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Abstract. A two-strain avian influenza model with distributed delay and environmental spread in humans is
investigated. The model describes well the transmission of avian influenza between poultry and humans. In this
study, we introduce the behavior of both high pathogenic avian influenza (HPAI) as strain two and low pathogenic
avian influenza (LPAI) as strain one in a domestic poultry population. We also include the distribution of the
strain two through the contaminated environment. We compute the strain reproduction numbers %, %, and
the invasion %A’l, @2. We find that besides the disease-free equilibrium, there exist a dominance equilibrium for
each strain and many coexistence equilibrium of both strain one and strain two if %] = %,. Using a Lyapunov
functional, we are able to establish global stability of the disease-free equilibrium if max{%,,%»} < 1. If %;, the
reproduction number of strain i is larger than one, then a single-strain equilibrium, corresponding to strain i exists.
This single-strain equilibrium is locally stable whenever R > 1. Using a Lyapunov functional, we establish that
the corresponding single-strain equilibrium g is globally stable. When &% = %> > 1 and R\ = Ry = 1, there are
perhaps many coexistence equilibria of both strain one and strain two. Environmental transmission to humans may
explain why avian influenza A (H7N9) virus has appear in humans in different places in China in 2013 and 2014.
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1. Introduction

Avian Influenza (AI) virus chiefly infects birds, both wild and domestic. Avian influenza
viruses of H5 and H7 subtypes have high pathogenic (HPAI) and low pathogenic (LPAI) form.
Both forms infect poultry. Poultry infected with LPAI (strain one) show mild symptoms and
recover. However, HPAI (strain two) is generally extremely virulent to poultry, with mortality
rate 90%-100%. HPAI often kills chickens within two days of onset of symptoms. Highly
pathogenic (strain two) H5N1 avian influenza have shown ability to transmit to humans and
poses a big threat to public health since it may mutate to a pandemic human H5NT1 influenza
strain [1].

Human infections with a new strain of the avian influenza A (H7N9) virus were first reported
in China in March in 2013. Most of these infections are believed to result from exposure to
infected poultry or contaminated environment, as H7N9 viruses have also been found in poultry
in China. While some mild illnesses in human H7N9 cases have been seen, most patients have
had severe respiratory illness, with about one-third resulting in death.

In two successive and increasing waves, this virus has moved across China and crossed the
Chinese border into Hong Kong, Taiwan and Malaysia. According to CDC it is possible that
the virus can appear in the US.

The persistence and the pandemic threat of avian influenza as well as the very publicized
cholera outbreak in Haiti have increased the awareness of diseases which transmit both directly
and environmentally. Many recent articles have been devoted to indirectly transmitted diseases
[2,3,4,5,6]. In this article, we investigate a two-strain avian influenza model describing the
transmission of avian influenza between poultry and humans, including both direct and envi-
ronmental transmission to humans.

Our model was inspired by the model introduced in [7]. Compared to the model in [7], our
model includes distributed delay and the transmission between poultry and humans. Further-
more, we consider the environmental transmission. Our results are focused on the number of
the equilibria and their local as well as global stabilities. While the authors in [7] mainly discuss

the coexistence of pathogen strains caused by culling in a influenza model.
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This paper is structured as follows. In section 2, we introduce a two-strain avian influenza
model with distributed delay and environmental transmission. In section 3, we discuss the
equilibria and establish their local stabilities. In section 4, we establish global stability of the
disease-free equilibrium. In section 5, we use Lyapunov functional to derive the global stability

of the single-strain equilibrium. In section 6, we summarizes our results.

2. The two-strain avian influenza model

As in the introduction, we assume the pathogen exists through two strains. LPAI is strain
one and HPAI is strain two. The two-strain model divides poultry under consideration into the
following groups: susceptible poultry, denoted by S,(¢), infected poultry with a strain i, denoted
by 1,,(t) (i =1,2), and recovered poultry from strain one, denoted by R, (z). If we let N, (¢) be
the total number of poultry at time 7, We have N,(¢) = S,(¢) + 1, (t) + 1, (t) + R, (). Let Nj(t)
be the total number of humans at time ¢. Nj,(¢) is composed of the number of susceptible human
individuals Sy (), the number of infective human individuals ;,(¢), and the number of recovered
or immune humans individuals Ry(¢). Thus, N,(¢t) = S;,(¢) + I(t) + R,(t). Let E(¢) be the
number of virus of strain two in the contaminated environment.

Because the dynamics of the virus in the human population is subjected to a significant in-
fluence from the incubation period of the pathogen within humans and in reality the incubation
period is not a number but an interval during which the maturation of the parasite occurs in
different individuals, we incorporate distributed delay in the humans to account for the delays.

Let 7 be the incubation period of the parasite in humans. Here, we assume that 7 is distributed
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parameter (see [8,9]). The model takes the form

( dS
dtv - Av - Bvlsvlvl - ﬁvzsvlvz - .quw
dl,
dtl - BVISVIVI - (‘uV+ rV)IVw
dl
d:Z = ﬁvzsvlvz - (.LLV + aV)IV27
dR,
=nl, ,uv Vs
a ‘ (2.1)
— = 51 —YE,
dr ¥
das T
dt” _Ah—BhlSh/ Fi(s)Ly (1 —s ds—thSh/ H(S)E(t — 5)ds — unSh,
dl
h ﬁh,Sh/ fi(s)L, (t —s) dS+I3thh/ F(S)E(t —s)ds — (Up+ 0 + 1) I,
dRh
=r,l, — W,R
. = rply — UpR(2).

In model (2.1), A;, and A, are the birth/recruitment rate of humans and poultry, B, is the trans-
mission coefficient of strain i among poultry, i (i = 1,2). Similarly, B, is the transmission
coefficient of strain two from poultry to humans. f, is the transmission rate to humans from
the environmental contamination. L, u, are the natural death rates of humans and poultry, re-
spectively. r,,r, are the recovery rates of poultry and humans. o, oy, are the disease-induced
death rates. The kernel functions f1(7), f2(7) expresses the distributed infectivity toward sus-
ceptible individuals during the infectious period of the surviving infectious poultry or the avian

influenza virus in the environment. The term

BuSH(t) [ Fi6)nlt —s)ds-+ BuSi(6) [ (0B —s)ds

gives the incidence of new cases of infection for humans at time ¢.

To understand the model, notice that susceptible poultry are recruited at a rate A,. Susceptible
poultry can become infected with strain i (i = 1,2) through a direct contact with an infected
poultry with strain i. The infected poultry with strain one /,, can recover with recovery rate
ry, while the infected poultry with strain 2 may die with disease-induced death rate ¢,. In the
same time, susceptible human individuals are recruited at a rate Aj,. Susceptible individuals can
become infected with strain two either through a direct contact with infected poultry infected

with strain two or through coming into contact with viral particles of strain two that are in the
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environment. Furthermore, it is assumed that a susceptible poultry, who has been exposed, may
remain exposed for some period before becoming infectious and may have variable infectivity
toward humans. As a consequence, the force of infection on susceptible human individuals
through direct or indirect contact is given by the integral over all the incubation periods of the
parasite in the poultry. Infected humans have a recovery rate r, and move to the recovered
class Ry(r). Others infected humans may die with disease-induced death rate oy,. Infected
poultry with strain two shed the virus into the environment at a rate 6. All viral particles shed
by poultry infected with strain two are given by 61,,. We notice that the equations for the
recovered poultry and recovered humans are decoupled from the system and the analysis of

system (2.1) is equivalent to the analysis of the system.

( dS

dtv = Av - ﬁvlSvIvl - szsvlvz - .quw
dl

d;l - 'BVISVIVI - (‘u“V + rV)IVU
dl

d:z = ﬁVQSVIVQ - (.uv + aV)IV27
o (2.2)
E = 8IV2 — '}/E,
ds;, T T
= M= BuSi [ Al =5)ds—BiSy [ A(E(—)ds = S,
dl T T
= BuSi [ i(9)hslt=5)ds+ By | B = s)ds— (- 0-+ 1)

In the remainder of this article we will focus on model (2.2). Model (2.2) is equipped with the
following initial conditions:

85v(0) = Sy, 1, (0) :IV107 1,,(6) = v, (0),

Sh(O) :Shm Ih(O) =Ih0, E(G) = l[/E(G), 0 c [—T,O].

(2.3)

All parameters in model (2.2) are non-negative. We define the following space of functions
2
X=R"xR"x[] (C([—T,O],R+)> xRT xR™.
i=1
where the Banach space C([—7,0],R™) of continuous functions mapping the interval [—1,0]
into R™ is equipped with the sup-norm ||y|| = sup_,.g-(|¥(6)|. By the standard theory of
functional differential equations [10], it can be verified that (2.2) with initial conditions (2.3)

has a unique solution (S,(¢),1,,(¢),1,,(t),E(t),Sx(t),I,(t)) which remains non-negative for all
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t > 0. Moreover, we can show the solutions of system (2.2) are ultimately uniformly bounded in
X. In fact, it follows that the total poultry population size N, (t) = S,(¢) +1,, (t) +1,, (t) satisfies

% (Sv(t) +1,(t) +1,, (r)) <Ay — My (Sv(t) +1, (1) + 1y, (f)) '

Hence,

lim sup (Sv(t) + 1, (1) + 1, (t)) =—.

f—>o0 Wy

Similarly, the total human population size Ny (1) = Sy(¢) + I(¢) satisfies

4 (510+50) < pa - (51010,
so we have

A
lim sup (Sh(t) —|—Ih(t)) <t
t—oo Hp

The free virus in the environment can be bounded as follows:

E' < 5ﬁ —VE.
v
Hence A
o0 SA
limsupE(f) < - = —~,
t—o0 Y Yy

Therefore, the following set is positively invariant for system (2.2)

Hy Hn YUy

All positive semi-orbits in £ are precompact in X, and thus have non-empty ®-limit sets. We

A A OA
Q: {(SV11V171V27E7Sh7Ih) €X+ . SV+IV1 "’Ivz S _V7 Sh +Ih S _haE < V}'

have the following result.
Lemma 2.1 All positive semi-orbits in Q have non-empty ®-limit sets.

Furthermore, we impose the following assumptions:

Assumptions 1:

(1) Ttis assumed that fi(s) and f>(s) are continuous on [0, T];

(2) fi(s) and fo(s) satisfy
/Tfl(s)ds:al, /rfz(s)ds:az;
0 0

3) fi(s) >0,f2(s) >0for0 <s < 7.
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The reproduction number of strain one and two are given by the following expressions

ﬁvz AV

Ry = _Purv .
(Lt + )

_.uv(.uv‘f”’v), 2

respectively. The system has a reproduction number defined as
%() = max{%l,ﬂz}.

We also introduce the invasion numbers of strain one and strain two. The invasion number of

strain one (two) at the equilibrium of strain two (one) is given by
s K -
1 %2 5 2 %1

In the next section we compute explicit expressions for the equilibria and establish their local

stability.
3. Equilibria and their local stability

In the positively invariant region

A A oA
Q= {(SV7IV171V27E75h71h) €X+ : Sv+lv1 +Iv2 < _v, Sh+1h < _haE < V}:
Hy Mp YHy

system (2.2) always has a unique disease-free equilibrium &j, which is given by

A A
Cg’o = (_V?O70707_h
Hp

14

,0).
In addition, for each i there is a corresponding single-strain equilibrium &; given by

& = (8;,,1;,0,0,8;,.0), & = (S;,,0,I5,,E*, S}, . I}),

vyt V2 V2

where S .17, S, and Sp [0 E*S) I satisfy

vty V277V

AV - ﬁvlstll\zkl - IJ’VS; = 07

Bvlstll;/k] - (:u’V + rV)I;)kl = 07 (31)

Ap— Sy, =0,
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and

AV - ﬁVZS;kzI\TQ - tu“VS:Z = 07
BVZS; \Tz - (:uV + av)l;kz = 07
SIY,— yE* =0, (3.2)

A= Bny Sy 1,01 — B, S5, E” a2 — nSp, = 0,

Br, Sh, 1, a1 =+ By Si, E™ a2 — (W + 04, + 1), = 0.

The non-zero components of the equilibrium &’; are given by

A 1 A
Sil :‘Ll,v—f—]"v, I‘Tl — vV (1__)’ S;kll :_h,
By, Wy + 1y 4 Un
W, + a, A, 1 0
S>|< - ; = 1 - — ) E* = —I*
%) sz %) I.Lv + av< %2) ,y %)
s; = A = Pnlnar +PuErar o,
2 By Inay+ BEray " Wt oy+r, "

The endemic equilibrium &; exists if and only if %Z; > 1. So we have the following results.

Theorem 3.1 The model (2.2) has a unique strain 1 dominance equilibrium & = (S:1 ,I;‘l ,0,0, S;‘;l ,0)

if #1 > 1, and a unique strain 2 dominance equilibrium & = (S:z,O,Ijz,E*,SZZ,I;) if %> > 1.
Concerning the coexistence equilibria, we have:

Theorem 3.2 If %) = %> > 1, % = %> = 1, then there exist many coexistence equilibria

(S5, L5 Iy E*, S5 I, where

vty

_ _ - A _ I¥ai+ By E*ar _
S: = Stl = S:zv E* = _I\Tzv SZ = T . % ) I;zk = ﬁhl e ﬁhz 2SZ7
14 B, L,a1 + B, E*az + Wy, My, + 0+ 1

where I_jl and I_\’,‘2 satisfy the following equation:

BVJ\TI + szl_\z = Bvlljl = BV2I:2
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Proof. We assume that (S}, 1, I, E*, S}, I}) is an equilibrium of the system (2.2), then it must

satisfy the following system:

(

Ay =B S3L, = B SIE, — Sy =0,
Bu SVE, — (o +1)I =0,

BiSVE, — (o + aw)I7, =0,

oI, —yE* =0,

Ah — BMSZI_\TZCII — 5}125725*“2 — ‘uhS_Z = O,

| B Sily,a1 + By SHE  az — (W + 04, + 1) Iy = 0.

By the second and third equation of (3.3), we obtain

§* — Wy, +ry _ Wy + o
T By By,
Noticing that

_ W, +ry
Svl_—ﬁvl

. .uv + o,
) S:Q - ﬁVQ

So we have
Sk = Sy, =Sy,
From the first equation of (3.3), we have
AV - ‘U,VS: = ﬁvl Sjl_\fl + ﬁvzgjl_\fz'
Using the the first equation of (3.1), satisfied by equilibrium &7, we have the relation

Ay — Sy = Ay — WSy, = B, Sy Iy, = B Sy

vily vl -
Then we obtain
BuSuLy, = Bu SVE, + B SV,
We divide both sides by S,
Bu Iy, = Bu Iy, + B, I3,
Similarly, we have

ﬁV2I:2 = BVII_:} +BV21_\>/’<2'
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Thus I, and 7, satisfy the following equation:

Bvl +Bv2 BVII\T] = BV2I:<2
Similarly to E*,S; , I, we can get E*,S} and I;.

_— 0 - —_ Ay . ﬁhll_\zal —}—ﬁth*GQS*
Bulpar +BrErar+wy” " wtoy+r "

Since there are many I}, and I}, that satisfy the equation B,, I + B,I;, = By, I, = By, 1, t

proof is complete. O
Now we are ready to establish the following result.

Theorem 3.3 If %y = max{%,%>} < 1, then the disease-free equilibrium & is locally asymp-

totically stable. If Zo > 1, then it is unstable.

Proof. In order to investigate the local stability of the model, let us first linearize system (2.2)

at & Let $,(t) = Au/ty 2,06, o, (1) = Y0 (6,1 (6) = i (6) E (1) = 2(6), Si(6) = A/ btp +

xp(t),I,(t) = yp(¢). Thus, we obtain the following linearized system

( dx A A

— = Bvl “ _szu_:yvz — UyXy,
d
2;;1 _ﬁw V (UV‘f"”v))’vla
d A
3;‘)2 = ﬁvz _)’vz — (uy + O‘v))’vzy

t Ly

(3.4)

dz
Z = 6yV2 - 727
dx A Ay, [T

=Bt [Tl s)ds BTt [ () —s)ds— s
d)’h Ah

_Bhl / F1(8)yv, (2 )ds+ﬁh2 / fa(8)z(t —s)ds — (Up + o+ 1) yp.

\

To study system (3.4), we notice that the system for x; and y;, is decoupled from the equations
for x,,yy,,yv, and z. Hence, the equation for x;, and y;, are independent from the first to the
fourth equation.

We investigate solutions of the form

At At

vy (t) =€, sz(t) :yvzelt, Z(f) = Ze)”.

x,(1) = xpe
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This leads to solving the following set of equations.
( Ay Ay
A'xv = _ﬁvl Eyvl - ﬁv2 Eyvz — UyXy,
Ay
A'yw - ﬁvl ‘u_yVl - (,uv + Vv))’vl )
v

A
A‘yvz = ﬁvz ‘u_vyvz - (,uv + av))’vza
v

\ Az=6y,, — 7z
System (3.5) is a linear system. Thus, looking for eigenvalues in the model is equivalent to find

the characteristic roots which are determined by the following equation:

A+ ﬁw% ﬁ‘Q% 0
0 Atmin-pl 0 0
0 0 A+ — PR 0
0 0 -0 A+y
K (3.6)
v Ay
2f"‘/Jv Bvlm ﬁvzm 0
0 A—(tn)(Z—1) 0 0
— =0.
0 0 )L_(.uv+av)('%2_l) 0
0 0 -0 A+y

It is easy to obtain that the eigenvalues of system (2.2) are
M=W+n)(Z —1), h=W+a)(Z—1), 23=—, la=—7.

Note that if Zy = max{%, %>} < 1, then, all the four eigenvalues 1, A5, 13, 14 < 0 are negative

real numbers. Therefore, the stability of &y depends on the eigenvalues of the following system

dxh

—_ X

dyy,

D7 —(Up+ O +1p)yn-

It is easy to obtain that the eigenvalues are As = —u,, A¢ = —(Up + 0y + 1) < 0. Hence,
all the eigenvalues of system (2.2) are negative. Thus, the disease free equilibrium is locally
asymptotically stable for max{%,%»} < 1. However, when max{%,%>} > 1, we have 1, or

A2 > 0. Hence, the disease-free equilibrium is unstable for max{%, %>} > 1. O
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Now we turn to the local stability of the endemic equilibrium &; for a fixed i. We assume that
strain j cannot invade the equilibrium of strain i, that is we assume % ;< 1 for j#i. In this
case we are able to show that the endemic equilibrium is locally stable. That is, the endemic
equilibrium of strain i is locally stable if the other strain cannot invade it. The results on local
stability of single-strain equilibrium &; are summarized below
Theorem 3.4 Assume %; > 1. If 7% i < 1, then the endemic equilibrium &; is locally asymptoti-
cally stable. If R i > 1, it is unstable.
Proof. Similarly to the proof in Theorem 3.3, let us first linearize system (2.2) at &;. Let
S(t) = S5, 430,10y () = B, 430, (0 oy (1) = Y (0, E ) = 2(6), S (8) = S, +xa6). Iale) =

yu(t). Thus, we obtain the following linearized system

( de

I ﬁwS:I)’w Bvlljlxv - ﬁVszl)’vz — Xy,
dy . ]
d_:l = ﬁvlsvlyvl ‘I',Bvlllev - (lu’V + rV)yVn
d .
3;:2 = szSvlyvz — (M + 06) Yy,
d (3.7)
s Yz
dt yV2 I
dx
h ﬁh]Shl / fl yV2 ) ﬁthhl / .f2 t —s)ds - .uhxl’n
d
\ yh = By, hl/ Ji(s)y, (¢ s)ds+ﬁh25h1/o J2(8)z(t — s)ds — (Lt + Qi +13) -
We get the following characteristic equation:
A’ +BV111T1 +uv .Bvlstl ﬁms;kl O
—Bvlljl A 0 0
0 0 A _ﬁvzstl +<.uv‘|‘av> 0
0 0 ) Aty
(3.8)
A “‘ﬁwl;k] +uy B Sy By, Sy,
_ —,BVII;‘1 A 0 0 o
0 0 )L_(“v‘f’av)(f@Z_l) 0
0 0 ) A+y
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It is easy to obtain that A} = (u, + OCV)(,@Q —1),A, = —y are two negative real characteristic
roots of system (2.2) for > < 1. The other two characteristic roots are determined by the

following equation:
A2+ (B, + )2 + B3 S5 1, = 0. (3.9)

Since By, I}, + uy > 0, szl Sy, I, > 0, from the Routh-Hurwitz criterion, the eigenvalues A3, A4
from equation (3.9) have negative real parts or are negative. Furthermore, A5 = —,, A =
—(up + ap + ) < 0. Hence all eigenvalues have negative real part. This proves that when
% < 1, the dominance equilibrium &7 is locally asymptotically stable. Moreover, if P > 1,
we have A} = (u, + Ocv)(%% — 1) > 0. Then the equilibrium & is unstable for Ky > 1.

By a similar argument as above, we can also analyze the stability of the dominance equilib-

rium &. The characteristic equation at & is as follows:

A+ By, + 1y By, Sy, B.Sy, 0
0 A=PnS5,+W+n) 0 0
—Bi, 1y, 0 A 0
0 0 -0 A+y
(3.10)
A+ By, Iy, + Hy By, Sy, B, 0
B 0 A= +r)(Z—1) 0 0 o
s 0 oo |
0 0 -0 A4y

It is easy to see that system (2.2) has two negative real number eigenvalues A; = (1, +ry) (,%71 —
1) <0, A, = —7yfor %1 < 1. The others two characteristic roots are determined by the following

equation:

A+ (B, Iy, + o)A + By S I, = 0. (3.11)

2

It is evident that the equation (3.11) have two eigenvalues with negative real parts. Then A5 =
—Up, As = —(Wwn+ 0y, + 1) < 0. Hence System (2.2) has six eigenvalues with negative real
part. Therefore, when A, < 1, the dominance equilibrium & is locally asymptotically stable.

Otherwise, the equilibrium & is unstable for %71 > 1. L]
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4. Global stability of the disease-free equilibrium

In the previous section we established the local stability of the equilibria, that is, given the
conditions on the parameters, if the initial conditions are close enough to the equilibrium, the
solution will converge to that equilibrium. In this section our objective is to extend these results
to global results. That is, given the conditions on the parameters, convergence to the equilibrium
occurs independent of the initial conditions.

As a first step, we establish the global stability of the disease-free equilibrium.

Theoremd.1 If %y = max{%\,%>} < 1, the disease-free equilibrium & is globally asymptoti-
cally stable.

Proof. For the global stability analysis of the disease-free equilibrium &, we will use a Lya-
punov function with Lasalle Invariance Principle. Let us consider the function Vo = I, +1,,.

Note that the derivative of it along the solutions of the system (2.2) is

% = [ﬁva(t) — (M + rv)]lw (1) + [ﬁv25v(l) — (py+ av)]lvz (r)

dt
< B ﬁ— () (1) + [m% ()l (1)
= (ot 1) (T — Dl (1) + (o + ) (2 — 1)y (1) <0,

since Zp = max{Z, %>} < 1. Hence, by Lasalle Invariance Principle, for any solution (S,,1,,,1,,,
E. Sy, 1) € Q, the omega limit set of this solution is a subset of the largest invariant set in
{x € Q|V'(x) = 0}. It is easy to see that the largest invariant set in {x € Q|V'(x) = 0} is the

singleton set of &y. Then any solution in Q converges to the DFE when max{%,%,} < 1. O
5. Global stability of the single-strain equilibrium &;

From Theorem 3.4 we know that under the specified conditions the equilibrium &; is locally
asymptotically stable. It remains to be established that &; is globally stable. We expect to
show this result using a Lyapunov function. With g(x) = x — 1 — Inx, we define the following

Lyapunov functions.

)—i_[vlg(%)—’—l\/z, Vz(t) :SV2g(_*V)+IV2g<%)+IVl
Ivl sz IV2

Sy

Vil) =i (5
Vi
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We have to establish that V'(¢) < 0 along the solution curves of system (2.2). Before proof, let

us make some preparations first. We denote
T T
0u(0) =By | FO(t=9ds. ge(t) =Py, [ LOEC—5)ds.
From the third equation, we have
t
E(t) = Eoe " +§ / 1, (6)e = dg. (5.1)

0

Similarly, from the fourth and the fifth equation, we obtain

Su(1) = Sy e O (@) or(@) ) | A / o oo B+ oe b)) g (5.2)
0

and
t
I(t) = Ihoe*(uﬁaﬁm)f +/o Sp(0) (@, (o) + (pE(G))e*(ﬂh+ah+"h)(t*6)dc' (5.3)

The following Theorem summarizes the result.

Theorem 5.1 Assume %, < 1. Then equilibrium & is globally asymptotically stable, that is,
for any initial condition x° € X, the solution of system (2.2) converges to &.

Proof. Calculating the derivative of the expressions of Vi () along the system (2.2), we obtain

dvy (t) ok Stl

1
dt - vl( - S_)S_*[Av - Bvlsvlvl - ﬁVZSVIVQ - .quv]
v 141
coq M1
+I,;, (1 - Iﬂ)IT[BvaIm — (M + 1)Ly | + By Sulvy — (U + O0) Ly |
V1

V1

S*
=(1— %)[ﬁwsjlljl ‘*‘.UVS:I — Buy Svlvy — By Suly, — 1Sy
v

I
+(1 - ﬁ)[ﬁwsvlw - ﬁmsill\q] + By Svlvy — (o + )1y, ]

Iv1
Nv(Sv =S )2 * ok Sy Syl Sy
:—S—V‘)l‘i‘ﬁV]Sv]Ivl( _S_vvl)(l_S:IVi )_(1_%)[3"25"]‘)2
Vi VY, v
AT SEU W S
-i-BvlSlevl (1- _l)(% - %) + 1BuoSulvy — (b + 0 )y
IV] Svllvl 1‘,1
Wy (Sy — 83 )? . Sy, Sl .
= —va—vl +ﬁV1Sv1]V1 (1 - % - S*—Ii + I‘}Tl) - (ﬁvzsvlvz _ﬁVZSWIVZ)
v v V1V V1
e Sy L, S,
+ﬁV1Sv1]v1 (1+ % o Tl - _*) + By, Suly, — (v + 041, ]
Svllvl Ivl SV1
u (S =S5 )2 Pa— A S *
= —VVLS—VI +ﬁVISV11V1 (2 - % - ‘S,_*v) + [szsvl - (.uV + av)]IVZ
v v Vi



16 YAN-XIA DANG, JUAN WANG, MAIA MARTCHEVA, XUE-ZHI LI

,uv(Sv_S* )2 . S*
= R s I (5

5. )+g(S

st )]+ (W + 00) (% — DI, (5.4)

Since g(x) > 0 for x > 0, %, < 1, we have dV; (t)/dt < 0. Define:

dvi(t
'Q' {(SWIVI? V27E75h7]h) € Q‘ ;t( ) :O}

We want to show that the largest invariant set in Q is the singleton &7. In fact, from equation
(5.4), dVi(t)/dt = 0, and using the fact that 1 —x+ Inx < 0 for all x > 0 with equality holding

if x =1, we have

Sy(t) =S5, I,(t) =0. (5.5)
Using Equation (5.5), we obtain
0= B A Bt () s,
Rearranging gives
1) = 2
V19,

Using the fact that the equilibrium &; satisfies the relation

Ay — By, Sy, Iy, — WSy, = 0.

ViVl

we easily obtain

L, (t)=1I;, for t > 0.

V)

From the equation (5.1), we obtain

t
limsupE(¢t) =limsup (Eoe_w + 6/ IVZ(G)e_Y(Z_G)dcr)
t—roo 1—o0 0
t

= §limsupl,, (t)limsup [ ¢ ""%)dc = 0.
t—ro0 t—oo  JO
Thus we have

limsup ¢y, (t) = limsup fBy, / fi1(s)L,(t — s)ds = Bp,alimsupl,, (1) =0,

t—so0 t—o0 t—o0

and

limsup @g (1) = hmsupﬁhz/ f()E(t —s)ds = By,axlimsupE(t) =0,

t—00 t—00 t—00
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From the equation (5.2), we obtain

limsup S (t) = limsup (Shoe_fé((Plv(G)“'(PE(G)“'ﬂh)do' + Ay, /[ o~ Jo(on, (b)+<pE(b)+uh)dbdG>
0

[—yo0 [—o0
! A
= Aylimsup [ e M0 ge =21 = Shy-
t—oo  JO Uy

From the equation (5.3), we obtain

limsup;,(t)

t—roo

1
= limsup ([hoe—(#h+ah+rh)l +/ Sh(0) (@, (o) + (pE(G))e—(,uh+05h+rh)(l—0)dg> =0.
0

o0

Hence, the largest invariant set in & is the singleton &;. By the LaSalle Invariance Principle and

Theorem 3.4, we see that the equilibrium &} is globally asymptotically stable. 0
Using the same proof as in Theorem 5.1, we have the following Theorem.

Theorem 5.2 Assume %, < 1. Then, equilibrium & is globally asymptotically stable

Proof. Calculating the derivative of the expressions of V,(¢) along the system (2.2), we obtain

de([) . S* 1
=0 I

A B\qS Ivl Bv25v1v2 - .quv]

I ’g%mﬁn2<m+m%4 B Sol, — (7))

Ivz %)

= (1 - %) [ﬁVszzl\z + .uVS:jz - BV1SVIV1 - ﬁvzsvlvz - .quv]
v

Hvﬂ%mwd Byt ]+ (B Suluy — ()]

:——?——+%%@u-$m ) (1= 220, S0,
v 14 V2t vy v
% ok Su1, I
RS~ ) = 1)+ B S, — (b R
) Vv
1,(S, — S3,)? R
— _S—vz + B, Sy 1y, (1 — % S¥E +1* ) — (B, Svlv, — Bu, Sy 1)
v v %) %)
5 ok Sy1, I S,
+BV2SV21V2<1 + S IVi - IVTZ - S ) [ﬁVIS IV1 ([,Lv-l-rv)lvl]
vty 12 1)
WS =S5 oSS,
= _va—vz +ﬁstvQIvz(2 % - S_*) [ﬁw — (Uy + 1]
v v
NV(SV _S* ) * * S*
= P Sl 8 () (G D
v
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Since g(x) > 0 for x > 0, % < 1, we have dV,(r)/dt < 0.

s dVi(t
Q::{(&”hwhyﬁy&uh)egz‘ ;f)::o}.

We want to show that the largest invariant set in Q is the singleton &. In fact, from equation
(5.6), dV,(t)/dt = 0, and using the fact that 1 —x+ Inx < 0 for all x > 0 with equality holding

if x =1, we have
Sy(t) = Stz, L, (t) =0. (5.7)
Using equation (5.7), we obtain

ds, (1)

0= 7
dt

A sz V) Vz( )_.qu:z

Rearranging gives
AV - au’VS:2
ﬁ V2 Stz

Using the fact that the equilibrium & satisfies the relation

Ivz(t) =

Ay — B SEIL — 1), = 0.

V2iV2

we easily obtain

L,(t)=1I,, for t > 0.

v

From the equation (5.1), we obtain
t
limsupE(¢t) = limsup (Eoew + 6/ Ivz(c)eV(IG)d(;)
t—roo [—yoo 0
ol

t
= d1;, limsup e N=94o = 2 — E*,
t—o0  JO Y

Thus we have

limsup ¢, (1) —hmsupﬁm/ Ji()h, (t —s)ds = Bparly,,

{—o0 t—roo

and

limsup Qg (1) = limsup By, / fo(8)E(t —s)ds = Bp,arE™,

t—ro0 f—o0
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From the equation (5.2), we obtain

limsup Sy, (7)

t—roo

= limsup (Shoe_ (@ (o) +op(0)+m)do | A, / l e—fé(¢zv(b>+<pE(b)+uh)dbdG)
0

t—ro0

= Aylimsup le—(ﬁhla11§2+ﬁh2a2E*+Nh)(t—G)dG _ An =Sk .
t—e0 JO B, a1, + Br,acE* + iy 2
From the equation (5.3), we obtain
limsup I, (1)
[—oo
t
— limsup <1h0e<ﬂh+“h+rh>f+ / Sh(G)((pIV(G)+(pE(G))e(“h”‘h”")(’")dc)
t—oo 0
t
— S;’;2 (ﬁhlalljz + thazE*)limsup e—(ﬂh-FOCh—l—rh)(l—G)dG
t—oo JO
(Bnarly, + Br,a2E*) . .

Mp =+ O+ 1y
Hence, the largest invariant set in Q is the singleton &. By the LaSalle Invariance Principle and

Theorem 3.4, we see that the equilibrium & is globally asymptotically stable. 0
6. Discussion

In this paper, we introduce a two-strain avian influenza model with distributed delay and
environmental transmission between poultry and humans. We define the basic reproduction
number % of the disease as the maximum of the reproduction numbers of each strain. We
show that if Zy < 1 the disease-free equilibrium & is locally and globally stable, that is the
number of infected with each strain goes to zero. Furthermore, we show that if %, > 1, then
the disease persists. Moreover, the single-strain equilibrium &} (or &3) is locally asymptotically
stable if the invasion numbers %, (or 9?1) is smaller than one. Furthermore, we show that the
single-strain equilibrium is globally stable, that is the strain 1 persists in poultry (or the strain 2
persists in poultry, the environment and humans). The existence and lack of uniqueness of the
coexistence equilibrium is verified analytically when the invasion numbers R\ =R =1 and
the reproduction numbers of each strain | = %, > 1.

From the perspective of public health, controlling avian influenza A (H7N9) virus may be

performed by monitoring the reproduction number of strain 2 %, and the invasion number
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%71. If %, < 1, then the single-strain equilibrium &> does not exist, and humans cannot be
infected by HPAI strain. Reducing %, may be done by reducing the transmission rate f3,,
through vaccination or increasing the HPAI-generated disease-induced death rate o, through
selective culling of infected poultry. Mass culling which decreases the poultry lifespan 1/,
is also an effective way to decrease the reproduction number, as long as mass culling is not
only performed in response to an outbreak but is also performed as preventive measure. If
P> > 1,9 > 1, then the presence of LPAI in poultry will lead to elimination of HPAI in
poultry. Thus, maintaining high levels of LPAI in poultry is a possible, although not very
advisable, strategy to reduce HPAIL. If %, > 1,%) < 1, the single-strain equilibrium not only
exists but also is locally asymptotically and global stable. Humans can be infected with strain

2. R =% > 1,%, =% = 1, then many coexistence equilibria exist.
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