Available online at http://scik.org

Commun. Math. Biol. Neurosci. 2019, 2019:10
https://doi.org/10.28919/cmbn/3683

ISSN: 2052-2541

NOTE ON THE STABILITY PROPERTY OF A RATIO-DEPENDENT
HOLLING-TANNER MODEL

QIFA LIN*

Department of Mathematics, Ningde Normal University, Ningde,

Fujian, 352300, P.R. China

Copyright (© 2019 the authors. This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. A Holling-Tanner system with ratio-dependence functional response is revisited in this paper. By de-
veloping the new analysis technique, two set of new conditions which ensure the global attractivity of the positive
equilibrium of the system are obtained. Our results essential improving the main results of Liang and Pan [Quali-

tative analysis of a ratio-dependent Holling-Tanner model, J. Math. Anal. Appl. 334 (2007) 954-964].
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1. Introduction

Leslie-Gower type predator-prey system has been extensively investigated during the last

decades, see [1]-[20]. Liang and Pan [1] proposed the following ratio-dependent Holling-Tanner
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model
dx X mx
- 1—2)—
dt rx( k) Ay g
dy y
A — 1—hz 1.1
dt y[s( x)]’ (1)

x(0) > 0,y(0)>0,

where r,k,m,A,s, h are all positive constants. The system is equivalent to the following system

dx )

E N x(l x) ay—Hc7

dy _ _Y 12
dr 5y([3 x)’ (12)

x(0) > 0,y(0)>0,
A h
where a = r—,6 = s—,B S
m m hr
Concerned with the persistent and stability property of the system (1.2), obtained the follow-

ing results.
Theorem A. If the condition a > 1 holds, then system (1.2) is permanent.

Theorem B.Assume that the following condition holds:

aﬁ+1>max{ﬁ,é}, (1.3)

then the positive equilibrium E,(x.,y.) is globally asymptotically stable in the interior of the

first quadrant.

Now let’s consider the following example.

Example 1.1.
dx Xy
A 1—x)—
dt x(1-x) 2y +x’
dy 1 1Y
= = wl(w—3) (1.4)

x(0) > 0, y(0)>0.

11

Here, we take a =2,6 = l—lo,ﬁ = 1—10, hence, we have aff +1 = %—l— 1,B= = 10. therefore,

aﬁ+l<max{[3,é}. (1.5)
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That is, condition (1.3) in Theorem B did not holds, however, numeric simulations (Fig. 1)

shows that system (1.4) admits a unique globally attractive positive equilibrium E*(%, %)

Above example shows that it is necessary to revisit the stability property of the positive
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FIGURE 1. Dynamic behavior of system (1.4) with the ini-
tial condition (x(0),y(0)) = (0.1,0.1), (0.1,0.3), (0.1,0.5),
(0.1,0.01), (1.5,0.01), (1.5,0.3) and (1.5,0.5), respectively.

equilibrium of system (1.2). Indeed, by using a new method which is very different to that of

[1], we could establish the following results:

Theorem 1.1. Assume that a > 2 holds, then the positive equilibrium E,(x.,y,) of (1.2) is

globally asymptotically stable in the interior of the first quadrant.

Theorem 1.2. Assume that 1 < a <2 holds, assume further that
a?B—af+a—2>0 (1.6)

and
ap—1-p>0 (1.7)

hold, then the positive equilibrium E.(x.,y.) of (1.2) is globally asymptotically stable in the

interior of the first quadrant.
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Remark 1.1. Note that conditions (1.6) and (1.7) are independent of &, that is, 0 has no in-
fluence to the stability property of the system, hence, Theorem 1.1 and 1.2 are thoroughly new
results, and can be seen as the essential improving the main results of [1], since our results

reflect some more essential property of the system (1.2).

Remark 1.2. Theorem 1.1 shows that for almost all of the parameters (only require a > 2) of
the system (1.2), two species could be coexist in a stable state, this seems very interesting, a can
be seen as the most important parameters in the system. Theorem 1.2 shows that for the case
1 <a < 2,if B is enough large, i. e., the intrinsic growth rate of the predator species is enough

large, then two species could also possible coexist in a stable state.

The paper is arranged as follows: In Section 2, some useful Lemmas are established and then
we prove the main results in Section 3. In Section 4, two examples together with their numeric
simulations are presented to illustrate the feasibility of the main results. We end this paper by
a briefly discussion. For more works on Leslie-Gower predator-prey model, one could refer to

[1-16] and the references cited therein.
2. Lemmas

Now we state and prove several useful Lemmas.

Lemma 2.1. Assume that a > 1, then system

dx x(l—x B ) (2.1)

E: _x—i—aB

admits a unique positive equilibrium x*(B) which is globally attractive, where B is some positive
constant.

Proof. The positive equilibrium of system (2.1) satisfies the equation

(2.2)

which is equivalent to

x>+ (Ba—1)x+B—Ba=0. (2.3)
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Obviously, under the assumption a > 1, system (2.3) has a unique positive solution

#(B) = —(Ba—1)+\/(33—1)2—43(1—51)' (2.4)

B
Set F(x)=1—x— T aB since F(0) =r— 2 > 0 and F(x*) = 0, from the continuity of the

function F(x), it follows that
F(x) >0 for all x € (0,x")
and
F(x) <0 for all x € (x*,4o0),

and so applying Theorem 2.1 in [2] to system (2.1), one could see that x* is globally stable, i.

e., zET x(t) = x*. This ends the proof of Lemma 2.1.

Lemma 2.2. Let x*(B) be defined by (2.4), assume that a > 1 and (1.6) holds, then x*(B), B €
B(1— %), B] is a strictly decreasing function of B.

Proof. Since x*(B) is the positive solution of (2.3). Let’s consider the function
1 1
F(x*,B) = (x*)?+(Ba—1)x*+B—Ba, x* € (1 — - 1], Be [B(1— ;),[3]. (2.5)

Noting that

JF 1 1 a*B—aB+a—2
— =Ba+2x"—1>B(1—- 21——-)—1= 0 2.6
S =Ba+2v 12 B(1-)a+2(1--) "0, 26)
and
JdF 1
a—B:ax*—a+l>a(l—;)—a—1:0. (2.7)
Then, it follows from implicit function theorem that
oF
dx* o
1B = oF <0. (2.8)
JdB

Hence, x*(B) is the strict decreasing function of B. This ends the proof of Lemma 2.2.
Remark 2.1. (1.6) can be rewrite as follows
aBla—1)+a—2>0.

Obviously, if a > 2 holds, then above inequality holds, 1. e., under the assumption of Theorem

1.1, the conclusion of Lemma 2.2 holds.
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Lemma 2.3. Let (x(z),y(¢)) be any positive solution of the system (1.2), then

limsupx(7) < 1,limsupy(r) < B.
f—roo t—+oo

Proof. From the first equation of (1.2) we have

d

= <x(1-x), (2.9)
and so,

limsupx(r) < 1. (2.10)

t— oo

For any € > 0 enough small, it follows from (2.10) that there exists a 7 > 0 such that x(7) <

1 + €. and so, from the second equation of system (1.2), we have

dy y
— < oy(fp——— 2.11
dr — ( H—e)’ (2.11)
thus
limsupy(z) < B(1+¢). (2.12)
t—oo
Setting € — 0 leads to
limsupy(z) < B. (2.13)
f—o0

This ends the proof of Lemma 2.3.

Lemma 2.4. Let (x(¢),y(r)) be any positive solution of the system (1.2), Assume that a > 1

holds, then
1 1
.. Sy b > _ L
I}Lni?ofx(t) >1 p ltlgnil‘}ofy(t) > B(1 a)
Proof. From the first equation of (1.2) we have
dx 1
thus
1
imi >1—-—. .
l}t_}ﬂil;fx(t) >1 - (2.15)

For any € > 0 enough small (¢ < %(1 — %)), it follows from (2.15) that there exists a 7y > T
such that x(t) > 1 — é — €. and so, from the second equation of system (1.2), we have

dy

525)’([3__1_;]_8)7 (2.16)
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and so,
1
imi > ———£). .
liminfy(r) > B(1 -~ —€) (2.17)
Setting € — 0 leads to
1
imi > - —). .
liminfy(r) > B(1-—) (2.18)

This ends the proof of Lemma 2.4.

3. Proof of the main results

Proof of Theorem 1.1. Let (x(¢),y(¢)) be any positive solution of system (1.2), let € > 0 be

any positive constant enough small which satisfies

2
B_(a(/}+e)—1)+\/(a(l342r€)—l) QB

It follows from Lemma 2.3 that there exists a 7 > O such that for allt > T,
x(t) < 1+e<mh. (3.1)

ef
y(t) < B+eEmV. (3.2)

(3.2) together with the first equation of (1.2) leads to
(1)

M
x(1) 2x<l—x—+(l)> forallr >T. (3.3)
X+ aM,

Consider the auxiliary equation

(1)
M
v+aM,
Since
(1)
M 1
1— 2(1) =1-->0, (3.5)
aM, a
According to Lemma 2.1, (3.4) admits a unique positive equilibrium
(1) (1) 2 (1)
—(aM5’ —1)++/(aM, ' — 1) —4(1 —a)M.
s >¢<§ 24— am 6
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which is globally attractive. Hence, by using differential inequality theory, there existsa 77y > T

such that

x(t) > vy —e < mi" >0 forall t > Ty (3.7)

(3.7) together with the second equation of (1.2) leads to

dy y
1
and so
)
ltlgigfy( ) > Bmy . (3.9)

That is, for above € > 0, there exists a 712> > Tj1 such that

y(t) > BmlY — e Ll > 0 for all > Ty (3.10)

It follows from (3.1),(3.2), (3.7) and (3.10) that for all t > T},
0<mg1) < x(t) <Mfl), O<m§1) < y(t) <M§1). (3.11)

(3.11) together with the first equation of (1.2) leads to

)
m
() Sx(l—x—ﬁ) for all 1 > Tia. (3.12)

x—Hzm2

Consider the auxiliary equation

m
v=v(l—-v——2__). (3.13)
< v+amgl)>
Since
mtD
1— 2(1):1——>0, (3.14)
am, a

According to Lemma 2.1, equation (3.13) admits a unique positive equilibrium

(1)
am + 1—a)m
V21 = 2 \/ ( ) 2 5 (3.15)

which is globally attractive. Hence, by using differential inequality theory, there exists a 751 >

T1> such that

&
x(t) <var + 3 o f ) for all t > T). (3.16)
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Since

—(am) — 1) 4+ (am) = 12— 4(1 — ayml)
2

v =
B —(amgl) —-1)+ \/(amgl) +1)2 —4mgl)
N 2
(1) (1) 2
—(am,’ —1)+ am,’ +1
e a2

2
it follows from (3.1) and (3.17) that

M < mh.

From (3.18) and the second equation of (1.2), we know that fort > 7>,

dy y
and so

limsupy(z) < ﬁM%z).

t—>too

That is, for above € > 0, there exists a 75> > T»; such that

ym<ﬁM9+§¥

Méz) for all t > Tr).
It follows from (3.2), (3.18) and (3.21) that

(2) (1)

My” <M, .
Substituting (3.22) into the first equation of system (1.2), we obtain
m?
x(t) > x(l —x— ﬁ) for all t > T»,.

x+aM,

Similarly to the analysis of (3.3)-(3.7), there exists a 753 > T, such that

€
x(t) > va — 3 Gléfm(lz) > 0 for all 1 > T73.

where

2)

— (@M — 1)+ \/(aMz@ —1)2—4(1 —a)M}
V22 =
2

From (3.22) and Lemma 2.2, we have

(2)

m; >m1 .

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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From (3.23) and the second equation of (1.2), we know that for ¢t > T>3,

()>5y( ——)>, (3.26)
ml
thus,
2
I}Lnigfy( ) > ﬁm(l ), (3.27)

That is, for above € > 0, there exists a T>4 > T>3 such that

y(6) > B — £ for all 1 > Ty (3.28)
From (3.10), (3.25) and (3.28) we have
m? > mi), (3.29)

It follows from (3.18),(3.22), (3.25) and (3.29) that for all ¢ > T4,

0< m(ll) < m§2> <x(t) < Mfz) < Mfl),

() (2)

@) ) (3.30)
0<my’ <my <y(t)<M,” <M,".

Repeating the above procedure, we get four sequences Ml.(”) , ml(") ,i=1,2,n=1,2,.... such that

M](n) = Vnl +§7 mgn) =Vn2 — %7 (331)
(n—1)
am —|— am —4(1 —a)m
Val = —lam;” \/ 2 U= aim : (3.32)
—(aM — 1) 4 aM"—12—41—aM(n)
. -1+ : Foal-aM;” (3.33)
Biml >_;:mg>, B! )-i—;:Mé ), (3.34)

(n)

Now, we go to show that the sequences M;

(n)

is strictly decreasing, and the sequences m; " is

strictly increasing for i = 1,2 by induction. Firstly, from (3.30), we have

m <m® M <MV i=1. (3.35)

1

Let us suppose that

m(”*l) < ml(n)a Ml(n) < Mi(n71)7 = 172 (336)

1

It then follows from Lemma 2.2, (3.32) and (3.33) that

Val 2 V(n+1)1- (3.37)
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From (3.31) we have
M > p,
By using (3.38), it follows from (3.34) that

M > mY,

It then follows from Lemma 2.2, (3.32) and (3.39) that

V(nt1)2 > V2.

(3.40) and (3.31) show that

mgnﬂ) > m(ln).

From the relationship of mi") and mgn), we have

mghq) > mgl).

Therefore, we have

O<m§1)<m§2)<...<mg")<x(t)<Mf”)<---<Mfz)<Mf1)

0<m) <mP <-ocml <yt)y <MV < <M <MV,

Hence, the limits of Ml.(n) and ml("), i=1,2,n=1,2,... exist. Denote that

(n)

im M"Y =% lim m" =x 1im M” =y, lim m{" =y.

n—>—o0 n—»—o0 T n—+o n——o0

Thenx > x,y > y. Letting n — +o0 in (3.31)-(3.34), we obtain

—(ay—1)+ \/(az— 1)2—4(1—a)y

=l
I

2
x = —(@y—1)++/(ay—1)2—4(1 —a)y
x ' |
Bx = y, Bi=7.

(3.44) is equivalent to

11

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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Consequently
X2 —1)x x(l1—a)=
X+ (ax—1)x+ Px(1-a) =0, (3.46)
x4+ (afx—1)x+ BE(1 —a) =0.
And so,
(x—x)(x+x—1—B(1—a)) =0. (3.47)

From Lemma 2.4 and a > 2 we have
1
X+x—1-B(1—a)>2(1—-)—1-B(1—a)>P(a—1)>0.
a

Hence, it follows from (3.47) that

=
I
I

Also, from (3.45) we have

y=Y.

Under the assumption of Theorem 1.1, system (1.2) admits a unique positive solution (x*,y*),

hence X = x = x*,y = y = y*. That is to say,

lim x(f) =x*, lim y(r) = y". (3.48)

t—oo t—-o0

This ends the proof of the Theorem 1.1.

Proof of Theorem 1.2. Similarly to the proof of Theorem 1.1, we can finally obtain (3.45)-
(3.47). Assume that X # x, then from (3.47) we have

I=—x+1+B(1-a), (3.49)

and
x=14+B(1—-a)—x. (3.50)
Substituting (3.49) and (3.50) to (3.46) leads to

A2 +Ax+A3 =0,
R (3.51)
Ax* +Arx+A3 =0,
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where
A1 = aﬁ—l,

Ay = (aB-1)(afp-B—1),
Az = —Bla—1)(aB-B—1).

And so, X and x are the positive solution of the equation
Aix* +Ax+A3=0. (3.52)

From (1.7) one could see that A > 0 and A3 < 0. Hence, (3.52) had unique positive solution,
this shows that X = x, the rest of the proof is similar to that of the proof of Theorem 1.1, and we

omit the detail here. This ends the proof of Theorem 1.2.
4. Numeric example

Now let’s consider the following example.

Example 4.1

(4.1)

3
0—575—1—(),/3—57
Again, in this case
17 1
l1=— < —==10.
aP + 5 < 5

Hence, Theorem A in [1] could not be applied to this system. However, one could easily verify
3
aﬁ — ﬁ —1= E >0,

and

13
azﬁ—aﬁ+a—2:z>0.

Hence, from Theorem 1.2, system (4.1) admits a unique globally attractive positive equilibrium

(17—7, ?—?) numeric simulations (Fig.2) also support this findings.
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Dynamic behaviors of system (4.1)
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FIGURE 2. Dynamic behavior of the solution (x(z),y(t))
of system (4.1) with the initial condition (x(0),y(0)) =
(0.1,0.3), (0.4,4), (0.1,4), (1,3), (1,0.5) and (1,0.01), re-

spectively.

5. Discussion

In this paper, we revisit the Holling-Tanner system with ratio-dependence, which was pro-
posed by Liang and Pan[1]. By developing some new analysis technique and using the new
method, we obtain the sufficient conditions which ensure the global attractivity of the positive
equilibrium.

Theorem 1.1 seems very interesting since it shows that for system (1.2), for a € [2,+o0), the
system always admits a unique positive equilibrium, which is globally attractive. Theorem 1.2
shows that for the case 1 < a < 2, one could still obtain a the conditions which is independent

of 8, to ensure the global attractivity of the positive equilibrium.
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