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Abstract. A two species commensal symbiosis model with non-monotonic functional response takes the form

dx c1y
_— = —b )’
a x(dl 1x+d1+y2
dy

= —b
o y(az —byy)

is proposed and studied, where a;,b;,i = 1,2 ¢ and d; are all positive constants. We show that the system admits

a unique globally asymptotically stable positive equilibrium.
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The aim of this paper is to investigate the dynamic behaviors of the following two species

commensal symbiosis model with non-monotonic functional response

dx c1y
e _ )
i x(al 11X+ 442

dy
dt

(1.1)
= y(aa —bay),

where a;,b;,i = 1,2 and c are all positive constants. Here we make the following assumption:
(1) Two species obey the Logistic type growing;
(2) The commensal of the second species to the first one obey the non-monotonic functional
response, 1.e., %}}2, which is a humped function and declines with the high densities of the
second species. That is, with the increasing of the density of second species, the commensal
between two species declined.

During the last decade, many scholars investigated the dynamic behaviors of the mutualism
model ([1]-[9]), however, only recently did scholars paid attention to the commensal model, a
model describes a relationship which is only favorable to the one side and have no influence to

the other side([10]-[14]).

Sun and Wei[11] first time proposed a intraspecific commensal model:

dx (kl —x+ay>
dt ! kq ’

B ()
dt N )

They investigated the local stability of all equilibrium points.
Han and Chen[12] proposed the following commensal symbiosis model with feedback con-

trols:
x = x(bi —anx+apy—oqur),

y = y(ba—axny— obu),

(1.3)

up = —nuy +ax,

uy = —Mouy +azy.
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They showed that system (1.3) admits a unique globally stable positive equilibrium.
Xie et al. [13] proposed the following discrete commensal symbiosis model
xi(k+1) = xi(k)exp{ai(k)—bi(k)xi (k) +c1(k)xa(k)},
(1.4)
x(k+1) = xa(k)exp{az(k) —ba(k)x2(k)},
They showed that the system (1.4) admits at least one positive w-periodic solution. Xue et
al[13] further incorporate the delay to system (1.4), and they investigated the almost periodic
solution of the system.

It brings to our attention that all of the above works are based on the traditional Lotka-Volterra
model, which suppose that the influence of the second species to the first one is linearize. This
may not be suitable since the commensal between two species become infinity as the density of
the species become infinity. Now, if we assume that the the functional response between two
species is of non-monotonic type ([15, 16]), it then follows the system (1.1).

The aim of this paper is to investigate the local and global stability property of the possible
equilibria of system (1.1). We arrange the paper as follows: In the next section, we will in-
vestigate the existence and local stability property of the equilibria of system (1.1). In Section
3, we will investigate the global stability property of the positive equilibrium; In Section 4, an
example together with its numeric simulation is presented to show the feasibility of our main

results.
2. The existence and local stability of the equilibria

The equilibria of system (1.1) is determined by the system

x(al —bix+ %) =0,
(2.1)

y(az —byy) = 0.
Hence, system (1.1) admits four nonnegative equilibria, A¢(0,0), A; (Z—:,O), Ay (O,Z—i) and

Az (x*, y*), where
. alb%dl —|—a1a%+a2bzcl V= ax
bi(bsdi+a3) by’

Concerned with the local stability property of the above four equilibria, we have

(2.2)
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Theorem 2.1.  A((0,0), A;(3},0) and A, (0, Z—;) are unstable; A3 (x*,y*) is locally stable.
Proof. The Jacobian matrix of the system (1.1) is calculated as
di — 2
ar— 2yt S c1x(di —y7)

J(x,y) = 1+y2  (di+y?)? |, (2.3)
0 —2byy+ar

Then the Jacobian matrix of the system (1.1) about the equilibrium A¢(0,0), A1(3},0) and
al 0

_ (2.4)
0 a

c1aq
_a —
( ' bid, ) (2.5)
0 a
c1az

( a'+bz(d1+(z—§)2) " ) (2.6)

0 —ap

(0, 32) are given by

and

respectively. One could easily see that all of the above three matrix has at least one positive
eigenvalues, which means that Ag(0,0), A1 (7},0) and A>(0, 72) are all unstable.

The Jacobian matrix about the equilibrium A3 is given by

alb%d1 + ala% +arbycq

A
b3d +dj : (2.7)
0 —ap
where
1 _ cilab3di+aia3 +asbrcr)3(—b3di +a3) (2.8)

b](b%dl +a%)3

alb%dl + ala% +asbrcq
b3dy + a3

The eigenvalues of the above matrix are A} = — <0,h =—ar <0.
Hence, A3(x*,y*) is locally stable.

This ends the proof of Theorem 2.1.

3. Global stability of the positive equilibrium
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Theorem 2.1 shows that the system always admits a positive equilibrium, and this equilibrium
is locally stable. One interesting issue is to find out the conditions which ensure the global

stability of the positive equilibrium.

Lemma 3.1.[17] System
dy _
dt

has a unique globally attractive positive equilibrium y* = 7.

y(a—by) (3.1)

Theorem 3.1. Aj (x*, y*) is globally stable.

Proof. Firstly we proof that every solution of system (1.1) that starts in R%r is uniformly
bounded. Noting that the second equation of (1.1) takes the form

dy

- = a2 —bay). (3.2)

By applying Lemma 3.1 to system (3.2), we know that system (3.2) has a unique globally

attractive positive equilibrium y* = 2

It follows from the first equation of system (1.1) that

— gx(al —bix+

C1 )
2Vd; /)’
and so .
a)+ =
limsupx(t) < LT (3.3)
t—sfo0 by
Hence, there exists a € > 0 such that forallt > T

a) + \/7

x(t) < b

+e, y() < b—2+£ (3.4)

Let

D={(x,y) €ER% :x< b1r+8 y<b—§+£}.

Then every solution of system (1.1) starts in R%r is uniformly bounded on D. Also, from The-
orem 2.1 there is a unique local stable positive equilibrium Az (x*,y*). To show that A3(x*,y*)
is globally stable, it’s enough to show that the system admits no limit cycle in the area D, Let’s

consider the Dulac function B(x,y) =x~'y~!, then

d(BP) | 9(BQ)
ox + dy

-1

= by ' —bx7 1 <0,
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where P(x,y) = x(al —bix+ %) ,Q(x,y) = y(az — byy). By Dulac Theorem[18], there
1Ty
is no closed orbit in area D. Consequently, Az(x*,y*) is globally asymptotically stable. This

completes the proof of Theorem 3.1.
4. Numeric simulation

Now let us consider the following example.

Example 4.1. Consider the following system

Z_;C - x<3_6x+ 102+yy2>’

4.1
b (4.1)
dt - y y .
In this system, corresponding to system (1.1), we take a; = 3,b; = 6,c; = 2,d| = 10,a; =

1,b> =2. From Theorem 3.1, the unique positive equilibrium (137, 1) is globally asymptotically

stable. Numeric simulation (Fig.1) also support this assertion.

Dynamic behaviors of system (4.1)
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FIGURE 1. Numeric simulations of system (4.1) with the ini-
tial conditions (x(0),y(0)) = (0.4,2),(1,0.3),(0.2,0.2),(1,2) and

(0.1,2), respectively.

5. Conclusion
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We propose a two species commensal symbiosis model with non-monotonic functional re-
sponse, to the best of the authors knowledge, this is the first time such kind of model is proposed.
We show that, despite the functional response, the dynamic behaviors of the system is very sim-

ple, i.e., the system admits a unique globally stable positive equilibrium.
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