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Abstract. A three-species food chain model with stage-structure and harvesting is proposed and analyzed, at which
the maturation delay is modeled as a distributed for each species, to allow for the possibility that individuals may
take different amounts of time to mature. It is assumed in the model that immature predator (immature top predator)
do not have the ability to feed on prey (predator), and the mature predator (mature top predator) do not feed on
immature prey (immature predator). Mathematical analysis of the model with regard to positivity of solutions,
permanence and global stability are analyzed. By using comparison arguments, some sufficient conditions are
obtained to guarantee the permanence of the model. Also, by the mean of an iterative technique, we established

sufficient conditions for the global attractivity of the boundary equilibria and the positive equilibrium.
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1. INTRODUCTION

Modeling and analysis of the dynamics of predator-prey populations are one of the greatest

challenge in the study of ecological systems. The most accepted and extensively studied class
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of models in population dynamics is the Lotka-Volterra which models the interaction among
various species. The Lotka-Volterra model is also called the simplest food chain model, being
composed of two populations (prey and predator). This model has been extended by introduc-
ing a third predator, called the top-predator or superpredator. The resulting system is called
a three-level food chain model. There have been some interesting and impressive results on
investigating the dynamics of three species predator-prey systems. In [1], a theory that could
be central to all of ecology, is reviewed and extended to include the field of ecology, and argu-
ments are offered defending the position that the research program , called Food Chain Model,
could be regarded as the central theory of ecology. In literature, many authors have studied food
chain models (see, for example[2]-[7]). In the classical predator-prey model it is assumed that
each individual predator admits the same ability to attack prey and each individual prey admits
the same risk to be attacked by predator. This assumption seems not to be realistic for many
animals.

Most population models in the literature assume that all individuals are identical and do not
take into account any age structure. However, the growth of species often has its development
process, while in each stage of its development, it always shows different characteristic. For
instance, the mature species have preying capacity, while the immature predator species are not
able to prey, where they are raised by their parents, and the rate they attacking at prey and the
reproductive rate can be ignored.

It has been argued that for many biological and ecological reasons, that stage structure with
discrete or distributed delay should be taken into consideration in deriving predator-prey mod-
els, because it plays an important role in modeling of multi-species population dynamics, pro-
found much simpler ways to simulate the diversity than other models and exhibits real world
phenomenon. Aiello and Freedman [8], considered a single species growth model with stage
structure which is a generalization of the classical logistic model. Following Aiello and Freed-
man [8], many authors have studied stage-structured models with discrete delay and some sig-
nificant work was carried out (see, for example, [9]-[17]). Also, many authors have used dis-
tributed delay term to allow for the possibility that individuals may take different amount of

time to mature, for more information, (see, for example[18]-[22]).
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Motivated by the work of Al-Omari and Gourley [20], we will focus on a stage structure
Lotka-Volterra three species food chain model with distributed maturation delay and harvesting

for each species. Therefore, we shall study the following system

xll (f) = OCUQ(Z)) — (’}’1 —l—l’ll)xl (l‘) — Otl/oooxz(t _S)fl (S)e—(71+h1)sds
xlz(t) =0 /Oooxz(t —5)fi (s)e*(}’wrhl)sds —d])c%(t) —b1xa(t)y2(t) — haxa (1)

(1) = aya(t)a() = 0 | yalt=s)alt =) fals)e” P ds

—(n+h3)y ()

(1) = O‘2/Owy2(t —$)x2(t — 5) fo(s)e” B ds — dryd (1) — haya (1)
—bays(t)z2(2)
le (1) = o3y2(t)z2(t) — 063/000)/2(1‘ —8)22(t =) f3 (S)e—(73+hs)sds

— (B +hs)z (1),

2(t) = o3 /0 ooyz(t —$)za(t —5) fa(s)e” BV ds — Az 3 (1) — hezo (1),

where x| (), y1 () and z; (¢) denote, respectively, the density of immature prey, immature preda-
tor and immature top-predator members and x,(¢) ,y2(7) and z;(¢) stand for the mature popula-
tion densities of prey, predator and top-predator members, respectively. The hy, ho, h3, ha, hs
and hg are the harvesting efforts of the immature prey, mature prey, immature predator, mature
predator, immature top-predator and the mature top-predator populations, respectively. di, d>
and dz measure the death and intra-specific competition rate of the mature prey, mature predator
and mature top predator, respectively; b1 and b; stand for the per capita per unit time predation
rate of the predator and top predator, respectively. ¥;, 7> and y; denote the death rate of the im-
mature prey, immature predator and immature top predator, respectively. ¢, 0 and 03 measure
the birth rate of the immature species of prey, predator and top predator, respectively. Most of
works in literature, assume that all individuals belong to the same species take the same amount
of time to mature. We want to address here the point about the uncertainty in the maturation

delay. We propose to introduce a distributed delay term allowing for a distribution of maturation
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times, weighted by a probability densities, f;(s), where / ) fi(s)ds=1and f; >0,i=1,2,3.
Note that the term oqx;(f — s) is the number of immatur(c)a prey species born at time ¢ — s per
unit time, and is taken as proportional to the number of prey adults then around, and e~ (nth)s
denotes the probability of an individual from the first species, born at time ¢ — s still being alive

and not harvested at time ¢. Then o / x2(t — 5) f1 (s)e_(y1 +th)s gs will total up the contribu-
0

tions from all previous times. That is, the term K; = oy / X2 (1 — 5) fi(s)e” MHS gg represents
0

the transformation of immature prey species to mature prey species. Similarly, the terms K> =

o]

062/0 Vo (1t —8)x2(t — ) fo(s)e™ P35 ds and K3 = a3/0°°y2(t —8)z2(t — ) f3(s)e” )5 ds rep-

resent the transformation of immature predator species to mature predator species and the trans-

formation of immature top predator species to mature top predator species, respectively.
Notice that, the total number of individuals that are immature at time # = 0 (i.e. the initial

conditions for xy, y; and z1) such that x;(0),y(0),z;(0) > 0, are given by

(1.1 w0 =a [ ([ A@aE) e
(1.2) y1(0) = /_i ( _O:fz(‘g’)d§> ya(s)xa(s)e )8 g,
(1.3) 21(0) = 03 /_(; ( _tfs(i)d&) y2(s)za(s)e P Hs)s g,

Note that, in system (1.1), the second, fourth and sixth equations are uncoupled from the first,
third and fifth equations. Thus, it is sufficient to consider the second, fourth and sixth equations
on their own. But for simplicity, we will assume that the kernels f;(s), i = 1,2,3 has compact
support, that is, fi(s) = 0 for all s > 7, for some 7 > 0 this will apply on K}, K, and K3 defined
above. Of course, we still assume that /0 ! fi(s)ds=1and f; > 0,i=1,2,3. This implies that

no individual ever takes longer than 7 units of time to mature. Accordingly, we will study the
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following system

() =y /O sz(t —$)fi(s)e” MM ds — @15 (1) — brxa (1)ya (1) — hoxa (1)
Ya(t) = 0‘2/0TYZ(f —$)xa(t —5) fa(s)e™ P ds — doy3 (1) — haya (1)
—baya(t)za(t)

T
(1) = 063/() Ya(t = 8)za(t = 5) f3(s)e~ BT ds — da 23 () — heza(1).
For initial data, we assume that

x(t)=¢1(t) >0, y2(t) = ¢2(¢) > 0 and zp(¢) = §3(t) >0 for —7 <1 <O,
(1.4)

with x2(0), y2(0),z2(0) > 0.

Note that, we can use Theorem 1 of Al-Omari and Gourley[20] to prove that every solution

(x2(2),v2(t),22(¢)) of system (1.4) is positive for all ¢ > 0.

2. PERMANENCE

Recently, permanence concerning the long time survival of species population appears to be
a very important concept of stability from the viewpoint of mathematical ecology. Thus, in this
section, we are looking for sufficient conditions that guarantee the permanence of system (1.4)
with initial condition (1.4). In order to discuss the permanence of system (1.4) we need the

following result from [11].
Lemma 1. Let u(t) be the solution of
T
2.5) (1) = o / F(s)e Pult — s)ds — Bu(t) — Au(t),
0

T
where u(t) >0 for —1 <t <0. If0<A< a/ f(s)e ¥ds, then t11_>m u(t) = i, where i =
O (o)

B! {a/off(s)eysds—A}. But, if A > Oc/off(s)eysds, then tllglou(t) =0.
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Theorem 1. System (1.4) with initial conditions (1.4) is permanent provided that
a; >0,i=1,2, where

(H1):a1 = didrdz — b1d3K> — brd K3
a2 = (KiKaKs — ha KoK — hydi Ky — hdida) (1 552 — 2253 ) — b K

Proof. Let (x2(t),y2(t),z2(t)) is a solution of system (1.4) which satisfies (1.4). The proof
will be split in two steps. As a first step, let X = limsup,_,,x2(¢), ¥y = limsup,_,, y2(¢) and
Z = limsup,_, . z2(¢). Now, according to the first equation of system (1.4), it follows from the

positivity of the solution that

) < Ocl/ fi(s)e™ My (1 — ) ds — d1x3(t) — hoxa (1),
Consider the equation

— o / Fils)e™ sy — o) ds — dy () — hou(t),

with, u(s) > x,(s) > 0 for all s € [—7,0]. Then by Lemma 1 we derive that

hmu |:061/ f1 —(nthi)s h2:| .

f—>o0

Clearly, by comparison, x,(#) < u(z) and therefore
x<d {al/ fi(s)e=MHms gg hz} .
Thus, for € > 0 sufficiently small, there exists #; > O such that if # > ¢, then
(2.6) x(t) <d; {al/ fi(s)e=Hms gg hz} +€:=Nj.

Note that, as a consequence of the positivity of ay, then N; > 0. Fort > t; + 7, let v(¢) be a

solution of
=N 062/ Fo(s)e™ ISyt — 5y ds — dov? (1) — hav(2).
Now,
O = o[ walt— ol —s)frls)e B ds — doy3(0) — hava(e) — brza0ya0)

<10t [ fals)e™ Byt —5)ds — dde) ~ haya(e).
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By comparison, y, () < v(r). But, by lemma 1 again, we have

(558 0)
do '

y<
Therefore, for € > 0 sufficiently small there exists t, > #; + T such that if # > 1,

K> (Kl — hz) — hyd,
did;

(2.7) ya(t) < +e=N,

Similarly, from the third equation of system (1.4) and (2.7) we get

K (K> (K — ha) — hady] — hed1da
- didrds '

Hence, for € > 0 sufficiently small there is 3 > #; + T such that if ¢ > 13,

K3 [K> (K1 — ho) — hady) — hed, do

2.8 1) <
(28) alt) < didrd3

+€:=Njs.

Now, for the second step, let x = liminf; . x2(¢), y = liminf; e y2(¢) and z = liminf; e z2(2).

Therefore, from the first equation of system (1.4) and (2.7) that for ¢t > #3 + 7, we have

)> o / Fls)e™NHMSxs (1 — §) ds — dyod () — haxa (1) — byNaxa (1),
By comparison, it follows that

(K1 —hy) — by [—Kz(f(l;lhj;_h“dl + 8]
dy

x>

Since € > 0 is arbitrary and sufficiently small, we conclude that

(Ki — hy) — by | el hudt |
d

x>

Therefore, for € > 0 sufficiently small there is t4 > 3 + 7T such that if # > #4,

Ka(Ki—ho)—had
(Kl_hZ)_bl[ il ‘]

(2.9) x(t) > a —€:=ny.

From the second equation of system (1.4), (2.8) and (2.9) that for r > #4 + 7,

ya(1) anaz/rn(f—S)fz( Je~ (T3S g — dyy2 (1) — haya (1) — aNaya(t).
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By comparison, we obtain from (2.8) and (2.9) that

1 Ky —hy — by (Kle—thz—h4d1)

dd>
— |K —&|—h
& 2 4

d

I'<
v

b K3(K1K2—h2K2—/’l4d1)—h6d1d2 te
: didrd; '

Since € > 0 is arbitrary small, we can conclude that

1 KiK>, Krh biK, bK heb
XZ_K L 22—h4>(1— 1Ka by 3)+ 62}

dp dy dy didy  dyds d;

Hence, for € > 0 sufficiently small there is a t5 > t4 + T such that if # > ts,

1 KiK, K 01Ky  byKs hebo
2.10 0> A N L= pp—
@100 »)> 4 K 4 d 4)( did> d2d3>+ s ] £i=m

Similarly, we derive from the third equation of system (1.4) that

as

>
t= didyds ’

where a; is defined in (H1). Therefore, for € > 0 sufficiently small there exists a fg > ts+ T
such that if ¢ > ¢,

az
didyds

(2.11) 2(t) > €:=n3.

We note that if (H1) holds and € > 0 is chosen sufficiently small, n; > 0, i = 1,2, 3. Therefore,

we have completed the proof of the theorem.

3. GLOBAL STABILITY OF EQUILIBRIA

For many biological and ecological systems, the global stability of steady states of the system
is an interesting and important issue, because the analysis of global stability is very much useful
than the use of only local stability analysis in the biological point of view. In the case of global
stability all the individuals co-exist and trajectories are initiated to the equilibrium point. In this
section, we shall derive sufficient conditions that guarantee the global stability of all equilibria
of system (1.4). It is easy to show that system (1.4) has at least three nonnegative equilibria,
Ep = (0,0,0), Ey = (d; (K1 — 12),0,0) and E; = (¥,)>,0).

. doki +b1hy — drhy

kiky — hoky — dih
3.12) %= _ kiky —hoky —dihy

bikr +d d> 2T biky+did;
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It is obvious that the equilibrium E( always exists without any restrictions. The equilibrium E}
exists if K; > hy, while the equilibrium E; exists if k; > hy and kjky — hoko —dihg > 0.

By analysing the corresponding characteristic equation around these equilibria, it is found

that Ey is unstable when K| < hy, Ej is locally stable when K| > hy. Also, system (1.4) has a

unique positive equilibrium E, = (x3,y5,25) where

AL o A A3
where,
Ay = Kidyds + K Kzby — hydads — hoby K3 — b1 byhg + b1hads

Ay = KiKyd; — Kyhods +dibyhe — hadd3
Ay = KKKz —KyKshy — Kzdihgy — Kybihg — didahg

A = didyds+b1d;Ky+d1bKs5.

In this section, we shall prove theorems on the global stability of the equilibria Ey, E;, E;

and E...

3.1. Global stability of E). We shall show that when the equilibria E; and E do not exist, that

is K| < hy, then Ej is globally asymptotically stable.
Theorem 2. Assume K| < hy, Then (x2(t),y2(t),z2(¢)) — (0,0,0) as t — oo.

Proof. Consider the functional

V() = OCz“aXz(t)+a1aza3/()Tf1 (S)e(”””)“/ll x2(E)dE ds

—S

+hrasya(0) +bionas [ fo(s) [ e BII0E)0(E)) aE ds

)

+b1baza(t) + bibr0ta /Orf3<s> / e~ BHI=C)y, (£)2(€)) dE dis.

—S
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Note that V(x2,y2,22) > 0 and V (x3,y2,22) = 0 if and only if x, = y, = z5(¢) = 0. Then for ¢

sufficiently larg,
V(1) = onoposxa(t / fi(s)e” NS ds — dy o 053 (1) — ha G 035 (1) — doby 0035 (1)

by — sty (-4 [ ls) [ e B () dds

—S

—o3b1by (73 +h5)/()rf3(s) /tt e BHhs)1=8)y, (£)25(€)) dE ds

—S

—d3b1b22% — h6b1b222

IN

(X](X2063X2 /f1 —(nth)s Sds —hzOCzOCng(t)

= (XzOtg,xZ(l‘)(Kl —hz) < 0.

A direct application of the well known Liapunov-LaSalle theorem [23] (Theorem 2.5.3 of
Kuang [24] ) shows that lim; e x(f) = 0, lim;_e y2(¢) = 0 and lim;_,.. z2(¢) = 0. The proof of

the theorem is complete.

3.2. Global stability of E. We shall prove a theorem on the global stability of E; when E,
is unstable. That is, when immature mortality of the prey or harvesting effort of the immature
or adult prey is low enough, and when the immature mortality of the predator or harvesting
effort of the immature or adult predator is high enough and also when the immature mortality or
harvesting effort of the immature top predator and the harvesting effort of mature top predator

are high enough.

Theorem 3. Assume Ky > hy, Ko(X72) < hy and K3 < he hold. Then (x(t),y2(1), 22(t)) —

(%2,0,0) as t — oo.
Proof. By positivity of y, we have from the first equation of (1.4)
)< al/ Fi(s)e= 05, (¢ — 5))ds — 1o (1)) — haxa (7).
By comparison, x;(t) is bounded above by the solution w(t) of
— o / Fils)e™ 3y — 5) ds — dyw?(r) — haw(),

w(s) =xa(s), s€[-7,0]
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But by Lemma 1, lim, .o w(t) = d~ (K} — hy). Therefore,

Ki—h
(3.14) limsupx,(¢) < limw(f) = ——2.

t—so0 1—beo di
Now, since Kz(Kld—_I’”) < hy, let € > 0 be sufficiently small and satisfying

Ky —hy
1

K> (

+€e)—hy <O,

therefore, there exists #; > 0 such that if r > t1, x2(t) < d~' (K| — h) + €. Applying this into the

second equation of (1.4) fort > t; + T we get

»(t) < 062/ Fols)e Py, (¢ — )y (t — 5) ds — doy5 (1) — haya(t)

“("a"

This leads to y,(f) < u(t) where u(z) satisfies

24 8) / fa(s)e™BHmIy) (1 — 5 ds — dayb (1) — haya ().

— / Fols)e™ Pyt — 5y ds — doii® (1)) — hau(t),

then from Lemma 1, u(¢) — 0 as t — oo, and so y,(¢) — 0 as t — co. Next we shall show that

Ki—hy

. -
(3.15) liminfx, (1) > 7

Let € > 0, then since y,(r) — O there exists #, > ] + € such that if r > 15, 0 < y»(¢) < €. Then,

from the first equation of system (1.4) for ¢t > T,, we have
> (04} / f1 —(nth)s Xz(l‘ —S) dS—dl)C%(l‘) —b18X2(t) — hz)Cz(t).

By comparison, it follows that

Ki—hy—bie

. S
htrg infx) (1) > a )

letting € — 0, We conclude that liminf;_,e.x () > Kld—_lhz. Consequently, x,(t) — d;' (Ki — hy)
ast — oo

It follows from the third equation of system (1.4) that fort >, + 7,
) < ase / F(8)e B2 (1 — ) ds — ds 23 (1) — heza ().

which yields that tli_>m z2(t) = 0. This completes the proof of the theorem.
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3.3. Global stability of E,. Now, we shall prove a theorem on the global stability of E, in
the situation when the harvesting effort of the mature top predator is high enough and the the

transformation of immature predator species to mature predator species is low enough.

Theorem 4. The positive equilibrium E, = (%,¥2,0) of system (1.4) is globally stable provided

that

(3.16) dydrhe > K3(K 1Ky — hp Ky —dihy) > 0.
and

(3.17) didy > b1K>.

Proof. Let € > O sufficiently small satisfying

KKy — oKy —dih
Ky (D122 22 7O L o) e <0,
didy

Then from the third equation of system (1.4) and (2.7) there exists #; > O such that if r > #;
A1) < oaN ~BHhs)s oo (1 — §)ds — d323(t) — h
() < M f3 22(t —s)ds —ds3z5(t) 622(1).

K (K — had
_ a3( 2( 1= dd 4 1>/ Fals)e~ )20 (¢~ §) ds — ds (1) — hezalt).
142

Let u(t) satisfies

u’(t) _ <K2(K1 i h4d1) / f —(p3+hs)s ( —s)ds—dguz(t) —h6u(t).

By comparison z5(¢) < u(t), and therefore by Lemma 1 and (3.16) we conclude that th_)m u(t) =
0. Thus tlim 22(t) =0, for all t > 0. Therefore, for € > 0, there is 7, > #; such that 0 < zp(r) < €.
—>00

It follows from the first equation of system (1.4) that for r > 1,

0 < a / Fi(s)e= 05, (1 — 5))ds — 1o (1)) — haxa (1),

Then by comparison, it follows

Kl _h2 . A2
. — 1>

U = limsupx;(t) <
t—so0 dj
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hence, for € > 0 there is 73 > 0 such that if ¢ > 3, x,(r) < N;? + €. We derive from the second

equation of system (1.4) fort >3+ 7,

ya(t) < ap(Ny* +€) / fa(s)e™ Sy (1 — 5)ds — day3 (1) — haya(t).

A standard comparison argument shows that

Ky(N{>+€)—h
U, =limsupy;(t) < 2(N)” +é) 2
t—ro0 dy

Since this is true for arbitrary € > 0, we conclude that

K>)Ny2 —h
Up = limsupy, (1) < —L—2 .= N,

t—o0 d2

Thus, for € > 0 there is #4 > 3 + T such that if 1 > 14, y,(1) < N{z + €. Now, from the first

equation of system (1.4) for ¢t > 14,

>oc1/ F(s)e™ sy (1 — )y ds — 123 (1)) — haxa (£) — by (N2 + €)x2(7).

Hence,

Ki—hy—b (N> +¢
Vi = liminfx, () > ——= 1N Fe)
[—roo dl

Since € > 0 is arbitrary, we have

—hy —b Ny
di '

Vi = liminfx; (l‘) > = Mchz.
f—o0

Thus, for any € > 0 sufficiently small, there exists 5 > 4 + T such that if t > #5, x> (¢) > Mfz —

Similarly, from the second equation of system (1.4) fort > ts+ 7,

ya(t) > o (M / fa(s)e™ By, (1 — ) ds — day3 (1) — haya (1) — bagya (1)

By comparison, we obtain that

Ky(M? —€) — hy— bae
Vs = liminfx,(f) > 2(M" =€) = hs =
t—ro0 d2

where we conclude that for arbitrary € > 0,

KoM, 2 h4
dp

V5 = liminfx, (t) > My2
f—$oo
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Thus, for € > 0 there is tg > t5+ 7 such that if t > #g, yp > M{z — €. From the first equation of

system (1.4) we have for r > 1,
)< / F(8)e M50, (1 — )Y ds — diB (1)) — hoxa () — by (M2 — €)xa ().

We then have,

—hy—bi M}’
U, = limsupx;(t) < C il M
t—3o0 di

_ N2
_N2 .

Hence, for € > 0, there exists #7 >t + T such that if # > #7, xp < Ngz + €. This implies from the

second equation of system (1.4) for ¢t > t7 47,
Ya(t) < 0p(Ny?* +& / Sa(s)e™ P10y, (1 — 5) ds — day3 (1) — haya (1)
By comparison, and for € > 0 sufficiently small we have

K>oN5> —h
U, = limsupy;(t) < 2 T H = N>,

t—boo dz

Continuing this process, we obtain four sequences N2, N2 M2, M? n= 1,2,3,--- such that,

forn > 2,
N2 = _hz_beryf—l
KNy
n dz
—hy —biN;’
M2 =
n dl
KoMy? — hy
3.18 M = =
(3.18) n &

By combining these, we get

(didy — b1Ky) (Ko (K1 — hy) — dyhy) N bIK3 .,

Ny2: .
" (didr)? did3 !
or
(didy +b1K2) (dvda — 1K) . BIKS
(3.19) N2 = + N2
" (didy)? SR

Note that (3.17) implies that
biK3

——5 < 1.
did3
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We claim that N;? is monotonically decreasing sequence that is bounded below by $,. The

boundedness below by ¥, follows immediately from (3.19) by induction. Then, by (3.19)

N?_ (didy—biKo)(Ka(Ky —ho) —diha) | BIK3
N,y (did)2N22 | d2d?
(didy — b1K>) (Ko (Ky — o) —dihg) — BIK3
B (d1d2)*$> did3

_ (biKy +didy)(didy — b1 Ks) N biK3 _ |

d>d2 23

so that N;? is monotonically decreasing. Hence N;? converge to a limit which, by (3.19) equals

A

y2.

Of course, convergence of N;? implies convergence of the remaining three sequences, that is

lim N;? = %, thy2 =¥, l1mM 2 =%, imM,? = ¥,.
{—o0 [—roo

Therefore,
U =Vi=%, Uy=VW,=7.

This completes the proof of the theorem.

3.4. Global stability of E.. Finally, we shall prove the global stability of E, when all other

equilibria are unstable.

Theorem 5. Let the initial data satisfy (1.4), and assume x5, y5 and z; satisfy (3.13) such that
A; >0, i =1,2,3. Then the positive equilibrium E, = (x},y5,25) of system (1.4) is globally

stable provided that

(3.20) didyds > dsb Ky + d1brK5.
Proof. Denote

U; = limsupx;(t), Uy = limsupy;(t), Us = limsupzy(t),

t—roo t—boo t—roo

V)= htrgglfxz(t), Vo= hlrgglfyz(t), V3= l1trgg1f12(t).

It follows from the first equation of system (1.4), that

<a1/ fils)e™ Ty, (1 — ) ds — dyx3 () — hoxa (1)
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By comparison we have

Ki—h
Uy = limsupxy(f) < ——2 := s
t—ro0 dl

Then, for € > 0 sufficiently small there is #; > 0 such that if # > #1, xo (1) < Nfz + €. Thus, from

the second equation of system (1.4) we have

90 < VP +e) [ fls)e B (e —5)ds - dorde) — heya0)

A standard comparison argument shows that

K>(Ny>+¢€)—h
U, =limsupy;(t) < 2N He) —hy
t—roo d>

since € > 0 is arbitrary, we conclude that

KoN{?2 —h
U, < M Ny2
d>

Hence, for € > 0 sufficiently small, there is 7, > #; 4+ T such that if t > t5, y>(¢) < Nf 24 e We

derive from the third equation of system (1.4) fort >, + 7,
4(1) < a5 (NP + ¢ / Fs)e B2 (0~ ) ds — ds B (1) — heza(o).
By comparison, it follows that

Ki(NV*+€)—h
Us = limsupzy () < i) 6,
t—o0 dS

since this is true for € > 0 sufficiently small, we conclude that

K3N? —h
U3§M NZ2
d;

Therefore, for € > 0 sufficiently small, there is 3 > t, + 7 such that if 7 > 13, zo(1) < N[> + €.

Again, from the first equation of system (1.4) we have
= / FL(s)e™ MM (1 — ) ds — dyd(t) — haxa(t) — by (N + €)xa ().
Thus if t > 3, x2(¢) > v(¢) with suitable initial condition, where v(¢) is the solution of
- / Fu(s)e= MMy 0y ds — di2 (1) — hov(t) — by (N2 + €)v(1).

Hence,

—h—b NYZ €
Vi = liminfx (1) > lim v(r) = 2—bi(Ny +e)

t—o0 dl ’
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since € > 0 is arbitrary, we have

Ki —hy — by Ny?
Viz S = M
1

Therefore, for any € > 0 sufficiently small, there is 74 > 3+ 7 such that if 1 > #4, x5 (1) > M* —

It follows from the second equation of system (1.4) that forr > t4 + 7,

yo(t) < (M /fz ~th3)Sy, (1 — ) ds — doy3(t) — haya(t) — ba(N? +€)ya(1).

By comparison, and for € > O sufficiently small we have

KoM? —hy —boN?

o -
Va = liminfy(z) > A

— M2
— M2,

Hence, for € > 0 sufficiently small, there is #5 > 74 + T such that if t > t5, yo(t) > M{Z —

Similarly, it follows from the third equation of system (1.4) fort > 5+ 7,
(1) < o3(My* — / fa(s)e™ B0 5 (1 — §) ds — d3 23 (1) — heza (1),

which gives

K3M{?> — hg
ds

Thus, for € > 0 sufficiently small, there is # > 5 + T such that if 1 > #6, z5(t) > M;> —

Va3 = liminfz,(z) > =M.
t—o0

We derive from the first equation of system (1.4) that for ¢ > #¢
< o / f1 —(n+hy)s xz(t — S) ds — dlx%(t) — hzxz(l‘) —b (Mf2 — E)XZ(Z‘).

By comparison we have

Ki—hy—b My2
Uy = limsupxy (1) < ———2 171 . =N,°.
t—ro0 dy

Then, for € > 0 sufficiently small there is #; > 0 such that if 1 > #7, x(¢) < Ngz + €. Thus, from

the second equation of system (1.4), fort > #; + T we have
Vo ( ) < ()CQ(N)62 + € / f2 —(1ths)s yz(l‘ —S) dS—dzy%(t) —h4y2(t) —bz([‘/[i2 — S)yz(t).

A standard comparison argument shows that

- Ky(Ny* +€) —hy — by (M — €
U, = limsupy;(t) < 2(M) ) = ha — b2 (M, ),
t—oo d2
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since € > 0 is arbitrary, we conclude that

U < KN — hy — byM?
< 7

. N2
=N

Hence, for € > 0 sufficiently small, there is 75 > #; + T such that if r > g, y>(¢) < Ngz +€&. We

derive from the third equation of system (1.4) for ¢ > 13+ 7,
T
() < a3(N) +e) /0 F(s)e= B2 (1 — 5 ds — dB (1) — heza ().
By comparison, it follows that

K3(N3>+¢€)—h
Us = limsupz,(t) < 3Ny +e) °
t—boo d3

since this is true for € > 0 sufficiently small, we conclude that

One now sees that the transition from the (n — 1)th to the nth step in this iterative process, for
n > 2,1s given by
Ki —hy —biM*

NP2 = -

n dl I
. KoNi2 — hy — M2 |

n - dz )
N2 K3N;* — he

n d3 Y
M - K —hz—blN%Z

n dl 9
e KoM — by — BN

n dz Y
M2 — KsMy* —hg

n d3 )

and, of course,
M2 <V <Up SN2, M <V, <Up <NJ and M2 < V3 <Us <N2.

We see at once that

3.21) N2, _4s (d1d2d3—d1bzl<;—b1d31{2) (d1b2K3+b1d23K2)2 N
(d1drds) (d1drd3)
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We can rewrite (3.21) into

(322) N2 = (didads)? — (diboKs + b1dsKr)? . (dibaKs +bidsK)?
. n+1 (d|d2d3)2 2 (d1d2d3)2

22
N2,

Note that (3.20) implies that

(d1b2K3 + b1d3K2)2

1.
(d1dad3)? <

We claim that N;* is monotonically decreasing sequence that is bounded below by z3. The

boundedness below by z5 follows immediately from (3.22) by induction. Then by (3.21)

N2 Az(didads —diboKs — b1dsK) (d1brK3 + bid3K; )

N2 (d1d2d3)*Ny;? (d1dad3)?
Aj (d1d2d3 —d1b)K5 — b1d3K2) (d1b2K3 + b1d3K2)2
- (d1d2d3)223 (d1d2d3)2
_ A (d1d2d3 —d1byK3 — b1d3K2) (d] byK5 + b1d3K2)2
(d1d2d3)2 (dld2d3>2
_ (d1d2d3 +b1d3K> +d1b2K3) (d1d2d3 —d1br K3 — b1d3K2) + (d1b2K3 + b1d3K2)2
(didrd3)?
= 1.

This means that N;? is monotonically decreasing sequence. Hence, lim,_,., N;* exists. Taking

n — oo, then from (3.22) we have

(3.23) lim N2 = z5.

n—oo

The analysis of the remaining five sequences is similar. That is, convergence of N;?> implies

convergence of the other five sequences. Therefore, from (3.23) we have

lim N2 =x5, im M2 =x5, im N2?2 =v5, lim M>? =v5, lim M* = z5.
LN, 2, im M, 2, JAMANGT =), MM =Yy, MM, 2

Thus,
U=Vi=x3, Ub=VW=y5 Uz=V3=2.

The proof of the theorem is complete.
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4. DISCUSSION

In this paper, based on the work of Al-Omari and Gourley [20], we have proposed and dis-
cussed a stage structure three-species food chain model with harvesting and in which the mat-
uration time for each species is not always the same for all individuals. Our results Theorem 1
shows that the system (1.4) is permanent provided (H 1) holds true. By using an iterative tech-
nique, we discussed the global stability of all equilibria of system (1.4). In Theorem 2 we
construct suitable Lyapunov functional, sufficient conditions are established for the global sta-
bility of the trivial equilibrium Ej, we get that the trivial equilibrium is globally stable if the
death rate of the immature prey species, ¥;, the harvesting effort of immature prey species, hy,
are large enough and significant harvesting effort among mature prey species, hy. By Theo-
rem 3, we see that if K> and K3 are low enough, and the harvesting rate of the mature predator,
hs, the intra-specific competition rate of the mature prey, di, and the harvesting effort of the
mature top predator, hg, are high enough, the prey population will be persistent, but the predator
and top predator will go to extinction, that is E is globally stable. By Theorem 4 we can see
that the top predator will go to extinction, but the prey and predator populations will be per-
manent if the harvesting effort of the mature top predator is high enough satisfying (3.16) and
the transformation of immature predator species to mature predator species satisfying (3.17).
Finally, the result of global stability of the equilibrium E* in Theorem 5 implies that the three
species model system coexists, is permanent, and the trivial and all other semitrivial solutions
are unstable. Our results show that the behavior of harvesting on the three species affect the
dynamical behavior of system (1.4). That is, it can prevent them from dying out. Also, it
show the dynamics of our model depends on the maturation delay of the predator population as
represented by the probability density function f;(s), i = 1,2,3.
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