailed description, the methods of theirs will be a source
of inspiration and can provide a reference to the follow-up related research. For periodic age-
dependent population dynamics model, see [4]. Anita in [5] and Brauer in [15] investigated
the impact of constant harvesting on a nonlinear age-dependent, but relatively less research on
the continuous distribution multiple populations with age structure, for related work involving
optimal control of interacting species, see [6] considered the well posedness and the optimal
control of two competing species with age dependence. W.L.Chan in [7] and Z.-R. He in [8-10]
analyzed optimal birth control of age-dependent competitive species 11 and III, the results were
extended to N species by Zhixue Luo [11]. Recently, Zhixue Luo [12-13] first formulated a new
age-dependent toxicant population model in an environment with small toxicant capacity, effec-
tively bridge the research between age-structure and polluted environment. See Fister [14] for a
two-stage age-dependent competitive system model. However, the birth and mortality rates of
these model were not consider the total population size. Among the practical problems, it deter-
mines the real rate of the biological individual and the behavior of individual. In order to bridge
this gap, this paper propose a more realistic nonlinear population models, which description of
an optimal control of N species for a class of competitive system, the birth and mortality rates

are here nonlinear functions of the population size.
2. The model and its well posedness

In this paper, the dynamics of the control problem can be described by the following equa-

tions:

4 i . n n
Wi Wi — fila,r) —ui(a,t)pi— wila,t, ¥ P(O)pi— L Alat)Pult)piy
i=1 k=1k#i

A n ]
i(0,1) :/0 ﬁi(a,t7izil3i(t))pi(a,t)da7 i=1.2....n o)

pi(Cl,O) - piO(a)7
A
P(t) = /0 pila,t)da, (a,1) € 0,
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where Q = (0,A) x (0,T), pi(a,t) are the density of ith population of age a at the moment
t; W; and B; represents the death and birth rates of ith population respectively; A is the maximal
age of individuals in populations and 7 is a given finite horizon; Ay (a,t) are the interaction
coefficients (i,k =1,2,...,n,k #i); fi(a,t) represents inputting rates of ith population respec-
tively, such as migration, earthquakes and other natural disasters caused mortality.

The aim of this paper is to seek the maximum of the following functional, which gives the

profit from harvesting less the cost of harvesting:

/ / a)ui(a,t)pi(a,t) — %Biu%(a,t)}dtda. (2.2)
i= 1

where K;(a) are selling price factors, positive constants B; represents the cost factors of har-
vesting, u = (uy,us,...,u,) are the proportions of the populations to be harvested, and the state

p=(p1,p2,-..,pn) is the solution of the system (2.1) corresponding to (uy,us,. .., u,).

Definition 2.1. The control set is defined as

n
Uaa = [ Ui, Ui = {ui(a,t) € L*(Q)| 0 < ui(a,t) < Ni, a.e in O}
i=1

Definition 2.2. We define our state solution space as

A
X = {(p17p27"'7pn> € (LOO(Q))n’ 0 S/O pi(aat)da <M, a.eon Q}7

where M = || f|| 1 (Q)(Apo-l- l)eﬁoT.
Throughout this paper, we always assume that:
(A1) pi(a,t) €L, .(0),0 < pi(a,t) < u® uOis constant, /OA Ui(a,t)da=+oo,a.e.t € (0,T),i=
1,2,....,n
(A2) Bi(a,t) € L}, .(0),0 < Bi(a,t) < B°,BY is constant, (a,t) € Q;
(A3) 0 < Ai(a,t) < AY,0 < pi(a,t) <M,0 < ppla) < p°, f; € LY(Q), fi(a,t) >0
(A4) Vs € R, |Bi(a,t,51) — Bi(at,52)| < Lg|s1 — 52, [pi(a,t,51) — pia,t,52)] < Ly [s1 —s2.
Integrating (2.1) along almost every characteristic line (a — = k), draws the following propo-

sition:
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Proposition 2.1. The solution of system (2.1) can be expressed as

t
piola—t)I1(a,t,t;H;) +/ fila—s,t —s)I(a,t,s;H;)ds, a>t
0

pi(a;t) = (2.3)

a
b(t —a; P)(a,t,a;H;) +/ fila—s,t —s)(a,t,s;H;)ds, a<t
0

where

(a,t,s; H;) :exp{—/os [wila—7,1—7, iP,-(t—T))—i—u,-(a—’c,t—r)—i—H,—(a—T,t—’L’)]dr},
=1
1 €[0,T], s € (0,min{a,t}), b(t;H;) € L°°l(0, T) is the solution of the Volterra integral equation
b(1;H:) = F(1,Hy)+ /0 K (0,5 Hy)b(t — 5: Hy)ds. (2.4)
Here we have set
K(t,a;H;) = Bi(a,t,H;(t))1(a,t,a;H;), (2.5)

and

F(;Hy) = /Owﬁ,-(a+t,t,iP,-(t))p,-o(a)H(a—|—t,t,t;H,~)da
oo n . min{a,t} (26)
+/0 ﬁi(a,ni;Pi(t))/o " f(a—s.1—$)I(a,1,5:Hy)dsda,

where the functions pg, B and IT are extended by zero outside their definition sets.
Notes that the assumptions imply that K € L=(Q x (0,00)), F € L*((0,T) x (0,0)),

0 <K(t,a;H;) < B(a,t,0) a.e. in Q x (0,00),

0<F(t;H;) <F(t;0) a.e. in (0,T) x (0,00).

Before stating the proof of the existence and uniqueness of a solution to (2.1) we have to state
some estimates.
Lemma 2.1. There exist M7(constant depending on T), such that for any P;, P, € X (k # i), we

have

F(HD) — FsH)| < My (Y (P 0) — P20
=1

# Rl + 3 [ -E )
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Proof. When 0 < ¢ < A, relation (2.6) imply that
|F(t;H') = F(t:H7)]
§/Ooo|[3,~(a—|-t,t,iPil(t))—ﬁi(a—I—t,t,iPl-z(t))|p,~0(a)H(a-|-t,t,t;Pl-l)da
i=1 i=1
+/()Oo[3i(a+t,t,iPl-z(t))p,-o(a)|H(a+t,t,t;Hi1)—H(a+t,t,t;Hi2)’da
i=1
1B YR 0) = Blat, LR [ st - MarsHDfdsda
+/0°°ﬁ,~(a,t,igl(z))/oyfi(a—s,t—s)m(a,;,s;H})—n(a,t,s;H,.Z)(dsda
< (49 + Ly o) (X [P0~ P20)
(4B + B LAl ) (X [ 1)~ P20 )

+(APOBOAO—|—Aﬁ0;LOHfl.HL1(Q))( Zn: /Ot‘Pkl(s)—sz(s)|ds)

where

M7 = max {AP?Lﬁ,» +Lg |l fill L1 (o) AP B Ly, + BOLy || il () AP BOAY+ABOAY il (0) }

Meanwhile, the same result we can getif A <t < T.
Lemma 2.2. There exist My (constant depending on T), such that for any P, P, € X (k # i), we

have

(IR} (r) = PZ(7)|

M=

[b(t:H) = b(t:HP)| < Mor (
i=1

+ [P -Bolas) + Y[R~ B |as)

ki k=1

Proof. By (2.4),(2.5),(2.6) we get

l05H)| < B°A+ il o)+ B° [ [b(5:Ho) s,
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then using Bellman’s lemma we have

0 < b(t;Hy) < (AB°p" + B fill 1 gy)e™® =M.

Using Gronwall’s lemma, we obtain

|b(t; HY) — b(t; HE) | < Moz ( Z (1)]
=1

+ \al<s>—32<s>1ds>+k¢§_l [ 1R )~ PR as)

where M’ = (M7 + TMr (Lg, + B°Ly, + 1°)), Moy = max {Mz,M'(2+ B°+TB°)eF’T}.

Theorem 2.1. If T is small enough, then there are constants K;(t) with }in%) Ki(t) >0, i=
_>

1,2, such that

ZHP, S 59|21 0.4) < Ki(T ZHMz (9|21 0.4) (2.7)

lep, a,t) = pi(a,) =0 <K2(T)T(illu}(a,t)—uiz(a,t)llmg))- (2.8)
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Proof. For almost any ¢ € (0,A)

I} @)~ P2 @lson = [ 19} at)~ pitaida+ [ @) - pHa)lda
g/t|b(t—a;Hl~1)—b(t—a;Hi2)|H(a,t,a;Hl~1)da

+/ —a;H)|(a,t,a;H}) —(a,t,a;H?)|da

—|—/ / fila—s,t —s)|U(a,t,s;H) —T(a,t,5;H?)|dsda

+/ pio(a—1)|I(a,t,t;HY) —X(a,t,t;H?)|da

—|—/ /ﬁ s,t —8)|(a,t,5;H) —(a,t,5;H?)|dsda.

Using lemma 2.2 we may infer that

Iph(@0) = pa)lson < Mor [ (LRG0 =Rl + X [ (R )~ P2
n
+ IPL(7) — PA(t)|)dt)da+ MrLy, / / Z|P ) — P2(t — )|dsda
ktik=1
+// u! —u?|(a—1,1—7 dsda+MT7LO// |PL(t —5) — P}(t — 5)|dsda
z, =1
Ll ) L IR e~ 2) - e olds + o) ) od — dlla v~ 2
s ) 0 At )
+/10Hf,-|\L1(Q)/ Y|P — 1)~ B2t~ D)ldetp / /]u,-l—ui\(a—’c,t—r)d’cda
0 ktik=1 t JO
A
+p0Lul./ /Z|P1 )= P2(t — )|dzda+ | fill i o /|u —|(a—1,1—1)dT
t
s n
A0 / [ Y Be-n-Re-Dlar Ll [ Y160 B -l
ki k=1 i=1

0l [, L 1RG5 B olas

=1

n t
<Mlz/|P1 (s |ds—|—M2/ lul (-5) — 2 (,5)|ds+ M5 Y /O\Pkl(s)—sz(sﬂds
kEik=1
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and consequently

Y1 0) = 30l < 100+ 5) / Y 1.5) = P2
(2.9)
M 310 ) < ) s
By (2.9) and Gronwall’s lemma we get
- 1 2 - 1 2
Y lpi = pilloa) <K (DT (Y [luj —ull110.4))
i=1 i=1
where My = Moy (14 T) + Ly, TMr + 2Ly || fill 11 ) M2 = TMr +Ap° + 2| fill 11 ), M3 = A°(Mar +

Mr +Ap° 42| fill 1 g)-
In addition, (2.8) enable us to obtain the other estimate of the standard norm in L™ space if T
is sufficiently small, thus, the proof is complete.

Theorem 2.2. Under the hypothesis A1 — Ay, the system (2.1) has a unique nonnegative solution.

Proof. Let 7 : X — L(0,T;L'(0,A)), defined by

A
(Z79)(a,1) = p(a,1,0),0(t) = /0 g(a,1)da,

absolutely, .7 ¢ € X, for any A > My, we can define the following equivalent norm on L(0,7T;L!(0,A)) :
A n n
lall = Ess sup e # LY llgit@ 0o + X i)l ion
fG(O,T) i=1 i=1
we shall prove that .7 has a unique fixed point, Vg', 4> € X, the process of inequality is similar

to theorem 2.1, then

176" = 7| =Ess sup e™{ Y (Za}) (@)~ (ZaR) @) |om |
t€(0,T) i=1

< M, Ess s(up)e M/ { Zqu a,s) — g (a S)zr0.a) +Z”” a,s) — ”z(a’s)||L1(07A))}ds
te(0,T

<My Ess sup oM [ Ao X (ol (@s) = @ @)l + 1l (@:5) ~  @5) Deson) | s
te(0,T) 0 i=1

<Myllg' —Ess sup (e [ Foas) < sl ~ ),
t€(0,T) 0

where My = max{n(M; + M3),M;}. It means that .7 is a contraction on (X, || -||) and con-
sequently has a unique fixed point, that is system (2.1) has a unique solution. The proof is

complete.
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3. Optimality conditions
Theorem 3.1. If u* = (uj,u3,...,u,) is an optimal control and p* = (p},p5,...,py) is the
corresponding optimal state, then

i) = () (3.1)

where
0 x<0
Z(X)Z X 0<x<N; i:1,2,...,n
Ni x>N;

*

and q=(q1,92, . .., qn) is the solution of following adjoint system corresponding to u* = (uj,u;,...,uy).

(

%i 1 9% — [1(a,t, Y. Py (1) +uflai—ai(0.0)Biat, L P (1))
J= J=

n n A
vy APrOat Y / (Aupiqi)d® + Kt
k#lk 1 ki k=10

g (3.2)
+ ): p,(B ) [qj(e ) a“’ G,t,ZP* —q;(0,)=- 9,t, ZP* ]

Xi

qi(a,T) =0,qi(A,t) = 0.

\

Proof. Existence and uniqueness of the solution g to system (3.2) follows by theorem 2.2.
Denote by A7, (u}) the normal cone at U; in u}, v = (vi,v2,...,v,), Vv € Ay, ("), as € >

0 small enough, u* + ev € U4, we get
J(u* +¢ev) <J(u"). (3.3)
Substituting (2.2) into (3.3) gives that

,-i /OT /OA(KM?‘ zi)(a,t) + [(Kip} — Biu} )vi)(a,t)dadt <0, (3.4)

where

Ela.t) —pila.t
= lim P (a,1) — pj (a, )7
0T S
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pf is the state corresponding to u} + €v;, and z = (21,22, ..,2x) is the solution of

(

%y % = (i uf)zi— ZP*() <a,t,2P*<>>
- )r::; )Lik[pizk(l)+Pk([)Zi]_Vipi7

2(0,1) /ﬁl Y Bl da

]:

\ —1—/0 Pi(t) z"" a,t,ZP* )zi(a,t)d (35)

N

ne]

*

~
-~

N—
I

A
/ pji(a,t)da,
0

A
Zi(t) :/ zi(a,t)da, i=1,2,...,n,
0

n n
where g—ff]’ (a,t, j)::l P;(t)), g—g(a,t, jgl P;(t)) means the partial derivative of y;, B; with respect to

its third argument, multiplying the (3.5); by g; respectively, integrating on Q and since

/q, (a,t)( Zi aaZl)(a t)dadt = /in(a,t) [(%+%)( 1)

n
Bt Y Pi(1)ai(0,0) Z/ (0,1)q;(0,6) 22 G,I,ZP ))d6] dadt,
L P

now using (3.2) we obtain that

Z/ (Kiu;zi)(a,t)dadt = Z/ qipivi)(a,t)dadt, (3.6)
from (3.4) and (3.6) it follows that
Z/ vil(Ki — qi)p; — Biuj](a,t)dadt < 0.
i=1

By using the concept of normal cone U; at u] [18], we get (K; —g;)p; — Biu} € Ay, (u}), the

proof is complete by the characteristics properties of the normal vector [17].

4. Existence of optimal control
The characterization and uniqueness of the optimal control pair #* is dependent on the use of

Ekeland’s principle [16]. To employ this principle, we embed our functional in the space L!(Q)
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by defining
J(u)  (u) € Uaa
—eo () € Uaa

Lemma 4.1. ¢ (u) is upper semi-continuous with respect to L'(Q) convergence.

) =

Proof. Let u" = (u,uj,...,u}}) = (u1,uz,...,u,) = u, as n — oo, by Riesz theorem there is a

subsequence, denoted still by (#"), such that

(U2 = u?, n— oo
Thus, Lebesgue’s dominated convergence theorem yields that

lim [ (u")dadt = / udadt.
0

n—e /o

On the other hand, it follows from (2.7) that
| / Kiul(a,t)p!(a,t)dadt — / Kiui(a,t)pi(a,t)dadt|
Q 0
< /QKip?(a,t)Huf-‘ — uinadt—F/QKiui(a,t)Hp? — pilldadt
< (M+NCT)|[Kill g Nl — ill 1)
using Fatou’s lemma we conclude that on a subsequence, also denoted by (#"*) we have

lim sup/ Ki(a)u?(a,t)p?(a,t)dadt < / Ki(a)ui(a,t)pi(a,t)dadt.

n—soo
We may infer that _# (u) > limsup,,_,.(u") .
Lemma 4.2. For u = (uy,uy,...,u,) € U, the adjoint system (3.2) has a weak solution q =

(91,92, - --,qn) in L*(Q) x L™(Q) such that

n n
1 2 2
Y llgi —aillee < CT (Y. (lui —uf]|-) (4.1)
i=1 i=1
where adjoint solutions (¢4, . ...q}) correspond to control pairs (u',ul, ... u,),i=1,2.

n
Theorem 4.1. If T ). B;l is sufficiently small, there exists one and only one optimal control
i=1

pair u* = (uj,uj,...,uy) in Uyg such that

J(u*) = urg(eyz](u)
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Proof. According to Ekeland’s variational principle [16], for Ve > 0, there exists u®
~ut) € [L'(Q)]" such that

(D7) > sup 7 (u) =
Q)7 () > 7 () ~VE X [l ~ il g) 2 Felw).

Since u® is a maximum point for _Z¢(u),Vv = (vi,v2,...,vn) € Ay (uf), as § small enough,

ut +6v = (u§ +0vi,ul +6vy,...,u5+ 6v,) € Uyy, we have

= (uf,uf,-

J(u®) = Je(u) > Je(u® + 6v). (4.2)

Substituting (2.2) into (4.3) and passing to the limit of both sides, as & — 0" gives that
n T rA n
Z/o /0 (Kiug zi) (a,1) + [(Kipf — Bl )vil(a,t)dadt +/€ Y ||vill 1) <O, (4.3)
i=1 i=1

¢ —p; 7l‘ . . .
where z; = hm+ %’(a), pf is the state corresponding to u; + €v;, and z = (21,22, .. .,2,) is the
e—=0

solution of

.

az, +azl = —(Mi+uf)zi — Z pe() ( a, ,'Zle(t))zi
]:
— ¥ Aulpf Zk(f) + PE(t)zi] —vip§,
ktik=1
A n A n ﬁ
zi(0,1) =/0 ﬁi(a,t,ZPf(t))zz'(a,t)daJr/O P;(t) Za_ a,t,ZP )zi(a,t)d
J=1 Jj=1
Zi(a;()) = 07
A
P = [ pfar)da,
0
A
Zi(1) :/ zila,t)da, i=1,2,....n
\ 0
Methods similar to theorem 3.1 can prove that
n
Y [ vil(Ki—a)p — Bauf —~/evi(ar)dadi <0, (44)
=170

a similar argument as that in theorem, there exists 67 (see [3]) gives

e = L(uf) = <gl((K1 —4q7)pi _\/5918)7“‘79%1((](11 — )Py —\/59,18))

B, By,

where 6 € L*(Q), and with |6F| <1, i=1,2,---,n
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Define 7 : U — U, (u) = (£ (K500 g (Togle | g (Kazinliny) ysing fixed

point, we prove uniqueness fist.

(Ki—ai)pi (Ki —a;)p7
|7 (u' H_ZWf ”)—ﬁ(’Bf’NM
1
3 Sl 2 201 2
(Ki+4q;) Z Z Ipi = pille+pillg; —qill) (4.5)

sczTZB;l ZHu} —u7 |
i=1 i=1

If T small enough, then the map .% has a unique fixed point u*, where C; = (K +M)K»(T) +
CM.

To prove this fixed point is an optimal control pair, we use the approximate maximizers u®
from Ekeland’s principle, for

170) . = ¥ () — o (B

oo

i ’|rw<fZBl

Next, using (4.5) and (4.6) to show that u® — u* in L*(Q) ,

(4.6)

[ = ufleo = [Ju® = F (%) + F (u) — "l
< lu® = F (W) loo + |7 () —tt"|on

n n n
<VeY B +OT Y BT Y [luf —uf]l-
i=1 i=1 i=1
n
iftT Y By !'is small enough, the following result holds:
i=1

\@fBﬁ
— o < (4.7)
I—QTZBI

i=1

€

e

passing to the limit of both sides with € — 0, (4.7) imply that u®* — u* in L*(Q). Finally, using

property (1) of Ekeland’s principle, the inequality ¢ (u*) > sup _# (u) — € implies ¢ (u*) >
ucl,y

sup 7 (u), but actually ¢ (u*) < sup _# (u), thus, # (u*) = sup _Z (u), the proof is com-

ucUyy uclU,y uclUyy

plete.
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