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During the last decade, many scholars investigated the dynamic behaviors of the mutualism
model ([1]-[15], [42]) or commensalism model ([16]-[26],[41],[43]).

Sun et al.[24] proposed the following two species commensalism system

dx (1 X +ay>
— = rx(l—— =),

dy _ ry(1_1>
dt 2 K> ’

where ry, 1y, K1, K7, o are all positive constants. By linearizing the system at equilibrium, the

authors investigated the local stability property of the equilibria of the system.

Recently, Xue, Han, Yang et al[27] argued that the non-autonomous model is more suitable,
since the coefficients of the system are varying with the time, for example, the coefficients could
be changed with the seasonal factors. They proposed the following two species non-autonomous

commensalism model:

% = N (a(t) —b(t)Nl —l—c(t)Nz),
@ (1.2)
T2 = W) - e(s):

The authors gave a set of sufficient conditions which ensure the existence of a unique globally
attractive positive periodic solution of the system. For the autonomous case of system (1.2),
recently, Lin[43] further incorporated the Allee effect to the first species, he found that the
final density of the species is increasing if the Allee effect is increased. Such a finding is very
different to the property of the predator-prey system incorporating Allee effect.

Xie et al. [21] proposed the following discrete commensal symbiosis model

xi(k+1) = xi(k)exp{ai(k) —bi(k)xi (k) +c1(k)xa(k)},
(1.3)
x(k+1) = xa(k)exp{az(k) —ba(k)x2(k)},
where {b;(k)},i=1,2,{ci(k)} are all positive m-periodic sequences, @ is a fixed positive inte-
ger, {a;(k)} are w-periodic sequences, which satisfies a; > 0,i = 1,2. By applying the coinci-
dence degree theory, they showed that the system (1.3) admits at least one positive @-periodic
solution.

Recently, by further incorporating the Holling II functional response to system (1.3), Li et
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al[22] proposed the following two species discrete commensal symbiosis model

C1l (k)xz(k) }
e1(k) + fi(k)xz(k) )’ (1.4)

ak+1) = xl(k)exp{al(k)—bl(k)xl(k)—i—

x(k+1) = xy(k)exp{az(k)—ba(k)x2(k)},

where {b;(k)},i = 1,2,{ci1(k)}{e1(k)},{f1(k)} are all positive w-periodic sequences, ® is a
fixed positive integer, {a;(k)} are w-periodic sequences, which satisfies @; > 0,i = 1,2. They
showed that the system admits at least one positive w-periodic solution.

Wu et al[19] proposed a two species commensal symbiosis model with Holling type func-

tional response, which takes the form

dx cry?

— = —b

di X(al 1x+1+yp>7 (l 5)
o (az — bay) |
dt = Ylaz 2Y),

where a;,b;,i = 1,2 p and c; are all positive constants, p > 1. They showed that the unique
positive equilibrium is globally stable and the system always permanent. Recently, Wu, Lin
and Li[41] further incorporated the Allee effect to the second species in system (1.5), and they
showed that the Allee effect has no influence on the final density of the species, however, the
system needs to take much time to approach its’ positive steady-state.

Chen and Wu[20] proposed a two species commensal symbiosis model with non-monotonic

functional response, which takes the form

dx c1y

— = —b +—>7

I x(a1 1X 4152 w6
o (az — bay)

where a;,b;,i = 1,2 p and c1,d; are all positive constants. They showed show that the sys-
tem admits a unique globally asymptotically stable positive equilibrium. Recently, Lin[17]
further proposed a commensal symbiosis model with non-monotonic functional response and
non-selective harvesting in a partial closure. He showed that the system may be collapse, or
partial survival, or the two species could be coexist in a stable state. He also showed that if the
system admits a unique positive equilibrium, then it is globally asymptotically stable.

Han and Chen[23] considered a commensal symbiosis model with feedback control variables,
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x = x(b1 —anx+apy—oquy),

y = y(ba—any— ou),

up = —mnu +ax,
Uy = —Mauz +azy.
They showed that system (1.7) admits a unique globally stable positive equilibrium.

Miao et al[18] proposed the following periodic Lotka-Volterra commensal symbiosis model

with impulsive.

% = x1(al(t)—bl(t)xl—i—cl(t)xz),
% = x2<a2(t)—b2(t)x2>, I#Tk, (1'8>

xi(tf) = (I+hpx(w), =17, k=12,
Their results indicates that impulsive is one of the important factors that can change the long
time behaviors of species.

On the other hand, many scholars investigated the influence of the harvesting to predator-prey
or competition system, see [28]-[38] and the references cited therein. Some of them ([36]-[38])
argued that from the biological and economic points of view, nonlinear (Michaelis-Menten type)
harvesting is more feasible. To the best of the authors knowledge, to this day, still no scholars
consider the influence of harvesting to the commensalism model.

In this paper, we propose the following non-autonomous Lotka-Volterra commensalism model

with Michaelis-Menten type harvesting for second species:

PO~ Wit (a0 blomat)
N1 (NE@)Na(1)
=2 = M)(d) — el >> (z)qE(r)+mz(t)Nz(f>’ "

Ni(0) > 0,N(0) >0,

where a(t),b(t),c(t),d(t),e(t) have the same meaning as that of the system (1.2), E(z) is the
fishing effort used to harvest and ¢(¢) is the catchablity coefficient, m; (¢) and my(¢) are suitable
continuous positive periodic functions.

From now on, we assume that
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(Hy) a(t),b(t),c(t),d(t),e(t), q(t), mi(t), E(t) and my(t) are all positive continuous @-period

function.

Here we assume that the coefficients of the system (1.9) are all periodic sequences which
having a common integer period. Such an assumption seems reasonable in view of seasonal
factors, e.g., mating habits, availability of food, weather conditions, harvesting, and hunting,
etc.

The aim of this paper is to obtain a set of sufficient conditions which ensure the existence
of a unique positive periodic solution of system (1.9), which is globally attractive. To the best
of our knowledge, this is the first time that the commensalism model with nonlinear harvesting

term is considered.
2. Existence of the positive periodic solution

Let R%r :={(N1,N2) € R?,N; > 0,i = 1,2}. For a bounded continuous function g(¢) on R, we

use the following notations: Define

1 . u
= infg(t = ).
8 tlgRg( ), & ngl?g( )

Specially, if g(z), is a continuous @-periodic function, then define

§=5 b 8 (¢)d1
Lemma 2.1. Assume that
dm > g,
and
gy < Eem?
hold, then
d-en- mlchﬁizxz B

admits a unique positive solution

—B++/B2—4AC

X = 24
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where
B = Eém —dmy, A= éim,, C=Eq— Edm,.
Proof. Set
- gE
F=d—eéex)— — _q —
miE +mox;
Then
F(0) zd—_i > 0,F(+00) = —oo
mi

Also, from

dF _ gEmy

—=—+ =<0,

dx; et (Erhl +I’ﬁzx)2

it follows that F is monotonic decreasing on the interval [0, +oo), thus, F = 0 has a unique
positive solution. Since equation

- gE

d—exy — % =
myE +myx;
is equivalent to the equation

Ax%+sz+C: 0.

It immediately follows that the equation has the unique positive solution x3. This ends the proof

of Lemma 2.1.

Let X,Z be normed vector spaces, L : DomL C X — Z be a linear mapping, N : X — Z be
a continuous mapping. The mapping L will be called a Fredholm mapping of index zero if
dimKerL = CodimImL < 4o and ImL is closed in Z. If L is a Fredholm mapping of index
zero there exist continuous projectors P : X — X and Q : Z — Z such that ImP = KerL,ImL =
KerQ = Im(I — Q). It follows that L|DomLN KerP : (I — P)X — ImL is invertible. We denote
the inverse of that map by Kp. If  be an open bounded subset of X, the mapping N will be
called L-compact on Q if QN(Q) is bounded and Kp(I — Q)N : Q — X is compact. Since ImQ

is isomorphic to KerL, there exists an isomorphisms J : ImQ — KerL.

In the proof of our existence theorem below, we will use the continuation theorem of Gaines

and Mawhin([34]).

Lemma 2.2 (Continuation Theorem) Let L be a Fredholm mapping of index zero and let N be

L-compact on Q. Suppose
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(a).For each A € (0,1), every solution x of Lx = ANx is such that x ¢ d<;
(b).ONx # 0 for each x € dQ N KerL and

deg{JON,QNKerL,0} # 0.

Then the equation Lx = Nx has at least one solution lying in DomL N Q.

Theorem 2.1 Assume (H) holds. Moreover, if

(Hy) diny > q

and

(H3) giny < Eem?

hold, then system (1.9) has at least one positive ®-periodic solution, say (N;(t),N;(t))T, and

there exist positive constants o, 3 ,i = 1,2 such that &; < N;(t) < B;,j=1,2.

Proof. Making the change of variables
Ni(1) = (i =1,2),

then system (1.9) is reformulated as

dxc;t(t) = a(t) —b(t)exp{xi (1)} +c(t) exp{x2(2) }, (2.1)
dxy(t) L |
;t = d(t)—e(t)exp{xa(t)} — my(t)E(t) :I-mz(t) exp{xa(t)}

Let X =Z = {x(t) = (x1(t),x2(t))T € C(R,R?) : x(t + ®) = x(¢)}, Set ||x|| = || (x1(¢),x2(¢))|| =
max |x;(¢)|+ max |x(¢)|, Then X,Z are both Banach spaces when they are endowed with the
t€[0,0] 1€[0,0]

above norm || -||.

Let

a(t) ~ b{t) explxi (1)} + cle) explxa(r)}
Nx = a(E()  xEX,

d0) ety exptalt)} = E G+ m () exp{ma ()
Lx = dz’(tt)’ Px = %/wa(t)dt, xeX; Qz= %/sz(t)dt, z€Z,

w (0]
1 1
Px=— [ x(t)dt, x € X; :—/ t)dt, z € Z.
X w/x() x [0)4 . z(t)dt, z
0 0
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Then it follows
w
KerL={xeX:x=heR*},ImL={z€Z: /z(t)dt =0} is closed in Z,
0

dimKerL = 2 = codimImL < +oo,

and P, Q are continuous projectors such that
ImP = KerL, KerQ = ImL = Im(I — Q).

Therefore, L is a Fredholm mapping of index zero. Furthermore, the generalized inverse (to L)

o t
! 1
Kp : ImL — KerP N DomL reads Kp(z) = [z(s)ds — P //Z(s)dsdt. Thus
0
00

ONx = (% /OwAl(s)ds,%/OwAz(s)ds>T,

where
ANs) = als) — bls)expx (5} + c(s)explxa(s)}
_ dE)
Aalo) = Al el et} = GRS - m(s) exp ()
and

Kp(I — Q)Nx = <<I>1,CI>2> :

wt
where ®; = [ Ai(s)ds — & [ [ Ai(s)dsdt — (£ — 1) [° Ai(s)ds, Obviously, ON and Kp(I — Q)N
00

are continuous. It is not difficult to show that Kp(I — Q)N (L) is compact for any open bounded
set Q C X by using Arzela-Ascoli theorem. Moreover, QN (Q) is clearly bounded. Thus, N is
L-compact on Q with any open bounded set Q@ C X. The isomorphism J of ImQ onto KerL can
be the identity mapping, since ImQ = KerL.

Now we reach the position to search for an appropriate open bounded subset €2 for the ap-
plication of the continuation theorem (Lemma 2.1). Corresponding to the operator equation

Lx =ANx,A € (0,1), we have

dxc;f D~ afa) b0 expta (0} +eexpio))]. (22)
o5 (1)E(1) '
;t - ’I[d(t)—e(f)e"p{m(t)}_ml(t)E(f)imz(t)exp{’@(t)} .
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Suppose that x = (x1(¢),x2(¢))T € X is an arbitrary solution of system (2.2) for a certain A €

(0,1). Summing on both sides of (2.2) from 0 to @, we reach

That is,

IN

IN

IA

<

[ ot = b0 expta 0} +eyexplaa)} | = o

/ow [d(” —e(r)exp{x(1)} — q(t)E(t)

my (t)E(t) +my(t)exp{xz(t)} dr = 0.

/0 * b(t) explxi (1)}t = ao + / ) explaa(t) ),

@ q(t)E(1) 5
/0 (e} + i (VE(@) +ma(t) exp{xz(t)}>dt =da.

Jo’ Fxa(e)lat

A Jo’la(e) = b(r) exp{xy (1)} +c(t) exp{xa(r) }|dt

Jo' (a(t) + c(t)exp{xa(r) })dt + J§° b(t) exp{xi (¢) }r
Jo’ a(®)dr +2 [¢° c(r) exp{xa(t) }dr

— Jo’ e(t) exp{xa(t) bt + [o” b(t) exp{xi (1) }dt

2 fg" c(t) exp{xa(r) }dt,

Jo a(1)]dt

q(1)E(1)
my(1)E(t) +ma(t) exp{xa(r) }
()E

. " q(t)E(1)
Ao dt)dt+ [y (e(t)exp{x2(f)}+m (1)E(t) +m ()exP{xZ(t)})dt

A Jo’1d(r) — e(r)exp{xa(t)} —

|dt

2dw.

Since {x(¢)} = {(x1(t),x2(t))"} € X, there exist 1;, &;,i = 1,2 such that

xi(rli) = [én[olz)}xl( ) x1(5) = tg[l()a)a()]XZ(t)

By (2.4), one could easily obtain

/ow (e(t)eXP{XZ(nz)})dr <do.

(2.6)

(2.7)



YU LIU, XINYU GUAN, XIANGDONG XIE, QIFA LIN

d (2.8)

Thus,
xZ(nz) <In E

By (2.4), one could also obtain
@ q(t) 7
e(t)exp{x2(&)}+ 0 dt >do (2.9)
0 1
Thus,
Ji—4
x2(8) >1In— " (2.10)
e
Therefore,
0] d _
(1) < xa(m) +/ bia(1)]dr < n& +2d@. (2.11)
0 e
® d— 4. _
() 2x2(52)—/ oo (1) dr = n—""1 —2d (2.12)
0
So,
- q
YN el G BN
0 (t)] gmax{]lng+2dw|,\ln71—2da)\} b, (2.13)
It follows from (2.3) that
Jo’ b(t)exp{xi(m)}dt <ao+ [ c(t)exp{xa(t)}dt < aw+cwexp{Ha},
and so,
A
xi(m) glnf, (2.14)
where
Al = d+éexp{H2}.
It follows from (2.5) and (2.14) that
xi(t) < xi(m)+ Jo” P (o)l
(2.15)

< ln% +2¢exp{H,}® v,

It follows from (2.3) that
J2b(t) exp{x(8)}dt > aw+ [y c(t)exp{xz(t)}dt > aw+cwexp{—H,},
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and so,

A
x1<61) > 11’172,

where
Ay =a—+cexp{—H}.
It follows from (2.5) and (2.16) that
x(t) = x1(6)— fg’ ()|
> In % —2cexp{—Hy}® =57

It follows from (2.15) and (2.17) that

def
X1 (1)] §max{]M1\,|M2\} =N

11

(2.16)

(2.17)

(2.18)

Clearly, H; and H, are independent on the choice of A. Obviously, the system of algebraic

equations
. - GE
G—bxi 4+ =0, d—éxy——=1= 9
mE +moyxy
has a unique positive solution (x},x}) € RJ, where
_a-+ax;

b b

X

and x; is defined by Lemma 2.1.

(2.19)

Let H = H; + H, + Hz, where H; > 0 is taken enough large such that ||(In{x?}, In{x3})T|| =

|In{x7} +|In{x}}| < H3.
Let H = H; + Hy + H3, and define

Q={x(t) = (x1(t),x2(t)) €X:|]x| <H}.

It is clear that Q verifies requirement (a) in Lemma 2.2. When x € dQ N KerL = dQNR?, x is

constant vector in R? with ||x|| = H. Then

a—bexp{x;} +cexp{x,}

ONx=| _ 10 # 0.
d—eexp{x} — 9

I’I_’l]E +my eXp{XQ}

Moreover, direct calculation shows that

deg{JON,QNKerL,0} = sgn (BKexp{xT}exp{x§}> =1#0.
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where

i} gEm; _ qm
K=¢— = >é— — >0,
(M1 E + maexp{x3})? (171)2E

deg(.) is the Brouwer degree and the J is the identity mapping since ImQ = KerL.

By now we have proved that Q verifies all the requirements in Lemma 2.2. Hence (2.1) has at
least one solution (x}(t),x5(¢))T in DomLN Q. And so, system (1.9) admits a positive periodic
solution (x}(¢),x5(¢))T, where Nf(t) = exp{x}(t)},i = 1,2. This completes the proof of the

claim.[]
3. Permanence and global attractivity

Lemma 3.1.[40] If a > 0,b > 0 and x > x(b — ax), when ¢ > 0 and x(0) > 0, we have

QI

liminfx(r) >
f—>feo

If a > 0,b >0 and x <x(b—ax), when ¢t > 0 and x(0) > 0, we have

limsupx(r) <
t—>+o0

ISERS

Theorem 3.1. Let (Ny(t),N>(t))T be any solution of system (1.9), assume that
d'ml > ¢*, (3.1)

then the system is permanent, i. e., there exists positive constants P;,T;,i = 1,2, which indepen-

dent of the solutions of (1.9), such that

Bi < liminfN;(¢) < limsupN,(¢) <T7,

I—>+oo t—>+oo

(3.2)
B < liminfN,(¢) <limsupN,(t) <TI5.
I—ree f—+oo
where
u ! qu

! a'+c'— d—— "

I d
ﬁ1=a—;F1=—e;ﬁ2= ".or,=%

b bt e el
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Proof Let (N;(t),N2(t)) be any solution of system (1.9). From the second equation of system

(1.9), it immediately follows that

dN(t)
dt

< Ns(1) (d” —elNz(t)>, (3.3)

Applying Lemma 3.1 to above inequality leads to

u
limsupMN, (1) < —-. (3.4)

t—+oo el

For any small positive constants € > 0, there exists 77 > 0 such that

u

d
Ny(t) < — +¢€forall t > Tj. (3.5)
e
Again, from the second equation of system (1.9), we also have
dN, (l‘) u

=2 = M) (dl - ;11—11 - e“Nz(t)) . (3.6)

Applying Lemma 3.1 to above inequality leads to

g— 4
l
liminf Ny (f) > ——L. (3.7)

t—oo el

From the first equation of system (1.9), it immediately follows that

de—lt(t) > Ni (1) (al — N, (t)) ,

Applying Lemma 3.1 to above inequality leads to

l

. .
liminf N (7) >

oE

(3.5) together with the first equation of system (1.9) leads to

dNi (1)
dt

< Ny (1) <a" +c”(i—j +¢&)—b'N, (t)>a

Applying Lemma 3.1 to above inequality leads to

dl/t
a'+ Cu(—l + 8)
limsup NV (1) < bue
t—5+oo

Setting € — 0 leads to

limsup N (1) < . (3.9)

t—5oo b"
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(3.4), (3.7), (3.8) and (3.9) show that the conclusion of Theorem 3.1 holds, This ends the proof
of Theorem 3.1.

Theorem 3.2 In addition to (3.1), further assume that
msq"

o 2E (3.10)

el >+

holds, then system (1.9) admits a unique positive periodic solution N*(t) = (N7 (t),N;(1))T
which is globally attractive, i. e., for any positive solution N(t) = (N1(t),Ny(t))T of system
(1.9), one has

gim (N (0) = Np (O] + INa(6) = N3 (1)) = .
Proof. Let N(t) = (Ny(t),N2(¢))T be any positive solutions of system (1.9), and N*(t) =
(N;(t),N;(t))T be the positive periodic solution of the system (1.9). For any enough small
positive constants € > 0, it then follows from Theorem 3.1 that there exists a enough large 7>,

such that for allr > 75

Ni(t),Ni(t) <T'i+¢€, Na(t), N5 (1) <Ip+e,
(3.11)

Ni(t),N;(t) > B1 — €&, Na(t),N;5(t) > B —e.
Now we let

V(t) = |InNi(t) = In Ny (¢)| + | InNa(¢) — In N5 (7).

Then for t > T>, we have

DTV (1)
< bO)IN(1) — N} ()] + () Na(0) — N3 (1)
ma()g(DE (1) *
(O~ GRS TN OED Ty e~ M 0
< PO N0~ (o e ) Nt N )]

(3.12)
Integrating both sides of (3.12) on interval [T3,7), then, for t > T3,
msq"

[—bl|N1(s) _NE(s)| — (el e W> INa(s) — N2 (s)|]ds. (3.13)
1

V(e) V(D) < /l

b3
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It follows from (3.13) that for t > 75,

V(7) —|—min{bl,el o (::ZE;ZL;Z } /T[ [|N1 (s) =Ny (s)|+|Na2(s) —Nz(s)\}ds <V(T). (3.14)
1 2

Therefore, V (¢) is bounded on [T5, 4o) and also
t
/T [\Nl () = N ()| + N2 (s) —Nz(s)|]ds < oo, (3.15)
2
By (3.11), [N (¢t) — N;()|,|N2(t) — N5 (t)| are bounded on [T»,4oc). On the other hand, it is
easy to see that Ny(r), N2(t), N;(¢) and N;(z) are bounded for ¢ > T». Therefore, |N(t) —
Ni(t)|,|N2(t) — N5(t)| are uniformly continuous on [73,+c0). By Barbdlat Lemma, one can

conclude that

lim 1[Ny (1) = Ny (1) + N2 (2) = N3 (2)] | = 0.

t—r-+oo

This ends the proof of the Theorem 3.2.
4. Numerical simulations

Example 4.1. Consider the following system

C”illt(f ) M (2+ beos(r) = Ny (1) + (5 + sin()Na (1)),
d]\c];t(t) = M) <2+}lsin(t) —3N2(f)> - 1%\1(2?0’ a

Nl(O) > 0,N2<0)>0.

Corresponding to system (1.9), here we take

a(t) =2+ él—lcos(t), d(t) =2+ éll sin(z), (4.2)
qt) =E({t)=m(t) =my(t) =1, c(t) = % + % sin(t), e(t) =3,

One could easily verify that conditions (Hp)-(H3), (3.1) and (3.10) hold, and it follows from
Theorem 2.1, 3.1 and 3.2 that the system admits a unique positive equilibrium which is globally

attractive. Numeric simulations (Fig. 1, Fig.2) also support this assertion.
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4

NI(t)

0 10 20 30 40
t

FIGURE 1. Numeric simulations of the first compo-
nent system (4.1), the initial conditions (x(0),y(0)) =
(3,0.1),(0.8,0.5),(0.3,0.7), and (4,0.9), respectively.

0.9

0.8

N2(t) 0.5 N /\ /’ aY l\ /

0.3
0.2

0.1 ; T T )
0 10 20 30 40
t

FIGURE 2. Numeric simulations of the second compo-
nent of system (4.1), the initial conditions (x(0),y(0)) =
(3,0.1),(0.8,0.5),(0.3,0.7), and (4,0.9), respectively.
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5. Discussion

Recently, many scholars [15]-[27] studied the dynamic behaviors of the commensalism model,
however, none of them consider the influence of harvesting. In this paper, we incorporate the
Michaelis-Menten type harvesting term to the system (1.2), and this leads to the system (1.9).

Though there are many scholars study the predator-prey system with the Michaelis-Menten
type harvesting [35]-[37], all of them are focus on the autonomous case and none of them con-
sider the non-autonomous case. We consider the non-autonomous case of system (1.9), which
implies that the coefficients of the system are time-dependent. By using a continuation theorem,
a set of sufficient conditions which ensure the global existence of positive periodic solutions of
the system are obtained. After that, we also investigated the permanence and global stability
of the system. Our study shows that the intrinsic growth rate (d(¢)) and the intrinsic competi-
tion rate (e(z)) of the second species are the most important factors to determine the dynamic
behaviors of the system.

It seems interesting to incorporating the time delay to system (1.9) and study the influence of

the time delay, we will leave this for the future study.
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