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Abstract. Actually, cancer is considered one of the leading causes of death in the world. Various therapeutic
strategies have been developed to combat this dangerous disease. This article investigates a promising therapeutic
strategy by proposing a mathematical model that describes the dynamics of cancer treatment with oncolytic viruses.
The proposed model integrates the time needed for infected tumor cells to produce new virions after viral entry,
the probability of surviving during the latent period, and the saturation effect. We first prove the well-posedness
of model and the existence of three equilibria that represent the desired outcome of therapy, the complete failure
of therapy and the partial success of therapy. Furthermore, the stability analysis of equilibria and the existence of

Hopf bifurcation are rigourously investigated.
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1. Introduction

Cancer is an abnormal growth of cells caused by multiple changes in gene expression lead-
ing to dysregulated balance of cell proliferation and cell death and ultimately evolving into a
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population of cells that can invade tissues and metastasize to distant sites, causing significant
morbidity and, if untreated, death of the host [1]. From the World Health Organization (WHO)
[2], it is a leading cause of death worldwide, accounting for an estimated 9.6 million deaths in
2018. Further, one in 5 men and one in 6 women worldwide develop cancer during their life-
time, and one in 8 men and one in 11 women die from the disease, according to the latest report
from the International Agency for Research on Cancer (IARC) [3]. Worldwide, lung cancer
remains the leading cause of cancer incidence and mortality, with 2.1 million new lung cancer
cases and 1.8 million deaths predicted in 2018 [4].

Recently, a new therapeutic strategy has been proposed to fight against cancer. This strategy
is based on oncolytic viruses that are usually modified from existing viruses in order to infect
and kill cancer cells without causing damage to normal tissue. Therefore, many mathematical
models have been proposed in order to understand the dynamics of tumor cells during this
promising therapeutic strategy called oncolytic virotherapy. Based on the works [5, 6, 7, 8], Tian
[9] proposed a basic model with burst size formulated by three ordinary differential equations
(ODEs) in order to describe the interaction between tumor cells and oncolytic viruses. In 2013,
Wang et al. [10], introduced a time discrete delay into [9] for to model the viral lytic cycle,
which is a significant process in oncolytic virotherapy.

It is very important to note that all the models presented in [5, 6, 7, 9, 10] assumed that
the infection process is bilinear and it follows the principle of mass action. However, as a
nonlinear relationship between parasite dose and infection rate has been frequently observed
in experiments in [11, 12]. Furthermore, the recent delayed model introduced in [10] does
not consider the survival probability of infected cells during the latent period. Motivated by
these biological reasons, in this paper, we will investigate the combined effects of saturation
incidence, the time delay and the probability of surviving during the time delay interval on

cancer-virus dynamics. To this end, we propose the following model:
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where x(t), y(¢) and v(¢) are the concentrations of uninfected tumor cells, infected tumor cells
and free virus particles at time ¢, respectively. The tumor follows logistic growth with r is

the per capita tumor growth rate and K is the maximal tumor size. Uninfected tumor cells are

Bxv
1+av’

infected by virus at a rate where 3 is a positive constant rate describing the infection
process and & is a nonnegative constant that measures the saturation effect. The parameters &
and u are, respectively, the death rates of infected tumor cells and free virus. The number N
is the burst size of oncolytic viruses which represents the number of new viruses coming out
from a lysis of an infected tumor cell. Finally, the delay 7 denotes the time needed for infected
tumor cells to produce new virus particles after viral entry and the factor e~"** accounts for the
probability of surviving from time ¢ — 7 to time ¢, where m is the death rate for infected but not
yet virus-producing cells.

The rest of this article is organized in the following manner. In section 2, we discuss the well-
posedness of the model and we examine the conditions for the existence of equilibria. Section 3

deals with stability analysis and Hopf bifurcation. Lastly, section 4 is devoted to the discussion

and conclusions.
2. Well-posedness and equilibria

For model (1) to be mathematically and biologically well-posed, it is necessary to prove the
existence, nonnegativity and boundedness of solutions.

Let C = C([—7,0],R?) be the Banach space of continuous functions mapping the interval
[—7,0] into R? equipped with the sup-norm ||@|| = sup |@(8)]| for ¢ € C. It follows from the
fundamental theory of functional differential equat;grglse ﬁ)?»] that there exists a unique solution

(x(2),y(t),v(t)) of (1) with initial conditions (xo, yo,vo) € C. For virological reasons, we assume

that these initial conditions satisfy:
) x0(0) >0, yo(0)>0, v(0)>0, 6¢€][-1,0]

Theorem 2.1. Each solution of model (1) satisfying (2), remains non-negative and bounded for

allt > 0.
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Proof. From the first equation of (1), we get

2(t) = x(0) 0 (175 — et ds

which implies that that x(¢) > 0 for all # > 0. From the second and third equations of (1), we

obtain

_ ot —mr—st [P Bx(s—T)v(s—1T) &
y(t) = y(0)e " +e A 1+av(s—r) e%ds,

— félfzzv M1+(x()
v(t) = [v(0)e v(s) +N5 v(s) du]

It is not hard to show that y(z) > 0 and v(r) > 0 for t € [0, 7]. By repeating this procedure on the
interval [n7,(n+ 1)7] for all n € N, we obtain y(z) > 0 and v(¢) > O for all # > 0. This proves
the nonnegativity of solutions.

Now, we show the boundedness of the solutions. By the first equation of (1), we have dfl(t) <

rx(t) (l — %) which implies by using comparison Principle that

limsupx(t) <K.

o0

Hence, x(t) is bounded. Let T'(t) = x(t — T)e ™" + y(¢). Then

dT (1) x(t—1)+y(t—1)\ _,
2 = rx(t—1)(1— e Je T —8y(r)
X(t — T) -mT

< Y

< rK(1 e Je " — 8y(r)

< rKe ™ —pT(1),

where p = min{r,8}. Then

, rKe """
limsup7'(¢) < .
f—>o0 P

Thus, y(t) is bounded.
By the last equation of (1) and the boundedness of y(¢), we deduce that

, rKN&e "
limsupv(r) < ———,
t—+o0 up

which implies that v(r) is bounded. This completes the proof.

Next, we study the existence of equilibria of model (1). Obviously, model (1) has two equilib-

ria Ep(0,0,0) and E;(K,0,0). Biologically, Ey denotes the free equilibrium without cancer that
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represents the desired outcome of therapy. However, E| represents the free equilibrium with
cancer, it also called the failure therapy equilibrium. Hence, the basic reproduction number of
(1) is given by

NKB e

3) Ry = T

When Ry > 1, model (1) has a third equilibrium E*(x*,y*,v*), where

v _ WrtKS(N—e"")(ra—B)+VA

X = T (N—e) (Be "+ ad)
x  _ rx"(K—x")
(4) y - rx*—i—Kﬁe'”T’
_,mT
v* — 6(N“€ )y*7

with A = [K§(N — ") (B — ra) — ur]> +4udKre™* (N — ") (Be " + S ax).
Finally, we summarize the above discussions in the following result.

Theorem 2.2. Let Ry defined by (3).

(i) If Ry < 1, then model (1) has two equilibria Ey(0,0,0) and E|(K,0,0).
(ii) If Ry > 1, in addition to Ey and E|, model (1) has a unique positive equilibrium E* (x*,y*,v*)

that is defined by (4) and it represents the therapy partial success equilibrium.

3. Stability analysis and Hopf bifurcation

In this section, we investigate the local stability of the three equilibria. Let E(x,y,v) be an

arbitrary equilibrium of model (1). Then the characteristic equation at E is given by

2x v rx X
(-2 - n -2 % —UfT)z
5 S
Bv Bx

Theorem 3.1. The equilibrium E(0,0,0) is always unstable.

Proof. At E(0,0,0), (5) reduces to
(r=A)(6+A)(nu+1)=0,

where the roots are: | =r, A, = —0 and A; = —u. Since A; > 0, it implies that E) is unstable.
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Theorem 3.2. The failure therapy equilibrium E/ is locally asymptotically stable for any time

delay T > 0 if Ry < 1, and becomes unstable if Ry > 1.

Proof. At E, (5) reduces to
(6) (r+2)A2+ (BK+p+8)A+8(BK +u)(1—Roe %) =0.

Clearly, A = —r is a root of this equation. The remaining roots are given by the solutions of the

following transcendental equation
(7) A2+ (BK+ 1+ 8)A + 8(BK + 1) (1 — Rye %) =0.

For 7 =0, we have BK+u+ 38 > 0and 6(BK+ u)(1—Rp) > 0if Ry < 1. This implies that
when Ry < 1 all the roots of (6) have negative real parts for T = 0. Next, let i (@ > 0) be a

root of (6). Then

— 0+ §(BK + ) = §(BK + p)Ro cos( 1),
(BK+u+6)w=—6(BK+ u)Rysin(w7),

®)

which leads to

9) 0* 4+ [8% 4 (BK +p)* @ + §*(BK +u)*(1 — R) = 0.
Let z = w”. Then the previous equation becomes

(10) 2 +[8%+ (BK + 1)*|z+ 8*(BK +u)*(1 - Rg) =0,

which has no positive solution when Ry < 1. Thus, E; is locally asymptotically stable for
Ry < 1.

When R > 1, we consider the following function
F) =A%+ (BK + -+ 8)A+ 8(BK + p)(1 — Roe 7).

We have f(0) = 6(BK+u)(1—Rp) <0 and llim f(A) = +eo. This shows that the equation
— oo
f(A) =0 has at least one positive root. Consequently, the failure therapy equilibrium E; is

unstable whenever Ry > 1.

For the global asymptotic stability of Ej, we have the following result.
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Theorem 3.3. If Ry < 1, then the failure therapy equilibrium E| is globally asymptotically

stable for all T > 0.

Proof. Let us define the following Lyapunov functional:

emnt t Bx(s)v(s)
—V(l)+ . HTV(S)dS

Differentiating L with respect to ¢ along the solutions of (1) one gets

dL e B e
dr'M N'l+av N

Since limsupx(z) < K, we have each m-limit point satisfies x(¢) < K. Thus, it is sufficient to
f—so0

consider solutions for which x(¢) < K. By (3), we deduce that

dL emt
<

E(l) < W(ﬁK—FH)(R()—l)V.

Consequently, ”é—’; (1) < 0for Ry < 1. In addition, it is easy to show that the largest invariant sub-
set of < (x,y,v) ‘é—f =0 p is the singleton {E, }. If follows from LaSalle’s invariance principle

[14] that E is globally asymptotically stable when Ry < 1.

It remains to study the stability of the therapy partial success equilibrium E*. Then (5)

reduces to

(11) A3+ ai A +apd +az+ (A +by)e =0,

where
a; = u+5+%+(lf+;)2,
@ = 5“(“*5)%*(1iﬁ;:*)2+K(qﬁ£x;)vi)2_(1B+2)2::)3’
o - r/.t6x*+ rB&(x*)? B B28x*v*

K K(1+av)?2 (1+oavt)3’

Bx* [ rv* Né ot
bl - — e y
I+ov\ K 1+ov*
by Bx* (r/.tv* NBSv* Norx* ) —me

1+ \ K ' (I1+av)? K(1+ov¥)
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When 7 = 0, the equation (11) reduces to

(12) A2+ aiA?+ (ay+b))A+az+by =0.

(N —1)B%6x*v*  ru(od + B)xv*
(14 av*)3 K(1+4 av*)
criterion, we easily deduce the following result.

We have a; > 0 and a3z + by = > 0. By Routh-Hurwitz

Lemma 3.4. Assume Ry > 1 and ay(ay +by) — (a3 +by) > 0. Then E* is locally asymptotically

stable in the absence of time delay (T = 0).

When 7 > 0, let i® (@ > 0) be aroot of (11). Then

13 a10* — a3 = by wsin(@T) + by cos(0T),
—0* +a,0 = —bjwcos(w1) + by sin(wT),

which implies that

(14) @° + (a — 2a2) 0* + (a5 — 2a1a3 — b} @* + a3 — b3 = 0,
Let z = 2. Then (14) becomes

(15) g(2) =2 +paZ +prz+po =0,

where p, = a% —2ar, p1 = a% —2aya3 —b% and pg = a% —b%.

Obviously, the equation (15) has at least one positive root if pg < 0. Further, we have
§'(z) =322 +2paz+p1.

o If po >0and A= p% —3p1 <0, then the equation (15) has no positive roots.
e If po > 0 and A > 0, then the equation g’'(z) = 0 has a root defined by z* = @.

Moreover, the equation (15) has positive roots if and only if z* > 0 and g(z*) < 0.

Summary of the above discussions gives rise to the following Lemma.

Lemma 3.5.

(i) If po <O, then the equation (15) has at least one positive root.
(ii) If po > 0 and A < 0, then the equation (15) has no positive roots.
(iii) If po > 0 and A > 0, then the equation (15) has positive root if and only if z* > 0 and
g(z") <0.
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Based on Lemma 3.5, we consider the following conditions

(a) po>0and A <0,
(b) po>0,A>0andz" <0,
(¢) po>0,A>0and g(z*) > 0.
Theorem 3.6. Assume Ry > 1 and ay(az +by) — (a3 +by) > 0.

If one of the conditions (a)—(c) is satisfied, then the therapy partial success equilibrium E* is

locally asymptotically stable for any time delay T > O.

Proof. From Lemma 3.4, we deduce that E* is locally asymptotically stable for T = 0. By
Lemma 3.5, the equation (15) has no positive roots. Then (11) has no purely imaginary roots.
Thus, the therapy partial success equilibrium E* is locally asymptotically stable for all delay

T>0.

Remark 3.7. Theorem 3.6 investigates the local stability of the therapy partial success equilib-

rium E* for all delay T > 0. This result is not established by Wang et al. [10].

Suppose that the equation (15) has positive roots. Without loss of generality, we assume that
it has three positive roots, denoted by z;, zo and z3 with z; < 7z < z3. Then the equation (14)

has three positive roots that are:

O = /21, 0 =+/72 and 3 = /z3.

According to (13), we obtain

n I

1 bz(alw}—a3)+b1w}(a)]2—a2) N 2nm
@j

16 1/ = — arccos
(16) b% + b%(x)j2 @;

where j=1,2,3 and n € N. Hence, i@ is a pair of purely imaginary roots of (11) with 7= 1;,.

Define

Jo : J
To=71) = min {7)} and Wy = ®j,.
0 je{172,3}{ o) jo

Let A(7) = u(7) +io(7) be the root of the equation (11) satisfying u(7]) = 0 and o(7]) = o;.

Differentiating both sides of (11) with respect to 7, we obtain

(Q>_l . 312+2a|l+a2—|—b16_lr_1
dt) T A(A+b)e T PR
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By a simple calculation, we get

da\ !
Re(E>

30 +2(a —2a2) 07 + a5 —2ajaz — bi

; 22 2

b

g (@7)

202+ b2
biw; + by

It is not hard to check that g'(®}) > 0, g’(®3) < 0 and g’(®?) > 0. Hence, the transversality
condition is verified. Therefore, we get the following result.

Theorem 3.8. Assume Ry > 1 and ay(ar +by) — (a3 +by) > 0.

If either pg < 0 or pg >0, A >0, z* > 0 and g(z*) < 0, then the therapy partial success
equilibrium E* is locally asymptotically stable for all T € [0, 7)) and becomes unstable when
T > 19. Further, model (1) undergoes a Hopf bifurcation at E* when © = T,{, for j=1,2,3 and

n € N.

4. Conclusions

In this work, we have presented a mathematical model of cancer therapy with oncolytic
viruses that incorporates the time needed for infected tumor cells to produce new virions af-
ter viral entry, the probability of surviving during the latent period, and the saturation effect.
We firstly validated the plausibility of our model by proving the existence, nonnegativity and
boundedness of the solutions. As in virology, the dynamics of our model depends on the basic
reproduction number Ry that represents the average number of new tumor infections produced
by one infected cell during the period of infection when all tumor cells are uninfected. More
precisely, when Ry < 1, the equilibrium E;(K,0,0) is globally asymptotically stable for any
time delay. In this case, the tumor reaches its maximum size, and the therapy fails. When
Rp > 1, the virus persists in the host of tumor and the model has a unique positive equilibrium
E* which represents the therapy partial success equilibrium. Further, we have proved that the
time delay could cause the equilibrium E* to lose or gain its stability.

From the expression of the basic reproduction number R( given in (3), we can deduce that
Ry = Ro(7) is a decreasing function of time delay T with Ro(+e) = 0. For example, if the

delay is sufficiently large, then the value of Ry becomes less than one, the equilibrium E* will
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be lost and there are only two equilibria Ey(0,0,0) and E;(K,0,0). Therefore, the oncolytic
virotherapy totally fails. On the other hand, the models and results presented in [5, 6, 7, 9, 10]

are improved and extended.
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