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Abstract. In this paper, local dynamics of a three-dimensional host parasite model as a discrete dynamical system
has been studied. The existence of fixed points and stability behaviour near these points are investigated. By use
of centre manifold theorem we describe the stability of non-hyperbolic fixed points. Some numerical simulations

explain our theoretical results in better way.
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1. Introduction

The behavior of population in nature and the interaction between species have been a subject
of interest over many years. In recent years, many researchers paid more attention to popula-
tion models as a discrete dynamical systems [2,3,8]. Discrete-time models are actually more
reasonable than the continuous time models when populations have non-overlapping genera-
tions. Also, by development in mathematical softwares, more accurate numerical results can be

obtained from the discrete model, related to the continuous one, since numerical simulation of
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continuous models are obtained by discretization [5,14,16]. A host-parasite model describes the
dynamics of two insects: parasitoid and its host. This model is named after the two researcher-
s, Nicholson and Bailey, who developed the model [1]. In this model, parasitoids randomly
search for hosts population that grows exponentially in the absence of parasitoids. Moreover,
both parasitoids and hosts are supposed to be distributed in a non-contiguous method in the en-
vironment [15]. After Nicholson-Bailey model, many models have been introduced to describe
the relationship between host and parasitoid. Citing some examples: Nicholson and Bailey [15]

introduced discrete host- parasitoid model of the form

Hyy = ane—yP,,,
P, = sHy(1 —e_YP”).

Beddington et al. [6] improved the Nicholson-Bailey model by adding the effect of carrying
capacity
Hn+1 = Hner(lir)iypna

Py = sH,(1—e 7).

Khan and Qureshi [11] assumed that the host has bounded dynamics in the absence of parasitoid
and they studied dynamics of their system. Atabaigi and Akrami [3] investigated stability and

bifurcations of host-parasite model

Hyy 1 =rH,(1—H,)e ",
Py =H,(1—e "),

Interested readers can go through the references [1,2,4,8,12] for more details.

However, most of the papers in this fields investigated two dimensional models, i.e. a popu-
lation model with two species. But higher dimensional models are less considered in literature.
Moreover, the host species may be attacked in different developmental stages by a range of
parasitoids. For example, Hassell and Waage discussed a winter moth that is parasitized by
egg, larval, and pupal parasitoids [10]. Zwolfer [18] modelled the interaction of two species of
eurytomid parasitoids, Eurytoma serratulae and E. Robusta, attacking a common host species,

the knapweed gall fly (Urophora cardui), on creeping thistle (Cirsium arvense).



LOCAL DYNAMICS OF A 3D HOST-PARASITE MODEL 3

Motivated by the above discussion, in this paper, we extend the Nicholson- Bailey host-

parasitoid model including one host and two parasitoid:
Hyy1 = rHye” b0,
Py = Hy(1 —e ), (1.1)
Opi1 = Hye (1 - e—an)’

where H, is host population and P,,Q, are the two parasitoid populations at n-th generation
respectively, r is the intrinsic growth rate of host and a,b are the searching efficiency of the
parasitoids. The underlying biological assumptions in this model are as follows:

e There is one host and two parasitoids which parasitize the same host.

e Suppose the parasitoid P acts first, followed by Q that acts on the surviving hosts.
Our paper is organized as follows: in the next section we prepare some analytical tools needed
in the sequence. Section 3 is devoted to the local dynamic of the model. In this section we
introduce our system as a three-dimensional host-parasite model. Then, we focus to determine
the fixed points and corresponding stability nature. In the rest, some discussions are presented
to check whether a fixed point is stable, asymptotically stable or unstable under some parameter
conditions. In the last Section, some numerical simulation are presented to explain our work in

better way
2. Local dynamics of 3 dimensional maps

In this section, we provide a brief review of the local stability of fixed points in three dimen-

sional discrete dynamical systems. Here, consider nonlinear system

xrﬁfl(xvyaz)v
yr—>f2(X,y,Z), (21>
Z'—>f3(x,y,Z)-

For simplicity, let us write this system as x — F(x), where x = (x,y,z) and F = (f1, f>, f3). First,
we obtain fixed points of (2.1), i.e. x* = F(x*). We can determined the local stability of fixed

point X* by linearization of system (2.1) near x*. In this way, the Jacobian matrix of system
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(2.1) calculated by

adh dfi df

dx dy Oz

=| 22 9f 9

JF(X) dx dy Oz
dx dy 0z X—=x*

The fixed point x*of F is locally asymptotically stable if all the eigenvalues of the Jacobian,
JF(x*) lie inside the unit disk and if at least one of the eigenvalue lies out of unit disk, the
fixed point is unstable. These conditions can be expressed in terms of the roots of characteristic
polynomials of JF(x*). Following lemma can be useful in the proof of the local stability of x*.

Lemma 2.1. [13, appendix A.1.2] Let the equation be
C()/'L3—|—6‘1),2+CZA‘ +c3 =0, (2.2)

where ¢; € R, i = 0,1,2,3. The roots A1, Ay, A3 of equation (2.2) satisfy that |A;| < 1 for i =
1,2,3, if and only if the following conditions are fulfilled.

(

co+ci+cy+ce3 >0,
co—c1+cr—c3 >0,
co+c3 >0,
co—c3 >0,

co(co+c2) —c3(cr+¢3) >0,

co(co—ca)+c3(cp —c3) > 0.

\

Note that, if some of the eigenvalues of JF(x*) lie on the unit disk, then the above lemma is
failed. In this case, x* is called non-hyperbolic fixed point. For determining the stability of non-
hyperbolic fixed points we can use the center manifold theory. By suitable change of variable,

one can transfer the x* on the origin and without loss of generality, system (2.1) can be written

as

y = Ay + f(y,z),
(2.4)
z— Bz+g(y,z),

where (y,z) € R x R¥, r +s = 3, and all eigenvalues of A lie on the unit disk and all of the

eigenvalues of B are off the unit disk.
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The following theorem asserts the existence of a centre manifold, on which the dynamics of
system (2.4) is given by the map on the centre manifold [17].
Theorem 2.2. [17] There is a C"-center manifold for system (2.4) that can be represented

locally as

M. ={(y,2z) € R xR® z = h(y),|y| < &,h(0) = 0, Dh(0) = 0},

for a sufficiently small 8. Furthermore, the dynamics restricted to M, are given locally by the

map

y = Ay + f(y,h(y)). (2.5)

The next theorem states that the dynamics on the center manifold Mc deter- mines completely
the dynamics of system (2.4).
Theorem 2.3. [17] If the fixed point y* = 0 of Equation (2.5) is stable, asymptotically stable, or

unstable, then the fixed point (0,0) of System (2.4) is stable, asymptotically stable, or unstable,

respectively.
3. Local dynamics of the model

Consider the following host-parasite model

Xnt+1 = rxne—ayn—bzn )

Yn+1 :xn(l_e_ayn)7 (31)

Zng1 = Xpe On(1—e bon),

where r,a,b > 0. Here, we investigate fixed points of the model and theirs stabilities. In the

following, we provide the boundary fixed points of the three-dimensional map (3.1).

3.1. Boundary fixed points
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There are three boundary fixed points (0,0,0), (a(rrlirl) , lnTr,O) and (%,0, IHT’) The Jaco-

bian matrix associated with (3.1) is given by

—ay—bz —ay—bz

re~ bz —rxae —rxbe

Ty = l—e ¥ xae™® 0 : (3.2)
e ¥ (1 — e_bz) —xae” (1 — e—bz) xe  Dpe—bz

At (0,0,0) we have
r 00
Ji0o0)=| 0 0 0 |- (3.3)
000
We observe that from (3.3), A; = r and A; = A3 = 0. Therefore, the origin is asymptotically
stable if 0 < r < 1 and unstable if » > 1. According to Lemma 2.1, for determining the local

stability of nontrivial fixed points we can state the following proposition.

Proposition 3.1. Fixed point (-A27 107 ) is stable if and only if the following conditions are

a(r—1)’ a>
fulfilled.

Proof. At (-2 17 () e have

a(r—1)° a >’
1 _rlnr __ brinr
r—1 a(r—1)
—1 Inr
J’ rinr nr = r_ Tl 0 (3 4)
(a7 15.0) 7

The characteristic polynomial of (3.4) is

(a+b)Inr+a(r— 1)12_'_ (b(r—1)+blnr+ar(r— 1))lnr7L B (Inr)? br

— 23 _
p()t)—l a(r—l) a(r—1)2 a<r_1)2'
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Now, its suffice to apply conditions of Lemma 2.1 to p(A4). Since r > 1 we have

(a(r—1)—=bIn(r))In(r) b r—1

cot+cr+cer+ce3 = a(r—l) :>a< nr (3.5)
2(r—1)4+(r+1)Inr)(blnr+a(r—1
C()—C1—|—C2—C3:( (l’ ) (7‘ ) I’)( d a(r ))>0.
a(r—1)32
a(r—1)% —brin*r b (r—1)?
— > — . 36
€o+cs a(r—1)32 a < r(Inr)? (3.6)
Note that condition (3.6) implies condition (3.5).
Inr(ar+b—blnr) bla+b)r(lnr)®  b?r*(Inr)*
— =1 — — . 3.7
CO(CO‘|‘C2) C3(C1+C3) + a(r—l) a2<r_1>3 a2(r_1)4 ( )
Now by using (3.5) and (3.6) in (3.7) we obtain
Inr fa+b\ b(a+b) b
_ 1 _ _
co(co+cr)—ca(cr+c3) > 1+ 1 ( p ) ! !
Therefore, co(co+ c2) — c3(c1 +¢3) > 0 iff
Inr a b b*
>—— | 5+2——-1). 3.8
r—1" a+b (a3+ at ) (38)
Finally,
Inr(ar+b—brinr)  bla+b)r(Inr)® b2 (Inr)*
Co(C() —02) —|—C3(Cl —63) =1-— ( ) ( ) ( ) — ( ) (3.9)

a(r—1) a*(r—1)3 a’(r—1)%

Similarly, by using (3.5) and (3.6) in (3.9) we have co(co — c2) + c3(c; — ¢3) > 0 iff
Inr - a L b* a?
(r—1)>3 b a*) \bla+b))’

rinr

Proposition 3.2. Fixed point ( Bo—T) ,0, lnTr) is stable if and only if the following conditions are

Sulfilled.

This completes the proof.

r—1

a 2
b (rlnr) ’
rinr

b
4+ (b—
+a2( a),

r—1 a

% g (§+2—§) (a(ab—im)'

Proof.
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At (b(’}gq),o, lnTr) we have

1 __arlnr _ rlnr
b(r—1) r—
0 arlnr 0
_ b(r—1)

I oy = . 3.10
(e 0) (3-10)

r—1 __alnr Inr

r b r—

The characteristic polynomial of (3.10) is

b+ar)Inr+b(r— 1)12 N (b+a)(r— 1)rlnr—|—ar(lnr)2)L a(rinr)?
b(r—1) b(r—1)* b(r—1)*
Similar to the previous proposition, its suffice to apply conditions of Lemma 2.1 to p*(A). So,

(b(r—1)—arln(r))In(r) a4 r—1

p*(l) — 13 . (

= . A1
coFatate b(r—1) b~ rlnr (3-11)
2(r—1)+(r+1)In Inr+b(r—1
CQ—Cl+02—C3:( (r ) (l’ ) r)(ar r (r ))>()
b(r—1)32
b(r—1)% —ar’In’r a (r—1)?
= — — ) A2
e b(r—1)2 b= (rlnr)? (3.12)
Note that condition (3.12) implies condition (3.11).
rinr(b+a—Inr) ar’*(Inr)*(ar+b) a®r*(Inr)*
- —1 - - . (3.1
CO(CO+C2) C3(C1+C3) + b(}"—l) bz(}"—l)S b2(7—1)4 (3 3)

by using (3.11) and (3.12) in (3.13) we obtain

rinr fa+b a+b b2
co(co+c2) —c3(cr1+c3) > 1+ < >—b( )__2,

r—1 b a a

Hence, co(co+¢2) —c3(c1 +¢3) > 0iff

rinr  b* b
;—Fa—z(b—a).

r—1

For the last condition we obtain
rinr(b+a—Inr)

co(co—ca)+c3(ec; —c3) =1

b(r—1) ’
ar*(Inr)?(ar +b) B a’r*(Inr)*
b*(r—1)>3 b*(r—1)%’
>1_b—|—a—lnr arz(lnr)3(ar—|—b)_b_2
a b*(r—1)>3 a*’

>r21nr)3 ala+b) b_2
(r—1)3 b2 a*’
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Hence, co(co—c2) +c3(c1 —¢3) > 0 iff

i (5+5) (7o)

This completes the proof.

3.2. Positive fixed points

In this subsection, we search for positive fixed point(s). So, we suppose that xyz # 0, and have
to solve the following system

_ .,—ay—bz
1 =re V7%

y :X(l _e—ay>,

z=xe D(1—e ).

By solving the above system we obtain

pomroay LY
b l—e @’
and y* is the positive solution
Inr— ay* y* gy ] Inr
= - —— ], 0<y" < —.
b l—e @ ¢ r y= a
Let
AG) Inr —ay A0) y —ay 1 O<y< Inr
= = e —— —
1y o PO = ) y<—

Then, the positive fixed point is the positive intersection point(s) of the functions f; and f,.

Moreover, we have f(0) = "‘Tr and lim,_,o+ f2(y) = ’a_—r]

By simple calculation we have

, ay+r+1—ary—re ™ —e% h(y)
fz()’): a —ay\2 = a __,—ay\2°
re® (1 —e %) re® (1 —e=@)

It is clear that h(0) = 0 and
W (y) =ae @ (e® +r)(1—e®) <0,

therefore f3(y) < 0 for y, € (0, 2-]. We also have

" a(r—1)(aye ™ +ay+2e % —2)
2 (y) = —an\3 .
r(1—e o)
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FIGURE 1. Graph of functions fi(y) and f>(y) for: (a) a > b(r—1)

rinr °

the system
has no positive fixed point, (b) a = b(

) , the system has no positive fixed point

and (c) a < (r]nr), the system has a unique positive fixed point.

By similar argument we can show that f3/(y) > 0 for y € (0, 1“7’] It is easy to see that functions

f1 and f, connect to each other at the terminal point of the interval, i.e. f; (ln’) = () =0,

a

Therefore, with this information we consider three cases:

() Ifa> ( ) the function f; lies above f;, fory € [O Y so the system has no positive

fixed point (Figure 1 (a)).

2) Ifa ( ) the function f} lies above f> for y € (0, lnr) and two functions reach to

each other at the endpoints. So, the system has no positive fixed point (Figure 1 (b)).
3) Ifa< (rln ) two functions have a unique positive intersection at y*. So, the system has

a unique positive fixed point (Figure 1 (c)).

Hence, we summarize the above discussion in the following proposition.

Proposition 3.3. Ifa < rlnr) the system (3.1) has a unique positive fixed point p* = (x*,y*,z%),

where

*

Inr —ay*
= y = y

1 _efay* ) - b )

and y* is a unique positive solution of

Inr—ay* y* a1 Inr
— _ =], 0<y"'<—.
b l—e @ (e r Y a



LOCAL DYNAMICS OF A 3D HOST-PARASITE MODEL 11

Now, we need to determine the stability of the positive fixed point. The Jacobian matrix at p*

is

1 —ax* —bx*
% *
=1 5 oalx*—y") 01,
zr —az* bx*

the characteristic polynomial of J* is
bx* +r+arx* —ary*) A2 brz* +bx* +abx*’ — abx*y* + arx* A abx*(x* +rz*)
r r r :

pla) =22

Now, we can apply Lemma 1 to prove the following proposition:
Proposition 3.4. The fixed point p* in Proposition 3.3 is stable if and only if the following

conditions are fulfilled.

ay*(r —bx*) +brz*(1 —ax*) > 0 or rlnr(1 —ax*) + ax*y*(ar — b) > 0,

abx* (x* +rz")

2 <1,
) r
31+ rinr —ray* + bx* + abx* — abx*y* +arx* (abx*2 +arx* Inr — a®rx*y* )
r r
2
bx* * * bx* nr— 2.k K
X(x+r+arx ary +ax +arx"Inr arxy)>0,

r r

rinr —ray* 4+ bx* + abx* — abx* y*+arx* abx* + arx*Inr — a2rx* y*

41

(

r r
2

)

rx*y*

bx* +r+arx* —ary* " abx* +arx*Inr—a

X ( ) >0.

r r

Remark. Since the positive fixed point coordinates are not explicitly obtained and there are
many parameters in Proposition 3.4, it’s not easy to have an analyti- cally proof for it. By
numerically computing for a set of different parameters, we obtain that the positive fixed point
is unstable. In the other hand, by Gauses competitive exclusion principle [9], one of the parasite
may be excluded from the system. So, we expected the positive fixed point to be an unstable fixed
point.

3.3. Non-hyperbolic cases

In this subsection, we state some conditions that the system (3.1) has the non- hyperbolic fixed

point. e Case (1):
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it =" then pi=( (’ Inr Ty lrcllr ,0) is a non-hyperbolic fixed point. First, we bring the fixed

Inr

point pj to the origin by linear transformation, i.e. we have

- _rlnr - arlnr ~ 12 o —
X 1 1" X Z(rlnl)y2+ (2lnr) Zz_axy_ (lnr) Z+0(3)
—1 1
j | = =1 0 5|+ 455 — 505 + 0(3)
z 0 0 1 z S 2 —azy+ ke 0(3)
(3.14)

The eigenvalues of linear part of system (3.14), are A; = 1 and A, 3 = a +if3, where

Inr+r—1 Vv —A

A=(nr4r—17%—4r(r—1)Inr, a= 20=1) B= =1

Let

r(Inr—r+1) V—A r—1—Inr
Y . 2= y O3 = —F T ——
(r—1)Inr 2rinr 2rinr

O] =

then by using linear transformation

X (o] 1 o u
yl=| -% o3 0 v, (3.15)
Z 1 0 O w
we can write this system in Jordan form as:
u 1 0 O u v (u,v,w)
v = 0 a _ﬁ v + WZ(”a V, W) ’ (316)

1% 0B « w w3 (u,v,w)
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where,
—1)(1— oirl
llfl(u,v,w)zr(r 21)n(r 9,2 (—‘;(;’irll)r—acg) V2 — ac o3uv
—aocyo3vw+ 0(3),
a(r—1) , (aocy aocilnr\ , ac,o3
S 2 _
Yalu,v,w) 2rinr (r+201)u +< ro 2(r—1) w
1 —1 —1
—l——(arcg—a(r )+a6163)uv+—M w+0(3),
r rinr
—1 1 —1
%(u,v,w):r a—=+2 )2 4 M—a@ uy
Inr 2 r rinr
ox(r—1
aonlr=1) .. o).
rinr

We will apply center manifold theory to this problem. The center manifold can locally be

represented as follows
M, = {(u,v,w) € R?|v = hy(u),w = hy(u), h;(0) = 0,Dh;(0) =0, i = 1,2},

for sufficiently small u. We assume a center manifold of the form

= (1) = (g2 o 0.

By some calculation, the center manifold is given by the graph of 4(u), where

Bk + (o — 1)k ,

- 3
hi(u) = 5 (1" +o(i),
Bki+(a—Dky 5 4
hy(u) = B (a_12 u"+o(u’),
and ky = =4V (,426)), ky = ==L (a— L +991) . The map on the center manifold is given by
I’(l”—l)(l_a) 2 Bkz—f—( —1)k1 3 4
et 2Inr —(ac103 _ﬁ2_|_( 1)2)” +o(u”). (3.17)

Hence, we can summarize above discussion in the following proposition.

a(r=1)

rlnr_ Inr
Inr a(r—1) 0

then pi = ( G R

If a # 1, then p7 is stable, else if 6acy Ggw < 0 then pj is unstable and if

B2 +(a—1)?
6a0103 W > 0 then p7 is asymptotically stable.

Proposition 3.5. Suppose b =

) is a non-hyperbolic fixed point.
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e Case (2):

Ifb= E‘r’ln]; , then p3 = ( b(rrlf’]) ,0, lnT’) is a non-hyperbolic fixed point. First, we bring the fixed

point pj to the origin by linear transformation, i.e. we have

by 1 -1 o by
y | = 0 1 0 y
% r=1 _r=1  Inr 3
' o (3.18)
21T
30§ + 52— aky — U2 —9) + 0(3)
+ axy — tas® + 0(3)
arln” —1) ~ alnrarr A —1) an
sl 4 Ay 4 drae—5) — 54 0(3)
The eigenvalues of linear part of system (3.18), are A; = 1 and A, 3 = a +if3, where
Inr4+r—1 vV—A
A=l ~1)*~4r(r—1)lnr, a=———", B=-F—>".
(Inr+r—1) r(r—1)Inr, 1) B =1
Let
5 _r(Inr—r+1) 5 VA - _r—1-Inr
YU =Dlnr © 7* 2rln/’ T 2rlnr
then using linear transformation
X oo 1 0 u
y =& 0 0 v | (3.19)
Z 1 & O w
where
r(lnr—r+1) rinr
oj=——— 7 —
1 (7'— 1)2 ) 52 e 17
r—1—Inr vV—A
R L N
2rinr 2rinr
we can write this system in the Jordan form as follow.
u 1 0 O u o1 (u,v,w)
v | 0 a —B v |+ $»(u,vw) |, (3.20)

w 0 B 04 w ¢3(u,v,w)
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where,

B _a51lnr_a(r—|—1)ln2r_ , art§in’r
¢1(”’V’W)_( r—1 2(r—1) 019 20r—1)2 "

ar? 532 In®r  ardlnr ) art8384In%*r  arésInr "
_ — %
2(r—1)32 r—1 (r—1)=2 r—1

_ ar&?uw— (a52+ ar(81; —Fll)lnr) uv+0(3),
r— r—

0 (1, v, w) =(a8) — %322)u282uv+ 0(3),

arln®r  ad;Inr arln? r) 5 ar26fln2r )

¢3(u,v,w):(2(r_1)2+ p— —I—a511nr+2( Y 2(r—1)2

a®lnr adrinr\ , a(0103+1)

(20— ) 2 (s A2

(a64lnr ar5364ln2r) ad104Inr
Wt ————uw

B r—1

r—1 (r—1)

+0(3).

Similar to Case (1), we will apply center manifold theory to this problem. So, the center

manifold can locally be represented as follows
M, = {(u,v,w) € R3|v = hy(u),w = ho(u),h;(0) = 0,Dh;(0) =0, i = 1,2},
for sufficiently small u. We consider a center manifold of the form
h(u) hy(u) au® +azu’ + O(u)
u)= =
/’lz(u) bou? + b3u3 + 0(u4)
By some calculation, the center manifold is given by the graph of 4(u), where

Bt (o= 1)(382 —ad1)

h](u) = B2+ ((X— 1)2 +0(u3)>
B(383 —adi)+(a—1k ,
hy(u) = ——2 2[32+(a 2 W +o(i),

where, k = 2‘6 1_“?;2 + a‘zf?r +adyInr+ g(’rlﬁr) The map on the center manifold is given by

adiInr a(r+1)In’r
r—1 2(r—1)

ur—>u+<— —a5132) u? +o(u).

arlnr

Proposition 3.6. suppose b = —1)’ then p5 =

If( a61 lnr (gﬂ(;l 11“ r a5152> # 0, then this fixed point is unstable.

( (r Inr oL .0, 1nr %) is a non-hyperbolic fixed point.
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FIGURE 2. Some simulations of model (3.1): (left) r = 0.5,a = 0.05,b = 0.01
and (xo,0,20) = (40,19,50). (right) r=2.5,a=10.05,b =0.01 and (x¢, y0,20) =
(10,9,70).

4. Numerical simulation

In this section, we present some phase portrait of model (3.1) to explain the above theoretical
analysis.

Figure 2 illustrates the dynamics of model (3.1) for some values of r. When r < 1, three
populations get very close to zero. In the other words, the origin is asymptotically stable. When
r > 1, the host population increase in amplitude. In this case, two parasite populations y(¢) and
z(t) extinct but the host population x(¢) goes to infinity.

Let r =2.5,a=0.05 and b = 0.01. In this case, there are three fixed points pj; = (0,0,0),
Pi ~ (30.54302440,18.32581464,0) and p5 ~ (152.7151220,0,91.62907319). By simple cal-
culation, one can see that fixed points p} and p; are unstable. We choose an initial value close
to fixed points and consider the behaviour of three populations. Figure 3, shows that orbits left
the neighbourhood of the fixed points.

Letr=2.5,a=0.05and b= al(;(_r)l) , then there are fixed points pjj = (0,0,0),
pi =~ (30.54302440, 18.32581464,0) and p; ~ (46.64381697,0,27.98629018). In this case, p]

is a nonhyperbolic fixed point which is unstable (Figure 4-left).

Letr=2.5,a=0.05and b= ar’l“l’, then there are fixed points p; = (0,0,0), p5 = (20,0, 12)

and p} ~ (30.54302440, 18.32581464,0). In this case, p3 is a nonhyperbolic fixed point which



LOCAL DYNAMICS OF A 3D HOST-PARASITE MODEL 17

900 300000
800
7004
600 200000
5004
400
300 100000
200
100
0 0 + + *
0 10 20 30 0 10 20 30

[ X(1) 2(t) y(t) * points| [ X(t) 2(t) y(t) * points|

FIGURE 3. Some simulations of model (3.1) when r = 0.5,a = 0.05,b = 0.01

and (left) (xo,y0,20) = (30,18,0.5). (right) (xo,v0,20) = (152,0.5,91).
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FIGURE 4. Some simulations of model (3.1) when » = 0.5,a = 0.05 and (left)

b= 4l (xoy0,20) = (30,18,0.5).  (right) b = YL, (x0,30,2) =
(19.5,.5,11).

is unstable (Figure 4-right). Moreover, we proved that if a < br(lgzr])) , then the model has a unique

positive fixed point. Now, we take r = 3,b = 0.01 and a = 0.005968261510, so the model has
a unstable positive fixed point p* = (183.4678407,30.88162833,91.43026553) (Figure 5-left).
But if we change a to 0.01606826151, then the model has no positive fixed point (Figure 5-
right).
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FIGURE 5. Some phase portrait of the model (left) a < br(lrn—?rl)), (x0,Y0,20) =

(183,30,91). The model has a unique positive fixed point and the solution-

s are far from the unstable positive fixed point p* = (183 : 4678407;30 :

8816283391 : 43026553). (right) a > 2T nr - (x), o, 2) = (183,30,91).

The model not any positive fixed point.

Conflict of Interests

The author declares that there is no conflict of interests.

REFERENCES

[1] L. J. S. Allen, An Introduction to Mathematical Biology, Pearson, 2007.

[2] R. Asheghi, Bifurcations and dynamics of a discrete predator-prey system, J. Bio. Dyn. 8(1) (2014), 161-186.

[3] A. Atabaigi and M. H. Akrami, Dynamics and bifurcations of a host-parasite model, Int. J. Biomath. 10(6)
(2017), Article ID 1750089.

[4] L. Assas, S. Elaydi, E. Kwessi, G. Livadiotis and D. Ribble, Hierarchical competition models with Allee
effects, J. Biol. Dyn. 9 (2015), 32-44.

[5] F. Bassi, L. Botti, A. Colombo, Agglomeration-based physical frame dG discretizations: An attempt to be
mesh free, Math. Models Meth. Appl. Sci. 24 (2014), Article ID 1495.

[6] J.R. Beddington, C.A. Free, and J.H. Lawton, Dynamic complexity in predator-prey models framed in differ-
ence equations, Nature, 225 (1975), 58-60.

[7]1 S. Elaydi, Discrete chaos: with applications in science and engineering, Second Edition, Chapman & Hal-

1/CRC, Boca Raton, 2008.



LOCAL DYNAMICS OF A 3D HOST-PARASITE MODEL 19

[8] O. A. Giimiis, Dynamical consequences and stability analysis of a new Host-Parasitoid model, Gen. Math.
Notes, 27(1) (2015), 9-15.
[9] G. Hardin, The Competitive Exclusion Principle, Science, 131(3409) (1960), 1292-1297.
[10] 10. M. P. Hassell, The Dynamics of Arthropod Predator-Prey Systems, Univ. Press., Princeton 1975.
[11] A. Q. Khan and M.N. Qureshi, Dynamics of a modified Nicholson-Bailey host-parasitoid model, Adv. Differ.
Equ. 2015 (2015), Article ID 23.
[12] G. Livadiotis, L. Assas, B. Dennis, S. Elaydi and E. Kwessi, A discrete-time hostCparasitoid model with an
Allee effect, J. Bio. Dyn. 9(1) (2014), 34-51.
[13] H. W. Lorenz, Nonlinear dynamical economics and chaotic motion, 2nd edition, Springer-Verlag, Berlin,
1993.
[14] R. K. Mohanty, and N. Setia, A new compact high order off-step discretization for the system of 2D quasi-
linear elliptic partial differential equations, Adv. Differ. Equ. 2013 (2013), Article ID 223.
[15] A. Nicholson and V. Bailey, The balance of animal populations, Proc. Zool. Soc. London, 105(3) (1935),
551-598.
[16] L. Zhang, S. Gao and Q. Zou, A Non-standard finite difference scheme of a multiple infected compartments
model for waterborne disease, Diff. Equ. Dyn. Syst. (2016). https://doi.org/10.1007/s12591-016-0296-8.
[17] W. Zhang, Discrete Dynamical Systems, Bifurcations and Chaos in Economics. Elsevier, first edition, 2006.
[18] H. Zwolfer, Strategies and counterstrategies in insect population systems competing for space and food in

ower heads and plant galls. Fortschr. Zool. 25(1979), 1-53.



