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Abstract. In this paper, we study the dynamics of the stochastic SI epidemic model for pest management con-
cerning spraying pesticide and releasing natural enemies. Existence of a unique global positive solution is proved
firstly. And we show that the positive solution to the stochastic system is stochastically bounded. Third, by using
Khasminshii’s method and Lyapunov function, we derive the sufficient conditions for the existence of the nontriv-
ial stochastically positive T-periodic solution. Then, by comparison theorem for stochastic differential equation,
the sufficient conditions for existence and global attraction of the boundary periodic solution are obtained. Finally,

Numerical simulations are carried out to substantiate the analytical results.
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1. Introduction

Since the beginning of recorded history, outbreaks of pests have plagued humanity, coming

in direct competition with people for life-sustaining food. Reportedly, an estimated 67,000
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different pest species attack agricultural crops, and about 35% of the yearly agricultural crop
production is lost to pests worldwide [1]. That problem is one of how to control or suppress
damaging populations of pests over widespread areas. As we know, the most effective strategy
for controlling pests may be to combine methods in an approach known as integrated pest
management (IPM) that emphasizes preventing pest damage. In IPM, information about pests
and available pest-control methods (including biological and chemical) is used to manage pest
damage by the most economical means and with the least possible hazard to people, property,
and environment [1,2].

Chemical control is the approach of controlling pests through the spraying pesticide which is
liable to reduce the pest populations considerably and which is indispensable when there are not
enough natural enemies to decrease pest populations. In most cropping systems, insecticides are
still the principal means of controlling pests once the economic threshold (ET) has been reached.
They are easy to apply, fast-acting, and in most instances can be relied on to control the pests [3].
However, excessive use of chemicals has led to environmental contamination, created pesticide
residues and acts on non-targets especially on soil microorganisms. It is reported that there are
about 545 million kg of pesticides are applied to US crops each year: 20% insecticides; 68%
herbicides; and 12% fungicides for pest control. Despite this heavy and costly application of
pesticides, pests destroy an estimated 37% of all US crops [4]. On the other hand, the chemical
pesticide kills not only pests but also their natural enemies. Therefore, insect pests are rampant
again. Furthermore, several studies have estimated that less than 0.3% of the pesticide reaches
its target pest; the remaining 99.7% is released to the environment, representing a potential
hazard for non-target organisms including humans [5].

Biological control is defined as the reduction of pest populations by natural enemies. This
method not only reduces the cost of pest control but also protects the environment. There are
many examples of successful classical biological control programs. One of the earliest suc-
cesses was with the cottony cushion scale, a pest that was devastating the California citrus
industry in the late 1800s [6]. A small wasp, Trichogramma ostriniae, introduced from China
to help control the European corn borer, is a recent example of a long history of classical bio-

logical control efforts for this major pest [7]. Biological control is not a quick fix for most pest
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problems. Natural enemies usually take longer to suppress a pest population than other forms
of pest-control, and farmers often regard this as a disadvantage.

One of the most important questions in IPM is how many natural enemies should be released
and what fraction of the pest population should be killed to avoid economic damage and reduce
the pesticide applications when the pest population reaches or exceeds the ET level. In many
cases, the most effective release rate or spraying rate has not been identified as it will vary de-
pending on crop type and target host density. To reduce the pesticide applications, the pesticide
is sprayed only when it is necessary, i.e. when the pest population density reaches the ET. With
this in mind and inspired by Liu’s [9] pollutant emission model, we will establish a kind of
integrated pest management SI model with impulse control in this paper.

In fact, population dynamics is inevitably affected by environmental fluctuations which is an
important component in an ecosystem. However, the parameters in the deterministic model are
assumed all deterministic irrespective environmental fluctuations. Hence they have some limi-
tations in mathematical modelling of ecological systems, in addition to, they are quite difficult
to fitting data entirely and to predict the future dynamics of the system accurately [10]. Sto-
chastic differential equation play an important role in many kinds of applied sciences, including
in the management of pests, since they can provide an additional degree of realism in compar-
ison with their deterministic system. May [11] also pointed out that the birth rates, carrying
capacity, competition coefficients and other parameters involved in the system can be affect by
random fluctuation. Therefore, a number of authors introduce stochastic perturbation into de-
terministic models to reveal the effect of environmental variability on the population dynamics
in mathematical ecology [8,12,13,18,22]. In the real world, insecticides is inevitably affected
by environmental fluctuations owing to pesticides are directly sprayed in the environment, such
as volatilization, photosynthesis and so on.

In addition, due to the seasonal variation, weather changes, food supplies, and mating habits
and so on, the birth rate, the death rate of the population and other parameters will not remain

constant, but exhibit a periodicity. Therefore, the periodic solution problem of non-autonomous
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systems as a new research direction of biomathematics become one of the topics of current pop-
ular. And to our knowledge, only a few authors [8,12,15,17] studied the existence of periodic
solution of a non-autonomous systems with stochastic disturbance.

The rest of the paper is organized as follows. In Section 2, we formulate our model. In
Section 3, we give some notations, definitions and lemmas which are useful for our main results.
In Section 4, our main results and their proofs are given respectively. Finally, the conclusions

are given and numerical simulations are carried out to substantiate the analytical results.

2. Model Formulation

Motivated by the above discussion, we assume that the prey is a pest with a prevalence of
infectious disease, and that the predator is introduced to suppress its density. We also assume
that natural enemies only predate susceptible pests and the effects of random interference will
manifest on the insecticide function of susceptible pests, infected pests and natural enemies.
Then, the following stochastic SI epidemic model for pest management concerning spraying

pesticide and releasing natural enemies are considered:

[ dS(0) = S()[n —a1(0) — 5t — grast gy — <181 ()ldi + 0181 (0S(1)dBy (1),
dl(t) =1(t)[—dr + % — 282(t)]dt + 0282(1)1(1)dB (1), t# Ik
dy(t) = y(t)[ro — ,gfs(g) —c3g3(t)]dr + 03g3(1)y(1)dBs3 (1),
AS(t) =0,
Al(t) =0, 1=1
(- A(1) = 8y (),

(2.1)
where S(t), 1(), y(z) are the densities of susceptible pest, infected pest and natural enemy at
time t, respectively. All parameters involved with the model are positive. The parameters have
the following biological meanings: ri,ry are the intrinsic growth rates of the susceptible pest
and natural enemy, respectively. a; denotes the density-dependent coefficient of the susceptible
pest. ¢ is the maximum value at which per capita reduction rate of susceptible pest can attain;
o has the similar meaning as ¢; & denotes the effect of handling time for natural enemy; 3

measures the magnitude of interference among natural enemy. ¥ measures the extent to which
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environment provides protection to susceptible; d> denotes the death rates of infected pest;

k3 measures the extent to which the environment provides protection to natural enemy; Z;‘TSII
the transmission of the infection or the incidence rate [19]; B (), Ba(t), B3(t) are mutually
independent Brownian motions defined on the complete probability space (Q,.7,{.% };>0,P)
with a filtration {.%},>¢ satisfying the usual conditions (i.e. it is right continuous and .%

contains all P-null sets); 612, 622

, 07 represent the intensities of the white noise; & (5 > 0) is the
proportion of released natural enemy; in addition, 0 <7 <t < ... <f; < ... and ;}Eﬂ‘o t = +oo, we
assume there exists a positive integer q such that t,, =, + 7T, k € Z; ¢;(i = 1,2,3) represent
the decreasing rate of the intrinsic growth rate associated with the uptake of the pesticide in
the organism for the susceptible pest, infected pest and natural enemy, respectively; g1,82,83

represent the concentration of pesticide in the organism for the susceptible pest, infected pest

and natural enemy at time t, respectively, where g;(7)(i = 1,2,3) satisfy the following model

dg; = [lic.(t) —mgi(t) —n;ig;(t)]dt, { 4T
dce(t) = —pe,.(t)dt, (2.2)
Ac.(t)=pn. t=nT

where c,(t) represent the concentration of pesticide in the environment at time t. All parameters
involved with the model are positive. /;c.(t) represents the organism’s net uptake of pesticide
from the environment; and —m;g;(t) and —n;g;(t) represent the egestion and depuration rates
of the pesticide in the organism, respectively; —pc,(t) represents the pesticide loss from the
environment itself by volatilization and so on; u is the pesticide input amount at every time and
neZzZt.

Lemma 2.1.([9]) System (2.2) has a unique positive T-periodic solution (g} (t),c;(t)) which is

globally asymptotically stable, where

liu(e_(mi+ni)(l—nT) _ e—p(l—nT)) *( ) ‘ue—p(t—nT)
t J—

8 (1) = g (0)e 0= :

(p—mi—n)(1—e=pT) 70 1 —erT
and
(e~ mitni)T _ ,—pT
6(0) = hitle ¢ ) ) p———
(p—mi—ni)(1 —e=(m=mT)(1 — e=rT) L—ert

fort € [nT,(n+1)T).
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By the system (2.1) and (2.2), we can obtain the limitation system (2.3)

([ ds(t) = S(t)[r — a1 S(t) — S — s — 11 (0)]dr + 018 (1)S(1)dB) (1),
dl(t) = 1(t)[~d> + 55370 g) c285(1)]dt + 0283(1)I(1)dBo (1), i
dy(r) = y(1)[ro — 22457 — c3g5(0)]dr + o33 (1)y(1)dBs 1),
AS(t) =0,
Al(t) =0, I =1
[ Ay(t) = &y(1)

(2.3)
Moreover, due to the individual lifecycle and seasonal variation and so on, the birth rate,
the death rate and the carrying capacity of the species and other parameters all exhibit cycle

changes. In the article, we also consider the corresponding periodic system of (2.4):

[ ds(0) = SOl () —ar (0S() — S0 e (1) (o)]dr )
+01(1)g} (1)S(1)dB (1),
tF# 1ty
di(t) = 1(1)[~da(r) + 150 — ea(1)g3(1))dr + 02 ()85 ()1 (1)dBa (1),
dy(t) = y(1)[rolt) — 255250 — ea ()85 (1)]dr + 03 (1)g5(1)y (1) dBs (1), )
AS(t) =0,
Al(t) =0, I =1
| () =d(),
(2.4)

where r|(t), ro(t), ai(t), bi(t), ai(t), a(t), B(t), y(t), da(t),0a(¢), ka(t), c1(t), ca(t), c3(t),
o1(t), 02(t), 03(t) are all positive T-periodic continuous functions, we will obtain the existence
of the periodic Markov process of the system (2.4) by the method of Khasminskii[16].

Now we consider the non-impulsive system

dx; = x1(r; —ajx; — x[ffiz _ y+a‘))‘cllf“+(gz3(t)x3 —c1g})dt + 018x1dB;,
dxy = xp(—dy + 25 — c283)dt + G283 x2d By, (2.5)
In [1(1+6))

— A
dX3 = X3(+ +ro— a,%f)g? — C3g§)dl‘ + G3g§X3dB3.

where

At) = (ﬁ(1+5)) [T (1+&).

j=1 0 <t
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By the [12], we can obtain that A(¢) is positive T-periodic continuous functions.
By the method of [13] the following result were obtained.
Lemma 2.2.
(1) If (x1,x2,x3) is a solution of system (2.5), then (x1,x2,Ax3) is a solution of system (2.3).
(2) If (S,1,y) is a solution of system (2.3), then (S,1,A~'y) is a solution of system (2.5).

Analogously, for the non-impulsive system

(

dxy =x1 (r1(t) —ai (t)x; — ’;11%2 _ y(tHao?t 521(2(5 An — C1(0)gi(0)dr + o1(1)gi (t)x1dBy,

dxy = xo(—do(t) + 25— ) (1) g5 (1) )dt + 03 (1) g3 (1) x2dBo,

X1+x2
P
In H (1+5j)

| dxy =03 (L rolt) — RS — c3(1)g5 (1))t + 03(1)g5 (1) x3dBs.

(2.6)
Lemma 2.3.
(1) If (x1,x2,x3) is a solution of system (2.6), then (x1,x,,Ax3) is a solution of system (2.4).

(2) If (S,1,y) is a solution of system (2.4), then (S,1,A~'y) is a solution of system (2.6).
3. Preliminaries

For convenience, we introduce several notations and recall some basic definitions.

n
LetR". = {X(t) = (x1,x2..%,) ER":x; >0,V 1 <i<n}and|X(r)| =,/ ¥ x7. Forabounded
=1

function f(¢) on [0,%0), define f* = sup f(t), f' = i[gf)f(t), (ft)r = %fOTf(t)dt. In
1€[0,00) rel0,e0

P
In [T (1+6;)
addition, we assumed r3 = ———— + ry.

Definition 3.1.([15]) The solution X (t) = (x1,x2,x3) of equation (2.5) is said to be stochastically
ultimately bounded, if for any € € (0,1) there is a positive constant § = 8(€), such that for any

initial value X (0) € Ri, the solution X(t) to (2.5) has the property that

limsup P{|X(1)| > 8} < €.

t—>o0

Definition 3.2.([16]) A stochastic process &(t) = E(t,0)(—o0 < t < 4o0) is said to be T-
periodic if for every finite sequence of numbers t|,tp,- - -,t,, the joint distribution of random

variables &(t; +h),E(ta+h),- -, &(t, + h) is independent of h, where h = kT,(k=1,2,---).
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Now, we consider the integral equation
X(t):X(to)—i- b(s,X(s ds—l—Z/ o (5, X (5))d&x(s). (3.1)

where b(s,x),0;(s,x)(i=1,2,---,k)(s € [to, T],x € R') are continuous functions of (s, x) and for

some constant B, the following conditions hold.

[b(s,x) = b(s,y)| + L |ov(s,x), 0:(s,y)| < Blx—yl, (32)
[b(s,2) [+ L5y |0 (s,2)| < B(1+[x]).
Lemma 3.1.([16]) Suppose that the coefficients of (3.1) are T-periodic in t and satisfy the
conditions (3.2) in every cylinder I x U, and assume further there exists a function V (t,x) € C?,
which is T-periodic in t and satisfies,
(Q1) infly gV (2,x) = oo,
(Q2) LV (t,x) < —1 outside some compact set. Then the system (3.1) exists at least a T-

periodic Markov process.

To further our study, we consider one dimensional stochastic differential equation
dN(t) = N(t)[a(t) — b(t)N(r)]dt + o (t)N(¢)dB(r), (3.3)

on ¢t > 0 with initial value N(0) = Ny, and a(t),b(t), o (t) are nonnegative, continuous functions.
B(t) is a Brownian motion defined on (Q,.%,{.%;},>0, P).
Lemma 3.2.([17]) Assume

(HI) There exist constants O, Oa, ay, az, by > 0, by > 0 and continuous bounded function
h(t) > 0 such that o1h(t) < 6%(t) < 6ah(t), arh(t) < a(t) < axh(t), bih(t) < b(t) < byh(t).

(H2) B = [{ [a(s) — 36%(s)]ds > 0 hold. Then equation (3.3) has a positive T-periodic
solution. Moreover, if

(H3) 1nfft+€h( )ds > 0, for any € > 0 hold. Then equation (3.3) has a positive T-periodic
solution, whzch attracts all other positive solutions of equation (3.3).

Next, consider the following stochastic equation

dz(t) = z(t)(r3 — m — c3g5(t))dt + 0385 (1)z(1)dB3(1),
3 (3.4)

2(0) = x3(0),

where z(¢) > 0,x3(0) > 0 and r3, 03,A(t), k3, c3,85(t), 03, B3(t) are given in model (2.5).
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Remark 3.1. If ] r3 — c385(s) — 303(g5(s))?ds > 0, then equation (3.4) has a unique positive

T-periodic solutions 7 (t) and tlim 2(t) — T (t)| = 0 a.s., where z(t) is any positive solution of
—>00

equation (3.4).
4. Main results

The first result is concerned with the existence and uniqueness of positive solution, which is
a prerequisite for analyzing the long-term behavior of model (2.5).
Theorem 4.1. Let (x1(t),x2(t),x3(t)) be a solution of (2.5) with positive initial value
(x1(0),x2(0),x3(0)) € R3.. Then there exists a unique global positive solution to equation (2.5),

i.e. (x1(t),x2(t),x3(t)) exists on R3. for all t > 0 with probability 1.

Proof. First consider system

b v(t) A (1)
du(t) = [ry _aleu(t) - eu(t;i_ev(t) - Haﬁ(x):ﬁAew(z) —c18] — %Glz(gT)z]dt‘i‘ 0181dB) (1),
b1t
dv(t) = [~da + b — 285 — 305 (¢3)*]dt + 02g3dBo (1),

dw(t) = [r3 — P45 — cag5 — 303(¢5)?)dt + 03g3dBs (1),
(4.1)

with initial value u(0) = Inx;(0), v(0) = Inx;(0), w(0) = Inx3(0). Since the coefficients of
system (4.1) satisfy the local Lipschitz condition, then system (4.1) has a unique local solution
(u(t),v(t),w(r)) on € [0,7,) where 7, is the explosion time. Therefore, by Itd’s formula, it
is easy to see (e”(’ ),ev(t),ew(t)) is the unique positive local solution to system (2.5) with initial
value (x1(0),x2(0),x3(0)) € R..

Next, we will prove that this solution is global, i.e. T, = +o0 a.s.. To this end, we will use the
similar approach to Theorem 2.1 of Mao et al. [15]. The key step is to construct a nonnegative

C?-function V (x1,x2,X3) : Ri — R such that

liminf V(x1,x2,x3) = 400 and LV (x1,xp,x3) <M,
k—voo, (x1,02,x3)ERY\Dy

where D = (%,k) x (L k) x (%,k) and M is some positive constant. Now we define

V =x1+x+x3 — (Inx; +1Inxy +Inxz) + (x +k3)x% =Vi+Va+Vs,
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where
Vi=xi+x+x3, Vo =Inx;+1Inxy +1Inx3, V3= (X] —|—k3)x%.

An application of Ito’s formula to Vi, V,, V3 respectively, yields

dVi =[x1(r —a1x; — xffiz - y+aoj:4fﬁAx3 —c187) +X2(—d2+xff;2 —283)
+x3(r3 — 123?);31 —c383)]dt + 0181x1dB| + 0285x2d By + 0385x3d B3,
Vs =(r—a - g ot P
+ ( —dr + xf?flcz — 85— %Gzz(gé)z)dt + 0181dB| + 0285dB>
+ (r3— ;?i)fl — 385 — %Gg(gﬁ)z)dt + 0385dB;
=(r —aix — Xf)fiz T aojcl;qfﬁAx3 —cig]—da+ xffiz — gy 13— 23_?);31

1 1 1
—c3gh — 5612 (g5)* - 5622 (g5)— 5032 (g5)%)dt + 0187dB) + 0283dB, + 0383dBs,

b1xy 0 Ax3 2
dVs =x1x%(r] — a1x| — — —c127)dt + o127 x1x3dB
3 =x1x3(r1 —a1x Yt 7T et pA 181) 181X1x3dB)
2 . O03AX3 2/ 2.2 % 2
+[2(ks +x1)x3(r3 — 383 — T )+ (x1 +k3) 03 (g3)“x3]dt + 20383 (k3 + x1 )x3dB3.
Hence
bl)CQ OClAX3 % b1x1 %
LVy :=x1(r1 —ajx; — — —c +x(—d>r + —c
| i=[x1(r1 —aix PO —— 181) +x2(—d> p——— 285)
OC3A)C3 %
+x3(r3 — —C
3(r3 e 383)]
< —apxt+ (r1 —c1g])x1 — (da+cag3)xa + (r3 — c383 )3,
bl)C2 (XlAX3 % b1X1 "
—LV, :=—|r1 —ajx; — - —c18] —dr+ —c
2 i A x1+xp  yY+ox;+ BAx; 181 2 X1 +x 282
03Ax3 R S VIIET B VRRT BN PRy
— — ——(o o 1o
+r3 ks a1 €383 2( 1(g1)"+05(85)" +035(g3)7)]
o 03A
S—r1+611X1+b1+?l+clg>1k+d2+62g§—r3+kiX3+038§
3
1. 5 402 2/ %\2 2/ %\2
+§(0'1 (g1)"+05(g5)" +035(g3)7)]

oA
§611X1+kix3 +M;,
3
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where —r +b1 + F + 18] +da+c2gh —r3+e3gy + 3(07 (87)7 + 03 (83)° + 03(83)%) < M.

and
ble (X1AX3
LV; :=x1x3(r| —aix| — — —c12]
3 i=x1x5(r1 — ajx ntx  7iom T BAn 181)
03AX3

+[2(ks +x1)x3(r3 — 385 — )+ (x1 +k3) 05 (g5)x3]

ks +x;

< —203Ax] — a1xixg + (1 — c18]) 0133 + 2k3 (r3 — 383) %3
+2(r3 — c383)0103 + k305 (¢3)°33 + 03 (8313
=— 2063Ax§ — alx%x% +(r1 —c18] +2r3—2c3g3 + 632 (g}k)z)xlx%
* 20 x\2\.2
+ (2k3(r3 — c383) + k303 (83)7)x3.

Therefore, one can see that

LV =LV, — IV, + LV;
2 * * % 03A
< —apxy+ (r1 —ci18))x1 — (d2 +c285)x2 + (r3 — c3g3)x3 +ayx; + k—3x3 + M,
—206AX%3 — a1x1x3 4 (1) — c18] +2r3 — 2c3g5 + 65 (g5)H)x1x3 (4.2)
% 20 4\24.2
+ (2k3(r3 — c383) + k305 (83)7)x3

<M.

In fact, if x; > 2—1, then —alx% — 2(X3Ax§ — alx%x% + rlxlxg = —alx% — 2(X3Ax§ —x%x%(alxl —
r1) <0, else x; < 2—11, then —alx% — 2063Ax§ — alx%xg + r1x1x% < —alx% — 2063Ax§ + %x% have
supper bound.

Hence, one can see that —alx% — 2053Ax§ —a lx%x% + rlxlxg have supper bound. Similarly, we
derive LV also have supper bound M(i.e. LV < M).

The rest of the proof is very similar to Theorem 2.1 of Mao et al. [15], and is omitted here.

Theorem 4.2. The solutions X (t) = (x1(t),x2(t),x3(t)) of system (2.5) are stochastically ulti-

mately bounded for any initial value X (0) = (x1(0),x2(0),x3(0)) € R3..

Proof. Define the function

V = (x1 +x2+x3) + (k3 +x1)x3.
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Making use of Ito’s formula, we have

b1xp 1 Ax3 % bixy
— —c +x2(—dr +
X1+x  y+ox;+ BAx; 181) +x02(—d> X1+ x

03AX3
ks +x;

av :[x1 (1’1 —aixy — —ngﬁ)

ble 01 Axs
x1+x2 Y+ oax; + BAxs

+x3(r3 — —c383) Fx1x3(r —ax; —

—c18})

03AX3
ks +x;

+ (ks +x1)x3(r3 — —c383)]dt + 0181x1dB1 + 0285x2dB) + 03g3x3dB3
+ 0181 x1x3dB1 + (k3 +x1)0383x3d B3
<(—ax7 + rixy — (da+ c285)x2 + r3x3 — 0BAX3 — a1xix3 + (r1 +r3)x1x3 + r3kaxs )di
+ 0181x1dB1 + 0285x2dBy + 0383x3dB3 + 0181 x1x3dB1 + (k3 + x1) 0383x3dBs3.
Define the function again W = ¢%2'V. By Ité’s formula one may calculate the operator LW
LW =e®! (dyV +LV)
<e®[dy(x1 +x3 +x3 + (k3 4 x1)x3)
— alx% +rix; — (da 4 c285)x2 + r3x3 — OCgAX% — alx%xg, + (r1 + r3)x1x3 + r3k3xs]
=™ (— ayx] — caghxr — 3AXS — arxixs + (r1 +r3 + do)x1x3 + (da + 1)y
+ (da + 13+ r3ks + daks)x3),
obviously, there exists a constant M3 such that

—a1x] — 285X — 0BAXs —aixix3 + (r1+r3+da)x1x3+ (da +r1)x1 + (do+ 13+ r3ks +doks)x3 < M.
Therefore
dW < Mze™' dt + e (01 g} x1dB| + 0283x2dBs + 03 g5x3dB3 + 61 g1 x1x3d B + (k3 +x1 ) 0385x3dB3),
integrating both sides from O to 7 and taking expectation, we derive
E(e®'V) <W(0) 4 M;(e® —1), i.e.

E(x) 4+ x4 x34 (x] +k3)x3) <W(0)e ® + M3(1 — e~ %),

Consequently

E(|X]) = E(\/x%+x%_|_x%) <E(xi4+x4+x3) <W(0)e 2 4 M3(1 — e~ %),
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i.e. E(|X|) have supper bound. To proceed, applying the Chebyshev inequality yields the

required assertion.

Next, we give the existence of a periodic Markov process of the system (2.6). For conve-

nience, we introduce the notations

In fll(l+5j) oy (1)
r3(t) = ro(t) + % filt)=ri(t) —c1 ()5 (t) -0 (1) (g (1))* — b (t) — ﬁl(ﬁ ’

f() = b1(t) —da(1) = e2(1)g3 (1) — 02(1)*(83) (1), f3(1) = r3(1) — e3(1)g3 (1) — 05 (1) (85(1)).

Theorem 4.3. If (fi(t))r >0, (fa(t))r > 0, (f3(t))r > 0, then the system (2.6) exists one

positive T -periodic solution.

Proof. By the same way as in Theorem 4.1, one can see that, for any initial (x1 (0),x2(0),x3 (O)) €
R3, the system (2.6) has a unique global positive solution (x;(¢),x2(t),x3(t)) € R3., we only
need to verify the conditions (Q1), (Q2) of Lemma 3.1.

Define a C*>!-function V(x1,Xx2,X3,1) : Ri X Ry — R, as follows

() gy ema(t)  owall)

V(x1,x2,x3,1) = + + + (x1 +x2) + (x1 +k3())x3
X1 X2 X3
=V +6LVo+V3+V4+ Vs,
where
wi () =f1(t) = (fi(0))7, wh(t) = fo(t) = (o)1, wi(t) = fa(t) = (f3(t)) 7,
wi (1) wo (1) w3 (1)
V=t =" =L V=i 4x, V5= (x1 + k3 (2))x3,
X X X3
and 0 < f < (S80I

Obviously, V (x1,x;,x3,1) is T-periodic in t and satisfies

liminf V(x1 ,X2,X3,l‘) — o0,
k—vo0, (x1,%2,x3)ERI\Dy

where Dy = (%,k) X (%,k) X (%,k), which shows that (Q1) in Lemma 3.1 holds.



14 LAN GUIIE, FU YINGIIE, WEI CHUNIJIN, ZHANG SHUWEN

By It6’s formula, one can get that

e1(t)
LV == —wh (1) ¢ Vo (1) (¢7) (1)}
e (1) by (l‘))Q o (Z)A (I)X3 N
~ ) e e et + BuAGs i)
et W1 ()
< W) = () + aOgi0) + O &)+ ar (en @ 4 21O L eald)
X1 X1 B(t)x1
M1t
— (W’l(t)—rl(t)+61(t)g’f(t)+612(t)(g’{)2(t)+b1(t)+Ol?((tt)))ﬂl(t)ewl(’)
:_eral(t)ewm),
similarly
1 =20y - 2 () - ea(gyte) + 2L 4 T
X X2 X1+ X2 b %)
e2(1) X
= hl0) +dale) + ea)g3(0)+ GO0 - QLR
b)) X1—|—)C2)X2
eM2(t)
—C (1) da(t) + e (005 (1) + 03 () (832 (1)) — (P o)y )
b ) B%) X1 +x2
eM2(t)
< (1) + ) + 2063 (0)+ G306 0) —n (1) + ”;—f)ewﬂﬂ
_ €W2(l‘)<f2(t)>T+b](I) w2(1)7
X2 X1
and
Lol el 15 (1)A (1) G20 (g1)2(0)
LV3_ x5 w (t - x; (r3(t)_ k3(t)+x1 _63(t)g3(t))+ 3X3 3
o3 e3(t)
<O 041 0) — r3(0) + 3 (083 (1) + R0 ()2 (1)) + 2 DAD
X3 kS(t)
B0 A O
X3 ks(t) ’
and

LVy < —ay(t)x] 4 (r1(t) —c1(2) g} (£))x1 — (da(2) +ca(2) 5 (1)) x2,
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moreover, we also have

LVs =x1x3(r1(t) — ay (t)x;

by(t)x, o (1)A(t)x3 .
Tr4m M0+ am+ oAl 80

2(ks(0) +180s0) — ex)s(0)"0) — DA 4y ks 0) 20 88)700)
3(1) +x1

< —203(1)A(1)x3 — ay (1)x1x5 + (ri (1) — c1 (£) g5 (1) x105 + 2k3(1) (r3 () — 3(1)g5(1))5
+2(r3(t) — e3(1)g5(1))x133 + k3 (1) 03 (1) (85)%(1)3
= —203(1)A(t)x3 —ay (£)xix5 + (r1(t) — 1 (£)g} (1) +2r3(r) — 2¢3(1) 85 (¢)

+03(1)(83)* ()13 + (k3 (1) (r3(1) — 3(1)g5(1)) + k3 (1) 05 (1) (83)*(1))3.
Similar to the proof of inequation (4.2), one can see that

— %al (x5 + (r1(6) = c1(1)g1 (1)) x1 — 03(1)A ()3 — ay ()xix5 + (r1 (1) — c1(2) g7 () +2r3(t)

—2¢3(1)g3(1) + 03 (1)(83) (1)) 2103 + (2ks (1) (r3(1) — e3(1)85 (1)) + k3 (1) 03 (1) (83)% (1)) x5

+a1(t)+

also have supper bound. Let

Msg :max{—%al (t)x% + (r1 (1) —cy (t)g]k(t))xl — 03 (t)A(t)xg —a (t)x%x%

T (r1) — e1(081(0) +2r3(6) — 2e3(1)g3(1) + G2 1)(83)2(1) 318

+ (2Kk3(1) (r3(1) — e3(1)85(1)) + ks (1) 03 (1) (83)* (1) ) o3 +an (1) + %(f)(t)»o},

one can get that

_ e O (f1(0)) 7 — Laby (1)e*2®) B 02 (f (1)) 7 B O (f(t))r

X1 X2 X3

LV <

1
- Ealx% — (dy + c285)x2 — 03AXA + M.

Consider the bounded open subset

1 1 1
De,y={(x1,x0,13)|e1 <x1 < — &< < —,8<x3< —},
= &1 & &3
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where 0 < g < 1 is a sufficiently small number. In the set D‘gl 23 = Ri \ D¢, , 5. let us choose

sufficiently small & such that

= tmey I b p) el
> < min{

€ < min , , , ,
1 < min{ Mg+ 1 Mg+ 1 Mg+ 1 Mg+ 1 }
3/ vl Al
w3 tl oA
& Smin{e <f3< )> 7 i 3 }
Me+1 v/ M

For convenience, we divide Dgl 23 into six domains,

D = {(xl,)Cz,X3) S Ri‘o <x1 < 81}, Dy, = {(xl,XQ,X3) S REHO <Xy < 82},
D; = {(Xl,xz,X3) S Ri\xl >€,0<x3 < 83}, Dy = {(xl,X2,X3) ERi\xl > 8—11},

Ds = {(x1,x2,%3) € R |xp > 3_12}7 Do = {(x1,x2,x3) € R |x; > é}7

= D1UD>UD3UD4UDsUDg. Now we prove LV (x1,x2,x3,1) < —lon DS . xR,

€123

C
clearly, Del 23
which is equivalent to showing it on the above six domains.

Case 1. On domain Dy, we get

VD ()1 — labi(1)e™Y) e (f(0)r W {f(1)r

LV <—
- X1 X2 X3
1
- Eam (da + c2g5)x2 — 03AX3 + M
(t) O — by (1)e2()
c O b0
1
<—1

Case 2. Similarly, for any (xj,x,x3) € D,, one can see that

O (1)) — bbi(1)e™) LD (H)r eI (f(0))r

X1 X2 X3

w<-°¢

1
— Ealxl (dy+ c285)x0 — 063Ax3 + Mg

L h ()

&

+Me

<-1
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Case 3. on D3 we derive

IV < — W{fi(0)r —abi (1)) e (f(0))r O (f(0))r
- X1 X2 X3
1
- Eam (d2+ c285)x2 — 03AX; + M
< OBO |,
&
<—1.
Case 4. on D4 one can get that
v <8 D) T —babi(1)e?D) e (f(t))r W{f3())r
- X1 X2 X3
1
— Ealxl (dy + c28%)x2 — Q3AXS + Mg
<-— la -2
2
<-1.
Case 5. on Ds yields
v <_8 W{fi())r —labi (1)) LD (fr(0)r O (f3(0))r
- X1 X2 X3
1
- Ealxl (d> + c285)x2 — 03AX] + Mg
—(dy+c2g5)e; ' + Mg
<—1.
Case 6. on Dg we obtain
IV < — O (fi (1)) — b1 (1)) LD (HE)r eI (f0))r
N X X2 X3

1
- §a1X1 (dy 4 c285)x2 — 03AXS + M
< — opAgy > + Mg
<-—1.

Consequently

LV (x1,x2,x3,1) < —1, forV (x1,xp,x3,t) € D¢

8123

17
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That is, the condition (Q2) in Lemma 3.1 holds. Hence the proof of this theorem is completed.
* (£ 2 * RN

Corollary 4.1. If(l”] —C18 (t) — (712 (gl (t)) —b1— %)T >0, <b1 —dy —ngz(t) — 622 (gz(t)) >T >

0, (r3 —c3g5(t) — 03 (g3 (t))z)T > 0, then the system (2.5) exists one positive T-periodic solu-

tion.

Theorem 4.4. Let (x1(t),x2(t),x3(t)) be a positive solution of system (2.5) with initial value

(x1(0),x2(0),x3(0)). Then if r3 > c3g5(t), r3 > (c3g5(t) + 303(g5(1)*) 1, aBy > oy, by <

dy + (c2g5(t) + 102(g5(t))})r and ry < % +{c185(t) + 502(g;(1)* — W)T then the

system (2.5) has a boundary T-periodic solution (0,0,z" (t)), which is globally attractive.

Proof. By the third function of (2.5), yields

OC3AX3 % %
dx; =x3(r3 — —cC dt + 0z323x3dB
3 =x3(r3 e 383) 383%3dB3
0AX
>x3(r3 — Sl c383)dt + 0383x3dB3.

By Remark 3.1 and comparison theorem for stochastic differential equations, one can get that
x3(t) > z(t) as.,

moreover for arbitrary small € > 0, there exist #y and a set Q. such that P(Q¢) > 1 — € and

z(t) > 77 (t) — € almost surely. Hence
() > (1) —€e as.

By the Ito’s formula, one can get that

bl)CQ OtlAX3
dlnx) =(r; —ayx; — — —c187)dt + o018 dB
1=(r1 1X1 Xi+x  y+ox +BAx 181) 181401
(04] (Xl(OUCl—F'}/) * 1 27 %\2 *
<(r—aix;——+ —c1g] —=0i(g])")dt + 01g1dB;
( B ﬁ('}’—{-(x]ﬂ—{—ﬁAx:;) 1 2 1( 1) ) 1
o 1 a1 Px;(y+ ox; + PAx3) — o (axg +
—r1= G~ agi - yor(gi - WA EN PR SO 10,

,B (Y+ ox)+ ﬁAx?,)
o) oy

<= —eisi- Sote) + ST By i+ oieidB.

Integrating both sides from O to t and dividing by t, yields

Inx(¢) —Inx; (0) < fé(’”l - % —c18] — %Glz(gT)Z + ﬁ(y+BAOElZ}T/(,),E)))dt + f(; 0181dB;
t - t )
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dB
In view of the strong law of large numbers for martingales, we obtain limsup w =0,
[—roo

and then

_ _ _ 120 ,%\2 oy
lim Inx; (¢) < lim fO [r1 —c18] — 30] (81)"+ [)’(/}/+‘8A(ZT(Z‘)78))]dt. (4.3)
=0 f—3o0 t

On the other hand, since r|, @, B, c1, o1, ¥ are all positive constant and gj(z), A(¢) are both

positive T-periodic continuous functions, therefore

2(,%\2 [25W4
o Bl = — 181~ 307 (6D + prgatiay
t—roo t
1 2/ %\2 (2504
fo [r1 — _Clgl 261 (81) +B(7+BA(IZT(I)*8))]dt
T
For the arbitrary of €, we must have
2( %x\2 2504
nxi(6) o [ —% —c1g] —307(8})* + grmarldt
tlim nxtl( ) L . ! B(y+BAZ" (1)) < 0 almost surely, i.e.
—o0

tlg{)loxl (t)=0 a.s..

In view of Ité’s formula, one can get that

1 b1x1
dInx; (1) =(—dy — c285 — =04 (g5)*
nxy(t) =(—dy —c285 5 (g2) i x

)dl + ng;de
2 2

* 1 * *
<(—dr — 285 — Effzz(gz)2 +b1)dt + 6285dBy,

Similarly, one can see that

T * *
lim Inx, (1) < Jo (—dr—cags — 303 (g5)* +by)dt

< 0 almost surely, i.e.
t—yoo t - T y

}1_>r£10x2(t) =0 as.

On the other hand, for arbitrary small &5 > 0, there exists # > #y and a set Q, such that
P(Qg) > 1—¢eandx) < & fort >1 and w € Q.

Consider the periodic Logistic equation

A * *
40 = 0(rs— 200 sg)ar + ogioans,

318 (4.4)
0(0) =x3(0),

obviously,
eJo(r3—c3gi—303(¢3)*)ds+ [ 03g3dB) (5)

¢(t)— ——

J§ (r3—c3g3— 503 (g5)2)ds+ J§ 03g5dB1(s) g0
_|_f0 e 0 3 3183 0 0383 drt
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is the solution to the equation (5.4). By the comparison theorem for stochastic equations, yields

72(t) <x3(t) < 9(¢) as..
For the arbitrary of &3, we must have

}gl}ﬂ(l) =z(t) as.

The result is confirmed.

5. Numerical simulations and conclusion

In this paper, in order to investigate the consequences of periodically spraying pesticides and
releasing natural enemies at different fixed moment in pest-natural enemy system, a stochastic
SI epidemic model for pest management concerning spraying pesticide and releasing natural
enemies is proposed. For the stochastic system (2.5), the existence and uniqueness of the pos-
itive global solution are obtained. Moreover, the positive solution is stochastically ultimately
bounded is proved, it is known to all that the stochastic boundedness is one of most important
topics because boundedness of a system guarantees its validity. we still established the sufficient
conditions for global attractiveness of the pest-extinction periodic solution have been obtained,
which shows that there exists a globally asymptotically stable pest-eradication periodic solution
under certain parametric restrictions.

In addition, in view of the factors, such as seasonal variation, weather changes, food supplies
and so on, we investigate a periodic system (2.6) with stochastic disturbance. The result shows
that, the system (2.6) has at least one positive periodic system solution under a certain condi-
tion. Thus, the difference and connection in dealing with the system (2.5) and system (2.6) are
obtained by comparison.

The numerically simulate the solution of stochastic model by the Milstein’s Higher Order
Method proposed by Higham [21].

Numerical simulations are carried out to investigate effects of impulsive period varying on
dynamical behaviors of system (2.1) and (2.2) as well as to illustrate our theoretical results, we

choose the parameters r; = 0.55, ro = 0.4, ¢y = 0.465, ¢ = 0.5, ¢c3 =0.3, a; = 0.1, by = 0.3,
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o=1,a=4,=10,y=6,d, =02, a3 =0.5, k3 =1, 01 = 0.02, 5, = 0.02, o3 = 0.02,
p=05,11=03,m =0.1,n1=0.1,1,b,=0.3,my=0.1,n,=0.1,13=0.3,m3 =0.1,n3 = 0.1,
g=1,6,=0.8,and u =0.4.

We start our numerical simulation with 7 = 10 and starting from the initial point
(5(0),1(0),y(0)) = (3.5,0.55,6), (g7(0),c;(0)) = (0.0599,0.4027). By the Lemma 2.1, one

can see that

10
gi(t) = 0.4626¢ 0% —0.4027¢ 70| / g (1)dt = 1.2000 (i =1,2,3),
0

10 o 10
/0 ri—cigi(t) — ot (g7 (1)* — b1 — Fldr >0, | b —dy—eag3(t) = 03 (g3(1))*dr > 0,
1
o MI0+8)
| o =g — i)~ o3g30)ar >

Obviously, parameter values chosen above and the choice of T are consistent with the condi-
tions required for the existence of periodic solution (see Corollary 4.1). Results of two simula-
tion run are reported in Fig 1 and Fig 2.

Next we decrease impulsive period to 7 = 1. By computation, we get

1
g5 (0) ~ 1.1901, gi (1) m2.2067e_0'2’—1.0166e‘0'5t,/ gi(t)dr ~1.1996 (i=1,2,3),
0

1
r3 > c3g;(t), r3 > (c3g3(t) +§G32(8§(l))2>n aiBy> ooy,

o ) . oy
(ri — B c181(t) — 5012(81)2 + Bly+ BA(t)zT (1)]

Obviously, parameter values chosen above are consistent with the conditions required for ex-

)7 <O0.

istence and global attractivity of the boundary periodic solutions (see Theorem 4.4). Result of
one simulation run is reported in Fig 3.

Remark 5.1: From Figs. 1, 2 and 3, we see that, if the impulsive period is larger than some
critical value, the concentration of pestcide will not be sufficiently high to kill pest and the pest
will be permanent and tends to the unique positive 7-periodic solution of system (2.1).

In the following, we give an example to illustrate our result of Theorem 4.3.

Choose parameters 7 = 10, r; =2+0.01sin(%), ro=0.944-0.01 sin(%"), c; =0.2+0.01sin(%),
c2=0.2+0.01sin(%), c3 =0.140.01sin(%), a; =0.14-0.01sin(%), b; =0.540.01sin(%),
o =1+0.01sin(%), o« =440.01sin(%), B =2+0.01sin(%), y=6+0.01sin(%), dr =
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Stochastic model

R VNNNN VAN SNV NN NNV NN SN
0
0 50 100 150 200 250 300
time
gi(t) 0.2 y .
0.1
0 1 | | | 1
0 50 100 150 200 250 300
time
S(t) 45
35 | | f | f
0 50 100 150 200 250 300
time
I(t) 0z
®) 82
0.2 f f 1 !
0 50 100 150 200 250 300
time
v 10 . . . : :
5 NV VNSNNNS NN NS N
0 . . . . .
[ 50 100 150 200 250 300

time
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Deterministic model

ce(t) 05

QAN AR R A AR AR KRR R A
0 50 100 150 200 250 300
time
gi(t) 0.2 v v v v v
0T AN AN NN
0 f y | y |
0 50 100 150 200 250 300
time
S(t) +3 . . . . .
)¢ | IO TY SN VT I VVY VYV IV SN
0 50 100 150 200 250 300
time
I(t) 0.z T ; ; . .
® B A AN AANANAASANAAAANAANAAAA]
o2 ; f A f ;
0 50 100 150 200 250 300
time

10 . . : : :
y(t) 5 FU\J\MJ\J\JU\J\JU\J\J\J\M\LM\JU\J\MM\J\L%
0 . . . . .
0

50 100

150
time

200 250 300

FIGURE 1. The solutions of system (2.1), system (2.2) and their cor-

responding deterministic system with initial conditions (S(0),7(0),y(0))

(3.5,0.55,6), (gi(0),c.(0)) = (0.0599,0.4027).

Stochastic model

Deterministic model

| 05 34

FIGURE 2. Sample phase portrait of system (2.1), system (2.1) and their

corresponding deterministic system with initial conditions (S(0),7(0),y(0))

(0.0599,0.4027).

(3.5,0.55,6), (gi(0),c.(0))

7’ =
S‘ 12
o]
3“\1\\\“»“ 0
W‘\“‘\‘\“ A 047
b
FIGURE 3. The solutions X;(t) = (Si1(t),Li(t),y1(r)), Xo(r) =

(S2(1),(t),y2(¢)) and X3(t) = (0,0,z7 (¢)) of system (2.1) with the initial
value (3.5,0.55,6), (3.7,1.6,1.5) and (0,0,0.5), respectively. X(¢) and X,(¢)

both are attracted the pest-extinction periodic solution (0,0,z7 (¢)).
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0.3+0.01sin(%), a3 = 0.5+0.01sin(%), k3 = 1 +sin(%), 61 = 0.3+ 0.001sin(%"), 0y =
0.340.001 sin( ’) =0.3+0.001 sm(%t), p=1,u=0.01,14 =0.6, m; =0.01, n; =0.01,
I, =0.6,my =0.01,n, =0.01, 13 =0.6, m3 =0.01, n3 =0.01, g =1 and &, = 0.01.

By the Lemma 2.1, one can see that

L (e~ mitni)T _ o=pT)

g (0)= (p—mi—ni)(1— e—(Wli-H’li)T)(l —erT)

~ 0.0277,

therefore

Lin (e*(mi+ni)(tfnT) _ efp(tfnT))

g;." (l‘) — g;." (())e*(miJrni)(t*”T) —+ (p —m;— I’li)(l - e—PT) < 0.0388.
By computation, one can get that
o) = (ri() —er (g7 (0)- 02 () (85())? = ba (1) — FiH)r >0,
(a0t = (bi(r) = da(t) — eat)83 (1) - 0 (t)*(83)* (1)) > 0,
In [T (149;)
(f3(t))1 = (ro(t) + ———— —c3(t)g5(t) — 03(t)(g5(¢))*)r > 0, by Theorem 4.3, we know

that the system (2.6) exists one positive T -periodic solution. (see Figs 4 and 5.)

Remark 5.2: From Figs. 1,2 and 4,5, we see that, for any positive initial value, the solution
of the deterministic system will enter the periodic orbit after a period of time, and the solution
of the stochastic system is fluctuating in a small neighborhood of the periodic orbit when the

noise intensity is small.

Stochastic model Deterministic model

) )
o e s e

6
X0 o .

LU ] L

FIGURE 4. The solutions of system (2.3), system (2.2) and their cor-
responding deterministic system with initial conditions (S(0),7(0),y(0)) =
(15,4,30), (gi(0),c.(0)) = (0.0277,0.0100).
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Stochastic model Deterministic model

FIGURE 5. Sample phase portrait of system (2.1), system (2.1) and their
corresponding deterministic system with initial conditions (5(0),7(0),y(0)) =

(15,4,30), (gi(0),c.(0)) = (0.0277,0.0100).
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