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Abstract. In this paper, a class of Cohen-Grossberg neural networks with mixed time-varying delays, stochas-
tic perturbation and reaction-diffusion terms is investigated. The exponential synchronization criteria in terms of
p-norm are obtained based on periodically intermittent control by means of Lyapunov functional theory, mathemat-
ical induction and inequality technique. The influences of stochastic perturbation, spacial diffusion, the control rate
and the control strength on the exponential synchronization are discussed according to the obtained synchroniza-
tion criteria. The proposed criteria improve the previous known results in the literature and remove the restrictions

on the mixed time-varying delays. Numerical simulations are carried out to illustrate the feasibility of the results.
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Cohen-Grossberg neural network [1] proposed in 1983 is a typical neural network model.
Some models such as Hopfield neural networks and cellular neural networks are special cases
of this model. In recent years, Cohen-Grossberg neural networks have attracted the attention of
many researchers due to their potential applications in signal and image processing, associative
memory, optimization problems, and so on (see, for example, [2-4] and references cited therein).

It has been shown that delays in particular time-varying delays are unavoidable in the infor-
mation processing of neurons. In fact, time-varying delays occur in the electronic implemen-
tation of analog neural networks caused by the finite switching speed of amplifier circuits. In
addition, neural networks usually have a spatial property due to the presence of a lot of parallel
pathways of a variety of axon sizes and lengths. Hence, the signal propagation is distributed
during a certain time period. Such an inherent nature can be modeled by distributed delays such
that the distant past has less influence compared to the recent behaviors of the state. There-
fore, discrete and distributed time-varying delays should be considered when the dynamical
behaviors of neural networks are studied (see, for example, [5-7] and references cited therein).

In real neural networks, synaptic transmission is a noisy process introduced by random fluc-
tuations from the release of neurotransmitters and other probabilistic causes [8]. Besides, dif-
fusion phenomena cannot be ignored in neural networks and electric circuits when electrons
are moving in asymmetric electromagnetic fields. For example, the dynamic behavior of multi-
layer cellular neural networks are dependent on not only the evolution time of each variable and
its position, but also its interactions deriving from the space-distributed structure of the whole
networks [9]. Hence, more realistic neural networks should consider the effects of stochastic
perturbation and reaction-diffusion.

In the past decade, many mathematical researchers have studied the synchronization prob-
lems of chaotic neural networks because of their extensive applications in secure communica-
tions, information processing, chaos generators design, and so on (see, for example, [10-13] and
references cited therein). Up to now, various control methods for the synchronization of chaotic
neural networks have been investigated. Periodically intermittent control first proposed in [14]
is a kind of discontinuous control method to achieve synchronization of chaos neural networks.

In each period of this control method, the controller is activated in the work time and is off in
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the rest time. It is more economical and efficient in practice than the continuous control meth-
ods including state feedback control [15], pinning control [16], adaptive control [17], sliding
mode control [18], and so on (see, for example, [19-21] and references cited therein). Hence,
periodically intermittent control has been intensively studied due to its important applications
in the engineering fields [22-26].

Many results with respect to the synchronization problems of Cohen-Grossberg neural net-
works have been obtained based on periodically intermittent control (see, for example, [27-32]
and references cited therein). In [27-30], the synchronization problems of Cohen-Grossberg
neural networks with the constant amplification gains were researched. In [31], Yu et al. studied
the exponential synchronization of Cohen-Grossberg neural networks with the general ampli-
fication functions. But the combined effects of the mixed time-varying delays, stochastic per-
turbation and reaction-diffusion terms on the exponential synchronization of Cohen-Grossberg
neural networks were not considered in [31]. In [32], sufficient conditions are given to real-
ize the exponential synchronization of stochastic Cohen-Grossberg neural networks with mixed
time-varying delays and reaction-diffusion terms via periodically intermittent control based on
p-morm by using Lyapunov stability theory with stochastic analysis approaches. However, it
was required that the derivative of the mixed time-varying delays was smaller than one in [32],
that is, the mixed time-varying delays are slowly varying delays. In fact, the continuous varying
of the delay may be slow or fast, so these restrictions are unnecessary and impractical.

From the above discussion, the previous synchronization criteria for Cohen-Grossberg neural
networks under periodically intermittent control are somewhat conservative. Hence, motivated
by the work of Gan [32], in this paper, we are concerned with the combined effects of mixed
time-varying delays, stochastic perturbation and reaction-diffusion terms on the exponential
synchronization of Cohen-Grossberg neural networks via periodically intermittent control to

improve the previous results. To this end, we consider the following Cohen-Grossberg neural

networks
du;(t,x) 9 du;(t,x) L
2 = ¥ (00 ) — a0 | lote) ~ B o .9)

j=l1
) . (1.1)
- Z,bijgj(uj(f—fij(f)J) - Zdij/t . hj(uj(s,x))ds +Ji|,

j=1 j=1 - ij(l)
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where i € £ = {1,2,...,n}, n is the number of neurons in the networks; x = (x1,x2,... ,xl*)T €
QCcR"and Q = {x = (x1,x2, - ,x) ||| < mp,k € i ={1,2,...,1*}} is a bound compact
set with smooth boundary dQ and mesQ > 0 in space R", where mesQ is the measure of the
set Q; u(t,x) = (u1(t,x),uz(t,x),...,u,(t,x))T with u;(t,x) is the state of the ith neuron at time
t and in space x; o;(-) represents an amplification function; f;(-) is an appropriately behaved
function; a;j,b;; and d;; denote the connection strength, the discrete time-varying delay con-
nection strength, and the distributed time-varying delay connection strength of the jth neuron
on the ith neuron, respectively; f;(-),g;(-) and 4;(-) denote the activation functions of the jth
neuron in space x; D;; > 0 represents the transmission diffusion coefficient along the ith neuron;
0 < 7;(r) < 7t and 0 < t5(r) < " correspond to the discrete time-varying delay and the dis-
tributed time-varying delay along the axon of the jth neuron from the ith neuron, respectively;
J;i denotes the external inputs on the ith neuron.

The boundary conditions and the initial values of system (1.1) take the form
ui(t,x)|gq =0, (t,x) € [-T,4) xIQ, i € ¥, (1.2)

and
ui(s,x) = ¢i(s,x), (s,x) € [-7,0] x Q, i € ¢, (1.3)

where T = max{7,7*},0(s,x) = (¢1(s,x), $2(s5,%),...,0,(s,x))" € € is bounded and continu-
ous and ¢ = € ([—7,0) x Q,R") denotes the Banach space of continuous functions which maps

[—7,0) x Q into R”" with p-norm (p is a positive integer) defined by

o, = (/ ) Ts,u?<0|¢, sx)|de> .

System (1.1) is called the master system. To observe the exponential synchronization be-
havior of the master system (1.1), the response system with stochastic perturbation is described

by
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dvi(z,x) {Z o ( ,kavé(; x)) — oy(vi(t,x)) {/3, vi(, %)) Za,,f, vi(t,x))

- ibijgj(\/j( — 7t Zdll/ (s x))ds—i—]l} —i—K,-(t,x)}dt (1.4)
j=1

+ i:lcij(ej(t,x),ej(t—r,-j(t),x),ej(z o (), x))da (1),

where v(t,x) = (vi(t,x),v2(t,x),...,v,(t,x))T denotes the state of the response system; e(t, x) =
(e1(t,x),ea(t,x),...,en(t,x))T =v(t,x) —u(t,x) is the synchronization error signal; 6 = (0;;)nxn
is the noise intensity matrix; @(¢) = (@ (¢), w1 (1), -, @,(¢))T € R" is the stochastic distur-
bance which is a Brownian motion defined on (Q,.#, 2?), (Q,.%#, ) is a complete probability
space, Q is the sample space, .% is the o —algebra of subsets of the sample space Q and &7 is
the probability measure on .7 .

The response system (1.4) satisfies the following boundary conditions and initial values
vi(t,%)|90 =0, (t,x) € [-T,+) X IQ, i €L, (1.5)

and
Vl'(S,X) = lllj(S,X), (S,X) € [—f,O] X Q7 i€ E, (16>

where y(s,x) = (y1(s,x), y2(s,x),...,WY,(s,x)) € € is bounded and continuous.
Let K(t,x) = (K;(t,x),K>(t,x),...,K,(t,x)) be an intermittent controller defined by

K(t.x) = Yoy —kij(vi(t,x) —u;(t,x)), (t,x) € [nT,mT +8T) x Q, (17

0, (t,x) € [mT +6T,(m+1)T) x Q,
where m € N ={0,1,2,...},k;; are constants and k; > 0 for all i, j € £, which denote the control
strength, T > 0 denotes the control period and 0 < § < 1 is called the rate of control time.
The main aim of this paper is to design the suitable 7,0 and k;; such that systems (1.1) and
(1.4) can achieve exponential synchronization under the intermittent controller (1.7). The model

is derived under the following assumptions.
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(H1) There exist positive constants L;, LY, M;, M}, N;, and N;* such that
1fi(0i) — i) < L =il |fi(90)| < L,
18i(0i) — gi(Vi)| < Mi|v; — Vil [gi(Pi)| < M7,
|hi(Di) — hi(Vi)| < Nil 9 =i, [ha(D3)| < N
for v;,v; e R,i € /.
(H2) There exist positive constants &; and ¢ such that
l0y(V;) — o (V)| < @lvi — Vi, 0 < oy(V;) < o

for v;,v; e R,i € /.
(H3) There exist positive constants ¥ such that

;i (Vi) Bi(9:) — o (Vi) Bi (Vi)

P =i

> Y

for v;,v; € R, and V; # v;,i € /.

(H4) There exist positive constants 1);; such that

|63 (71, 91, 71) — 63 (92, D2, 12) |2 < Mij (|91 — W + |91 — Do + [ — o)

for 1,7V, V1,72,V1,¥ € R, and G,'J'(O,O,O) =0,i,j € L.

(H5) There exist positive constants p’ and p” such that 7;;(t) < p’ < 1 or ;;(tr) > p” > 1 for

t,i,jel.

(H6) There exist positive constants p" and p” such that 1/(t) < p’ < 1 or 1;;(¢) > p" > 1 for

allz,i,j /.

The paper is organized as follows. In the next section, we introduce some definitions and state

several lemmas which will be essential to our proofs. In Section 3, by constructing a suitable

Lyapunov functional, some criteria are obtained to ensure the exponential synchronization of

Cohen-Grossberg neural networks with stochastic perturbation and reaction-diffusion terms un-

der the periodically intermittent control in terms of p—norm. Numerical simulations are carried

out in Section 4 to illustrate the feasibility of the main theoretical results. A brief conclusion is

given in Section 5.
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2. Preliminaries

In this section, we introduce some definitions and lemmas which will be useful in next sec-
tion.

For any u(t,x) = (u1(t,x),uz(t,x),...,u,(t,x))T € R", define

Jue. 9l = (/Duzmdx)

Definition 1.1. The noise-perturbed response system (1.4) and the master system (1.1) can
be exponentially synchronized under the intermittent controller (1.7) based on p-norm, if there

exist constants 4 > 0 and M > 1 such that
E {|[v(t,x) —u(t,x)]|,} <ME{[[y—0¢[,}e™, (1,x)€[0,+0)x L,

where u(t,x) and v(z,x) are two solutions of systems (1.1) and (1.4) with differential initial
functions ¢, ¢ € ¥, respectively, and E{-} is the mathematical expectation operator with respect
to the given probability measure .

Lemma 1.1. [33] Let p > 2 be a positive integer, my(k € ) a positive integer, X a cube |x| < my,
and let h(x) be a real-valued function belonging to €' (Q) which vanish on the boundary 0Q
of Q, i.e., h(x)|9q = 0. Then

|

Lemma 1.2.[34] Let f(x),g(x) : [a,b] — R be continuous functions. Suppose that positive

2|2

axk

constants p and q satisfy

1
—+-=1.
P q

Then we have 1

[ st < | [reorad : [ leira)
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3. Exponential synchronization criterion

In this section, the exponential synchronization criterion of the master system (1.1) and the
response system (1.4) is obtained by designing the suitable 7', 6 and k;;. For convenience, the
following denotations are introduced.

Denote |
e P pg** 1ji pp/l
4 za|1_p|(” I >

q;; =qij — asgn(1 — p)qij,

@iy =(2")7 o PN,

* PC*‘,' - i i
Pij = {a;k|bji|p§pﬂMi Tt . (njl v +n]l g >} ’

all—p]

pij =pij — asgn(l —p)pij,

n p—l1 n
=—pkit Y, Y k"™ Y [kl
J=Lji =1 j=Lii

n

“1\D: p—1
7 +p |:’}/l-—(xf|aii|Li—OCl Z {\a,]\L* + ‘bu‘M* + |d,]‘N*T* + | ‘} Tnii‘|

k=1 k j=1
n p—l n p—l
—o Z |a; |p§1uLP§I” o Z Z {|b |p§luMpCl” + |d;j ’l’éluNpchj}
j=Lj#il=1 j=l1=1
-2 n p—2 "
p—1 O PElij Pg; rg;
8 T £ (e
j=1,j#i =1 j=11=1
* C pé ii ngji p_ l & p 1]1 P&'pﬂ
- Z |aji|"=r/'L; 5 Z nﬂ N )
j=1.j#i j=1,j#i

where 0 < o < 1, |1 — p| =max{|1 —p'|,[1 —p"|}, [1 —p| =max{|1 —p’|,[1 = p"|}, &ij> &ij»

& 5 ¢ ’ &t 5 4% © @yij, €ij» ;> and g;;; are nonnegative real numbers and satisfy, respectively,

) P
2511']':1, ZQU:L Yéi=1 Y &=1, Z@zu 1,
=1 i=1 i=1 i=1
P P )
Z =1 You=1, Ye;=1, Y e&=1, Zgﬁ}k:
i=1 i=1 i=1 i=1



EXPONENTIAL SYNCHRONIZATION OF COHEN-GROSSBERG NEURAL NETWORKS 9

Consider the function
n *
Fi(&)=Ai—wi—&— Y, <€£"Tpij +e57 gij+ 5T g *>
j=1

where & > 0,i € /.

If the following assumption holds:

(H7) i —wi — Y, (Pij +qij +qufr*> >0, ield,
then F;(0) > 0, and Fj(g) — —oo as & — +oo. Noting that Fj(g;) is continuous on [0, +ec) and
F!(&) < 0, using the zero point theorem, it follows that there exists a unique positive number &
such that F;(§) = 0 and F(g;) > 0 for g € (0,§).

Denote & = min;/{&;}, then

! g eT* *k * .
Fi(&)=A-wi—&-) (empiﬂreeT gij+ ¢ gif T > =0, iel. (3.1)
J=1

Theorem 3.1. Assume (H1) — (H7) hold. If the following condition is also satisfied:
(H8) € — (1 —8)w > 0, where w = max;c¢{|wi|},
then the noise-perturbed response system (1.4) and the master system (1.1) can be exponentially

synchronized under the intermittent controller (1.7) based on p—norm.

Proof. Subtracting (1.1) from (1.4), we obtain the error system

de;(t,x) { Z an( ,k(%é(—;ix)) — {oci(v,-(t,x))ﬁ,-(v,-(t,x)) —oc,-(u,—(t,x))ﬁ,-(ui(t,x))}

n t
+ a;(vi(t,x) Z [a,]fj ej(t,x)) +bijg;(e(t — Tij(t),X)+dij/t *(t)hj(ej(s,x))ds}
j=1 — T
t

(et Z[uf, 0,0+ i 3= 5500+ [ .00
=1 i

—Jz} + Z,]kijej(f,X)}dH ZlGij(ej(M),ej(f—Tij(f)7X)7€j(f 7;5(1),x))dw;(1),
J= J=

(t,x) € [ImT,mT + 8T) x Q
(3.2)



10 LILI WANG, RUI XU

et ={ ¥ (D24 ettt )t a0 B0
+ o (vi(t,x)) Zn: [ l‘jf;-k(ej(t,)f))+bijg;(€j(t—fl'j(t),)€)+dij/t ) h;(ej(s,x))dsl
j=1 1—7(t)
-+ Oti*(ei(t,x))il {aijfj(uj(t,x)) —l—b,-jgj(uj(t — ’L',-j(t),x) —i—d,'j tt’r*([) hj(uj(s,x))ds
J= ij

_J,} }dt—}- i oij(ej(t,x),ej(t —1ij(t),x),e;(t — ri’}(t),x))da)j(t),

(t,x) € [mT +6T,(m+1)T) x Q,

(3.3)
where
o (ei(+,x)) = ai(vi(-,x)) — 0G(ui(-,x)),
fi(ej(x) = fi(i(-,x)) = fiu;(-,x))
gj(ej(-x)) = gj(vj(-,x)) — gj(u;(-,x))
hj(ej(,x)) = hj(vi(x)) —hj(u;(-,x))
Define
- £ ! £ 1= (0) :
/Ql;[ (t,x)+e lep,]/t i Vi(s,x)ds+e lep,]/ . Vi(s,x)ds
T~ ! R Y L ®) . x)ds
+e ]:El ,/t_r (t)Vz(sx)dH—e j;q,]/t_r Vi(s,x)d "

where V;(t,x) = % |e;(t,x)|P.
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For (t,x) € [nT,mT + 6T) x Q, calculating the Dini right-upper derivative of V(z,x) along

solutions of system (3.2), it follows that

DBV () <B{ [ ¥ {evie) +e ; pi Vit = (1= £5(0)Vi0 = 510).9)
“Zp,,[ e v<r—r,~j<r>,x>—v,~<z—r,x>}
& qu][ (1= £5(0)Vie 530
o Zq,][ S5O 55(0)) ~ Ve~ )
o5 z / { <+sx>]ds
el | £ o (a2 ) )

+ i [Kijllej(t, ) = e (vi(t,x)) Bi(vi(r, x)) — eti(ui(t, x)) Bi(uit, x))

J=LJ#

n

a0 5 [Iaullf, (et + byl 3 — 735(6), )]

el [ (s
1o e 3 |l 00+ o= 0. (33)

+|d,,|/ Gt x))|ds+|J|H

+p(p2_l)e‘6't|e,~(t,x)|p_2 i Gizj(ej(t,x),€j(t—fij(t)7x)a€](t (1), x))}dx}

j=1
If (H1) — (H6) hold, it is easy to show that

D'E(V(.) 6] | ¥ {evt et 3y Vi) = (1= 0~ 5500
“zpl,{ = 55(0),0) = Vil 5.0

+ 87 Zlqij [Vi(t,x) — (1= 5()Vilt — T;kj(t)’x>]
i=
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sz%dl—r O]

a Zq**T*V (t,x) — &% Zq t V (s,x)ds

_ o I” 8 aei r,x
+mﬂammvI{Zgg(@VLifﬂ)‘m@“”'

n

— kiilei(t,x)|+ Z |kijllej(t,x)|+ af Z [|a,j|L lej(t,x)]
J=Lj#

+|bij|Mj|ej(l—Tl] |+|dl]|/ N; |€] S, X |dSi|

n
+ ;le;(t,x) Z |:|aij|Lj-+|bij|M;+|dl‘j|N;T*+|Jl’|}:|

pip—1) ¢ -
+-£75—2€HVKLXNP Zf:nu[kAHXNz*ﬁeﬂf—TUODF
j=1

+MO—%Umﬂ}M}

By Lemma 2.2, we obtain

t t
/ Vi(s,x)ds > / Vi(s,x)ds
t

—T* 1—7(1)

v

t
Pt Tu(t))/ |ei(s,x)|Pds
—15(t)

ij(

It follows from the boundary conditions (1.2), (1.5) and Lemma 2.1 that

Lo d|ei(t,x) L —
. p-1y Y [ p 2541 lk/ )P
p/Q|el(t7'x)| kZ] axk (le ax > Z pmk | lt.x | d‘x

k=1

Noting that

af"‘alz)‘i_""’_agzpalaZ"'apa aiZO, i:1727"'7p7

(3.8)
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we have
1 n p—1 i Coii
Plet )71 Y. laylLles(e,x)] = Z [T laif %5 e, )] | laj |05 (e, )|
Jj=1,j#i j=1,j =1
n p-l Gii
Z Z !aij’pg”ij “ei(r,x)|P
j=1, i 1=1
L ¢
Z Jai [PErI L e (2, x) |
j=1,j
(3.9)
Similarly,
n n -
plei(t,x)|P" Y Ikijlle;(t,x) Z Z |kij |2 e (1,x) [P+ Z |kij| PP e (t,x)|7,
J=1,j#i :1 =1 J=1,j#i
27 v 2 L
pleit, )P Y mijle;t, 0P < Y, Y g Vet %))
j=1j#i j=1,j#i =1
n
+ Z <771] p— 11]+nP pz/> ’€j(l,)€)|p,
j:17j7él
2y 2 e
plei(t, 0[P~ Y. mijle;(t —j(0),0)1> <Y Y ny; "V lei(r, )P
j=1 j=1i=1
¥ p—1)i p
3 (0 st w000
j=1
) R e
It
plei(t,x)| Znu|61 Ti(0),0)2 <Y Y et x)|P
j=11=1
n 1 p
+21(n,ﬁ P e~ 0,00
J:
n n p—l1 £ l
plei(t,x)[P~1 Y |bij|Mj|(e(t — 7ij (1), x)| < Y Y 1bijl” ’”M lei(t,x)|?
j=1 j=1i=1
< g o P
+Z’1| ijl” M e j(t — (1), %) |7,
j:
n p_l é** pC;f’f
plei(t,x) Z ]d,]|/ Nijlej(s,x)|ds < Z’U l|dij|l’ 5 NY T (1) P
j=11=
n o pC*'*' t p
+ Y [dy|Poring / lej(s,x)|ds
j=1 ’ 1=;5(1)

(3.10)
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Substituting (3.7)-(3.10) into (3.6), we get

DTE{V(t,x)} SE{ /lezn:l { {E‘_ t w — pYi— pkii+ Zn: pZ:I |ki;|P i

2
k=1 Py j=1,j#i =1
"N P KT
o pGii ‘. lij
—I—(Xfp’aii‘Li‘f‘a IZ# Z aj‘p ltJLj ij _i_(Xi* Zl IZI |blj|p llej ij
j=1j#il=1 Jj=li=

n p—] sk n

s pCL

o Z Z |dl'j|p§luNj & + o Z [|al~j|L}k-p+ |b,’j|M;p+ |dij|N7T*p+ |J,‘|p}
j=11=1 j=1

pn,,+ Z Z n,’f’” + Z Z n,’; iy Z Z np ’”}

J=1,j#i =1

. -1 & : l
+ Z ’kji|pij’—|—pT Z (rl]p,splj +nP£m)

J=1j# J=1j#

n
+of Y aj ’PémleC””+e”Zp,]+e” un—ke“ Zq** *]Vi(t,x)
JF# J=

PC;ji
i

p_l PE i PEji
P () e - 0.0

+e‘§7* Z |: (X’l —p‘qu_i_p (nﬂ p— 1jl+np pﬂ):|‘/l(t—’t;;.(t)7x>
5 O 5** pg t p
+ e Z {Oti*|dji|l’ PiiN P (1" )1 Pq:}*} </ |e,-(s,x)|ds) }dx}
t—rl.*j(z)
Y 4(p—1)D; n e
:E{/ Z{[é_ (p—z)lk_p’}’i_l?kii-i- Z Z |k; ~|Pwlij
= k=1 m —

py j=1j#il
* * < s p&i; pglij * n r] pél PC[U
+ o plai|Li + o Z Z |aij‘ ij + o Z Z lj| ”M
j=1Lj#i =1 j=11=1
n

n pfl Kk
s pOps “ -
+07 Y Y 1y l" N ey Y {!au!L P+ |bij | M7 p + |dij|N; T p+\J|p}
j=li=1 =

+——|PMit Z

p—1 <
2 1,

PRV WIRED ]
J=1j#i =1

* $ pé i piji P— 1 4 Ep—1)ji PEpji
+ai Z |aji| P Li + 2 Z n]l +n
j=Ti#i j=Lii
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n o _n _.on o

i ET ET ET
+ Y kPP e Y ) pi et Y gijte Zq;ﬂf*f*]v"(t’x)}dx}
J=1,j#i Jj=1 Jj=1 Jj=1

:_E{

<0

— Y

~

S

~

n B . -
{xi—wi—s — Y (i e g+ e q;-*;r*>] w<z,x>dx}

i—1 j=1

which implies that
E{V(t,x)} <E{V(mT,x)}, (t,x)¢€ [mT,mT+0T)x Q. (3.11)

Similarly, for (¢,x) € [mT + 6T, (m+ 1)T) x Q, we can derive

n

n - = % ok
DUEV() <B{ - [ 3 [ b2 3 (et o) vy
Qi1 j=1 '
n
+/ Z|w,~|v,~(r,x)dx}
Q=

gE{wV(t,x)},
(3.12)

which leads to

E{V(t,x)} <E{V(mT + 8T,x)exp{w(t —mT —8T)}}, (t,x) € [mT +8T,(m+1)T) x Q.
(3.13)

Now, the following inequalities will be proved by mathematical induction:
E{V(t,x)} <E{V(0,x)exp{mw(1—6)T}}, (t,x) € [mT,mT + OT) x Q,

E{V(t,x)} < E{V(0,x)exp{w(t — (m+1)8T)}}, (t,x) € [mT + 8T, (m+1)T) x Q.
(3.14)

(1) Form = 0.
If (t,x) €]0,67) x Q, it follows from (3.11) that

E{V(t,x)} <E{V(0,x)}.
If (t,x) € [6T,T) x Q, we derive from (3.13) that
E{V(t,x)} <E{V(6T,x)exp{w(t —6T)}} <E{V(0,x)exp{w(t —6T)}}.

(2) Assume that (3.14) is true for all m <[ — 1.
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(3) In the following, we will prove (3.14) is also true when m = [.

If (¢t,x) € [IT,IT 4+ 6T) x Q, we see that

E{V(t,x)} <E{V(IT,x)} <E{V(0,x)exp{w(IT —18T)}} = E{V(0,x)exp{lw(1 —8)T}}.
If (t,x) € [IT +6T,(I+1)T) x Q, we get

E{V(t,x)} <E{V(IT 4 0T,x)exp{w(t —IT —OT)}}
< E{V(0,x)exp{iw(1 —8)T }exp{w(t —IT —8T)}}

=E{V(0,x)exp{w(t —(I+1)8T)}}.

Therefore, by mathematical induction, we know that (3.14) is true for any positive integer.

If (t,x) € [nT,mT + 8T) x Q, then m < t/T, we conclude from (3.14) that
E{V(r,x)} <E {V(O,x)exp{%w(l . 5)T}} —E{V(0,x)exp{(1—8)w}}.  (3.15)
Similarly, if (¢,x) € [mT + 8T, (m+ 1)T) x Q, then t/T < m+ 1, we derive from (3.14) that
E{V (1,0} <E{V(0,0)exp {w (- %5T> b =E(vOexp{(1-8pwr}}.  (3.16)
Hence, for any (7,x) € [0, +o0) x Q, we always have
E{V(1,x)} < E{V(0,x)exp{(1 — §)wr}} = exp{(1 — 8)wr}E{V (0,x)}. (3.17)
Note that

n 0 n

E{V(0,x)} :E{ /Qi {v,-(o,x) +efTY p,-j/ )V,-(s,x)ds—l—eéT le}kj /__Trij(O)Vi(s,x)ds

i=1 j=1 —(0 =
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~5(0)

T un/ y 0) (s x)ds—i—e€r un/ Vi(s,x)ds

«
Tij j= T

”Zq // nxdnds] }

_n 0 i
Q= = 0

— TU

. n —‘L',' 0 .
+et ZPTJ'/ e®lei(s,x)|Pds + € qu,/ ' )e£s|e-(s x)|Pds
j=1 /T (0
e Z z]/ ¢®|e;(s,x)|[Pds + F7 Zq / / &ei(s,x)|? dnds} }
SE{/ Z {’ei(oaxﬂp%—eéf Zpij/ ¢ |ei(s,x)|Pds
Q=] j=1 (0)

— Tij

et C * —%i(0) &s p ET* 3 0 €s p
+e Zp,-j/ e’lei(s,x)|Pds+e Zqij/ ) O)e lei(s,x)|Pds
.: _/‘L'

j=1 =55

0
£ Z ,J/ 8S|e, 5,%)|Pds + €7 Zq** */ *ess|ei(s,x)|pds}dx}

{/ ; [ye, (0,%) |p+e8fmax{zp,j}2/ ¢S e (s,x)|Pds

n
+ef r?&x{;q,j} Z/_ ¢%lei(s,x)|Pds
- rl](
+e®t maX{ZqTJ}Z/ e e;(s,x)|Pds
. n 0
+ et max{ Y q;"]*f*}/ Elei(s x)]pds] dx}
icl =1 _*
Since
lv-olp= % s —o(s0)lPa,
’L'<s<0
then

n 0 _
[Y ] Plaradas [ Yo s lelsolae=rtly- ol
Q= /-1;(0) i=1 —7T<s<0
n T;
[y “\e,<sx\dsdx<r/2 sup_[ei(5,x)|"dx = 7w~ 9|1
=17

—7<s<0
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/Z/ Sslelsx]dsdx<r/z sup |ei(s,x)[Pdx = ||y — 9|,
Q=]

—1—T<s<0
/Z/ 8s]e,sx]dsdx<r/2 sup |e;(s,x)|Pdx = 7|y — @],
/- —£<5<0
/Z/ 8s]e,sx]dsdx<1:/2 sup |e;(s,x)|Pdx = ||y — @7
i=17-7 —7<s<0
Therefore,

B n . n
E{V(O,x)} < [1 +ntet’ max Z (pij+pi;) +nte” . Z (gij +4i;)
i—1 =1

J
+o2e mad 3 g} Glv - ol

=1
Let
B n . n
M= [1 +ntet’ mea[x Z (pij+pi;) +nttet” méagx Z (gij +4i;)
A4 J:1 l j:1
n l
i, *2 817 max K%k
il J; 4 i
Then

E{V(0,x)} < M"E{[|ly — ¢}

Further, from (3.17), we obtain

E{V(t,%)} < expl(1 - §)wriMPE{ |y — 9|2}, (3.18)
In addition,
E{V(t,x)} > E{ /Qi;eét]ei(t,x)\pdx} = eétE{Hv(t,x) —u(t,x)||5}. (3.19)
From (3.18) and (3.19), we have
B 0.1) ~u(r0)l,) < exp] +(1-8)w2 ) My~ 0l ) (3.20)
Let
1.
u:;[e—(l—S)W].
Then

E{|v(t,x) —u(t,x)],} < ME{ly — 9|/, }e .
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Hence, the noise-perturbed response system (1.4) and the master system (1.1) can be expo-
nentially synchronized under the intermittent controller (1.7) based on p—norm. The proof of
Theorem 3.1 is complete.
Remark 1. Hu et al.[29] investigated the exponential synchronization for the following reaction-
diffusion neural networks with mixed delays in terms of p-norm based on periodically intermit-

tent control

du;(t,x) (- 0 dui(t,x)\ no
ot _I—ZI a_xl (D’l axl Clul(t7'x) + ;hljfj(uj(t7x))
+ Y i fi(u(t —7i(0),x) + Z biy | Fiuj(s.x))ds +
“ ]

8\/, (z,x) v;(t,x) (3.21)
Za ( "ox )_C"V"(”")+Zhijfj(Vj(M))

j=1
n
+ Y aiifi(vit—= +Zbl]/ f, vi(s,x))ds+J; + Ki(t).
j=1
Gan et al.[30] dealed with the exponential synchronization problem for the following reaction-

diffusion neural networks with mixed time-varying delays and stochastic disturbance in terms

of p—norm via periodically intermittent control

au,

j=1

1 t
+ ) bijg(u(t — (1), x) + ) dij/ hj(uj(s,x))ds+J;,
J=1 j=1 1—5(t)

dvi(r,x) {Z axk( avé(—;kx)) —cvi(t,x) + Xn:aijfj(VJ(f>X))

=

n t
—+ Z b,-jgj(vj(t — Tij(t),x) + Z d,'j/[ ) hj(Vj(S,x))dS—l—Ji—1—1(,'(1‘7)6)}(11‘

j=1 j=1 —Tij

n
+ Z oij(ej(r,x),e;(r — (1), x))do;(),

. (3.22)

It is evident that system (3.21) and system (3.22) are the special cases of system (1.1) in this

paper. The corresponding exponential synchronization criteria obtained in [29,30] are included

to Theorem 3.1 in this paper. From this point, our results are more general.
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Remark 2. In this paper, the issue of exponential synchronization for Cohen-Grossberg neural
networks with mixed time-varying delays, stochastic noise disturbance and reaction-diffusion
effects was investigated. The same model was researched in [32]. However, in [32], the author
obtained the exponential synchronization criteria for neural networks by assuming that discrete
time-varying delays 7;;(t) and distributed time-varying delays 7;;(¢) satisfy %;;(t) < p <1 and
i’i’;(t) < p* < 1 for all . These restrictions in [32] are removed in this paper. Therefore, the

synchronization criteria derived in this paper are less conservative.
4. Numerical simulations

In this section, some numerical simulations are presented to show the feasibility of our results.

Example In system (1.1), we choose n =2,k = 1. Then system (1.1) takes the form

du;(t,x 9%u;(t,x 2
), P a0 1) = 3 i 0.0
a 4.1)
2 2 ¢ (4
= Y gl = w00 = Yody [ hjlug(s,0)ds|.
j=1 j=1 t=*(1)
. 0.2 0.1

where i = 1,2, o (u (t,x)) = 0.7 + Hu—%(t,x),az(uz(lax)) =1+ T+i2(,0) Pi(ui(t,x)) =
LAuy (2,x), B2 (uz (1,x)) = 1.6uz(1,x), fj(u;(r,x)) = g;(uj(t,x)) = hj(u;(r,x)) = tanh(u;(z,x)),

1.1z, t<m/2, 1.02¢, t<0.1,
T(t) = ,TH) = . The pa-

0.557+0.17cost 1 > /2 0.102+0.01sin(r —0.1), ¢>0.1

rameters of system (4.1) are assumed that D = 0.1,D, = 0.1,a;; = 1.5,a; = —0.25,a2; =
32,a =1.9,b11 = —1.8,b1p = —1.3,br; = —0.2,byy =2.2,d;; = 0.9,d1, = —0.15,dp =

0.2,dy; = —0.2,x € Q = [-5,5]. The initial condition of the master system (4.1) is chosen as

uy(s,x) = 0.1sin ()%057{) ,  up(s,x) =0.2sin ()%0577:) , (4.2)

where (s,x) € [—0.657,0] x Q. Numerical simulation illustrates that the reaction-diffusion neu-
ral network (4.1) with boundary condition (1.2) and the initial condition (4.2) exhibits a chaotic

behavior (see Fig.1).
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x=0 X=—4

Fig.1 Chaotic behaviors of Cohen-Grossberg neural networks (4.1).

The noise-perturbed response system is described by

2y;i(t,x
dvi(t,x) = {Dla 3(2 ) —o(vi(t,x)) [ﬁl vi(t,x)) Z aijfi(v;(t,x))

2

_j_;bijgj(w(t Zdlj/ i(vi(s x))ds} +Ki(f,X)}dt (4.3)
2

! Z’l 0ij(ej(t,x),ej(t —T(t),x),e;(t = T°(1),x))d; (1),

where
o11 =0.1ey(¢,x) +0.2¢1(t — 7(2),x) +0.1e; (t — T°(¢),x), ©12=0,
021 =0, 02 =0.1ex(t,x)+0.1ex(r — T(t),x) + 0.1ex(r — T°(¢),x).

The initial condition for the response system (4.3) is chosen as

5 5
vi(s,x) = 0.5sin <x1—|;) 71') va(s,x) = 0.6sin (x:;) n)

where (s,x) € [—0.657,0] x Q.

By simple computation, we obtain that LY =M =N =L, =M; =N; =1,i=1,2,0; =
02,00 =0.1,0f =09, = 1.1, = 0.84,1p = 1.52,m11 = 0.12,n12 = 0,121 = 0,12 =
0.03,0'=0314<1,p"=11>1,p/=0.01<1,p"=1.02>1,7=0.657,7" =0.112. There-
fore, assumptions (H1) — (H6) hold for systems (4.1) and (4.3).

Leta=0.95p=2,§;i == él’l‘.j = Clz] élu 1= 0 = €& = €, = €;; = 1/2 for
i,j,=1,2,1 = 1,2, and choose the control parameters kj; = 20,kj, = 0,kp; = 0,kp; =20,0 =
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Fig.2 Asymptotical behaviors of the synchronization errors.

0.981,T = 10, then

A =—10.0790, A, =-9.5760, w; = —40.0000, wy = —40.0000,
P11 = 2.6706, P12 = 0.2763, P21 = 2. 1948, P22 = 3.7603,
q11 = 0.1276 q12 =0, q21 =0, g22 = 0.0319,

g1 =00907,  ¢5=00202, ¢ =00185 g5 =0.0246.

Then, € = 1.1138,& = 0.7852. Therefore, € = 0.7852,w = 40.0000. It is easy to verify that
assumptions (H7) — (HS8) are satisfied. According to Theorem 3.1, the master system (4.1)
and the response system (4.3) are exponential synchronized based on p—norm. Numerical
simulation illustrates our results (see Fig.2).

Remark 3. In example, 7(r) = 1.1 > 1 for¢ < /2 and 7*(¢r) = 1.02 > 1 for r < 0.1. Tt is evi-
dent that the synchronization criteria obtained in [32] do not succeed. However, the numerical
simulations clearly illustrate the effectiveness of the exponential synchronization criteria in this
paper.

Remark 4. The influences of reaction-diffusion on the exponential synchronization of Cohen-
Grossberg neural networks can be discussed from the synchronization criteria obtained in this
paper. Evidently, it is beneficial for reaction-diffusion Cohen-Grossberg neural networks to

achieve the synchronization by increasing diffusion coefficients D; or reducing diffusion space
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x=0

—_ D1=D2=O.1
--- Dl=D2=O.4 f

Fig.3 Asymptotical behaviors of the synchronization errors with different diffusion

coefficients.

x=0 x=0

— —5<x<h — —5<x<hb
- - = —=3<x<3H - - - -3<x<3

Fig.4 Asymptotical behaviors of the synchronization errors with different diffusion space.

Xk, respectively. Dynamical behaviors of the error systems with differential diffusion coeffi-
cients or differential diffusion space, respectively, are shown in Fig.3 and Fig.4.

Remark 5. Clearly, the larger stochastic perturbation is, the more difficult (H7) is satisfied.
Hence, the exponential synchronization of neural networks with the smaller stochastic per-
turbation is more easily realized. Dynamical behaviors of the error systems with differential
stochastic perturbation are shown in Fig.5.

Remark 6. Obviously, if the control rate 0 or the control strength k;; increase, respectively,

assumptions (H7) — (H8) can be satisfied more easily. Hence, the exponential synchronization
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--=-0=0}

20 25 30

Fig.5 Asymptotical behaviors of the synchronization errors with different stochastic

perturbation.
x=0 x=0
06 ‘ ‘ ‘ ‘ ‘ ‘
---5=0.3 ---5=0.3
04 | —3508 —508
o 0.2 "
a':':,
. A
Or{.”‘ i .
]
]
(]
0% 5 10 15 20 25 30 20 25 30

Fig.6 Asymptotical behaviors of the synchronization errors with different control rate.

of neural networks is more easily realized under the larger control rate or the larger control
strength of the intermittent controller, respectively. Dynamical behaviors of the synchronization

errors with differential control rate or the control strength, respectively, are shown in Fig.6 and

Fig.7.
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x=0 x=0
0.6 : . . . . 0.4 . . . , .
— Ky, 7K;,=20 — Kk 7k,=20
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Fig.7 Asymptotical behaviors of the synchronization errors with different control strength.

5. Conclusion

In this paper, periodically intermittent controller was designed to achieve the exponential
synchronization for a class of stochastic Cohen-Grossgerg neural networks with mixed time-
varying delays and reaction-diffusion in terms of p—norm. By constructing the Lyapunov func-
tional, the exponential synchronization criteria were obtained. The influences of stochastic
perturbation, spacial diffusion, the control rate and the control strength on the exponential syn-
chronization of Cohen-Grossgerg neural networks were discussed by the synchronization cri-
teria. A chaotic Cohen-Grossberg neural network was proposed to verify the feasibility of our
results. Compared with the previous works([27-32]), the model in this paper is more general,
and the obtained conditions are less conservative.

It is shown that (H7) can be satisfied as long as feedback strengh parameter k;;,i € ¢ is small
enough. Furthermore, the upper bound of |k;|,(i € ¢) is given in (H8). So, the results in
this paper should provide some guidelines for designing the suitable periodically intermittent
controller in the practical applications.
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