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1. INTRODUCTION

Tuberculosis (TB) remains a major health problem, especially in Africa and especially in
the sub-Saharan countries. The World Health Organization (WHO) estimates that in 2015, 10.4
million people have contracted the disease and 1.8 million have died (including 0.4 million with
HIV). More than 95% of TB deaths occur in low and middle income countries [1].

Tuberculosis is an infectious and contagious disease caused by the infection with Mycobac-
terium tuberculosis. TB is transmitted from person to person by air. When a person with
pulmonary tuberculosis coughs, sneezes or spits, they throw tubercle bacilli into the air. One
need to inhale only a few to get infected. According to the report of WHO [1], approximately
one-third of the world’s population has latent tuberculosis, i.e. they have been infected with the
tubercle bacillus but are not (yet) sick and can not transmit the disease [1,2]. Throughout their
lives, individuals infected with tubercle bacilli have 10% chance of developing the disease. On
the other hand, the risk is much higher for those who have a deficient immune system, such
as people living with HIV, reary alcohol drinking, malnourished or with diabetes. TB is the
leading cause of death among HIV-positive people: by 2015, 35% of HIV-positive deaths were
due to TB. When active tuberculosis occurs, symptoms (cough, fever, night sweats or weight
loss) may remain mild for many months, which can lead to delay in referral and transmission of
the bacillus to others. A subject with active TB can infect 10 to 15 other people a year during
his close contacts. In the absence of treatment, an average of 45% of HIV-negative tuberculosis
patients will die, as will virtually all those who are also HIV-positive. The WHO estimates that
by 2020, one billion people will contract TB and 35 million will die [6,7]. Africa is also at the
receiving end of TB. At least 1.5 million TB cases are diagnosed every year on this continent.
TB greatly contributes in numerous deaths of people leaving with HIV/AIDS in Africa. Indi-
viduals infected with HIV are particularly susceptible to acquiring TB infection, TB increases
an individual’s rate of progression from asymptomatic HIV to AIDS, and shortens survival time

[6-8].
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Tuberculosis is a disease that can be cured. For drug-susceptible active tuberculosis, a stan-
dard 6-month treatment with 4 anti-tuberculosis medicines is administered through the provi-
sion of information, surveillance and patient support provided by a trained health worker or vol-
unteer. Drug resistant tuberculosis (MDR-TB) is a form of the disease caused by a bacillus that
is not responsive to isoniazid and rifampicin, the two most effective first-line anti-tuberculosis
drugs. MDR-TB can be treated and cured with second-line drugs. Without this support, ad-
herence may be difficult and the disease can spread [9]. Drug resistance can either be acquired
during treatment or transmitted from individuals infected with drug-resistant strains. An in-
dividual develops acquired drug resistant TB (ADR-TB) due to treatment failure. Spread of
TB via individuals infected with drug resistant TB causes the newly-infected individuals to de-
velop transmitted drug resistant TB. Acquired drug resistance always initiates an epidemic of
drug-resistant TB, but if the drug-resistant pathogen is transmissible, the risk of primary drug
resistance increases over time. However, these therapeutic options are more limited and require
long-term (up to two years) treatment of both expensive and toxic drugs. In some cases, severe
resistance may develop; we are talking about highly drug-resistant tuberculosis, which is an
even more serious form of MDR-TB due to bacilli that do not respond to the most effective
second-line drugs, often leaving patients without any other therapeutic option. By 2015, WHO
estimates that approximately 480,000 people have developed MDR-TB worldwide [9-11].

The dynamics of tuberculosis is complex due to the multiple interactions between the human
host and Mycobacterium tuberculosis, the increasing HIV epidemic in the early 1990s leading
to HIV/TB co-infection, the emergence of drug resistant TB, immigration to the US from devel-
oping countries, increased mass transportation, malnutrition, heavy alcohol drinking, smoking,
co infection with diabetes mellitus but also indoor air pollution from solid fuels. A deep under-
standing of the disease dynamics would have a significant impact on the effective prevention
and control strategies [12,13]. Mathematical modeling and numerical simulations have the po-
tential, and offer a promising way, to achieve this. Many efforts have been and are still being
devoted to the modeling of this disease. As in the study of many other infectious diseases,
modeling efforts on TB have mainly focused on mean-field compartmental models, either de-

terministic or stochastic, and agent-based models [14-34]. Recent global reports of multidrug
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resistant and extensively drug-resistant tuberculosis have renewed concerns that antibiotic re-
sistance may undermine progress in tuberculosis control [35-47]. Including MDR tuberculosis
in mathematical models is relatively new and there are very few models with this aspect. How-
ever none of the works mentioned above has considered the global stability of the disease-free
equilibrium, and the Hopf bifurcation analysis.

Motivated by the above discussion, this paper investigates the impact of drug resistance as
a competition between multiples types of strains of Mycobacterium tuberculosis: those that
are sensitive to anti-tuberculosis drugs and those that are resistant. We first present a deter-
ministic model for the dynamical transmission of TB that captures the essential biological and
epidemiological features of the disease such as exogenous reinfections and drug resistance.
Drug resistant is modelled by the competition between two types of strains: sensitive and resis-
tant to drugs. We present the mathematical analysis of the model. More precisely, we compute
the disease-free equilibrium and derive the basic reproduction number % that determines the
outcome of the disease. We show that there exists a threshold parameter & such that when
0 < %y < & < 1, the disease-free equilibrium is globally asymptotically stable, while when
& < Ay < 1, the model exhibits the phenomenon of backward bifurcation. Sufficient conditions
for the existence and local stability of the interior and boundaries equilibria are also presented.
We also describe how coexistence of boundaries equilibria is shaped by the outcome of the
drug resistance. Two coexistence thresholds have been calculated: the first separates the region
where resistant strain only persists from the region of coexistence and the second marks the shift
from the region of coexistence to persistence of resistant strain alone. Theoretical results are
illustrated using numerical simulations based on a dynamically consistent non standard finite
difference scheme. We also show that the model undergoes the Hopf-bifurcation with respect
to TB transmission rates. The existence of Hopf-bifurcation has been counterchecked by the
software Matcont (MATLAB package for numerical bifurcation analysis).

The paper is organized as follows. A TB model with two-strains is formulated in Section 2.
In Section 3, we present the quantitative and qualitative analysis of the model. In section 4, we
propose a numerical scheme based on a dynamically consistent non standard finite difference

scheme to verify the effectiveness and the efficiency of theoretical results.
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2. MODEL CONSTRUCTION

In this section, we process with the construction of a mathematical model for the drug re-
sistance of TB. The resistant cases may emerge when individuals are infected with a resistant
strain (primary resistance) or as a result of treatment failure (acquired resistance). We specify
drug-resistant and drug-sensitive strains by adding subscripts r and s to model variables and
parameters. We consider two strains of TB: the regular TB (sensitive TB or strain 1) and the
resistant TB (strain 2). We consider a finite population of N people divided in five classes: S
who have not Infected, E regular TB who have infected but not infectious, E, resistant TB who
have infected but not infectious, /; regular TB with active disease and /, resistant TB with active
TB. The subscripts s and r stand for sensitive strain and resistant strains, respectively. Thus, the

total population at time 7 is
(1) N(t)=S(t)+Es(t)+ (1) + E(t) + 1(2).

We assume that infected individuals in the active stage of TB can transmit only same strain
of the disease and that at certain rate latent individuals with regular strain develop resistant
strain because of incomplete treatment. Furthermore, we assume that the treatment rate of
resistant infectious with TB is small than the treatment rate for regular infectious with TB. We
also assume that a fraction of infectious individuals with active sensitive TB progress into the
infectious class of resistant strain due to treatment failure. This corresponds to cases of acquired
resistance.

The flowchart of the model is depicted in Fig.1.

Susceptible individuals acquire TB infection following effective contact with TB infected
individuals in the infectious stage with strain sensitive (i.e. those in  class) or with TB infected
individuals in the infectious stage with strain resistant, (i.e. those in /. class) with the forces of
infection Ag and A, defined, respectively by
@ =By ad  A=f
where B, and B3, are the average proportions of susceptible infected by one infectious individual

of the strain sensitive and resistant per contact per unit of time respectively.
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FIGURE 1. Structure of the model.

The transfer diagram in Fig.1 can be represented by the following system of differential

equations:

3)

where

(

= A—(A+A+up)s,

= A(1=ps)S+ ¥l — (1 —ry)(OsAs + 6,4, )Es — AL E;,

= A1 =p)S+vL— (1 —r)0MEr+ (1 — 1) §sEs + NIy — A3E,,

= ApsS+ (1 —ry)ksEs+ (1 —rg) O AEs — Ao,

= ApS+ (1—=r)(ky + 6,2 )Er + (1 — 1) (@5 + 04 ) Eg + 8 — Aul,,

Al = (I=r)(ks+ s+ @)+ 1, Ar=7%+8+n+u+d;,

Ay = k(1—-r)+u and A4s=7%+Uu+d,.

The recruitment is A, ps and p, are the proportions of newly infected individuals who are

assumed to undergo fast progression directly to infectious classes I; and I, respectively; while
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the remainder are latently infected and enter the exposed classes E; and E, respectively; ry and
ry, are respectively, the per-capita chemoprophylaxis treatment rates of TB latently individuals
in the E;, E, classes, k(1 —ry) and k(1 —r,), are respectively the rates at which TB infected
individuals with strains 1 and 2 leave the latent classes £, and E;, to the infectious classes /; and
I,; the per-capita natural death rate is denotes by u; d, and d; stand for the per-capita disease
induced death rates with strains 1 and 2; y; and 7, are respectively the per-capita treatment rates
for TB infectious with strains 1 and 2, ¢(1 — ry)E; the proportions of those TB treated infected
individuals with strain 1 who did not complete their chemoprophylaxis treatment and develop
resistant TB; 1,/; and &,/ are the proportions of those TB treated infected individuals with
strain 1 who did not complete their treatment and develop resistant TB; oy and o, are, factors
reducing the risk of infection as a result of acquiring TB immunity for individuals in the Ej, E,
classes respectively.

Table 1 summarizes the model variables and their units.

Table 1: Variables and parameters with units of model system (3)

Symbol Description Units

S(z) Susceptible individuals individual
E(1) TB-latently infected individuals with sensitive strain individual
I(1) TB-infectious with sensitive strain individual
E.(t) TB-latently infected individuals with resistant strain  individual
I(t) TB-infectious with resistant strain individual

3. QUANTITATIVE AND QUALITATIVE ANALYSIS

In this section, we present the theoretical analysis of system (3).

3.1. Basic properties.
Herein, we study the basic properties of solutions of system (3), which are essential in the

proof of stability results. We have the following result.

Theorem 1. System (3) is a dynamical system on the biologically feasible compact domain:

(4) Q:{(SvES7Er71S7Ir>€R3-a N#SN(I) SSO}v
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where

A A
So=—  and Ny=—".
% p+ds+dy

Proof: The proof is provided in two steps.

Step 1: We show that the solution S(t), Es(¢), E,(t), I;(t) and I,(¢) of system (3) correspond-
ing to initial conditions such that S(0), E(0), E,(0), I;(0) and 1,(0) are non negative. Assume
that 7 =sup{t >0: S >0,E; >0,E, > 0,1, > 0,1, > 0} €[0,¢]. Thus, 7 > 0 and it follows

from the first equation of system (3), that

as
At
= A= (14 A0)S,
where A (1) = A,(¢t) + A,(t). The above equation can be rewritten as

di[ exp{ut+/ As H ZAexp{ut—}-/Otl(s)ds}.
S(f)exp{,uf+ /0 t_)»(s)ds} —5(0) > /O t_Aexp{uu—i— /0 M/l(w)dw}a’u,

S@) = S©O)exp{— (u+ [{A(s)ds) |
+ exp{— (uﬂ— fé s) } fé_AeXp {uu+ [5 A(w)dw}du > 0.
(r) >0, L(t) >0 and I.(r) > 0 for all t > 0.

Hence,

so that

Similarly, it can be shown that E(¢) > 0, E,

Step 2: We prove that the total population at time 7, N(¢) satisfies the boundedness property
Ny < N(t) <Sy whenever Ny <N(ty) < So.
Adding all the equations in the differential system (3) gives
(5) N(t) = A—uN(t) — ds(t) — d,1.(t).
From Eq.(5), one has that
©6) A—(u+ds+dy)N(t) < N(t) < A—pN(1).
Applying the Gronwall inequality to Eq.(6) gives

A A
(1= W) g HHFDE < N(1) < S(0)e M 4 (1 —e M
I~l+ds+dr< ¢ )+ 5000 (1) < 80+ (1=,
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which implies that Ny < N(z) < Sp.
Combining Step 1 and Step 2, Theorem 1 follows from the classical theory of dynamical

systems. This concludes the proof.

3.2. The disease-free equilibrium (DFE) and its stability.
The global behaviour of system (3) crucially depends on the basic reproduction number %,
i.e. an average number of secondary cases produced by a single infective individual which is

introduced into an entirely susceptible population.

The DFE of system (3) is

(7) QO = (SO;O,()aOaO)a

where Sy = A/u. The basic reproduction number % is computed using the next generation
operator method developed in van den Driessche and Watmough [48,49] which is the dominant
eigenvalue of the next generation matrix. Using the method of van den Driessche and Watmough
[49], the basic reproduction number % (see Appendix A for the calculation of %) of system
3)is

(8) %() = max{%ox,z@or},
where

. Bs[pstt + ps(1 = 1) (@5 + @5) + ks (1 —75)] _ ﬁr[P,U + k(1 —1,)]
(9) %OS N A1A2—'}/Sks(1 —rs) and %Or B A3A4_yrkr(1 _rr)’

with
A1Ay — Ysks(1—r5) = k(1 —7rg)(Os+ N5+ 1 +ds)+ ((1—r)(@s+ ¢5) +11)A>  and
AAs =Yk (1 —=17) = k(1—r)(U+dr)+p(%+p+d).

The threshold parameters %y, and %, can be interpreted as the average number of secondary
infectious cases that an infectious individual (with a sensitive or a resistant strain, respectively)
would generate in an otherwise uninfected population.

The relevance of the basic reproduction number is due to the following result established in

[49].
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Lemma 1. The DFE Qq of system (3) is locally asymptotically stable (LAS) if Zy < 1, and
unstable if Zy > 1.

The biological implication of Lemma 1 is that, a sufficiently small flow of infected individuals
will not generate an outbreak of the disease unless % > 1. For a better control of the disease,
the global asymptotic stability (GAS) of the DFE is needed. To do so, we use the result of
Kamgang and Sallet [50] for the global stability of the disease-free equilibrium for a class of
epidemiological models.

Following Kamgang and Sallet [50], system (3) can be rewritten in the following form:

(10) X1 =A1(x)(x; —x(l)) +A12(x)x2,
Xy = Az (x)x2,

where x; = § represents the uninfected class (susceptible class) and x; = (ES,IS,Er,Ir)T repre-

sent the infected classes (TB-latently infected individuals with sensitive strain, TB-infectious

with sensitive strain, TB-latently infected individuals with resistant strain, and TB-infectious

with resistant strain), x = (x1,x2)” denotes the all states of system (3), x(l) = A/u the non-zero

component of the disease-free equilibrium,

M =-n, An) = (0.-Bey.0-f )

S
—P—A %‘Fﬁs(l—l?s)ﬁ 0 0
S
1 —ry) (kg + O Ag sPs— —A 0 O
and  Ag(x) = (1—=rg)( ) Bapsy —A2 |
(1 —ry)@s 0 P P
(l_rs)((Ps‘i‘Grlr) Os Py Ps

S
b= <1_rs)(GS;LS+Gr;L”)’ PZZ—(I—I’r)Grlr—A% P3:'}/r+ﬁr(1—pr)ﬁa
S
Py = (1=n)(k+ork) and Ps=ppr—s—As.

The following conditions Hy-Hs below must be met to guarantee the global asymptotic sta-
bility of Qy.

H; : System (10) is defined on a positively invariant set & of Q and it is dissipative on Z.
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H, : The sub-system i, = A;(x1,0)(x; —x{) is globally asymptotically stable at the equi-
librium x(l) on the canonical projection of & on Q.

H3 : The matrix A;(x) is Metzler (A Metzler matrix is a matrix with off-diagonal entries
nonnegative [51,52]) and irreducible for any given x € Z.

Hy : There exists an upper-bound matrix A; for .# = {A>(x), x € 2} with the property that
either A, € A (i.e. Ay = m;x///), then for any X € & such that Ay = A, (%), X € Z x {0}
(i.e. the points where the maximum is realized are contained in the disease-free sub-
manifold).

Hs : a(A;) <0 where a(A,) denotes the largest real part of the eigenvalues of A,.

If the conditions Hy — Hs are satisfied, then the DFE Q) is globally asymptotically stable in Z.
The result of the Kamgang-Sallet approach [50] uses the algebraic structure of system (10),
namely the fact that A;(x) and A;(x) are Metzler matrices. Since in the said approach, the

matrix A, (x) is required to be irreducible, we further restrict the domain of system to
(11) .@Z{(]C],XQ)E.Q, X1 750}

The set & is positively invariant because only the initial point of any trajectory can have x; =0
(see Theorem 1). Indeed, from the first and second equations of system (10), one has S’ > 0

whenever S = 0. Thus,
(12) Aj(x) is Metzler and irreducible for all x € Z.

The sub-system:
X1 =Aq1(x1,0)(xy —X(l)),

can be expressed as

: A
13 S=—u(S——).
(1 H( IJ)

Thus, x(]) = 8o is a GAS equilibrium of the reduced system (13) on the sub-domain {x € 2, x, =
0}. Then, the hypothesis H, is satisfied. The result of Kamgang and Sallet (see [50], Theorem
4.3) gives the GAS of the DFE of a dissipative system of the form (10) which satisfies (12) and
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hypothesis H provided there exists a matrix A, (x) with the following additional properties:

AQ(X) SAQ, xXe g,
(14) if Ay(¥)=A, forsome x=(¥,%)f €2 then i =0,
(X(Az) <0.

S S
Note that since —(1 — ry) (OsAs + 0:4,) <0, —(1 —r)0,A, < 0 and N < VO’ the upper bound
4

Ay (x) of Ay(x) is

_ A 0
A2 == y
C D
where
So
—Aj Y+ Bs(1 _ps)ﬁ (1—ry) oy 0
A= So il C= S0
(1 _rs>(ks+ﬁscs) ﬁSpSJV#_AZ (l_rs)((PS_FﬁrGr)ﬁ# 6s
—A3 '}’r‘i'ﬁr(l _pr)
and D=

S
(1—r) (k- + Broy) Brprjvo —Ay
#

The equality A, (x) = A holds only when S = N which implies that x, = 0. Therefore, the first
and second conditions in (14) hold. Note that A, is a Metzler matrix which satisfies the stability

condition of Kamgang and Sallet [50].

Since A, is a triangular matrix, its stability is associated with the stability of the matrices A

and D.

Using Kamgang and Sallet’s result [50], the sub-matrice A and D are stable Metzler matrice

if
(15) Ry = max{%os,%’or} < ié,
where

(16) & = min{&;, &},
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with

DNy Bsos (1 —re) (YsNg + BsSo(1 — ps))
& So (1_ Nig(A1As — Yks(1—ry)) ) <L
(17

e M (1 _Bo(—r) [5Ns + B0 —Pr)So]> .
Ng(A3Aq — Yekr (1 —17))
We can now apply Theorem 4.3 in Kamgang and Sallet [50] and conclude that under the con-
dition (15), the disease-free equilibrium (x(l),O) of system (3) is GAS in &. From Eq. (11), for
the points of & where x| = 0, and from Eq. (15) the disease-free equilibrium is GAS on Q.
We have established the following result for the global stability of the DFE Q.

Theorem 2. The disease free equilibrium point Qg of system (3) is GAS if %y < & < 1 and
unstable if Zy > 1 in Q. However, when & < %y < 1, the backward bifurcation phenomenon
occurs, i.e. the DFE may coexists with two endemic equilibria, one asymptotically stable and

one unstable.

3.3. Endemic equilibria and their stabilities.

3.3.1. Steady states.

System (3) has one disease-free equilibrium, Qp = (Sp,0,0,0,0,0,0) and endemic equilibria
of the form Qf = (S;,E{,I,0,0), OF = (55,0,0,E,I}) and Q* = (S*,E} I} ,E},I7), corre-
sponding, respectively, to states with only sensitive TB strain, only resistant TB strain and with
both two TB strains (sensitive and resistant strains) are present. We point out that the sensitive
TB strain ( free-TB resistant strain) equilibrium point Qj exists if and only if %y, > 1, while the

existence of the resistant TB strain (free-TB sensitive strain) equilibrium point Q5 will depends

of the threshold parameter %, .

3.3.2. Stability of boundary equilibria and coexistence.
Herein, we study the existence and stability of boundary equilibria of system (3). We first
study the existence and stability of the boundary endemic equilibrium point when only resistant

TB strain persists in the host population.
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LERIF >

Let Q7 =(S7,0,0,E,I*) be the endemic equilibrium without TB sensitive strain with S
0. In this case, B; = 0 (so that A; = 0) and S, E;" and I satisfies the following system of equa-
tions:

A= A1SE— Sy =0,
(18) (1—pASS: —6,(1 —r)AJEf +vIf —A3EF =0,

PoAS; 4 0 (1= r)ASES + k(1= 1)} — Ayl =,

where N} = S} +EF + 17 and
.ok
(19) A= ﬁ,}vr*,

is the force of infection at the steady state Q7. From Eq. (18), one has

g A * ASSE(1— pr)As+ Yepy]

:—, EI‘: d
TV Ak (T—r) to(l—r)(As— A

(20)
I — NS k(1= 17) + Upy + 07 (1 =17 A
" AZAL— Yk (1 =)+ o0, (1 — 1) (Ag — %) A

Substituting Eq. (20) into Eq. (19), it can be shown that the non-zero boundary endemic

equilibrium with only resistant TB strain of system (3) satisfies the following equation in term

of A
1) ary (A1) +a; (M) +ayg =0,

where

a = o,(1—r),

ap = o(1—r)(u+d —Br)+(1—pr)(U+d)+¥+pt+k(1—17),

ap = H(1-%,) and  F=pp+d+%)+k(1—r)(1+d).
Thus, the positive endemic equilibrium point Q7 is obtained by solving for A" from the quadratic
equation (21) and substituting the result (positive values of A,°) into the expressions in Eq. (19).
Clearly, the coefficients a; of Eq. (21) is always positive, and ay is positive or negative if %y,
is less than or greater than unity, respectively. Thus, the number of possible real roots of the

polynomial (21) can have depends on the signs of a», a; and ag. We have the following result.

Lemma 2. System (3) with only resistant TB strain has
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(i): a unique endemic equilibrium when ay < 0, i.e., %o, > 1,
(ii): a unique endemic equilibrium when ay < 0, and ay = 0 or a% —4ayag =0,
(iii): two endemic equilibria when ay > 0, a; < 0 and a% —4ayag > 0,

(iv): no endemic equilibria in the other cases.

Now, we derive a threshold condition for the coexistence which is equivalent to a threshold
condition for the sensitive TB endemicity in a population where resistant strains are at the
equilibrium. To do so, we compute the region of stability of the boundary equilibrium point Q;
when Z, > 1 (so that system (3) has only one sensitive TB-free equilibrium). We measure the
capacity of the sensitive TB strain to invade a population where resistant TB strain is already
endemic (cases (i), (ii) and (iii) of Lemma 2). Then, Q} = (S¥,E},I},0,0) corresponds to the
equilibrium free of sensitive TB strain. Applying the method of van den Driessche in [49] once
again, the basic reproduction ratio of the sensitive TB in a population where resistant TB strain

is fixed (see Appendix B for details) is

o BsSrlks (L —rs) + ps(+ (1 = 15) (95 + @5) + 0,4))]
22) Ho,(0r) = N [A1A7 — Yiks (1 — r5) + A2, A (1 — 1) 7

I
where N =S;+E+I and A = ﬁrﬁ. The corresponding result for the stability of boundary
r
equilibrium point Q7 is expressed by Lemma 3, stated below.

Lemma 3. If %, > 1, the boundary endemic equilibrium Q7 of system (3) is stable if Zo,(Q}) <
1 and unstable if %,,(Q;) > 1.

Lemma 3 gives a condition for the coexistence, now equivalent to a threshold condition for
the sensitive TB endemicity in a population where the resistant strains is at the equilibrium,
Fo,(05) = 1: only resistant TB strains persist for %y (Q;) < 1, while for %y (Q;) > 1 sensitive
strains can invade a population where resistant strains are fixed, that is, to say coexistence is
possible.

Now, we study the existence and stability of endemic equilibria when only sensitive TB
strains persists in the host population.

Let O} = (Si,E},I,0,0) be the endemic equilibrium without resistant TB strain with

§ITS IS0

Sy, Ef, I7 > 0. In this case, B, = 0 (so that A, = 0) and S, E; and I > O satisfies the following

s 7S
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system of equations:

A—ASSE—us: =0,
(23) (1= p)ASSE— (1 — 1)) OAJES + 11k — A EF =0,
PsASSE+ (1 — 1) O ATES + (1 — rp)kEF — Aol =0,
where N; = S5 + E; +1; and
24) a=B
Ny

is the force of infection at the steady state Q. From Eq. (23), one has that

g* A * ls*S;k [(1 — ps)AZ + '}/sps]

= — EY = and
§ [l—l—/l;‘ § A1A2—}/Sks(1 —I’S)—f—(l —I’S)(A4—’}/s)Gs)L;k

(25)
% lS*S:vk[ks(l_rs)—}_.u'ps"i_(l _rs)csls*]
I = .
A1A2 - %k€<1 - rs) + (1 - rs)(A4 - %)Gsls*

Substituting the expressions of S, E; and I given in Eq. (25) in Eq. (24), it can be shown that

the non-zero boundary equilibria without resistant TB strain of system (3) satisfies the following

second order polynomial in term of A,
(26) ba(A ) +b1(AS) +bo =0,

where

by = os(l—ry),

by = o(1—rg)(u+ds—Bs)+ (1 —ps)(+ds)+ ¥+ pstt +ke(1—ry),

by = Zi(1—Z,) and  Zf=p(U+di+7%)+k(1—rs)(1L+ds).
Thus, positive endemic equilibria Q} can be obtained by solving for A, from the quadratic
equation (26) and replacing positive values of A.* into the force of infection at defined as in Eq.
(24). Note that the coefficients b, in Eq. (26) is always positive, while b is positive or negative
if Zo, is less than or greater than unity, respectively. Thus, the number of possible real roots
of the polynomial (26) can have depends on the signs of b,, b; and by. We have the following

result.

Lemma 4. System (3) with only sensitive TB strain has

(): a unique endemic equilibrium when by <0, i.e., Zo, > 1,
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(ii): a unique endemic equilibrium when by < 0, and by = 0 or b% —4bybg =0,
(>iii): two endemic equilibria when by > 0, by < 0 and b% —4bybg > 0,

(iv): no endemic equilibria in the other cases.

Remark 1. The cases (iii) of Lemma 2 and 4 indicate the possibility of backward bifurcation
(where a locally asymptotically stable DFE co-exists with a locally asymptotically stable en-
demic equilibrium when %y < 1 [53-56]), in system (3) with sensitive TB strain alone when

Ho, < 1 and with resistant TB strain alone when %y, < 1.

Now, let us compute the region of stability of the boundary equilibrium Q; when %, > 1 (so
that system (3) has only one sensitive TB strain free equilibrium). We use the same reasoning
as before. Suppose that the resistant TB strain can invade a population where the sensitive TB
strain is already endemic (cases (i), (ii) and (ii1) of Lemma 4). Then, the boundary endemic equi-
librium point Q} = (Si,E},I7,0,0) corresponds to the equilibrium free of resistant TB strain.
Applying the method of van den Driessche [49] once again, the basic reproduction ratio of the
sensitive TB strain in a population where the sensitive TB strain is fixed (see Appendix C for
details) is

BrSs ke (1 —rr) + 1ipy]

27) Ho,(05) = N#[A3A4 — Yk (1 — 1) +A3(1 — 15) B,0,EX]

where A" and N = S} + E + I are defined in Egs. (25) and (24)-(26), respectively.
The corresponding result for the stability of the boundary equilibrium Q7 is expressed by

Lemma 3, stated below.

Lemma 5. If %o, > 1, the boundary endemic equilibrium Qj of system (3) is stable whenever
Ko,(0%) < 1 and unstable whenever %, (Q%) > 1.

The local stability of the endemic equilibrium of system (3) is given in Theorem 3 and proved

in Appendix D.

Theorem 3. The endemic equilibria Q5 and QF of system (3) are locally asymptotically stable

when %o, > 1 and %o, > 1 but with %o near 1 if condition (50) given in Appendix D is satisfied.
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3.4. Hopf bifurcation.

Herein, we study the Hopf bifurcation of system (3) around the endemic equilibria Q5 =
(S;,E:17,0,0) and QF = (S5,0,0,E5,I).

The variational matrix at Qj is
—mj 0 —ny
*
JO5)=| m3 —my ms—ms |,
my mg Mg+ mg
where

S S
ﬁS z , M3 = (1 —Ps)ls*; my = (1 - rs)ds‘)ts* +A17 ms = (1 _ps)Bs_s +%;
N N

m = As+uU, my=
E} \ ) S5

me = (l—rs)osﬁsﬁ, my = A; ps, mg = (1 —ry) (ks +OsA;) and mgzﬁspsjv—Az.
S S

The characteristic equation of the variational matrix J(Q}) is

(28) x>+ B1x* + Box+ B3 =0,
where
By = my+my—mg—mg, By =mi(my—b)+mym; —c, By =—mjc+d,
a = ms—mg, b=mg+mg, c=amg+bmg and d =my(msmg—+mgmy).

The Routh-Hurtwitz criteria gives a set of necessary and sufficient conditions for the roots of

Eq. (28) to have negative real part, that is
By >0, B3>0, and B;B,—B3>0.

Considering f3; as the bifurcating parameter, we shall derive the transversality conditions for

Hopf bifurcation around the endemic equilibrium point Q. We have the following result:

Theorem 4. The endemic equilibrium point Q} = (Si,E;,I,0,0) undergoes the Hopf bifurca-
tion as B varies over R.

Let h :)0,4o0[ — R be a continuously differentiable function of By defined

(29) h(Bs) = B1(Bs)B2(Bs) — B3 (Bs)-
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Let By be a positive root of h(Bs) = 0. Then, the subsystem of system (3) enters into the Hopf
bifurcation around Q% at Bs = Py € ]0,+oo[ if and only if
(1) Bi(B,) >0  i=1,2,3;
(2) h(Bs) = 0which gives two purely imaginary eigenvalues of the variational matrix J(Q5);

(3) Bi{B>+ BB, — B} # 0, and all other eigenvalues haspurely negative real parts.
Proof: Using the condition i(f;) = 0 the characteristic equation (28) takes the following form:
(x+B1) (x*+B,) = 0.

The roots of the above equation are, x; for i = 1,2,3. Let the pair of purely imaginary roots at

Bs = Bo are x; and x,, that is, x; = X3, then one has
(30) X12 = +vBy = tay and x3=—-B =—w<0.

Now, we need to verify the transversality condition, to complete the discussion.
Since h(fy) is continuously differentiable function of all its roots, then there exists an open
interval B; € |Bo — €, Bo + €[, where x| and x, are complex conjugate for ;. Suppose their

general forms in this neighbourhood are

x1(Bs) = a1 (By) +ioa(Bs) and  xa(Bs) = ou(By) —ica(By)-

d .
The transversality condition is given by [i(ﬁs)} #0 for i=1, 2. Substituting

B ] p—p,
xi(Bs) = a1 (Bs) £ 0 (Ps) into the characteristic equation (28) and after differentiation, separat-

ing the real and imaginary parts, one has

(31) M, (ﬁS) O‘i(ﬁS) — M (ﬁS) O‘é(BS) +M3(ﬁS) = 0,
(32) M, (ﬁS) O‘{ (ﬁs) +M,; (BS) O‘é(ﬁS) +M4(ﬁ5) = 0,
where

Mi(Bs) = 3(af—03)+2Biou+By, My(By) =203 +A);

Ms(B;) = Bj(a}—o03)+Bsay, and My(By) = 2B oo +Bhas.
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At By = Bo, one has
Mi(Bo) = —2B>, My(Bo) = 2B1v/By, M3(Bo) = —B' By, and M4 (Bo) = B5\/Ba.

Solving the system (31)-(32) for o (fBs) at Bs = Bo, one has

dx; _ ipy o Mi(Bo)M3(Bo) + Mo (Bo)Ma(Bo)) .
{dﬁs(m}ﬁs-ﬁo = B = = B b ()2 L2
(33) _ _B/IB2+BIB/2_B/37£O,
2B, +2B} ’

= M= Blle + B 1B —B/3 75 0.
Thus, the transversality condition holds and the system (3) undergoes Hopf bifurcation at
Bs = Bo. Hence, the contact rate f3; crosses its critical/threshold value, By = By, then all the

individuals start oscillating around the endemic equilibrium point Q7. This completes the proof.

O
Remark 2. We have identical result at the endemic equilibrium point Q; = (S%,0,0,E,I").

Now, we shall derive the direction of the Hopf bifurcation, stability and period of bifurcating
periodic solutions for system (3). We used the Poincar method to write system (3) into the
normal form following the procedure outlined by Hassard [57]. Now, we compute the index
number / from the Hopf bifurcation theorem [58], employing the central manifold theory [53].
For the sake of simplicity, we replace the current variables to the new variables (n;,n;,n3) by

considering the following transformations
nle—S*, I”Lz:ES—E: and n3:IS—I:.
Then, system (3) can be written in the following matrix form:
(34) X =AX + B,
where A represents the linear part and B stands for the non-linear part of system (3), one has
S
—nin3

nj N;

X=1|m |, B=1] (1 —pS)J%anm —(1— rs)ay%inzm and

S S
3 Psymns = (1— rs)Gs]VnZnS
S S
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. E'*
_A/S - u O _BSZVS
* *

S E
A= | (I-p)AS —(1—=r)odf—Ar (1 _PS)BSJV —(1- ”s)arﬁsﬁs +%

" N * N

S E
pshs (1 =rg) (ks + O5AS) Psﬁsﬁ‘f‘(l —I’s)GsﬁSVs —A;
N

N

With this in mind, there exists a transformation matrix P that reduces the matrix A in the form:

0 —awp O
P'AP=| oy 0 0 |,
0 0 -

where the nonsingular matrix P is given by

I 0 1

P=1 pu pn ps |

P31 P32 P33
with
S*I*
p21 = a23ap;+ cog —BszpsN—ZS, P22 = ap —ass,
)
, ST
P = (a1 —0)(az;+ o) —f; PsN—zsy p3t=—ai, pp==0y and p33=0—a.
)

In order, to obtain the normal form for Eq. (34), we use the transformation X = PY. In this

case, one has that

Y =TY +R,
where
Ri(y1,y2,y3) fivi,y2,¥3)
—1 ~1
T =P AP, R=P f=1| Ry(y1,y2,y3) and =1 fHlyyy) |

R3(y1,y2,y3) BO01,y2,¥3)
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with

fiv,y,y3) = _%()’l +3)(p31y1 + p32y2 + p33y3),
)

B
LO1,y2,y3) = (1— Ps)ﬁs(yl +3)(p31y1 + p32y2 + p33y3)
S
Bso;

N

— (1—=ry)

HOLYLY:) = ﬁ;\,ps (y1 +33) (p31y1 + P32y2 + p3sy3)
S

(P21y1 + P22y2 + p23y3) (P31y1 + P32y2 + P33y3),

Bs0Os

1—
+ ( rs) N,

(P21y1 + P22y2 + P23y3) (P31y1 + p32y2 + P33y3).

Consider the 2-dimensional central manifold at the origin given by

(35) v3=f(i,2) = ayi +byiy2+cys + ...
Hence, the system Y = TY + R restricted to the central manifold is

Y1 0 —ay n L g1(v1,y2)
¥2 w O 2 22(v1,y2)

where

g10v1,y2) =Ri1 (1,2, f(y1,¥2)) and  g(y1,y2) =R (1,2, f(v1,32)) -

The index number / can be computed as follows [58]:

i{mgl g1 N g 9382}_ 1 {92&9282_92(?192(?2}
16 8y? 8y18y% 8y%8y2 8yg 16ay By% 8y% 8y% ay%

1 d%g1 (d*g1  I%*gi d%gy (d*¢r I’
16ay | 9y10 N 257 )]
@y [dy19y2 \ dy; ~ dy; ) Iyidya \ dy; = 9y3

Now, using [58], we have the following result.

I(y1,y2) =

Theorem 5. The direction of bifurcation are above (bellow) as if MI < 0 (MI > 0).

4. NUMERICAL STUDIES

Herein, we perform numerical simulation of system (3). To do so, the parameter values used

for numerical simulation are given in Table 2.
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Table 2 Numerical values of the parameters of system (3)
Parameter Description Values/Units Reference
A Recruitment rate of susceptible individuals 397800 year—!  Assumed
Bs Transmission rate of sensitive TB variable Assumed
Br Transmission rate of resistant TB variable Assumed
Ds Proportion of individuals that develop sensitive active TB 0.7 year—! Assumed
Dr Proportion of individuals that develop resistant active TB 0.55 year™! Assumed
kg Endogenous reactivation rate of sensitive latent TB 0.0013 yea.r*1 [10]
k, Endogenous reactivation of rate resistant latent TB 0.0014 year—'  [10]
Fs Effective chemoprophylaxis rate of sensitive latent TB 0 year™! [10]
ry Effective chemoprophylaxis rate of resistant latent TB 0 year~! [10]
Oy Reinfection parameters of sensitive latent TB 0.7 year—! Assumed
o Reinfection parameters of resistant latent TB 0.8 year™! Assumed
[0 Progression rate from sensitive latent TB to resistant latent TB 0 Assumed
Os Progression rate from sensitive active TB to resistant active TB  0.0015 year '  Assumed
Qs Progression rate from sensitive latent TB to resistant active TB 0 year™! Assumed
MNs Progression rate from sensitive active TB to resistant latent TB  0.0035 year—!  Assumed
u Natural death rate 0.01986 year‘1 [48]
dy Death rate induced by sensitive active TB 0.05575 year_] [10]
d, Death rate induced by resistant active TB 0.06 year~! [10]
Y Recovery rate of sensitive active TB cases 0.7311 year~!  [10]
Y Recovery rate of resistant active TB cases 0.7 year™! [10]

4.1. Sensitivity analysis.

Herein, we perform the sensitivity analysis in order to determine the most sensitive parame-

ters, that is the parameters that most influence the output variable of the model. This can help

us to predict the effect of each parameter on the model results and classify them according to

their degree of sensitivity. To do so, we use the eFast sensitivity method. This method high-

lights the effects of the first order called main effects and the total effects that combine the main

effects and all the interaction effects of the parameters on the outputs of the model. It is a global
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sensitivity technique based on the decomposition or partitioning of the variance. The variance

of the model output is decomposed into components resulting from the individual effects of

Y. MALONG, A. TEMGOUA, S. BOWONG

parameters as well as their interactions [59,60].

Figure 2 gives the different correlations of the variables of system (3) according to the dif-
ferent parameters of system (3). According to the sensitivity analysis method the parameters
have a strongest impact on all variable. the parameter d, have the important impact on resistant

strain variables (E, and /,). the parameter p, have a strongest impact on the variable /. Finally

all the variables have the same impact on the variable Ej.
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FIGURE 2. eFAST Sensibility analysis of system (3).
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4.2. Non-standard finite difference scheme.

For numerical simulation, we use the non standard finite difference (NSFD) for the numerical
approximation of system (3). The motivation comes the fact classical Runge-Kutta scheme
cannot preserve the positivity of solution of system (3).

Figure 3 presents the numerical results obtained with the standard Runge-Kutta scheme of
four order. From this figure, one can observe the presence of negative solution which are not
in adequacy with the positivity of solution of system (3). So, in the following we present a
numerical scheme that preserves the properties of system (3) such as the positivity, the bound-
edness property of solutions and replicate the global asymptotic stability of the disease-free

equilibrium.
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FIGURE 3. Simulation of system (3) using Runge Kutta scheme of four order
when f; = 1.8, B, = 1.4 (so that Zp, = 1.1616 > 1, %, = 1.1059 > 1 and
o =>1). (A) Susceptible individuals S; (B) latently infected individuals with
sensitive strain Ey; (C) latently infected individuals with resistant strain E,; (D)
infectious with sensitive strain I, and (E) infectious with resistant strain /.. All

other parameter values are as in Table 2.
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We replace the continuous time variable 7 € [0, o[ by discrete nodes #, = nAt,n € N where
At is the step size. We wish to find approximate solutions S”, EY', E}', I', I of S E,, E,, I, I, at

time t = t,,.

We propose the following NSFD scheme:

( Sn-H s 1
@) - A WEAEws
EMtL_En n n+1 , o ]
W = A'(1—ps)S" — (1 —ry) (O A" + 0,4 E?"
+ ’}/SI;H_I —A]E;H_]7
EM _En n n+1 S .
(36) o = A= pIST = (L= ARET 4+ (L= )0k
+ Rt - ARET,
l?+1 _I? n n+l n+1 npn+1 n+1
To(An) = A'pS"H 4 (1 = r)kEM 4 (1 — 1) O ANEN T — Ap I
IYH—l _n
rq)(—At)r = QL,”prSnH +(1 —l’r)Grlef“ F(1—ry) (q)s-i-Gr?Lf)ES"H
+ (L)l B S — Aty

where

I

In
Ag:ﬁsﬁ, A‘:l:ﬁana

N'=S"+E'+E' + 1"+ 1",

Ay, Ay, Az and Ay are defined in Eq.(3) The numerical scheme (36) is called a non-standard
finite difference method [61], because the non-linear terms are approximated in a non local
way by using more than one mesh point: A.S and AE are approximated by A"S"*! and A"E"*!
(where A denotes A, or A, while E denotes E or E, ) and the standard denominator Az of the

discrete derivatives is replaced by a more complex positive function @ (Az) defined as follow

(37) ¢ = ¢(Ar) = At + O((Ar)?).
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The denominator function should reflect the essential qualitative features of the original contin-
uous model. The numerical scheme (36) is an implicit non-standard finite difference method.

we have the following result.
Proposition 1. The numerical scheme (36) is consistent for the system (3).

Proof: The consistency error is
" =R(x") —R(x") = 0(¢(Ar)),

where R(x") denotes the approximation of x at the point #, and R(x") the approximation given

by the numerical scheme at the point #,,. with this in mind, one has

¢ o= O(e(ar),
= O(Ar+0((Ar)2),

= O(At) — 0 when At — 0.
Thus, the numerical schema (36) is consistent for the system (3). This completes the proof. O
Proposition 2. The numerical scheme (36) is implicit therefore unconditionally stable.

Proof: The numerical scheme (36) can be rewritten as

(38) AX"™ = BX"+C,
where
A Al A
Ayl Ax
with
1+0 (A + A+ 1) 0 0
A= —0(1=po)Ay  1+¢((1—r5)(oAf +0,47) +A1) 0

—¢(1—p)A! — (1 —715)0s 1+¢ ((1—r,)o A" +A3)
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0 0
—0p AT —0(1 —ryg) (ks + oA 0
AIZ— _(p% 0 7 A21— (Pps S (P( s)( s N s)
on o, _¢Pr2~:l _(p(l_rs)((ps‘i‘or)';fl) _(P(l_rr)(kr‘FGr/lrn)
- s r
1+ 9A> 0
0= ,
—(])5s 1+ 0Ay
1 0 00O OA A\
01 00O 0 E?
B=1001200|, C= 0 and X"=| Em
000T1PO 0 I}
00 001 0 I

From Eq. (38), we has X"™! = A=1X" 4 A~1C. The matrix A is a column strictly diagonally
dominated, thus one has deduce that A is M —matrix for x" € Q; so all its eigenvalues are within

the unit circle p(A~1) < 1. This concludes the proof.

We have the following result.

Proposition 3. The discrete system (36) preserves the positivity of the solutions of the continu-

ous model (3).

Proof: Equation (38) can be written in the following form :

AX"™ = F,

where A is defined as in Eq. (38) and
ST+ oA
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Note that A is M — matrice which implies that A1 > 0. Therefore, the numerical scheme of
(36) preserves the non negativity of the solutions of the continuous system (3). This concludes

the proof O

Proposition 4. The disease-free equilibrium of system (3) is preserved and the solutions of

system (3) are bounded.

Proof: Adding all equations of discrete system (36), one has

N}’H—l —_ N"

5% o (a)

:A+uNn+] _dsI;l-H —drI:H_l.
This is equivalent to
40)  (14+9(A)) N+ 9(A)d 7 + @ (A)d, I = (14 9(Ar)u) N + ¢ (Ar)A.

On the other hand, one has

0 < I <N"TU = 0< @A™ < (Ar)d N,

0 < " <N = 0<¢(A)d I < ¢(Ar)d,N"T.

Adding member to member, one obtains
0 < ¢(Ar) (dI ™ +a, 1Y) < ¢(Ar)(ds+d, )N

Therefore, the sequence N"*! satisfies the inequalities:

41) F(N") < N"t1 < F(N™),
where
ny (1 +@(A)U)N" + ¢ (Ar)A =y (LT O(AU)N" + ¢(Ar)A
BN =@ v drm ™ PV S e

The fixed points of F(x) and F are respectively Ny and Sy. Thus, the disease free equilibrium is
retained. The boundary of system comes from the fact that Ny and Sy are respectively the fixed

points of F(x) and F(x). This concludes the proof. O
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Proposition 5. The domain Q defined in Eq.(4) is positively invariant for the discrete dynamic

system (36).

Proof: Since the solutions are positive and bounded, any trajectory that begins in the domain Q
can not leave the domain Q. This concludes the proof. a

We have the following result about the stability of the DFE of system (36).

Theorem 6. If the values of the parameters of system (3) are such that when %y < & < 1,
then the disease-free equilibrium point (DFE) of the discrete dynamic system (36) is globally

asymptotically stable in the domain Q.

Proof: The proof of this theorem is essentially based on Theorem 3 of [61].

The discrete dynamic system (36) can be written in the following form:

n+l
(42) _g(xrllVXZ)

where x = (xl7 x2) VlH-l Sn+1 EH-I (EIH-I EI’H—I II’H—I In+1)

(1+9¢Z)) —0% 0 0
—¢(1—ry)(ks+ OsA") 1+ Ay 0 0
P(xX") = :
— (1 —r5) 0y — o 1+ 92, -0
—o(L=r)(@s+0:A7) =98  —o(1—r)(k+0rA7) 14 PAs
n+1
1 (Pﬁs(l _ps)Nn—_lH 0 0
n+
0 1+¢Bspsn— 0 0
Q(xrllJrl) = N g )
0 0 1 (pﬁr(l _pr)W
Sn+1
0 0 0 1+¢ﬁrPrW
with

Z = (1 — Vs)(Gslsn—F Grﬂ,f) + A and Zr = (1 — I‘r)Grlf—i—Ag,.

Since the matrix P(x") is an M-matrix, it comes that (P(x"))~! > 0 and consequently one has

= (P(") QG
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Let’s start with M(x") = (P(x"))~'Q(x4"1), using Theorem 3 in [61], M(x") is a irreducible
matrix and admits M = (P(Qp)) ' Q(x4™) as a majorant.

On the other hand, the matrix A, verifies the following relation:

0(Q0) — P(Qo) = 9A;.

With this in mind, one has that

M =1+ ¢P(Qo) 'As.
Since the matrix A, is irreducible, then the matrix M is also irreducible. Using the positivity
properties of matrices [51,52] and the relation @(A;) < 0, one can deduce that a(M) < O.
It follows that the disease free equilibrium is globally asymptotically stable for the discrete
dynamic system (36). This completes the proof. a

Now, we present numerical results of the general dynamics of system (3). More precisely,
we illustrate the theoretical results reported in Theorem 2, Lemma 3 and 4 using the numerical
scheme of discrete dynamic system (36). The parameter values used for numerical simulations
are given in Table 4. These values were chosen arbitrarily to satisfy the stability conditions of
the disease-free equilibrium point of system (3).

Figure 4 shows the convergence to the disease-free equilibrium Qg of system (3) when 3, =
0.3 and B, = 0.45 (so that Zy, = 0.1936 < & = 0.8281 < 1 and %, = 0.3555 < £, = 0.8847
and Zy < &). Tt illustrates that the disease disappears when %y < & < 1 and TB is controllable
within the host population.

The backward bifurcation phenomenon is illustrated by simulating system (3) with the pa-

rameter values of Table 2. The associated backward bifurcation diagram is depicted in Fig. 5.
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values are as in Table 2.

33



34 Y. MALONG, A. TEMGOUA, S. BOWONG

I
»
\

15¢

=
N
T

=
T

o
©
:

o
o

0.5r

o
~
T

o
N

force of infection for sensitive strain
force of infection for resistant strain

o

2 0 0.5 1 15 2

ROr

o

0.5

(A) (B)
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The trajectories of system (3) when fi; = 1.5 and fB, = 1.2 (so that & = 0.8281 < %, =
0.9680 < 1, & = 0.8847 < %y, = 0.9479 and & < Z < 1) is depicted in Figure 6. This clearly
shows that when & < % < 1, the profiles can converge to either the disease-free equilibrium or
an endemic equilibrium point, depending on the initial sizes of the population (owing to the phe-
nomenon of backward bifurcation). It is worth stating that, for the set of parameter values used,
the simulations have to be run for a long-time period (in hundred of years). The epidemiolog-
ical significance of the phenomenon of backward bifurcation is that the classical requirement
of & < %y < 1 is, although necessary, no longer sufficient for disease eradication. In such a
scenario, the disease elimination would depend on the initial sizes of the population (state vari-
ables) of the model. That is, the presence of backward bifurcation in the TB transmission model
(3) suggests that the feasibility of controlling TB when & < % < 1 could depend on the initial
sizes of the population. The backward bifurcation phenomenon is usually due to the exogenous
reinfections rates of oy and o,. So, it is important to perform Monte-Carlos simulation on the
exogenous reinfection rates of o, and o, to see how it affects the disease free equilibrium when
& <%y < 1 for a fixed population size. Using parameter values as in Fig 6, Figure 6 present
the Monte Carlos simulation of system (3), from this figure it clearly appears that for random

generation of oy and o, the trajectories of system (3) converge to the DFE.
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Figure 8 shows the convergence to the endemic equilibrium Q* of the trajectories of system
(3), when f; = 1.8 and f3, = 1.4 (so that %y, = 1.1616, and Z,, = 1.1059 and %, > 1). It
illustrates that TB persists within the host population when %) > 1 and the disease becomes
endemic and uncontrollable.

The local stability of the boundary endemic equilibrium QF when f; = 0.8 and 3, = 1.4 (so
that Zop, = 0.5163 < 1, Zp, = 1.1059 > 1, and Z,(Q}) =0.0607 < 1) is show in Fig 9. Numer-
ical results when By = 4.2, B, = 1.8 and d, = 0.3 (so that Z, = 3.9351 > 1, %, = 1.0715 > 1,
and Z,(Q;) = 1.0452 > 1) are depicted in Figure 10. Further, these figures illustrate that when
Ko, < 1, %o, > 1, and %, (Q}) < 1, only the resistant strain persists within the host population,

while when Zo, > 1, Zo, > 1, and Z,(Qj) > 1, the sensitive strain invades the host population.

Figures 11 and 12 depict the time evolution of system (3) using various initial conditions
when B; = 1.8 and B, = 0.8 (so that %y, = 1.6975 > 1, %, = 0.632 < 1, and %, (Q;) =
0.0885 < 1), and By =2, B, = 4.2 and d; = 0.35 (so that Zp, = 1.3491 > 1, %, = 4.6545 > 1,
and Zo,(Q;) = 1.0315 > 1), respectively. As predicted by Lemma 5 when %y, > 1, %o, =
0.632 < 1, and Z,(Q}) < 1 only sensitive strain persists in the host population, while when
Ko, > 1, Ho, > 1, and %, (QF) = 1.0315 > 1, the resistant strain invades the host population
where the sensitive strain is at the equilibrium.

We now numerically investigate that system (3) undergoes the Hopf bifurcation around the
endemic equilibrium point QF = (8¢, E;,I},0,0) with respect to the transmission rate f3;. Using
the software MATCONT, we found that system (3) undergoes the Hopf bifurcation for the
threshold value fB; = 2.289638 = 2.29 of the transmission rate. In this case, Hopf bifurcation
occurs at H = (73.637118,39.419053,18.197512,0,0). The associated bifurcation diagram is
shown in Fig 13. To add more evidence on the occurrence of the Hopf bifurcation.

Figure 14 shows the existence of an asymptotically stable periodic solution when f; crosses
the threshold value f; = 2.29, o, = 9.7 and 7y = 6.7311. It is evident that the occurrence of
periodic oscillating solutions is relevant in tuberculosis models, as it indicates that the disease

levels may oscillate around the endemic equilibrium point QF even in absence of any treatment.
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5. CONCLUSION

In this paper, we addressed the problem of drug resistance as a competition between two
types of Mycobacterium tuberculosis strains. We first formulated a TB model with two strains:
: those that are sensitive to anti-tuberculosis drugs and those that are resistant. We presented
the theoretical analysis of the model. More precisely, we computed the disease-free equilibrium
and derived the basic reproduction number %. By using a result of Kamgang and Sallet [50],
we shown that there exists a threshold parameter & such that if Zy < &, the disease-free equi-
librium is globally asymptotically stable, while if & < %y < 1, the phenomenon of backwards

bifurcation occurs. We also shown that if % > 1, the disease-free equilibrium is unstable and
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there exists a unique endemic equilibrium which is stable with % close to 1. The coexistence

and stability of the associated equilibria are discussed. We also showed that the TB transmission

model undergoes the Hopf-bifurcation with respect to the transmission rates 3; and 3,. We also

presented a dynamically consistent non-standard finite difference scheme to numerically study

the model. The non-standard finite difference scheme has the advantage that it preserves some

properties of the model that is not the case for the classical Runge-Kutta scheme. Numerical

results have been presented to illustrate and validate theoretical results.
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APPENDIX A: CALCULATION OF THE BASIC REPRODUCTION RATIO FOR SYSTEM (3)

Herein, we compute the basic reproduction ratio (8) of system (3). To do so, it is important to
distinguish new infections from all other class transitions in the population when to compute
the basic reproduction ratio. The infected classes are E;, E,, I;, and I,. Using the method of Van

den Driessche and Watmough [49], system (3) can written in the following form:

(43) i=fx)=F@x) =V (x)=Fx)— (V" (x) =¥V (x)),

where x = (Ey, E,, I, 1,,S), .7 is the rate of appearance of new infections in each class, ¥ is
the rate of transfer into each class by all other means and 7'~ is the rate of transfer out of each
class. Hence,
F(x) = (As(1=ps)S, A4(1=p,)S, AepS, Ap,S,0)"
and
—Yls + (1 —ry)(OsAs + 0,4, ) Es + A E;
—Ylr + (1 =1) 0 hEr — (1 = 1) g — Nyls + A3E,
Y (x) = —(1 —ry)ksEs — (1 — rg) O, AEg + Anl
—(1=r)(ky + A0 Ey + (1 — 1) (@5 + O, A ) Eg — 8 + Ayl
0

The jacobian matrices of .% and ¥ at the disease-free equilibrium Qg = (0,0,0,0,A/u) are

Dﬁ(Qo):[F 0] and D”I/(QO):[V 0],

0 0 J3 Jy
where
0 0 PBs(1—py) 0 Aq 0 —% 0
00 0 (1 —pr —(1=ry) ¢y A -n, -7
oo B " 0 P | ana v —Ecs(l—)rf)) 03 AZ 07 ’
00 0 B-pr —@s(I=r5) —k:(1=r;) =6 A4

with A1, Ay, A3 and A4 defined as in Eq. (3).
Following van den Driessche and Watmough [49], the basic reproduction ratio is defined as

the dominant eigenvalue of the next generation matrix, FV !
44) %0 = max{f_%-)os,e%()r},

where

%y Bilpsttt ps(1—r) (@ + @) ths(L=r)] o _ Brlpu k(1= 1)

) AlAZ—YSkS(l_rS) Or_A3A4_'}/rkr(1_rr).
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APPENDIX B: CALCULATION OF THE COEXISTENCE THRESHOLD FOR THE RESISTANT

ENDEMIC EQUILIBRIUM Q;f

Herein, we calculate the coexistence threshold for the resistant endemicity Q7. To do so, we
consider the case only when the sensitive TB is transmissible, in a population where resistant
TB is at equilibrium. The infected compartments are Eg and I;. Following Van den Driessche

and Watmough [49], we can write system (3) as in Eq. (43) where x = (Ey, [, S ,E,,I,)T with

(1—=ps)AsS —Ysls + (1 —r5)(05As + 0,4, ) Es + AL Eg
DsAsS —(1 = rg)ksEs — (1 — rg) OsAEs + A
Fy = 0 and Ve = 0
0 0
0 0
The Jacobian matrice of .%; and 7; at the disease-free equilibrium Q% = (0,0, S* E}, I*)T are
0 Bs(1=ps)rs A+ (1—r)oAs —
F, = S*Nr and V, = 1 ( S) oy s
0 Bspsz\]_':k _ks(l - rs) As

The basic reproduction ratio of the sensitive strains in a population where resistant strains are

fixed is then the spectral radius of the next generation matrix, F;V,~!:

Btk (1 = 1) + ps(p+ (1= 1) (9 + @) + 0,A,)]
(45) A0 ) = N Atk (L) Aso A (1)

where
*
Ir

A’j:BI’N*u

and N =S'+E'+I.
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APPENDIX C: CALCULATION OF THE COEXISTENCE THRESHOLD FOR THE SENSITIVE

ENDEMIC EQUILIBRIUM Qt

Here, we show how to calculate the coexistence threshold for the sensitive endemicity Qj.
To do so, consider the case only when the sensitive TB is transmissible, in a population where
resistant TB is at equilibrium. The infected compartments are E, and /.. Following Van den

Driessche and Watmough [49], system (3) can be written as in (43) with x = (E,, I, S 7Es,Is)T,

one has
(1=pr)AS ~Yly + (1 =r;) 6 A Er + A3E;
prAS —(1=r))kEr — (1 = 1) O, A Ey + Agl + (1 — r5) 0, A E
Fr= 0 and 7= 0
0 0
0 0

The Jacobian matrice of .%, and ¥, at the disease (sensitive-TB)-free equilibrium is Q) =

(0,085, 5, I;)T. are

S*
0 B(1 _pr)Ns* Aj -
Fr — S* $ and V}" e E;k ,
0 Bypr— —k(1—r;) Ag+(1 —rs)BrGrF
N¥* s

N

The basic reproduction ratio of the sensitive strains in a population where resistant strains are

fixed is then the spectral radius of the next generation matrix, F,V,~!:

_ BrSg [k (1 — 1) + 1py]
N¢ [A3A4 — ’)/rkr(l — I’r) +A3(1 — rs)BrGrEs*] ’

(46) Ho,(Xs)

where
%
I

)Ly* = Bst*u

and Ny =S;+E;+I.
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APPENDIX D: PROOF OF THEOREM 3

In. this Appendix, we gives the proof of Theorem 3. In order to analyze the stability of
the endemic equilibrium point, we make use of the Centre Manifold theory as described by
Theorem 4.1 of Castillo-Chavez and Song [34], to establish the local asymptotic stability of the
TB endemic equilibrium. In particular, Theorem 3.5 reproduced below for convenience, will be
used to show that when %) > 1, there exists a unique endemic equilibrium of system (3) which

is locally asymptotically stable for %, near 1 under some conditions.

Theorem 7. [34] Consider the following general system of ordinary differential equations with

a parameter @:

47) %:f(w), fiR'xR—>R and fe%?R",R),

where 0 is an equilibrium point of system (that is, f(0,¢) =0 for all ¢) and assume

(1) A=D,f(0,0) = 3—2 (0,0) is the linearization matrix of system (47) around the equilib-
rium O with evaluated at 0. Zero is a simple eigenvalue of A and other eigenvalues of A
have negative real parts,

(2) Matrix A has a right eigenvector u and a left eigenvector v (each corresponding to the

zero eigenvalue).

Let f be the k' component of f and

i asz $ asz
= iuj=—=—(0,0 d b= i=—=—(0,0),
a k;i;jvku uj 8Zi9Zj( ) an ;vku 3Zi3¢( )

then, the local dynamics of system around the equilibrium point 0 is totally determined by the

signs of a and b.

(1) a>0,b>0. When ¢ <0 with |¢| < 1, 0 is locally asymptotically stable and there
exists a positive unstable equilibrium; when 0 < ¢ < 0, 0 is unstable and there exists a
negative, locally asymptotically stable equilibrium;

(2) a<0,b<0. When ¢ <0 with |¢| < 1, 0 is unstable; when 0 < ¢ < 1, 0 is locally

asymptotically stable equilibrium, and there exists a positive unstable equilibrium;
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(3) a>0,b<0. When ¢ <0 with || < 1, 0is unstable, and there exists a locally asymptot-

ically stable negative equilibrium; when 0 < ¢ < 1, 0 is stable, and a positive unstable
equilibrium appears;

(4) a <0, b > 0. When ¢ changes from negative to positive, 0 changes its stability from

stable to unstable. Correspondingly a negative unstable equilibrium becomes positive

and locally asymptotically stable.

Farticularly, if a > 0 and b > 0, then a backward bifurcation occurs at ¢ = Q.

Let us first make the following simplification and change of variables. Let x; = S, x, = Ej,
x3 =15, x4 = E, and x5 = I so that N = x| +x2 + x3 + x4 + x5. Further, by using vector
notation x = (x1,x,X3,%4,X5), system (3) can be written in the form x' = f(x), with f =

(f1,f2, 13, f4, f5)", as follows:

(

Xy = f]ZA—(;Ls+ﬂ,r+,LL)x1,
B = fr=A0—po)xi+Yxz — (1 —ry)(OsAs + O: A )x2 — Arx2,
(48) X3 = fza= spsxl + (1 - rs) sX0 + (1 - rS)GS)'S-xz —Axxz,

(
is = fa=A0=p)xi+Yxs — (1 =1r)0:Amxs + (1 — 15) @sxa + Nsx3 — Azxa,
X5 = fs=Apx+ (l — rr)( + Grlr))m + (1 — rs)((ps + Grlr)XQ + Ox3 — Ayxs,

where

Bsx3 A Brxs

= and )
X1 +x0+x3+x4+x5 X1 +x2 +x3 4+ x4 + x5

with Ay, Ay, A3 and A4 defined as in system (3).
The Jacobian of system (3), at the DFE Qg = (5,0,0,0,0), is given by

—u 0 —Bs 0 —Br
0 —A B(l—p)+7% 0 0
J(Q)=| 0 (1—r ks Bsps—As 0 0 ,
0 (1—r)os ns Az B(l—p)+7
0 (1—rg)os S ke(1=rs)  Brpr—

The reproduction number of the transformed (linearized) system (48) is the same than of the

original system given as in Eq. (8). Therefore, choosing 3; and f3, as a bifurcation parameter
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and solving equation Zy = 1 (i.e Zo, = 1 and #, = 1), one has

B A1Ar — Ysks(1 — 1)
psi+ ps(1 —75)(ds + @) + ks (1 — 1)

A3Aq — ke (1 —17)

ﬁs:ﬁ: p“+kr<1—rr)

and B, =p; =

It follows that the Jacobian J(Qp) of system (48) at the DFE Qg, with B, = B, and B, = B,
has a simple zero eigenvalue (with all other eigenvalues having negative real parts). Hence,
the Centre Manifold theory [53] can be used to analyse the dynamics of system (48). Now,
Theorem 3.3.2 of [34], can be used to show that the unique endemic equilibrium of system (48)
is locally asymptotically stable for % near 1.

For the case Zy = 1 (Zo, = 1 and %, = 1), it can be shown that the right eigenvector
(corresponding to the zero eigenvalue) of Jacobian of system (48) at B, = B and f3, = B}, is

given by U = (u1,uz,u3,us,us)’, where,
1
49) u = _ﬁ (Bsuz + Brus) <0, wup =Bsuz >0, wuy=Buz+Byus>0, usz, us>0,

with

Bs(1—ps) + % B, = Br-(1—py)+7 and B:Bs¢s(1 ) ns

By, = , —
Al Aj A3 A3

Similarly, the components of the left eigenvectors of Jacobian of system (48) (corresponding to

the zero eigenvalue), denoted by V = (v1,v2,v3,v4,v5)7, are given by,
vi=0, v=Cwvz+Cvs>0, v=Cwvs>0, v3,v5>0,

where

Cs= k(1= r5) _’"S), o =k=r g coc®l=r)  elor)

Al A3 Al Al

Computation of b: For the sign of b, it can be shown that the associated non-vanishing

partial derivatives of f are

azfl . &Zfl azfz
ax3aB€<Q Bs) - _1; aXSaﬁr<Q Br)__ ) ax aBS(Q ﬁs)_ — Ps;

9 f3 o 9% f4 o d%fs o
8X3aﬁs (QOaﬁs) = Ps axsaﬁr<QOaBr) = 1—pr and axsaﬁr(QO’ﬁr) =pr
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Substituting the respective partial derivatives into the expression of b, one has

> 9%f > 92f; S 92y 92
b= g ot g T B iaap, T H g,

= vouz(1 — ps) +v3uzps +vaus(1 — p;) + vsusp,

- ((1 - ps)Cs +ps) uszv3 + (1 —Ps)CM3V5 + ((1 —pr)Cr+pr) usvs > 0.

Computation of a: For system (48), the associated non-zero partial derivatives of f (at the

DFE Q) are given by

% Pfi P 7 IPh B 32f1_2ﬁs 32f1_2ﬁr

dx30x;  Jx3dxs  So Ixsdxy  Oxsdxa  So. dx S0’ 9x2 Sy

9% _ &+& *f  B(—ps) Bios(1—ry) 2 Boi—n)

8)63&)65 S() S() 8x38x2 n S() S() ’ aX58XQ B S() ’
9> fa _ —ZBS( — Ds) 2*f2 _ 92 :_ﬁs(l—Ps) E :_ﬁsps+BsGS(1_FS)
8x§ S() ’ aX4a)C3 8x58x3 So ’ (9)@8)(2 S() S()
82](‘3 _ _2ﬁsps a2f3 _ 82f3 _ _ﬁsps a2f4 _ _ﬁr(l _pr) B ﬁro-r(1 - rr)
8x§ S() ’ 8X4(9X3 aX5aX3 S() ’ 8X58X4 S() S() ’
0 fs _ _2ﬁr(1 —pr) 9% f4 _ 9% /4 _ _B(1—py) 9% fs _ _ Brpr 4 Broy(1—ry)
8x§ S() ’ 8xz8x5 8x38x5 S() ’ 8x58x4 S() S()
82f5 _ _2ﬁrpr 82]“5 _ _ﬁrpr 4 ﬁrGr(l - rs) and a2]05 _ _ﬁrpr
8x§ So ’ a)Qa)C5 S() SO aX3&X5 SO ’

Substituting the respective partial derivatives into the expression of a, one has

92, 93 9y U
a = » Z uz”]a g +v3 Z ”l”]a g +V4 Z uu]a g Vs Z ”’”fax,gjcj

i,j=1 i,j=1
= — (H, — Byos(1 — ry)By) usvy — Hyuvs — Hauzvius — (Hy — B0, (1 — r,)B)u2vs

—  (Hs = Bro,((1 = r5)Bs + (1 — 1+)B) Juzusvs,
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where
Hy = BBCs((1—ps)+05(1 —r5)) + Bs(1 — ps)Cs(2+ B) + Bsps(2+ B+ By),
Hy = BsBC((1—ps)+05(1—rs)) + Bs(1— ps)C(2+ B),
Hy = Bs(1—ps)(1+CsBy) + Broy(1 — 1) BsCs + Bsps(1 + By),
Hy = BBCr((1—pr)+0r(1—rp))+ Br(1 = pr)Cr(2+ By) + Brpr(2+B),

Hs = B.(1-p;)(B+1)+Bp/(B+Bs+1)+B0-(1—r.)(B+CBs+ 1)+ Bs(1— p)C.

The bifurcation coefficient a < 0 if

H H. H
(50) o, ‘ 4 > } .

< B(1—r,)B, B.(1—r)B” B (1—rs)Bs+ (1—r))B)

In this case, we have a < 0 and b > 0. All conditions of Theorem 47 are satisfied and it should

and o, < min{

be noted that we use B and 3, as the bifurcation parameter, in place of ¢ in Theorem 7. Thus, it
follows that the endemic equilibrium is locally asymptotically stable. This concludes the proof.
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