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Abstract. In this paper, we consider a model for the population kinetics of human tumor cells in vitro, differen-
tiated by phases of the cell division cycle and length of time within each phase. Since it is not easy to isolate the
effects of cancer treatment on the cell cycle of human cancer lines, during the process of radiotherapy or chemother-
apy, therefore, we include the spatial effects of cells in each phase and analyse the extended model. The extended
model is not easy to solve analytically, because perturbation by cancer therapy causes the flow cytometric profile
to change in relation to one another. Hence, making it difficult for the resulting model to be solved analytically.
Thus, in [16] it is reported that the non-standard schemes are reliable and propagate sharp fronts accurately, even
when the advection, reaction processes are highly dominant and the initial data are not smooth. As a result, we
construct a fitted operator finite difference method (FOFDM) coupled with non-standard finite difference method
(NSFDM) to solve the extended model. The FOFDM and NSFDM are analyzed for convergence and are seen that
they are unconditionally stable and have the accuracy of &'(At + (Ax)?), where At and Ax denote time and space

step-sizes, respectively. Some numerical results confirming theoretical observations are presented.
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1. INTRODUCTION

It is a well known fact that vascular tumors are a highly diverse group of aberrant growths
and they are relatively abundant in the human population, with infantile hemangiomas being
the most common tumor in children and cavernous hemangiomas affecting approximately one
in every one hundred people see [2] and the references therein. Thus, apart from our previous
work reported in [18, 19, 20, 21] on tumors, we feel that it is essential for us as researchers to
understand that genetic differences between people lead to differences in susceptibility. Since
tumors develop in different organs and tissues of a body, then this should imply that a genetic
heterogeneity among cancer cells, the cellular heterogeneity of the tumor tissue underlie a phe-
notype heterogeneity of the disease and cancer cells in a tumor are not all identical, but form
different clones, defined as sets of cancer cells that share a common genotype [31]. Therefore,
in our views, it is also very important to study dynamics for the kinetics of a population of cells
differentiated by phases of the cell division cycle such as the ones presented by Jackiewicz et
al.,[12] as a way toward avoiding incorrect treatment decisions especially, if a biopsy sample is
not representative of other parts of the tumor.

On the other hand, it is understood that even in the simplified environment of the laboratory
with modern techniques and/or technology, it is not always possible to isolate the effects of
cancer treatment on the cell cycle of human cancer cell lines. Therefore, it is important to
mentioned some of the work done in the direction of understanding cancer cells from the cells
cycle point of view. Thus, we highlight few work done in this direction of the studies. These
are for instance Giotti et al., in [11] mentioned that cell division is central to the physiology and
pathology of all eukaryotic organisms and in [4, 7, 8], have considered the in-vitro model of
cancer therapies that target the cellular mechanisms of growth, division and death in all or some
stages of the cell cycle. Thus, our first aim in this paper is to include the spatial distribution of
each phase for the model derived in [4] and presented in [12]. The model in [12] is given as

follow,
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20Us) — 4bM (2x,1) — (K1 + o, )G (x,1),

x 28(x x
3S(gt~,l) — 89 g)(czﬁ) _gaStng) —IlSS(X,l) +k1Gy (x,t) —I(X,I,Ts))7
(D

20 = [(x,1;Ts) — (ko + Hg,) Ga (x, 1),

ML) — G (x, 1) — BM (x, 1) — M (x,1),
where, x,t > 0, Ts, G (x,t), S(x,1), Ga(x,t), M(x,t), Ug,, Us , 1G, - and ty denote the dimen-
sionless relative DNA content, time in hours, time in hours, density of cells in Gphase, density
of cells in DNA synthesis or Sphase, density of cells in Gyphase and metosis or Mphase, death
rates in Gy, S, G, , and Mphases, respectively. The parameters k| and k; denote the transi-
tion probabilities of cells from Gphases to Sphase and from Gphases to Mphase, respectively,
b,0 < € <<< 1,g >>> 1 denote division rate, dispersion coefficient and average growth rate
of DNA in the Sphase. The 4bM(2x,t) term on the right hand side of the first equation in (1)
arises due to a change of variable in the derivation as cells in an interval [2x,2x + 2Ax| are
doubled in number and transferred to the interval [x,x + Ax] with half the DNA content [12].
The term I(x,7;Ts) denotes cells that have been Tg hours in DNA synthesis and are ready to be
transferred to Gophase, which is also referred to as a delay term and its derivation is explained

in [4]. However, I(x,t;Ts) denotes the solution of the diffusion equation

ol(x,t;t5)  dl(x,t;15)  9°I(x,t;75)
— 1 t, - O, O o0, t 07
975 +g o € pp + usl(x,t;75) <x< > Tg >

at time 75 = Ts, where 7g is the time denoting the time spent by cells in DNA synthesis or
Sphase. The analytical solution (with appropriate initial conditions and a zero flux boundary
condition) is obtained by using Laplace transform techniques and Greens functions in [12].

Thus, it reads

;

Jo kiG1(v,t = Ts)y(Ts,x,y)dy, if t > Tg,
(2) I(x,t,Ts) =

I(x,t,Ts) =0, if t < T,

\
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where y(Ts,x,y) denotes a weight function given by

B exp(—UsT) ((x—g7) _)’)2
3) Y(Ts,x,y) = o /mer (eXp (_ det )>
X 2
(e gl L

with

W(T,x,y) = %(HO(T—I)).

In equation (3) y denotes a Greens function whereas, v term arises due to the zero flux boundary
condition.
The system (1) is incomplete without initial and boundary conditions. These conditions,

which are chosen according to experimental evidence [12], take the form of

12
G1(x,0) = \/;;’r—egexp<—(;ﬂé§ ), 0<x<oo,
“4)

S(x,0) =0, G2(x,0) =0, M(x,0) =0, 0 <x < oo,
and the boundary condition

25(0,1)
€ ox

) —g5(0,/) =0, t > 0.

The initial DNA content of cells in the Giphase is chosen as a Gaussian distribution with relative
mean DNA content at x = 1 equal to ag, and variance 9&. This variance is chosen sufficiently
small so that the extension of G| (x,0) into the in-feasible region x < 0 is of no significance. In
[12] a numerical methods are constructed to solve (1) supplemented by the initial conditions in

equation (4) and the general boundary conditions of the form of

e% —gS(0,t) =a, t >0,

(6)
S(L,0)=p, t >0,

with any real values & and 3, where the parameter 3 was chosen according to the experimental

data provided in [5].
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We can see that the system in equation (1) is a semi-system of integro-delayed partial dif-
ferential equation (IDPDE). Thus, in order to have a complete understanding of the population
kinetics of the human tumor cells, it is very important to include the spatial effects of all the
cells in each phase, rather only consider the spatial effects of one phase and ignore the other
effects of the other three phases. Consequently, mathematical analysis of the extended model is
also vital to justify the understanding of the population kinetics of human tumor cells, when one
present the experimental results. Therefore, our first aim in this paper, is to extend the model in
equation (1) to a system of convection-reaction-diffusion equations, investigate the qualitative
features of the model with the spatial effects of all the phases and determine the location of
the boundary layer. Since, flow cytometry is a technique where the DNA content of individual
cells is measured and binned accordingly, then we can see that our results present clearly the
phases which are perturbed and unperturbed by the therapy. Thus, perturbation by cancer ther-
apy causes these peaks to change in relation to one another as it can be seen in all the figures
presented.

It is a well known fact that explicit methods such as the explicit finite difference methods
(EFDMs), solve differential equations with low computational cost, within very small stability
regions, which in turn implies severe restrictions on meshes sizes, which are required in order
to achieve the desired results. Therefore, implicit finite difference methods (IFDMs) are more
favored to solve differential equations, because of their wider stability regions as compared to
the EFDMS [9]. Thus, our second aim in this paper, is to solve the extended model. Thus,
we develop an efficient numerical method for solving the extended model with respect to the

qualitative features of the original model.
Thus, extending the IDPDE in equation (1), we have

QG] ()C,l)

L:)ZG] ()C.,l‘
at 2

2 ) 4 4bM (2x,1) — (ky + g, )G1 (x,1),

PBet) — 0560 — g9 158 (x,1) + K1 G (x,1) — 1(x,13T5),

(N

2
9G2c) _ g, PO | 1 (x, 15 Tg) — (ka+ pe, ) Ga (%, 1),

PMCL) | oG (x,1) — bM(x, 1) — M (x, 1),
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where, Dg,,Dg,, Dy denote the dispersion coefficient of G, G2 and M cells in each phase, 0 <

x < L and t > 0, subject to the initial data as given in equation (4) and the boundary conditions

are
201(0,1) = Z2(0,1) = L(0,1) = 11,
G (L) = G (L0 = FL0) = 2.
(®)
eB500 _ 5(0,1) = at, 1 >0,

S(L,0)=8, t >0,

J

where, v, xx, (k = 1,2) denote an outward normal vector, and positive constants, whereas the

initial functions (G1)o(x,7),So(x,7),(G2)o(x,1),My(x,t) are assumed to satisfy the compatibility

conditions [26],

2G1(0,0) = %22(0,0) = 24(0,0) = x1,

d dJ
9G1(L,0) = %2 (L,0) = 24(L,0) = 1,

25(0,0
s% —gS5(0,0)=a, >0,

S(L,O) =B,
)

9G1(0,0)

0) 9°G1(0,0
ot =D

e s T

dG»(0,0)

92G»(0,0 .
2(00) — e, 2200 1 1(0,0;0) — (ks + 16,) G2(0,0),

dM(0,0) 2M(

00 = Py ZM0 1 1565(0,0) — bM(0,0) — M (0,0),

6 2S00 1 4pM(0,0) — (ki + 16, )G1(0,0),

_1(070’0)7
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and
961(1,0) = 292(L,0) = 24(L,0) = 11,
201(L,0) = %2 (L,0) = 24(L,0) = o,
eBLO) _ o5(1,0)=a, 1t >0,
S(L,O) = Bv
(10)
2
IGULO)  pyg, CGULO) | 4pM(L,0) — (ki + kg, )G (L,0),
9S(L,0) 92S(L,0) dS(L,0)

o —€ o2 — 8 o *.uSS(LaO)JFlel(Lvo)

G (LO) _ P, ALY 4 [(1,0;0) — (k+ p6,) Ga (L, 0),

Jt

OM(L0) 92
o =Dm

—1(L,0;0),

% +k2Ga(L,0) —bM(L,0) — upM(L,0).

Vs

Under the assumptions in (9-10) the extended model in equation (7) with the initial and bound-

ary conditions in (8) has a unique solution [3].

The rest of the paper is arranged as follow. In Section 2, we carry out mathematical analysis

of the model, whereas in Section 3, we derive and analyse the numerical method. Section 4

deals with the implementation of our numerical method, presentation of our numerical results

and we conclude the paper with Section 5.

2. MATHEMATICAL ANALYSIS OF THE MODEL

At the steady states the model in equation (7) becomes

1D

9°Gi(xs) (k + g, )G (x,1) = —4bM (2x,1),
aS( — UsS(x,1) =
(k2 + 1G,) Ga (x,
(b+ um)M(x,1)

9%G,
Dg, 3
9%S(x
€ a)(cz)
%G (x,t
D, ai(zx)

DMa 151(;”)

I(x’t;TS)
) _I(x?t;TS)a
= —kng(x,t).

*lel (xat)a
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From the first, third and fourth equations in (11) we obtain the following solutions for the

corresponding homogeneous part
Dg
Gi(x) = co11+Co12€X —lx),
1(x) gl T Cgl2 p(k1+HGl

. D¢
G5(x) = cg1+comexp (mx) ,
2

* M
12 M™(x) = cpu1+ceppmex x|,
(12) (x) 1 2 p(b+NM)

where, cg11,Cg12,C421,Cg22,Cm1, Cm2 are non-negative constants. However, for the DNA synthe-

sis or Sphase steady state, we see that the null space is given by

(13) g8y _Mg_o
€ £

of which the auxiliary equation to the equation (13) is

(14) R S )
E E

which implies that the solution to the auxiliary equation in (14) is

w9 reg () e (7))
which in turn, implies that the solution to the second order differential equation in (13) is
(16) S* = Aexp(r~x)+ Bexp(rtx),

where, from the given general boundary conditions in (8), we find that

(17) A+B=Sy, and Sy = Ar~ +Brt,
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so that
eSy+8So = «,
g o
sp+8sy = =,
0+ ¢ €
(04
(18) Ar_+Br++§(A+B) = 2
o
A+ 8+t +8) = 2
£ S
4 - e BUTHE)

At x = L, the DNA synthesis or Sphase is prescribed as

B = Aexp(r L)+ Bexp(r'L),

& _p(rt48
B = g(ﬁ(—_f_;g)exp(rL)—i—Bexp(r*L),
B~ +5) = T80T+ exp(r L) +Bexp(F L) + ),
B +5H-2 = (e D) +5) (" + e L)) B
(19) B Bir—+8)-¢

(exp(r*L)(r-+%)—(rt+%)exp(r L))
Substituting the value of B in (19) into equation (19) we obtain

) B+ -9 +9)

@) 4= 9 (exp(r L) +5)— (" + Dyexp(r 1) (r +5)

+ ™[R

(-
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This implies that the solution of the DNA synthesis or Sphase steady state, through the equation

in (16) is
U B~ +5) -2 +9) i
FRES = D et D + D+ Dewpr D) (r 5 P Y
gy _a
1) Plr te)=% exp(rtx).

N (exp(rtL)(r~+%)— (r* +£)exp(r~L))

Combining the equation in (21) with the steady-state solutions in equation (12), we have the

local stability point & = (G7,S*, G5, M*), where,

Dg
* _ 1
Gl (X) = Cgl1 +Cg126Xp (WX) s

« N B +8)-P"+%)
S*(x,€,8) = (+5)  (exp(rL)(r+5)—(rt+£)exp(r—L)) (r E)exp(r X)
(22) + Blr—+8)—%

J’_
(exp(r+L)(r_+§)f(r++§)exp(r‘L))exp(r x),

Dg
() — 2
Gz(x) = Cg21 + Cg22€Xp (k2+/162 x) ,

M* (x) = Cm1 + Cm2 EXP <bi)%x> .

J

The steady point &', enables us to present the behavior of the density of cells in each phase.
Moreover, the steady state for the DNA synthesis or Sphase enables us to locate the boundary
layer which is a result of perturbation by cancer therapy [12]. Thus, since the singularly per-
turbation occurs only during the DNA synthesis or Sphase, then it suffices to locate the layer
by considering the solution to the steady state of the DNA synthesis or Sphase in equation (21).

Thus, following [24] and the references there in, we see that

(23)  limlimS*(x,&,g) = lim lim $*(x, €,¢) and lim lim S*(x, €, g) # lim lim S*(x, €, g),

x—0e—0 £—0x—0 x—Le—0 e—0x—L

then, the layer is located on the right-end of the interval, near x = L. This implies that, we are

now in the position of deriving our numerical method.
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3. DERIVATION AND ANALYSIS OF THE NUMERICAL METHOD

In this section, we describe the derivation of the fitted operator finite difference numeri-
cal method (FOFDM) for solving the Gjphase, Gophase and metosis or Mphase in equation
(7) and non-standard finite difference method (NSFDM) for solving the DNA synthesis or
Sphase in equation (7). We first determine an approximation to the derivatives of the functions
G1(t,x),Ga(x,t) and M(z,x) with respect to the spatial variable x.

Let N, be a positive integer. Discretize the interval [0, L] through the points
X=0<x<xp<---<xy, =L,

where the step-size Ax =xj 1 —xj =L/Ny, j=0,1,...,xn,. Let (¢)(t),(%)(t), #;(t) de-
note the numerical approximations of G (¢, j), G2 (t, j),M(t, j), then we approximate the second

order spatial derivative by

%(I,Xj) - (gl)jJrl—?é)fl))g‘{‘(gl)jl, f;i?zz(t,xj)% (%)j+1—?éf2>)g+(%)jl7
2 )2
M ) ”/’f“zﬁﬁj//’“, |
(24) ]
where,

(1 —exp ((O‘Gl)ij) (1 —exp ((GGZ)]'AX)

(¢G1)j (GGl)j ) (¢G2)] = (GGz)j )
o (I—exp ((om)jAx)
25) (9u); = Crr

and

_ /k1+“G1 - |ktUug, UM +Db
(GGI)J_ Dg, 7(6G2)J_ Dg, 7(61)1— Dy

We see that ¢g, — Ax as Ax — 0, ¢, — Ax as Ax — 0 and ¢p; — Ax as Ax — 0.
Let N; be a positive integer and AT = T'/Nt where 0 < ¢t < T. Discretizing the time interval

[0, T'] through the points

O=to<ty <-- <ty =T,
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where,
i1 —th=At, n=0,1,...,(ty, — 1).

We approximate the time derivative at t,, by

dR)) G =) de) ) ()~ ()]

Q

dt VG, ’ dt VG, ’
n+1 n
6) dtilt) A=A
dt Yy
where,
v, = (exp((ki+Hg,)Ar) —1)/(ki+ g, ), Vo, = (exp((k2 + Ug,)Ar) — 1)/ (k2 + Ug, ),

vy = (exp((b+pm)At)—1)/(b+ pum),

where we see that yg, — Ar as Ar — 0, yg, — Ar as Ar — 0 and yy, — Ar as At — 0.

Next we develop the numerical method to solve the DNA synthesis or Sphase in equation (7).
Since the FOFDM and SFDM fail to capture the hyperbolic nature of the advection-diffusion-
reaction PDEs, below we follow the development in [16] to derive the NSFDM for the equation
modeling the DNA synthesis or Sphase in equation (7). We proceed as follow. Let .7;(t) denote
the numerical approximations of S(z, j), then using the following sub-equations of the equation

modeling the DNA synthesis or Sphase in equation (7)

aS(x, d
ng’[) +g Séi’t) = —UsS(x,1), a PDE,

27)

2
g2 — g23640) an ODE,

then the exact finite difference schemes for the two sub-equations in equation (27) are

n+1__ on n+1__ pn+l
S P g

(010500 8 g(p1)s(25)

= —ug-}', a scheme for a PDE

(28)

Tin =) _ o Zin 274
Ax X (9a)s(Ax)

, a scheme for an ODE,

where (1)5(Ar) = (1 —exp(—usAt)) /s and (¢2)s(Ax) = (1 —exp(—55%)). Combining the

T e

exact finite difference schemes in equation (28) and avoid the condition gAf = Ax, we obtain
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the NSFDM for the DNA phase as
1 n n+1 n+1 n+1 n+1 n+1
(29) i S S N S M S
(91)s(A7) g(91)s(3) ‘P(AX)

+kq (gl);z —I(X,I;T_g).

where @(Ax) = gos( )8Ax(¢2) (Ax). We see that ¢s — Ax as Ax — 0. Similarly for ¢(Ax).
The denominator functions in equations (24), (26) and (28) are used explicitly to remove the
inherent stiffness in the central finite derivatives parts and can be derived by using the theory of
nonstandard finite difference methods, see, e.g., [15, 22, 23] and references therein.
Combining the equation (24) for the spatial derivatives with the equation (26) for time deriva-

tives and with equation in (29), we obtain the system of FOFDM-NSFDM as

<%>7;167<%>; _Dg, @) 2E¢G>';l (@) T abA— (b + 16, ) (), )
f;;l(y;@g({; I)S(‘gl _ e i‘,f;; TEL g () — 13, T),
(:)‘7’,;) - D(;W)Mzgi;(% T — o+ 6,) (),

(30) Lo = py il ko (%) — (b+ )AL,
(D)1 = (), (D) = (D)L, A =", M =AM
(‘D)5 = (@)%, s (D)5, = (D)4 1 T =T .»///" =My
()= iz exp (_@;ﬂeg ). (@) =0, 70 =0, 40 =

The system in equation (30) can further be simplified as

D¢ n+1 1 2Dg n+1 _ Do n+1
- 'j(gl)f—1+<%+<¢r>§)(%)j ~ o )i

= <¢—él — (ky +.UG1)) (f%) +4b//2'lj,

__E& 1 . g 2¢e n+1 g o n+1
sy i1 <(¢1)S(AI) (¢1>s<§>+<p<m>>yj +<<¢1> e ))yﬁl

= ((¢1) ) ‘US>¢5/ —i—kl(gl) (xt Ts)

3D

D D D
i+ () 0 - Gy
J 2

(96,)7 J

= (3~ (ot ucz)) (%) +1(x,1:T5),

D n+1 1 D n+1 D n+1
] <¢M+ i ).//z G

J (o ) Jj+1

<¢L (b+ ) ) M+ k(D))
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The system in equation (31) can be written as a tridiagonal system given by

\

‘Q{G1 (gl) = ﬁGp
JZ%Sy = ySﬁ
(32)
%Gz(gz) = ﬁGza
JZ%M% = ﬁM,
Where’j:17"‘7xNx_1’n:O’.'.,tNr_1and
_ o[ _ P 1 2D Dg, \
”GI‘T“( 6o, 2706 T Ton <¢cl>%)’
O 1 g 26 __E
%—Tﬂ( P(&0 os(&) ~ (on)s(&) | 90’ “’(A’C))’
= _DPs 1 Ds_ _ Dg
o, Tﬂ( 06,7 805 T 0,7 <¢Gz>?)’
e Dy 1 Dy _ Dy
iy =Tri ( (6m)3" 9u T (om)3” (¢M)§) ’ )
and

(F6); = (g = (ki +116,) ) (A +4b.at,
TN — 1 n n .
(Fs)j = <¢S—(k)—us>e5”j +ki ()] —1(x,1:Ts),

(F6); = (g — (ka+ b)) (%) +1(x.1:Ty),

(Fn)i = (g — (b+ b)) A + Ko ()’
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Thus, in view of equation (32), we see that the local truncation errors ((Gg, )77 (GS);!, (QG2)77 (oM )7

are given by

)

(¢6)} = (#6,G1)} — (Fg,)} = (9, (G1 —41))],

(6s)} = (sS)} — (Fs)j = (A5(S— 7)),

(33)
(66,)} = (6,4)'} — (Fg,)} = (H6,(G2 — 4))},
(6s)] = (A )} — (Fu)j = (u(M —4))j. |
Thus,
maxj <p<r,1<j<t [(G1)} = (%) < ||(6,) I (56, )",
max<p<r,1<j<t [S] = L7 < |[(%) 7] (gs),
(34)
maxi<p<7,1<j<1[(G2)} — ()] < [1(6,) [ (56, )],
maxi<p<r,1<j<r |M} — 7| < |[(h) " |[1(gm)],
where
. < MG D, (&) G )
max;<,—1<7,1<j<1-1(66,)| < F1(G1)u ()| +Dg, 75~ |(G1)xeex(S) ]
2
maxi<n- 17,151 1(65)1] < SIS ()] + 55 1Se(&) |+ & 55 [Srene( &),
(35)

2
max<u—1<7,1<j<i-1 (66, )2 < A1(G2)ir ()] + Dy G9-1(Go)xan (€],

Ax 2
maxi<p-1<7,1< <21 1(5)} < EIMu(8)] — Dag G IMiea (E)]

where t,,_1 < § <t,11,xj—1 <& <xjy1 and by [27] we have

(36) () Il < Zay. [I(5) | < Es, |[(6,) 7| < By | ()| < Emae
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Using (35) and (36) in (34), we obtain

\

2
max <p<11<j<L|(G1)} — (%)) < |26 | [A (G (§)]+ Dy, 55-1(Gr)xeee ()],

2
max;<p<r,1<j<r 8% — 7| < |Es /{2180 (8)] + 85 (€)] + € 55 Suenc (8],
(37)

2
max;<p<7,1<j<2 |(G2) — (92)7] < |6, [ 21(G2)ur ()] + Dy 331G ) xure (€) ],

- Ax)?
max; <p<r1<j<r [M? — A7) < |Epl (3 1M (§)] — Dot G5 [Mieee (8.

Hence, we obtain the following results.

Theorem 3.1. Let Fg, (x,t),Fs(x,1),Fg,(x,t), Far(x,t) be sufficiently smooth functions so that
Gy (X,t),S(X,[), GQ()C,I),M(X,t) S CI’Z([LL] X [17 T]) Let (gl);%ﬂygna (gz);t7%]}1’ ] - 1727 . Lin=
1,2,...T be the approximate solutions to (7), obtained using the FOFDM-NSFDM with (¢, )9 =
(Gl)?,§”]0 = S?, (%2)(]). = (Gz)g,///jo = M?. Then there exists Zg,, =5, Zg,, =y independent of

g, €, the step sizes At and Ax such that

- Ax)2 )
SUPQg<t goot MaX1<n<T 1< |(G1)! = (9] < |26, [[$1(G1)ur ()] + D, G5~ 1(G1 ) e (8],

n n [ Ax 2
SUPQ gt goot MAX1 << 1< <L |5} — S0 < Es|[8S0 (O)] + 85 [Sue(E)] + € G2 [Sea (&),

n n ) Ax 2
SUPQ <1 goo1 MAX1 <=7 1<) |(G2)t — (%) < 126, |[51(G2)ur ()] + Dy Go-1(Ga) veax (€],

- Ax)?
SUPg<p<i g1 MAX1<n<T 1< j<L M} — A7 < |2n[5 M (§)| - D55 I Mr (8)))-

This shows that our FOFDM-NSFDM are unconditionally stable.

4. NUMERICAL RESULTS AND DISCUSSIONS

Setting D¢, = 10*4,DG2 =104Dy=10"7,L=5"T = 1,xy, =tn, = 20 and , we present
our numerical solutions in Figure 1 (for € = 0.001), Figure 2 (for € = 0.01), Figure 3 (for

€ = 0.1) using the parameter values [4] in Table 1.
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TABLE 1. Parameter values [4]

k=08 g, =09 | a=24 | g=309
6=0.6| ug=08 | B=0.1 |k =0.0193

L, =2 | b=1.9296 | y; =0.01 | ag=100.0

In Figure 1(a), we see that as time grows the density of cells are increasing within the range
of approximately of x € (0, 1.5), then for the values of x € (1.5,5), the profile presents that there
are no more cells available for Gphase.

In Figure 1(b), we see that as time grows the density of cells form a peak which is increasing
within the range of approximately of the values of x € (0,1.5), then for the values of x € (1.5,5)
the density of cells converges to its low positive steady state.

In Figure 1(c), we see the contrary to the profiles of the two previous profiles. That, as time
grows the density of cells grows exponentially for x € (0,1.5), till they reach a positive steady
state for x € (1.5,5). The profile of this phase presents that all cells are well and active for next
interactions.

In Figure 1(d), we see similar development compare to the interactions in the Mphase, that as
time grows the density of cells grows exponentially for the values of x € (0, 1.5), till they reach
a positive steady state for x € (1.5,5). The profile of this phase presents that all cells are well
and active for the next interaction.

The remaining two figures, Figure 2 and Figure 3, we have the same profiles as in Figure 1,

for different values of € € (0,1).

5. CONCLUSION

In this paper, we extended the model for population kinetics of human tumor in vitro, with the
aim to contribute toward the understanding of cells cycle in each phase. This is very essential
toward healing cancer as a dreadful disease, since in [12] categorically mentioned that even in
the simplified environment of the laboratory with modern technology it is not always possible
to isolate the effects of cancer treatment on the cell cycle of human cancer lines. Thus, in view

of our numerical results, we see that for the values of 0 < € <<<'1 and g >>> 1 our numerical
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solutions are the same, despite the fact that cells population behave differently in each phase. As
time goes, we see that during Gjphase, that the cells grow sharply to a very high height as time
increases, but for certain different positions only. During the DNA synthesis or Sphase, we see
different peaks for certain different positions only as time increases, unlike for the Gophase and
the metosis Mphase, where we see that the cells grow sharply to their respective uniform steady
states. These growths are due to the steady states presented in (22). When we decrease the value
for the division rate parameter (b), then the behavior of the metosis or Mphase changes to a
linear growth rate, whereas increasing the division rate (b), changes the growth rate a parabolic
growth rate (results not shown). Other changes in the parameter values does not bring new
phenomena, except for the fact that pg # 0, because we believe a small amount cells should
at least be exiting the phase, during this phase too. We also see an important feature in our
numerical results that notable interactions takes place at certain positions only in all the phases.
This, we believe can contribute quite a great deal toward understanding of cells cycle in each
phase, which in turn can be taken up for further cancer research on the cell cycle of human
cancer lines. Thus, our approach in this work should serve as a first attempt to incorporate the
detailed effects of population kinetics of human tumor. Hence, our future direction is to carry

out comparison with the latest reported method(s) in the subsequent recent years’ papers.
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(b) Behaviour of DNA synthesis or Sphase

(a) Behaviour of Gphase

(d) Behaviour of metosis or Mphase

(c) Behaviour of G,phase

=0.001.

FIGURE 1. FOFDM-NSFDM numerical solution of the system in (30) for €
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(b) Behaviour of DNA synthesis or Sphase

(a) Behaviour of Gphase

(d) Behaviour of metosis or Mphase

(c) Behaviour of G,phase

0.01.

FIGURE 2. FOFDM-NSFDM numerical solution of the system in (30) for €
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(b) Behaviour of DNA synthesis or Sphase

(a) Behaviour of Gphase

(d) Behaviour of metosis or Mphase

(c) Behaviour of G,phase

=0.1.

FIGURE 3. FOFDM-NSFDM numerical solution of the system in (30) for €
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