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Abstract. In this paper, based on characteristics of brucellosis infection in some regions in China, a multi-stage
dynamic model is proposed for sheep brucellosis transmission. The birth rate is related to the adult and vaccinated
sheep. More realistically, the immigration from other place is also considered. Firstly, the basic reproduction
number Ry is determined and the dynamical properties of the model is discussed. It is concluded that the unique
endemic equilibrium exists when Ry > 1. By constructing suitable Lyapunov function, the global stability of the
endemic equilibrium is verified. By carrying out sensitivity analysis of the basic reproduction number in term of
the parameters, it is concluded that increasing the sheep vaccination rate and elimination rate of infected sheep is

important for the control brucellosis.
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1. Introduction

Brucellosis, is an acute and chronic infectious disease caused by Brucella that is mainly

infected with livestock. The World Health Organization has classified it as a Category B animal
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disease, and China has classified it as a Category II animal disease [1]. Brucellosis can occur
throughout the year. It can live about 4 months in soil and water, survive in meat, dairy product
about 2 months and die out immediately when boiled. Generally, disinfectants are used to kill
the pathogen within a few hours. In natural conditions, animals susceptible to Brucella are
widely distributed. Wild animals are hosts of Brucella and mainly infect cattle, sheep, and pigs.
The disease also can be transmitted to human being from the infected animals or the infected
environment.

In China, brucellosis exists in most areas, especially in the north. In the 1990s, the epi-
demic of brucellosis was mainly concentrated in the five major pastoral areas, Inner Mongolia,
Xinjiang, Qinghai, Ningxia and Tibet. Using the mathematical models to the research on the
prevention and control of the epidemic spread has important significance [2]. The transmission
of many diseases is related to its different stage structure. For example, diseases such as measles
and chickenpox are more common in the early childhood stages, but for brucellosis and in terms
of typhoid fever, it appears more often in the adult stage[3]. Because the population shows dif-
ferent characteristics at different stages, it is a great theoretical and practical significance to
study the dynamics of infectious diseases with stage structure.

There are many studies about brucellosis transmission models. Recently, G.Q. Sun consid-
ered a type of disease model with birth items [4], X.J. Wang studied a type of brucellosis model
with nonlinear contact rate [5], B. Hao, Mi R.M. Zhang discussed an human and sheep co-
infection model and reached some conclusions[6], M.T. Li discussed a four-dimensional, staged
brucellosis model [7]. A class of brucellosis infection model with direct exposure to latencies
and immunization is discussed in[8]. Based on these works, we will consider a stage structured,
six-dimensional model with birth rate and with indirect environmental infection term.

Firstly, we will introduce the dynamical model, give out the basic reproduction number R
and the disease free equilibrium in Section 2. We will analyze the stability of the disease free
equilibrium in Section 3. The existence and global stability of endemic equilibrium is discussed
in Section 4. Some numerical simulations will be used to verify our analytical results in Section

5. Finally, we will conclude the paper with some discussion in Section 6.

2. Dynamic Model
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Based on the obvious structural characteristics of Brucella, we divided sheep population into
susceptible young sheep, susceptible adult sheep, latent sheep, immunized sheep and infected
sheep, denoted separately by S;(7),S2(),E(t),I(t),V (). Taking into account the indirect envi-
ronmental transmission factors, we use B(t) to denote the Brucella bacteria in the environment
at time 7, susceptible sheep can be affected by direct contact with the infected sheep or indirect
contact with contaminated environment. Notice that susceptible young sheep and susceptible
adult sheep has different infection rates(actually the infection rate for susceptible young sheep
is smaller than susceptible adult sheep). It is assumed that the birth rate of sheep is only related
with the adult and immunized individuals, and culling measures are taken for infected sheep.

Then we have the following brucellosis transmission model:

( dS
= AT a(S2 V)~ (i +m)Si —e(BSiI+ BSIE +iS1B)
ds
d_t2 =mS| — 0S8, — 1Sy + 8V — (BS2I + BSHE + B1S2B)
dE
- = e(BSi1I+ BSIE + P1Si1B) + (BS2l + BS21E + P1S2B) — (L +O)E
(2.1)
ar_ OE—(n+7y)I
o= p+y
dv
e 08— (u+0)V
‘;_l: =k(E+1)—(d+n1)B

Consider that all parameters in system(2.1) are nonnegative, and satisfies ¢ > ¢. The parame-
ters are described in following table.

Assume that N(z) is the total number of the sheep population, that is N(¢) = Sy (¢) + S2(7) +
E(t)+1(t)+V(t), then

dN
it follows that
) A
limsupN(r) < (2.2)
f—oo H—-a

From the last equation of system (2.1) we can obtain that:

dB kA
— <kN—(d+nt)B< —— —(d+nt)B
dt u—a
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parameters comments unit
A the input number of young sheep year™!
the ratio coefficient of infection of young sheep year™!
the infection rate of latent and infected sheep to susceptible sheep year™!
the natural death rate of sheep year™!
B1 the infection rate from contaminated environment to susceptible sheep year™!
o the transfer rate from exposed to infectious compartment year™!
Y the disease-related elimination rate year™!
k brucella shedding rate from exposed and infectious sheep into the environment year™!
d the natural decaying rate of brucella in environment year™!
n disinfection times time™!
T the efficient disinfection rate year™!
m transfer rate from young sheep to adult sheep year™!
0 adult sheep vaccination rate year™!
1) vaccination loss rate year™!
a the birth rate of sheep year™!
that is
kA

limsupB(t) <
msupB(0) < O )

By equations (2.2) and (2.3), we can conclude that

A kA
T ={(5,5,E,I,V,B) | $1,8,E,ILV,B>0,0< (Si+ S +E+I+V) < B <
{5152 J151,52 (S1+5 ) u—a (U —a)(d+nt)

is the positively invariant set respect to system (2.1).
It’s evident that the system (2.1) has a disease-free equilibrium Ey = (S(l), Sg, 0,0,V°,0), which
satisfies :
.
A+a(S+V)—(u+m)S; =0

mS| — 08, — uS, + oV=0 (2.4)

08, — (L+8)V =0
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Where
0 _ Ap
1= 2 ’
ne+um—om

Am(u+9)
§9 = : 2.5
2 (W24 pm—am)(u+8+6) (23)
0 Am0

(1> + pm —am)(pn+6+0)
Following the method of Van den Driessche and Watmough [9], we have:

efSY+BSY eBSY+BSY eBiS)+BiSH uto 0 0
F= 0 0 0 v=| -6 pu+y 0
0 0 0 —k  —k d+nt

the basic reproduction number of system (2.1) is:

B 1y eBST+BSY  o(eBSY+BSY)  k(u+o+7)(efiS) + BiSI)
Ro=p PV ) = s T v oyaty T @inurodin Y

Let M = F —V, we have:

eBSY+BSI—(u+0) eBSY+BSY eBiSY+BiSH
M= o ~(n+7) 0
k k —(d +n7)

Define s(M) = max{ReA : A is an eigenvalue of M }, s(M) is a simple eigenvalue of M with a

positive eigenvector , by the Theorem 2 in [9], we have

Ry>1<s(M)>0,Rp<1<s(M)<0

3. The stability of disease-free equilibrium

Theorem 3.1.

The disease-free equilibrium Eq of system (2.1) is local stability when Ry < 1.

Proof.
It’s obvious that the hypothesis (A1-A4) of Theorem 2 in [9] is satisfied. Next, to verify (AS5),

we only need prove that all the eigenvalues of :
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M 0
J |gy=
Jz Jy
have negative real parts, where J3 = —F.
—(U+m) o o
Ja= m —(u+0) 8
0 0 —(u+9)

Next we calculate the eigenvalues of J4, the characteristic equation is:
pA)=A3 4D A2 + oA +b3=0
in which

by = 3u+6+m+9o
by = pu(u+0+6)+(u+m(2u+06+68)—ma

by = wu(p+m)(u+6-+8)—ma(u+6+3)
It’s obvious that by > 0, b, > 0, b3 > 0, and

biby—by = (Bu+6+35+m)[(u+6+8)2u+m)+pu(u-+m)—mo]
— (L+6+8) (1 +mu —ma)
> BUAO+8+m)(U+0+38)2u+m)—(u+0+8)(u*+mu)
+ (U+6+06)mo
> 0
Using the Routh-Hurwitz criteria, we can conclude that all the eigenvalues of J4 have negative

real parts. Therefore, if Ry < 1, then s(M) < 0 and s(J |g,) < 0. This means the disease-free

equilibrium E of system (2.1) is locally stable. This completes the proof.

Theorem 3.2.

The disease-free equilibrium Ey of system (2.1) is globally asymptotically stable when Ry < 1.
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Proof.

Constructing a Lyapunov function as follows:

$1(1) $a2(1) 40

L](f) = Sl(r)_S(l)_S(l)lnS—(l)+S2(t)_S(Z)_SglnS—g+V(t)_VO_VOIHW+E
(d+n7)[n+0 —(eBS)+BS)] —k(8ﬁ15?+ﬁ15(2))1+ 8[315(1)+5ng3
o(d+nt) d+nt
From the definition of Ry, it is easy to see that
(1 +0)(d+n7) - (d+n7)(eBSY + BSY) —K(eBiSY+BisY)
o(d+nt)
holds when Ry < 1. Calculating the derivative of L; (), we have
dLy(t 59 A+oa(S9+ VO
1(7) = (1-ZHA+a(S24V)—e(BSiI+BSIE + Bi1S1B) — (5 )Sl]
dt S S
S9 mSY + 8V
+ (1— S—Z)[msl + 8V — (BSoI 4 BS1E + B1S2B) — 1TSQ]
2 2
Vo 059
1——)[0S, — =2V
+ (1= T)[88: - =2V
+ €(BSII+BSIE+B1S1B)+ (BS2f + BS2E+ B1S2B) — (U +O)E
+0)(d+nt)— (d+nt)(eBSY+ BSY) —k(eP SV + B9
o(d+nr)
8[315(1)-1-[315(2)
— 2 (E+I)—(d B
+ PEEPRKE 1) - (d+n)B
Notice that

A=puS)+uvO+usd—a(sI+v0), mS)=puvO+us), 655=(u+5)Vv°

then
dL (1) 0 SYS 0 0 S 89S v osvO
= uSf-L -4 (uvl—av)y4-—L -2 =
dt u 1( Sl S(l)) (uu )( Sl S(I)SQ VO S(Z)V )
SO S, 89S, Sy s,v0
+ (uS)—asH(3 -t =2 "y L sv0 - 2 T
([.L 2 2) ( Sl SO SOS2 ) ( SzVO SOV )
2 1 2
595, 89S, S$,v0 sy s9s,
+ aSO 2 1 + avo 3 s | 2
2 $9s, 89S, ) ( Sy SvO S?Sz)

o
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Therefore, when Ry < 1, we have ;‘tl < 0, and the equation dLl( ) = 0 holds if and only if
S = S?,Sg = SS,E =0,/ =0,V =V° B=0. Thus the disease-free equilibrium E is globally

asymptotic stable in I by LaSalle’s Invariance Principle[10]. This completes the proof.
4. The existence and global stability of endemic equilibrium

The possible endemic equilibrium E*(S7,S5,E*,I*,V*,B*) of system (2.1) derived by the
following equations:
(A+0(S,+V) = (1t +m)S +€(BS1I+ BSIE + B1S1B) =0
mS; — 08y — uS, + 0V — (BSal + BS2E + B1S2B) =0

E(BS1I+ BSIE + B1S1B) + (BS2I + BS2E + B1S2B) — (u+0)E=0 @)
4.1

—(u+7I=

0S5, — (U+9)V =

k(E+1)—(d+nt)B=0

\

then we have

g NI V= 65, B kI(u+7v+o0)
c (u+98)’ o(d+nt)
(u+y+o)

Let H =+ BEH Y 4 [3 | o (dinT) From the first and second equations in (4.1), we get

(4.2)

Al(L+8)(IH+ 0+ ) — 80]

(IHe+p+m)[(u+8)(IH+ 6+ 11) — 56] — am(i+ 5+ 6) (43)

S1=

From the second and fifth equations in (4.1), we obtain

mSl—‘LLV
pw+BI+BE+ BB

Sy =

By (4.2),(4.3) we can obtain

_ Am(u+9) 2 R ()
(IHe+pu+m)[(u+06)(IH+6+u)— 066 —am(u+6+6)

From the third equation in (4.1), we have

E(p+o0)
BI+BE+ BB

S = — &S (4.4)
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Substituting (4.2) and (4.3) into (4.4), we get

g, — WHtVuto) Ag[(u+6)(IH+6+pu)—56] 2 B
2T cH (IHe+u+m)[(u+06)IH+0+p)—66]—am(u+5+06) °

Then limsup;_,., F1(I) =0 and

—mA(u+8)[H(u+8)(IHe +u+m)+IH?*e(u+8)+Heu(u + 38+ 0)]

R = [(IHe+p+m)[(u+8)(IH+6+u)—56] —am(u+8+6)])2

We can see that F; (I) < 0, for all I € T, so Fi (I) is monotonically decreasing in I.

Using the same method, we can conclude that F> () is monotonically increasing in I". Notic-

ing that
Am(u+9)

Fi1(0) = >0

1(0) (W+mu(u+06+06)—om(u+06+0)
and

_(+yu+o)  Aeu
F(0)= oH U2 +mu —am
Then
F1(0) — F2(0)

_Am(u+6)oH +AecHu(u+6+0) — [u(u+m)—amj(u+8+0)(u+7y)(u+o)
B OH(U+8+0)[u(u+m)— am]

1 Am(u+06)cH AecHu(u+6+0)
_GH[[u(m+u)—am](u+6+9) m(m+p)—amj(u+6+6

7 (U+7)(u+o0o)
(4.5)

Substituting H = 8 + 4L + B, % into (4.5), we have:

Am(u+6)cH AecHu(n+6+0)
u(m+p)—oml(n+6+6)  [u(m+p)—am)(n+6+6

B Am(u +8) Pik(u+7v+o0)

_[u(m-l—,u)—OCm](,LL-|—5-|-9)[ﬁG—FB(M—H/)+ d+nt ]
Agpu(pn+6+0) ﬁlk(u+7+6)]_(
u(m+p)—aml(u+6+6 d+nt

Noticing (2.5)(2.6), when Ry > 1, there is:
Am(u+9)
[u(m+p) —am](p+6+6
Aepu(u+6+0)
[u(m+p) —aml(n+86+0)

>(u+7y)(u+o)

)—(u+?’)(u+0)

L+7v)(n+o)

)[136+B(u+7)+

d+nt

d+nt

)[5G+ﬁ(ﬂ+?’)+

[Bo+B(u+7)+
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So, while Ry > 1 we have F;(0) — F>(0) > 0. Let [,,, = uf_‘—a, by similar calculation, we also
have F(I,) — Fi(I,,) > 0. Therefore, system (2.1) has a unique positive equilibrium E* when
Ro > 1.

Theorem 4.1.

If Ry > 1, then the endemic equilibrium E* = (S7,85,E*,I*,V*,B*) of system (2.1) is globally

asymptotic stable.

Proof.

Define a Lyapunov function as follows:

$1(1) $a2(1)

V(t
L = si0)=s5 —sinS0 Lo —s—sim 320 Ly vy YO

S s; Vv
. .. E(1) sﬁlSTB* + [31533* . .« B()
E(f) — E* — E*1 B(t)—B* — B*In
+ E@) e ¥y T ) np |

eBSII" + BSY" | KI*(eBiSiB +BiS;B")

( GE* GE*(kE* + kI*) e =r=r 1n@]

I*

Calculating the derivative of this function along with the solution of system (2.1), we have

dL(t Sy
c?t() = (1—S—l)[A—}—(X(Sz-I-V)—8(ﬁS1I+BSlE+ﬁlSlB)
1
ST A+ (S5 +V*)—e(BSiT"+BSTE* + Bi1S;B)
S S
S3 v 0S5
+ (I—S—)[mSl+5V7(BSZI+[352E+[3152B)]+(1—7)[952— v V]
2
S5 . .mS]+0V* — (BS;I" + BS;E* + B1S;BY)
- (1= ; 5]
E*
+ (1= ) [e(BSi1I+BSIE+BiS1B) + BS2l + BS:E + B S:B]
E* €(BSiI" +BSiE* + B1S;B*) + BS;I* + BS;E* + B1S;B*
~a-By s £]
. . ' E I kI*(eBi1S{B* + B1S;B*) ' E I
ST Sl — —)(— — — l1——)(———
b B+ BSI(1 - ) - )+ FEPAE AN Ty 2L
eBISB*+ Pi1S;B* ., B* E B eB1S;B*+ P1S;B* |, B I B
kE*(1— —)(— — — kKMl ——)(———
+ kE* + kI* ( B)(E* B*)+ kE* + kI* ( B)(I* B*)

Noticing that
083 = (L +8)V*,mS] = (S5 + V") + BS3I" + BSE™ + 1S3 B

A=u(ST+S5+V) —a(S5+V*)+e(BSIT+BSIE" + Bi1S|B*) + BS2 "+ BSE™ + B1S,B”
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Then
sz(l) T S1 ST S;Sl 1% SQV*
- uSt(2-2t-_= |74 /it R o S A
d MSI2 =g g V=g 5 T v T sy
8 SES) S}V S,VF
S5(3-2L == 2 SVH2— 22
* 2( S 83 S’{SZ)+ ( SVE S5V )
¥ S, 5,8t S¥ V. yst
— aSi(1-2L-_= Dy _ovi(1-2L— = 1
2 S S * Sls;) ( Si v Slv*)
St I'E E*SI SF 8
epSIr(3 -t —— — eBSTE*(2—-L -
+ epSil S, IE* ES’{I*)+ BSIE( S S’{)
S$* E B E*S\B St I'E  S§,8% E*S,I
SiBr2—L - — 4~ Sirr4-=t - = _—1"2
+ ehSiB S, E* T ES’{B*)+B 21 S, IE* St Es;l*)
SEOSSE S, St §18f E B E*S,B
SiE*(3—2L 122 Y9 2 it e e R W
+ o BSE S| 5,8 S;) +BiS: B S| S8 E* T Es;B*)
kI*€f,S* B* E B I'E B*I. kI*B;S:B* E B I'E B
+ A(z = = = )+L(2+7_7_7_ )
KE* + kI* E* B* IE* BI*' ' kE*+kI* E* B* IE* BI*
kE*eB,S'B* E B B'E kE*BS:B* E B B'E
+ &(7_7_ 1)4_#(7_7_ +1)
kE*+kI* ‘E* B* BE* kE*+kI* ‘E* B* BE*
SE 8 S*OSES, Vo S,V
= uSie-Lt-= VieaVH)(4—-L 22
S* S, SES) SV S,VF
Sy —asy)(3 - -2 -2 SVF2— 22— —
SES SES, SES, STV S,V
OCS* 2 2 M (XV* 3_ 2 _ 1 _
+ 2( SiSy 838 ) +avi( SiSy  VrS; S5V )
S* I'E E*SiI. kE*B,S:B* St S§18% B'E E*S,B
+ epsir(-SL_LE_ESiI KERSE S5 BE_ESB
Si IE* ESI* ' kE*+kI* Si $S; BE* ESB*
SE S St I'E  8§1S%  E*S,I
eBSTE (2L = SEr(4 2L = P10y
+ o eBSIEY S S’;HB 21 S IE* 55} Esgl*)
S¥ S]S* S» kﬁSB]S*B* S¥ I'E B*I E*SlB
Srpr3 L _ S22 mey M RN o M1 T 7 T 0
T BSEN Si S8 S;) Tk Si IE* BI* ES’{B*)
N kl*ﬁls;B*( S} S8 I'E B E*SzB)
KE* + kI* Si S8t IE* BI* ES;B*
N kE*eBStB* 3 s; WlE*SlB)
KE* + kI* S| BE*ES'B*
<0

The equation dl;l—(l) = 0 holds if and only if §; = 87,85, =S5, E =E*, I =I",V =V*,B=B".

t

Thus the endemic equilibrium E* is globally asymptotic stable in I" by LaSalle’s Invariance

Principle. This completes the proof.
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5. Numerical simulations

In this section we will give some numerical simulations to support our results. Some param-
eters came from the real data and others are fitted.

Firstly, using MATLAB, we will take some sensitivity analysis of the basic reproduction num-
ber, that is to see that how is the parameters will influence it. Taking = 0.25, ¢ = 0.015,y =
0.15,0 = 1,d =3.6,7 = 0.6, = 0.4, = 0.000038,k = 16,; = 0.0000135,m = 1.06,6 =
2.8,0 = 0.4, and the parameter n (disinfection times) is varied, we have Fig 1, seeing that the
basic reproduction number decreases with the increase of n. Let n = 3 and other parameters
remain the same, changing 6, we also can have the Fig 2, shows that increasing with 6, the

basic reproduction number is decreasing.

Pl F

Fig 3 and Fig 4 is to show the influence of changing values of y and 7 on the basic reproduc-
tion number. It is seen that increasing disinfection times and the adult sheep vaccination rates
are more efficient to reduce the basic reproduction number. That is to say, to reduce the bru-
cellosis we can increase the vaccination rates and disinfection times. It is also useful to choose
more efficient disinfection products and the increasing the elimination rate of infected sheep.
Taking A = 3000, = 0.25,a = 0.015,y =0.7,0 = 1,d =3.6,n =2,7 = 0.6, = 04,8 =
0.000038,k = 16, B; = 0.0000135,m = 1.06,0 = 2.8,0 = 0.4, then, Ry = 0.37 < 1. Taking
the initial values as S (0) = 4000, S>(0) = 5000,E(0) =7,1(0) = 14,V (0) = 3500, B(0) = 100,
we obtain Fig 5, it shows that the solutions tends to the disease-free equilibrium point, so the

disease will die out. Changing ¥ =0.15,0 = 1,n = 2, and the other parameters remains the
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Fig3 Figd

same, then the basic reproduction number Ry = 1.157325 > 1. Taking the same initial values

given above, we have Fig 6, which shows the global stability of the endemic equilibrium point.

Figs x10* Figh

7000} ==K " ==K

6000 = -B()

1
1
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5000 9 ]
i

f

It

"

"

Population

6. Conclusion and discussion

Brucellosis is one of the major public health problems in the world, which has caused a
lot of economic and health problems. Based on the characteristics of brucellosis infection in
some areas in China, this paper constructed a brucellosis model with multi-stage, the contami-
nated environment and immunized individuals. We obtained the basic reproduction number R
, disease-free equilibrium and endemic equilibrium. By constructing suitable Lyapunov func-
tions, we proved the global asymptotic stability of the disease free equilibrium and endemic
equilibrium. Finally, we performed a sensitivity analysis of Ry and conducted numerical sim-

ulations to prove the corresponding conclusion. From the numerical analysis, we can get that
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increasing the times of disinfection, enhancing immunity or increasing the slaughter rate of
infected individuals, will have a great impact on the control of the disease.From Fig 6, the bru-
cellosis will sustain when Ry > 1.
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