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1. INTRODUCTION

Leslie has introduced a predator-prey model [1], including support capability that the en-
vironment provides predators is proportional to the number of prey. Leslie advances that the
growth rate of predators and preys admits an upper limit which can be approached under certain
conditions: for the predator when the number of prey is high, for the prey when predator num-
bers (can be also the number of prey) is low [1,2]. The Leslie-Gower term means in absence of
preys, the predators have an oscillatory behavior.

There are many predator-prey models in the literature with Leslie-Gower term or a modified
Leslie-Gower term and Holling type II functional response [3, 5-8, 11-13]. Some of them
analyze bifurcations [3,4,14], persistence [9] or seasonally varying parameters [10]. The Leslie-
Gower predator-prey model has not yet been analyzed as in this paper, considering optimal
harvest and response function of type III.

Profit, over-exploitation and extinction of a species being harvested are primary concerns in
ecology and commercial harvesting industries. Thus, current research incorporates a harvest-
ing component in mathematical models to study the effects it has on one or multiple species.
This has attracted interest from the commercial harvesting industry and from many scientific
communities including biology, ecology, and economics.

Most predator-prey models in the literature consider either constant or linear harvesting func-
tions [15,16,19,20]. Recently, Tchinda et al., Tankam et al. [21, 23] considered a system of
delay differential equations modeling the predator-prey dynamics with continuous threshold

prey harvesting and Holling response function of type III. In [21], the model system was given

by
x(t) = @(x(t)) —my(t)p(x(r)) — H(x(2)),

¥(t) = [=d+emp(x(t—1))ly(),

)

where x(¢) and y(t) represent the population of preys and predators at time ¢ respectively. The
parameter d is the natural mortality rate of predators. Parameters ¢ and m are positive constants.

The function

(2) o(x) :rx<1——>
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models the behavior of preys in absence of predators, where r denote the growth rate of preys
when x is small, and K is the capacity of the environment to support the preys. The functions
H(x) and p(x) which are the harvesting function of the preys and the response function of

predators to preys respectively, are defined by

0ifx<T,
3) H(x) =
::_xx;_T; ifx>T,
and
2
) )=

where a is a positive constant and b is a nonnegative constant. This function is one of potential
response function of predators to preys, modeling the consumption of preys by predators. It
reflects very small predation when the number of preys is small( p’(0) = 0), and a group of
advantage for the preys when the number of prey is hight (p(x) tends to % when x tends to
infinity). For the harvesting function, 7 is the threshold value. In this way, once the prey
population reaches the size x = T, then harvesting starts and increases smoothly to a limit value
h. Here, a time delay 7 is in the predator response term p(x(¢)) in the predator equation. This
delay can be regarded as a gestation period or reaction time of the predators.

In [23], System (1) has been investigated, but with a piecewise linear threshold policy har-

vesting given by

.
0if x < T,

hix—T;
) HE = "= en oo,
T, —T

L hif x Z Tz.

This piecewise linear threshold policy harvesting has been previously introduced in [22] in a

predator prey model without delay where a Holling response function of type II was considered.
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In these models, global qualitative and bifurcation analysis are combined to determine the
global dynamics of the model. But, note that, all these models do not take into account the fact
that reduction in a predator population has a reciprocal relationship with per capita availability
of its preferred food. This assumption leads the Leslie- Gower formulation.

On the other hand, time delay plays an important role in many biological dynamical systems,
being particularly relevant in ecology, where time delays have been recognized to contribute
critically to the stable or unstable outcome of prey densities due to predation. The introduction
of time delay into the population model is more realistic to model the interaction between the
predator and prey populations and the population models with time delay are of current research
interest in mathematical biology [29,31]. There is extensive literature about the effects of delay
on the dynamics of predator-prey models.

In this paper, we consider a delayed Leslie-Grower predator-prey model both with refuge and
the piecewise linear threshold policy harvesting given by Eq. (5). The Leslie-Gower formula-
tion is based on the assumption that reduction in a predator population has a reciprocal relation-
ship with per capita availability of its preferred food. Indeed, Leslie introduced a predator-prey
model where the carrying capacity of the predator environment is proportional to the number of
prey [1,2]. He stresses the fact that there are upper limits to the rates of increase of both prey x
and predator y, which are not recognized in the Lotka-Volterra model.

This paper is organized as follows. In the Section 2, we give a description of the model. In
Section 3, some preliminary results on the boundedness of solutions for System (6) when Eq.(5)
are given. Existence and unicity of equilibria are investigated. Section 4 deals with the linear
stability analysis of the model system with and without time delay. In Section 5, direction and
stability of Hopf bifurcation are presented. In Section 6, optimal harvest policy of population
model is derived. Numerical results to illustrate the analytical findings are presented in Section

7 and, finally, a summary is presented in Section 8.

2. THE MODEL

It is well known that time delay can play an important role in biological dynamical systems,
where it has been recognized to contribute critically to the stable or unstable outcome of prey

densities due to predation. Therefore, let us analyze the following delayed predator-prey model:
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i) = <r1 - blx(t))x(t) —ar (1= m)x(0)y(t)
(6) — H(x(l‘)),
o azy(t —7)
\y(’) - [”_(1—2m)x(t—f)}y(t>’

where x(¢) denotes the Prey population at time ¢ and y() the Predator population at time 7.
All parameters are positive and m is such that 0 < m < 1. This parameter is the rate of refuge
of prey population. This means that when m = 0, all preys are available for predation. mx(t)
models the capacity of a refuge at time ¢ and so refuge protecting mx(t) of the prey population.
It therefore remains (1 —m)x(¢) of the preys available for predation. Parameters r; and r, are
the intrinsic growth rate of the preys and predators respectively, a; denotes the predation rate
per unit of time, 2—11 is the carrying capacity of the prey’s environment and %x(r) is the carrying
capacity of the predator’s environment which is proportional to the number of prey. Here, we
incorporate a single discrete delay 7 > 0 in the negative feedback of the predator’s density.

Let us denote by R; the nonnegative quadrant and by int(]Rzr ) the positive quadrant. For

0 € [—1,0], we use the following conventional notation:
x(0)=x(t+0).
Then the initial conditions for this system take the form

%(0) = ¢1(0),
Yo(0) = ¢2(6),

(7

for all 6 € [—7,0], where (¢1,¢2) € C([—7,0],R2),x(0) = ¢;(0) > 0 and y(0) = ¢2(0) > 0.

For ecological reason, as in [23], we make the following assumption. We assume that:

: (i)0<x(0)§l:—lzl(;
1
: (i) <T, <K.

In fact, the first assumption comes from the fact that it is not plausible to have an initial value
of the preys x(0) at time r = O which is greater than the carrying capacity K of the preys.

Moreover if 71 = 75, then the harvesting function becomes a discrete harvesting. In other hand,
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if we assume 7, > K, then we will not have some harvest after 7, since the first assumption

leads to 0 < x(¢) < K.

3. PRELIMINARY RESULTS

3.1. Boundedness of solutions. We start by showing that solutions of System (6) and System
(5) that start in R%_ will remain there and are uniformly bounded. Indeed, we have the following

theorem.

X . . . . 2
Theorem 1. : Let Assumption 2-(i) holds. Then, every solution of System (6) that starts in R%.

will remain there and is uniformly bounded.

Proof. : Let (x0,y0) € R be given and let us denote for each t > 0, (x(¢),y(¢)) the orbit of
System (6) passing through (xq,yo) at t = 0. Then, we can find that (x(¢),y(t)) € R2 for all
t > 0. Thus, every solution of System (1) that starts in Ri will remain there. From the x-

equation of System (6), we have

(1) < <r1 - bpc(t))x(t).

Applying a differential inequality [28] gives

x(t) <
R T T
r x(0)

for all # > 0. Since 0 < x(0) < 2—1 from Assumption 2-(i), it follows that x(7) < ;—1 for allz > 0.
1 1

Now, let us check for the boundedness of y(t).
From the predator equation, we have y(¢) < rpy(¢). Hence, fort > 7, y(t) < y(t — 7)e"?". This

equation is equivalent for ¢ > 7, to
®) Yt —=1) 2 y(t)e ™

Moreover, for any § > 1, there exists a positive Ty such that for ¢ > Ty, x(¢) < 52—1. Eq.(8) gives
1
fort > Ts+,

¥(t) <y() [ o= ———() |,

)

which implies, by the same arguments use for x, that limsupy(r) < The

f—s oo a0(1 —m)lr)—‘lerﬂ.
conclusion of this lemma holds for 6 — 1. ]
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3.2. Equilibria of the model. In this section we analyze some equilibria properties of Sys-
tem (6)-(5). These steady states, which are determined analytically by setting X =y = 0, are

independent of the delay 7. The following results holds:

1— 2
Proposition 1. : Ler K = 2—1 by = by + M, Ky = 2—1, ¢ :x+—> (r] —byx)x and
1 a 0

©o : x — (r] — box)x.
(1) System (6)-(5) has one or more equilibria with y = 0 (without predators).
e One equilibrium in R x {0} under some conditions. More precisely,
— if 9(Tz) > h, then E|(x1,0) is the unique equilibrium of the model with x| €

K . K . K
571( < S 0T € [T12,K|if T, > 7

K -
-ifo(h)<hand T, > > then F(%,0) is the unique equilibrium of the model
with % € [T}, T»].
_ - (K
e Two equilibria F(X,0) and E <§,0> in RY x {0}, where % € [Ti,T>] under the

K K
conditions T» < > o(Th) <hand ¢ (E) =h.
e Three equilibria F(%,0), E1(x1,0) and E»(x2,0) in R*. x {0}, where % € [T}, T3],
K K . K K
x| € E’K ,xp € | Th, 3 under the conditions T» < 5 o(Tr) <hand ¢ £} >

(2) Under some conditions, System (6)-(5) has one or more coexistence equilibria.
e A unique equilibrium in these different cases:
- if Ko < T, then Go(Ko, o) is the equilibrium of the model.
- if Ko € [T1,T2), then G(x*,y*) is the equilibrium of the model, with x* €

1 _ *
1, 75] and y* = 2L=MX
a
- if Ko > T and @(T») > h, then G (x},y]) is the equilibrium of the model with
r2(1—m)xj

xj € [T», Ko and y| =
aj

~ [ K K
o Two equilibria G(x*,y*) € [T1, T>) x R and Gy (70,)70> when 70 >, ¢o(Th) <
K
h and @ (70) =h.
—_ Ko
o Tree equilibria G(x*,y*) € [T}, Tr] xR%, G1(x},y}) € 7,K0 xR% and Gy (x3,y5) €

K K K
{Tz, 70 { x R% when 70 > T, oo(T) < hand ¢ (%) > h.

Remark 1. : Concerning parameters K and Ky, we always have Ky < K.
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Proof. : An equilibrium S(x,y) of the model is solution of Eq.(9) when x < Tj, Eq. (10) when
Ty <x<Tpand Eq. (11) when x > T,, where

(ri—bix)x—a;(1—m)xy=0,

) .
2
[1’2— m]y =0,

(ry —b1x)x—a; (1 —m)xy—% =0,

(10)
ayy

[VZ— m}y =0,

and
(r1 — b1x)x —ay (1 —m)xy —h =0,

(11)

azy

[rz—m}y:().

From the second equation of System (9), System (10) or System (11), we have y = 0 or

_ n(l-m)x
= PR
When y = 0, the equilibria (0,0) and (2—1,0> exist on [0,7;[. This is impossible since
1
2—1 = K > T,. Moreover, we have the following equations,
1
h(x—T
(ri —bix)x—aj(1—m)xy— hx=Th) =0on[T}, 1],
L—-T

and
(ri —bix)x—aj;(1 —m)xy—h=0on[T,K].

h
e On [T},T>), the identity at the equilibrium gives equation —byx* + (r — T )x+
2T
hT
T lT = 0 which admits a unique positive solution.
2»—Th
h hT
Let us consider f(x) = —byx*> + (r; — T _Tl)x—i— o —lTl' Then f(T1) > 0 and

f(T;) = ¢(T>) — h. Hence, if ¢(T>) < h, a unique solution exists on [77, T3]
e On [T»,K], the identity at the equilibrium gives equation —bjx* + rix —h = 0. Its dis-

criminant is

K
A=r} —4bih=4b, (cp(E) —h) :
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K
Hence, if 5> h, there are two positive solutions, which are both on [T3,K], when
K
< 3 and ¢(T>) < h. Besides, when ¢@(T3) > h, just one of the solutions is on [T, K].

K K
Still according to the sign of the discriminant A, if ¢( 5) =h,x= ) is the unique

K
solution on [73, K| when 7 > T». There is no solution when — < 7>.

When y # 0, from the second equation of System (9), System (10) and System (11), we have
1—
= Mx. Replacing it in the first equation gives (r; — box)x — H(x) = 0. On [0, 7], the
2
unique solution of this equation is x = Ky, which exists if and only if Ky < 77. Moreover, we

have the following equations,

h(x— Tl)

_b _
(r 0X)Xx 5T,

=0on [T}, T3]

and

(r; —box)x—h=0on [T»,K].

e On [T1,T»], if Ky < T, there is no equilibrium on [T}, 7>]. Else, the identity at the equi-
h hT

librium gives equation —bgx> —
um gives equ ox* + (r1 Tz—Tl)x+Tz—T1

= 0 which admits a unique

positive solution.

hTy
. Th T) = boTi (Ky—
Tz—Tl)x+T2—Tl en fo(T1) = boT1(Ko

T1) > 0 and fo(T2) = @o(T2) — h. Hence, if @y(T>2) < h, a unique solution exists on
[Tl 5 TZ] .

Let us consider fy(x) = —box>+ (ri—

e On [T»,K], the identity at the equilibrium gives —box? 4 rjx — h = 0. Its discriminant

K K
is Ag = r% —4boh = 4b <(p0(70) — h>. Hence, when 70 > h, there are two positive

K
solutions, which are both on [T3,Kp|, when T, < 70 and @y(7>) < h. Besides, when
©o(T2) > h, just one of the solutions is on |73, K] ( particularly on [T3, Kp)).

K K
Still according to the sign of the discriminant, when ¢y (70) =h,x= =0 is the

unique solution on [73, K| when 70 > T». There is no solution when 70 <T.
Remark 2. : We summarize the results about equilibria in Fig. 1 and Fig. 2.

4. STABILITY ANALYSIS
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o(T3)
Only one equilibrium Only one equilibrium
(21,0), 2 € ,*;Ar exists. (1,0), 21 € [T2, K] exists.
h
- (5/'*0), ze [TI-TQ] always exits Only one equilibrium
- if@(i{) > K then (1,0) and (2,0) (IlO)’ 7 € [ T2 exiss.

2
K K
& 6]575'] and T2 € [Tz- E[ exist.

K K
- ify?(;) =h then (50) exists.

K2 T

FIGURE 1. Existence and number of equilibria when y = 0.

wo(T2)
Only one equilibrium| Only one equilibrium | Only one equilibrium (%1:4" (1)),
(Ko,y"(Ko)) exists.| (2"54"(2")) exists, 2} € [T, K] exists.
with 7 € [T1, T3] |

- (27.y"(2")) € [T1. 1] X RY ajways exists.
Only one equilibrium | Only one equilibrium | K, Koo oo
(R’ (o) oxiss.| (0°,5°(0") exiss, [ 1£900) > Prand 572 T them (254" (214)) and
with ¢* € [T, T3] | Ko
5
Ko K Ko . Ko
~ifen(G) = hand > T then (574" (550) exists.

P KO0 .
(@5, 5"(23)), exist, with 21 6]7.1“1] and @2 € [Th,

™ ™ K.

*

FIGURE 2. Existence and number of equilibria when y # 0 and y*(x*) = ra(l=m)

a

4.1. Stability of equilibria when 7 = 0. The Jacobian matrix J(x,y) of System (6) at the

equilibrium (x,y) when 77 < x < T3, is given by

h
¢'(x) “HoT —ai(l-m)y —ai(1—m)x,
azy? 242y
(1—m)x? 2T (1=—m)x

We notice that r, > 0 is always an eigenvalue of any equilibrium E(x,0), which is therefore

unstable.

Concerning stability of any equilibrium G(x*,y*) with y* # 0, the following theorem holds.

Theorem 2. : Let consider
2
A= [(p’(x*) —a1(1—m)y*— rz} —4[2511(1 —m)ry* —ro' (x*)|,

h 2 h
A2 = [(p’(x*) —a1(1 —I’I’L)y* - ﬁ —r2i| —4 [201(1 —m)rzy* —rz[(p/(x*) — ﬁ]] .
(1) Let consider an equilibrium G(x*,y*) with x* € [0,T;[U]T»,K].
e IfA > 0, then the equilibrium is a stable node when — @' (x*) +a; (1 —m)y*+ry >

0 and 2ay (1 —m)ray* —ry@'(x*) > 0.
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e If A =0, then the equilibrium is a stable node when — @' (x*) +ay (1 —m)y*+ry >
0.

e IfA <O, then the equilibrium is a stable focus when — @' (x*)+a; (1 —m)y*+r, >
0.

o If —¢'(x*) + a1 (1 —m)y* +ry =0 and 2a;(1 — m)ry* — @' (x*) > 0, then the
equilibrium is a center.

(2) Let consider an equilibrium G(x*,y*) with x* € [T}, T).
o If Ay > 0, then the equilibrium is a stable node when —@'(x*) +aj(1 —m)y* +

+ry > 0and 2a1(1 —m)rpy* — ra(@' (x*) — ) > 0.
T, —T -1
o If Ay =0, then the equilibrium is a stable node when —@'(x*) +a;(1 —m)y* +
> 0.
non
e If Ay <0, then the equilibrium is a stable focus when —@'(x*) + a; (1 —m)y* +
0.
boT +rp>

o If —0/(<") +ar (1 —m)y* + +r2 =0 and 2a) (1 =m)ray* = r2(9/(x") =

I,-T

) > 0, then the equilibrium is a center.

T—T,

Proof. : The Jacobian matrix J(x*,y*) of System (6) at the equilibrium (x*,y*) becomes
o' (x*)—a(1—m)y*—H'(x*) —a;(1—m)x*

*

Y _
2 2,

h
where H'(x) = 0 for x € [0, 71 [U]T»,K] and H'(x) = T forx € [T1, T3]
2—Th

Therefore, the eigenvalues are given by the following equation:
2242 = () +ar (1= m)y* +H' (") + 1]
+2a1 (1 —m)ryy* —rp (@' (x*) — H'(x*)) = 0.

(12)

The discriminant of this equation is given by

2
A (xX*)—a (1 —m)y* —H'(x) — rz}

~4[2a1(1=m)ry = ol (") ~ H' ()],
which is equal to A; on [0, 7;[U]T3,K] and A; on [T}, T3].

e When A >0, J(x*,y*) has two positive eigenvalues which are both negatives if —¢’(x*) +
ai(1—=m)y*+H' (x*)+r, > 0 and 2a; (1 —m)ry* — (@' (x*) — H'(x*)) > 0.
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e When A =0, J(x*,y*) has one positive eigenvalue which is negative if —¢’(x*)+a; (1 —
m)y* +H'(x*) +ry, > 0.
e When A <0, J(x*,y*) has two conjugated complex eigenvalues with a positive real part
equal to @' (x*) —ay (1 —m)y* —H'(x) — ra.
e When —¢'(x*)+ai(1—m)y*+H'(x*)+r, =0and 2a; (1 —m)ryy* —ry (@' (x*) — H' (x*)) >
0, J(x*,y*) has pure imaginary eigenvalues.

Hence, the conclusions follow. O

Remark 3. : The importance of this section is due to the fact that, if an equilibrium of System
(6)-(5) is unstable for T = 0, it remains unstable for T > 0 [24,25]. Then, any equilibrium of
System (6) in the form E(x,0) is unstable when t > 0. Concerning stability of equilibria when

T > 0, we only consider the coexistence equilibria.

4.2. Stability of coexistence Equilibria for 7 > 0 and Hopf Bifurcation. In order to analyze
the stability of coexistence equilibria G(x*,y*), let us define new variables u(z) = x(¢) — x* and

v(t) = y(t) — y*. Then the linearization of System (6) at G gives

a(t) = [r1—2b1x*—a1(1—m)y*—H’(x*) u(t)
(13) — ai(1—m)x*¥v(1),
v(t) = —¥'(x")y*2u(t —1)—rw(t—1),

where H'(x*) = 0 for x* € [0,T1[U[T»,K], H'(x*) =
az
(1—m)x*
The characteristic equation of System (13) at G(x*,y*) is given by

T for x* € [T1,T7] and W(x*) =

(14) 12—053~+r216’_m—r2<061—al(l—m)y*)e_“:0,

where o0 = r; — 2b1x* —a; (1 —m)y* — H'(x*).

Note that for 7 = 0, the characteristic equations (14) becomes
(15) A2+ (= o)A = o (@ —ay(1=m)y*) =0,

Since the sum and product of roots are —(r, — &) and —r; (Oc —ap(l— m)y*) respectively, the

two roots of (15) are real and negative or complex conjugate with negative real parts if and only
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if
(16) rn—a>0 and o—ai(l—m)y" <O0.
Hence, in the absence of time delay, the system is locally asymptotically stable if and only if

r—a >0 and a—al(l—m)y* < 0.

Now, for T > 0, if A = i is a root of equation (14), then we have
2 . . . .. .
— 0”4+ 0w+ rio(coswt —isinet) — c(coswt —isinwt) =0,

where ¢ = 1 <Oc —a(1 —m)y*).

Separating real and imaginary parts gives
(17) r@WSINWT — cCcosSWT = »? and rMCcosWT+ cSinWT = AO.
Eliminating 7 by squaring and adding equations of (17), we get the algebraic equation
(18) r30° 4 [02 +r3(a? — r%)} o+ (a? -2r))w* —c* =0.
Substituting @? = 7 in the above equation gives a cubic equation in 1 of the form
(19) 20+ [cz 2 - rg)] n2+ (a2 —22)n —* =o.

Observe that conditions (16) implies a < r,. Since r% >0and —c* <0, if 2+ r%(oc2 — r%) >0
or a> — Zr% < 0, then by Descartes’ rule of sign, Eq.(19) has at least one positive root.

If o« €] — ry, 12, then o?— Zr% < 0 and Eq.(19) has only one positive root. If & < —r», then
2+ r%(oc2 — r%) > 0 and Eq.(19) has at least one positive root. So, for any cases, Eq.(19) has at
least one positive root.

The following theorem gives a criterion for the switching in the stability behavior of G* (x*, y*)

in terms of the delay parameter 7.

Theorem 3. : Suppose that G(x*,y*) exists and is locally asymptotically stable for System (6)
with T = 0. Also let g = wg be a positive root of Eq.(19). Then there exists a value T = Ty such
that G is locally asymptotically stable for T € (0, Ty| and unstable for T > ty. Furthermore, the

system undergoes a Hopf bifurcation at G when T = 1.
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Proof. : Since @y is a solution of Eq.(18), the characteristic Eq.(14) has the pair of purely

imaginary roots +iwy. From Eq.(17), ’L',? forn=0,1,... as a function of @y is given by

1 wi(—c+ar 27
(20) *c,? = —arccos{ 0(2 3 22> } + n‘
wo ¢+ rawg wo

For 7 = 0, theorem 2 ensures that G is locally asymptotically stable. Hence, by Butler’s
lemma [27], G remains stable up to the minimum value of ‘L',? , obtained here for n = 0, i.e. for

T< 1‘8 , so that 70 = m>ig 0= 1'8 . The theorem can be completely proved if we can show that
nz

dt A=iay
Differentiating equation (14) with respect to 7 yields
21 [2%—06—1— (rz—rzrl—i—c‘v)e_“}% = (rzlz—cl)e_m
drt ’
which gives
dl(l’) -1 20 — o+ (rg—rﬂ/'L +C’L’)e_7w
( drt ) - (A2 —cA)e 27 ’
e .
 A2A2—ad) Alc—nA) AT
1 1 mn T

Thus, 1o = sign {d(RedAT(r))) ’

wo = sion {& (%) ']

}
{

= sign {Re [—ﬁ_%_ﬁ”
{

2 2 2
wg 1 rawg }

A=iwg

A=iwg

4 2.2 2 2. 4 2.2
WO—HX wy  Wg r2w0+w0c

. r%wg + 202w(2) + o2 c?
= sign 7} 3 5 >0
(wg+ o2wg) (rawg +¢?)

Hence, sign {%)} 04 > (. The transversality condition is satisfied and a Hopf
=1 A=iay

bifurcation occurs at T = t°. This achieves the proof. 0
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5. PROPERTIES OF HOPF BIFURCATION

In this section, we give some properties of the Hopf bifurcation presented in Theorem 3 and
analyse the stability of bifurcated periodic solutions occurring through Hopf bifurcations by
using the normal form theory and the center manifold reduction for retarded functional differ-
ential equations (RFDEs) due to Hassard, Kazarinoff and Wan [17]. We assume that System (6)
undergoes Hopf bifurcation at the positive equilibrium G(x*,y*) for T = T}), (j=0,1,2,...) and
then +i@y is corresponding purely imaginary roots of the characteristic equation.

Let x; (t) = x(t) —x* and x,(¢) = y(¢t) — y*. Then, system (6)-(5) is equivalent to :

p

x1(t) = [rl —2b1x* —ay(1 —m)y*} x1 (1)
—H'(x*)x1(t) — a1 (1 —m)x*x,(t)

(22) + /1 (x1 (1), x2(1)),
X(t) = —¥'(x*)y?xi1(t — 1) —rpxa(t — 7)
\ +f2 (22 (t), x1 (1 — 7), x2(2 — 7)),
where

fi (x1 (l‘),XQ(Z)) = —aj (1 —m)x1 (l‘))Q(l‘)
_blx%(t)7

and

Sa(xa(t),x1(t = 7),x2(2 — 7)) = ra(x2(t) +¥*)
— [‘P(xl (t—71)+x")(x2(t — 1) +y*)] (x2(1) +%)

+9/ (x*)y*2x1 (t—1)+rx(t—1).

Let 7 = ‘L'? + . Then, u = 0 corresponds to Hopf bifurcation value of System (6) at the
positive equilibrium G(x*,y*). Since System (6) is equivalent to System (22), in the following

discussion we use System (22).
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In System (22), let x;(z) = x;(t¢) and drop the bars for simplicity of notation. Then, System
(22) can be rewritten as a system of RFDEs in ¢ ([—1,0] , Rz) of the form:

(

() = (04 [rl bt —ay(1 —m)y*] x1(t)
— (D +u)H (x)x (1)
= (@ a1 - x(0)
(23) + () fi(xa (1), x(0)),
B) = () + ) ")y —1)
- (T})‘Hi)rzxz(f—f)
+ () fa(xa(r),x1 (= 1),x2(t — 7).

\

Define the linear operator L(u) : ¥ — R? and the nonlinear operator f(-,u) : € — R? by:

Jo Ji ¢1(0)
Ly(9) = (1) +u)
4) 0 0 $(0)
0 0 ¢1(—1)
+(1)+p)
—P (Y - (1)
and
f1(91(0),92(0))
(25) f(o,1) = (15 + )

F2(92(0),01(—1),92(—1))

respectively, where ¢ = (¢1,02)" € €, Jo =r| —2b1x* —a) (1 —m)y* —H'(x*), J; = —a; (1 —
m)x*.
By the Riesz representation theorem, there exists a 2 x 2 matrix function n(6,u), —1 <6 <0

whose elements are of bounded variation such that

6) Lu(@)= [ an(o.u)9(0) for 9<% (1-1,0,)
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In fact, we can choose

Jo Ji
n(0,u) = () +p) 5(6)
27) 0 0
0 0
+(1) + 1) 5(6+1),
_\P/(x*)y*Z —ry

where 0 is the Dirac delta function defined by

0if 0 #0,
(28) 0(0) =
1if 6 =0.
For ¢ € ¢'([—1,0],R?), define
do(o) .
70 if 0 € [—1,0),
(29) A(u)¢ =
0
| an(w.9o@)ire=o,
and
0if 6 € [-1,0),
(30) R(1)$ =
F(1,9)if 6 = 0.
Then, System (23) is equivalent to
(31) X(1) = A()xr + R(p)x,

where x;(0) =x(t+0), 6 € [—1,0].

17
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For y € €' ([0,1],R?), define

_dy(s)

if s € (0,1],
(32) Aty =
0
[ ane.0o(-nirs=o,
1

and a bilinear inner product

(w(s),0(6)) =w(0)¢(0)
(33) 0 6
NN R SUZIONE
where 11(6) = 1(6,0). In addition, by Theorem 3 we know that +iamy ”L'}) are eigenvalues of
A(0). Thus, they are also eigenvalues of A*. Let us assume that g(0) is the eigenvector of A(0)
corresponding to i@y ’L’? and ¢*(s) is the eigenvector of A* corresponding to —ia)o”L'JQ.
T . T .
Let ¢(6) = ( 1, v ) &% and q*(s) = D( 1, vf ) &% From the above discus-

sion, it is easy to know that A(0)g(0) = ia)ofj.)q(O) and A*(0)g*(0) = —ia)orj-)q* (0). That is

Jo i

and

+1¢ g (—1)= —iworyq*(O).



OPTIMAL HARVESTING AND STABILITY ANALYSIS 19

Thus, we can easily obtain

Jo—imy \" ieye
34 o) = (1, 201D ) oy
(34) q(6) ( ,al(l_m)x*> e,
T
(35) g(s)=D[1, —HF ) s,
lPl(x*)y*Ze_leTj

In order to assure (G*(s),q(0)) = 1, we need to determine the value of D. From (33), we have

—1.Je=0
=g"(0)q(0)
0 0 _ . -
— * 1T (é 0) l(l)()T»é
. Jg_oD(l’ v >e i alr’(@)(l7 v1> ' DTS g &
=q"(0)q(0)
0 iwyt00
70 [ 06 an(6)q(0)
-1
=q"(0)q(0)
0 0

_T/(x*)y*z —ry

_ . 0
= D[1+vi¥] = e T (2 )y 2 + 1),

_ 1
D= 0 —iogt? ’
Y - i % / 2
(36) L4+ vivf —1je 1/ Vi(W/(x*)y*2 +12)

. O .
14+v Vf — T?elworj Vik (‘P’(x*)y*z + 1’2)

Using the same notations as in [17], we first compute the coordinates to describe the center

manifold %y at 1 = 0. Let x; be the solution of Eq. (22) when u = 0. Define

(37) W(t,0) =x/(6
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On the center manifold %, we have
(38) W(t,0)=W(z,z,0),

where

W(zz,0) = WZO(G)é +W11(9>ZZ—|—W02%2

(39) :
Wi0(0)% 4,

z and 7 are local coordinates for center manifold Cy in the direction of ¢* and g*. Note that W is
real if x; is real. We only consider real solutions. For solution x; € % of Eq.(22), since u = 0,

we have

z(t) ia)OT;)z
(40) + T O)f(0.W(22,0)+27.(()a(0)) )
i)z +G*(0)fo(z,2)-

We rewrite this equation as
(41) 2(t) = i)z +g(2,2),

where

2 =2
8(z,2) =g20(0)5 +511(0)zZ2+ 805

(42) 2
+21(0)5 + -+

Then, x;(6) = (x1:(6),x2(0)) and ¢(0) = (1,v1)TeiW? % So, from Eq.(37) and Eq.(39), it

follows that

x%(0) = W(z,9)+2gz((t) (9))
(43) = Wa(0)% + Wi (8)zZ+ Wn
£ (L)) + (1L 7) T ()
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Then, we have

x1,(0)

x2(0)

(44)

x1,(—1)

)Q,(—l)

2
2+ 24+ W0 (05 + Wi (0):2
52
Z
Wo(zl)(o)i'*""

2
Viz+nE+ Wy (005 + WP (0)22
52

w202

. _ 2
267N 4 70 —l—Wz((;)(—l)%
0 W) 2
Wi (=1D)zz+ Wy, (—1)§+"'

. . 2

vize NG 4 926N +W2(§)(—1)%
@) @ 1%

Wi (=1)zz+ Wy, (_1)54"“

It follows together with Eq.(25) that

2(z,2)

(45)

7" (0)fo(z,2)

q*(())f(o,x,)zr;?b( 1, v )x

—b1x3,(0) — ay (1 — m)x1; (0)x2 (0);

21
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2
z _
= E{2T§~)D[—b1 —V1(11(1 —m)
o g0 i)
T W)y v
- )’*V1e*"“’ofﬁ? - T/lz(x*)y*zeZi%T?)] }

2

< = -
+ E{ZT;)D[_bl — V1a1(1 —m)
- VPR W)y e
- )’*\_/1eia)01? - ql//z(x*)y*zeZi“’OT;'))} }

+ ZZ{ZT;)D[—bl —Re(vi)ai(1—m)

— TRV T (xF) — R (7)y W (1)
L0

- YR (™) —y*z‘l’”(x*))} }

ZZ

a1l

{e1p [0 (2wl 0+ 2w 0)
— a(1=m)@WP(0)+ Wy (0) + Wy (0))
+ 2Wia (1 -mW (0))

— ) 2n w2 (0) + i (0)e )
+VEE) WS (1) +2n W (1))
2v e E0T)

(2vy 9y +2v2e 07
VW (= 1)e ™ (14 vy)
YW (=D (14 v)

= 2w T 1w 00

+ 2V1W1(11)(_1))

|

—~

—~
|
_
=

. : 0
> (6\/1871%1? +4v; + 2\_/16721%%)
\P// * )y % »
b T i
L0
+ 2y*elw°TJ'W2((;)(—1)

M1 (%) % . .
‘_/TIP (;c )y (25""015" +€W;>)_

Comparing the coefficient with Eq.(42) gives

g = 2T;)D(—b1 —V1a1(1 —m))
— 2T91_)\_/T‘P(x*)vlzefiwofy
_ 2T§~)D1P/(X*)y*\/1€_2i%r?
— ZT?Dy* vlefiam})

_ 2T?D\I“/2(my*2eziamj.)’
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802

811

821

o+ o+ +

+ + o+

ZT?D(—bl — v1a1(1 — m))
200DV} (x* ) vie T
2T?D‘P’(x*)y*v1e72mm?
ZTQDy* Vvie i

ZTODIPN(X*)y*Zefﬂwop?
2 Y

229D(—b1 — Re(V1)ai (1 —m))
200DVIR, (Vi Vie N )P (")
ZT?DVf%e(\'/l)y*‘P’(x*)
2T?D\_/i‘y*9%e(vleiw°r?)
ZT?D\_/]*y*Z‘P” (x*),

—9Db; (2Wyy) (0) + 2w, (0))
©9Day (1 —m)(2W,7)(0) +Wyy (0))
@DVar (1—m)Wyy (0) +2viW(0))
'*ly( *)(2v1W1(12)(0)+\71W2(§>(0) o)
( MWD (—1 )+2V1W1(1)( 1))
P (x*) (2vy Ve N 42w
2vi*‘P’ x* vlze’z’“’“f 7)
(x*)y*zw11 (—=1)e ™% (14 )
vf‘{”(x* YWy (=1)e ™% (14 7))
2059 (x*)y *W1(1)(0)€ iyt
VAP (x)y WAD (0)6 T + v W (—1)
297 (e )y v W (1)
w(6v e 4 dy))

1
s
ZV]‘P (x)y* _

Vi
Vie o 2ionT)

4v; " (" )y*y*wl(ll)(—l)e*"“’of?
2y ™I W) (— 1)

IP/// . .
Vl (3 )y (2671(1)01’?_{_610)07}))

23
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Since there are W»y(0) and W1(0) in g;;, we still need to compute them. From Eq.(31) and
Eq.(37), we have

W:Xt—Zq—Zq

aw =274 3°(0)foq(6) } if 6 € [~1;0),

47) =

AW ~2%.{3°(0)foa(8) } + foif 6 =0,

=del Aw 4 7(2,2,0),
where
2

H(2,2,0) = Ho0(0)= + H1(0)2z

(48) (@50 E,
A (0)5 4+

Substituting the corresponding series into Eq.(47) and comparing the coefficients give
(A — 2ia)0f§))W20(6) = —%0(9),
(49)
AW 1(6) = —J41(0).

From Eq.(47), we know that for 6 € [—1,0),

H(27,0) =—3(0)foa(0) — q*(0)od(0)
— —4(z.2)q(8) - 3(z.2)a(0).

Comparing the coefficient with Eq.(48) gives

(50)

(51) —£209(0) — 2024(0) = H0(0),

(52) —g119(0) — g114(0) = H11(9).
From Eq.(49) and Eq.(51) and the definition of A, it follows that

(53) W (0) = 2iwgT) Wao + 8204(8) + §023(6).
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T
Notice that ¢(0) = <l,v1> "7 Hence,

1820 o0 1802 _,~\ —icntO
Wan(6) = -E25q(0)e ™ 4 2 g (0)e=
(54) W()Tj W()Tj

: 0
+E1621%T] 9’

where E; = <E1(1)7E1(2)> € R2 is a constant vector. Similarly, from Eq.(49) and Eq.(52), we

obtain

i o 70 ig im0
(55) Wi (8) = — 5 g(0)e ™7 1 ELig(0)e @ 4 by,

where Ey = <E§1),E§2)) € R? is also a constant vector.

In what follows, we will seek appropriate £y and E,. From the definition of A and Eq.(49),

we obtain
0
(56) / dn(6)Wan(6) = 21y, Wao(0) — Hao(0),
0
(57) /_ldﬂ(G)Wn(@) = —Hy1(0),

where 11(6) = n(0,0). By Eq.(47), we have

Hy(0) = —g209(0) — 8024(0) + 279 x
—by —via (1 —m)

(58)
—‘P(x*)vlze_""m}) _ ‘P’(x*)y*vle_z""’ofjo

11 (%
—iwpT) _ My*ze—zmmj?
2

—y*vie

H11(0) = —g119(0) — £114(0) +2’L'J(-)><
—by —D%e(vl)al(l —m)
(59)
— R (Vi NT )W (x) — R (7))y W ()
—y*Re (v eiwofﬁ-)) —y*z‘l’”(x*)
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Substituting Eq.(54) and Eq.(58) into Eq.(56) and using the fact that

0 .
(ianefr— [ e»ano) g0 = o
~1
(60)
0 0 —iant?6 _
—ian®1— [ e ™%an(6))q(0) = o,
~1
we obtain
.0 0 2ianTV6 0
210)()le—/ e”07dn(0) | Ey =27} x
~1
—bl—vlal(l—m)
—‘P(x*)vlze_iworj‘) — P (x*)y* vle_Ziw"T?
ity T”z(x*)y*ze—ziam;’
This leads to
2imp — Jy —-Ji

Ey =

—2iont? . —iwnT?
\P/(x*)y*ze 216001'] Diwy + e 2160011

—b) — v1a1(1 —m)

. 0 .
—W(x*)vie N — W (x*)y* vle—Zszr?

—iopr? P (x iant
—y*Vie T, 2( )y*ze 2ioT;

Solving this system for E; gives

—by—viai(1-m)  aj(l—m)x*
2
ElV ==
(o3
L0
eo 2imy + e 2T
where
; 0 : 0
eg = —W(x*)vie NG W/ (x*)yrye HNT
_y*vle—iwofﬁ) _ wy*Ze—Ziwor})’

2
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2iCO()-J() —bl—vlal(l—m)
2 2
El( ) — E 9
\_P/(x*)y*Ze*ZinT? eo
where
2imy — Jo ap(1—m)x*
O =
‘P’(x*)y*ze_ZiaM? 2imn + rze_Ziw(’TJQ

Similarly, substituting Eq.(55) and Eq.(59) into (57) gives

—bl — i)f{e(vl)al (1 —m)

“R, (Vi Ve DTV (xt) — R, (7)y W (x)
R (Vi) =y 2 (x)

Therefore,
—b1 — %e(vl)al(l —m) =N

el rn
where
e1 = —Re(viVie " PTNB(x) — R (7 )y W (x*)
_y*g)f{e(vleion?) _ y*Z\P// (x*)
—Jo —b —iRe(vl)al(l—m)
D=2
‘P’(x*)y*z el

where
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*

—Jo aj(l1—m)x

‘P’(x* )y*z )
Thus, we can determine Wy and Wy from Eq.(54) and Eq.(55). Furthermore, g>; in Eq.(46)

can be expressed in terms of parameters and delay. Thus, we can compute the following values

j 2
C(0) = 2w;17JQ (g20g11—2|811|2——|g()32| >+%,
v _ FeAC1(0)}
2 N

# v ()}

(61)

BZ = 2‘%3{C1(0)}7

Im{C1(0)} + 2.7, A (Y
noo_ {C1(0)} +v2 {(ﬂ}?

0

which determine the qualities of bifurcating periodic solution in the center manifold at the

critical value ’L';-).

Theorem 4. [17]: In Eq. (61), the sign of v, determines the direction of the Hopf bifurcation.
Thus, if v» > 0, then the Hopf bifurcation is supercritical and the bifurcating periodic solution
exists for T| > ‘L'?. If v <0, then the Hopf bifurcation is subcritical and the bifurcating periodic
solution exists for T < ”L‘?. B determines the stability of the bifurcating periodic solution: The
bifurcating periodic solutions are stable if B < 0 and unstable if B, > 0. T, determines the
period of the bifurcating periodic solutions: the period increase if T, > 0 and decrease if T, < 0.

6. BIONOMIC EQUILIBRIUM AND OPTIMAL HARVEST POLICY

The first part of this section deals with the bionomic equilibrium of System (6). The term bio-
nomic equilibrium is an amalgamation of the concepts of biological equilibrium and economic

equilibrium. As we already saw, a biological equilibrium is given by X = 0 = y. The economic
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equilibrium is said to be achieved when TR (the total revenue obtained by selling the harvested
biomass) equals TC (the total cost for the effort devoted to harvesting).

To discuss the bionomic equilibrium of the prey-predator model, we consider the parameters
such as ¢ = cost per unit effort for prey; p = price per unit biomass for the prey.

The net economic rent or net revenue (R) at any time is given by

x—T )
= — <x<
(62) R(x,h,1) <pT2_T1 c)hlfn <x<T,
and
(63) R(x,h,t) = <p—c)h ifx>T.

The bionomic equilibrium is Peo(Xeo, Yoo, e ), WheTe Xeo, Yoo and & are the positive solutions of

the following simultaneous equations

( h(x—T;
(rl—blx)x—al(l—m)xy—%:07
(64) [i’z—ﬁ}yz& it Ti<x<T
x—T
—c|h=0
\ < Tz—T] C) ’
and
(ry —b1x)x—a;(1—m)xy—h=0,
a .
(65) [m—ﬁ}yzo, if x>1
<p—c)h:0,
—T
It may be noted here that ifc>p;f 711 when 77 < x < T, or if ¢ > p when x > T, i.e. if
2— 1]

the prey cost exceeds the revenue obtained from it, then the economic rent obtained from the

prey becomes negative. Hence the prey will be closed and no bionomic equilibrium exists.

! when
-1

Therefore, for the existence of bionomic equilibrium, it is natural to assume ¢ < p
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T <x<Tpand c < pwhenx > T;. Then, for T} <x < T,

(66) Xeo = T1+I§<T2_Tl),
(1 —m)xe
67 . = RUTMXe
(67) y -
p(n —bixe —aq (1 —ln)y,m)xoo
(68) hee = . )

It is clear that Ao > 0 if
(69) 71 —blxoo—al(l —m)yoo > 0.

Thus, the bionomic equilibrium Peo(Xeo, Yoo, f1o ) €Xists if xe < T3 and inequality (69) holds.

In what follows, our objective is to maximize the total discounted net revenues from the
fishery. In commercial exploitation of renewable resources, the fundamental problem from
the economic point of view, is to determine the optimal trade-off between present and future
harvests. If we look at the problem, it is observed that the marine fishery sectors become more
important not only for domestic demand but also from the imperatives of exports.

Symbolically our strategy is to maximize the present value J given by

(70) J(h) = /0 T R0), 1), 1) eV,

X—Tl
here R(x, h,t :(
where R(x,h,t) pTz_T1

the instantaneous annual rate of discount. Our problem is to maximize J subject to the state

—c)hile <x<T,R(x,h,t)= (p—c)hifxz T> and 0 denotes

System (6) by invoking Pontryagin’s Maximum principle for retarded optimal control problem
[26]. The control variable A(t) is subjected to the constraints 0 < A(z) < K. So, in other words,
our problem now is to find 4* such that

(71) J(h") = maxJ(h),

where Q = {h € L'(0,17);0 < h < K}.
The existence of an optimal harvesting is due to the concavity of integrand of J with respect
to &, a boundedness of the state solutions (x(),y(r)), and the Lipschitz property of the state

system (6) with respect to the state variables (see [32]).
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Using the Pontryagin’s maximum principle for delayed control problem [26, 30], problem

(71) is reduced to maximize the Hamiltonian .7# defined by:

H(x(t),y(t),x(t —T),y(t = 7),h(t),A(t)) =
e R(t), h(1),1) + M (r1 — brix(£))x ()
A [—al (1 — m)x(0)y(t) — H(x(t) ]

+22 [rzy(t) - (Cizi(;;xzy_%} :

where A = (41, 4,). By the maximal principle, there exists adjoint variables A, (7) and A,(¢) for

all ¢+ > 0O such that

| d);;t( X[Ovtf*ﬂ( )(9xa(t 7) (t + T)
oH 0
dx(t)
(72)
dla%t(t X[O’tf_ ] (t) 8ya(t ) (t + T)»
97
\ ay(t)
and
(73) aah—ﬁ(x(t),y(t),x(t —1),y(t —1),h(t),A(1)) =0,

where (o, (t) is the indicatrice function on [0,7; — 7.
Therefore, we obtain the adjoint system:
. ho
M) = _T”— O+ (1) (—r1 +2b1x(t))
2—T
+ 20 (1= myio) +

1, -T

ary(t+ 1) A (t + 7)y(t)
(74) - X[O,tf—f] (t) (1 _ m)xz(t) ’
o) = —ai(1—m)x() (1) = Ao (0)
azy(t + T)AQ(I + T) '

+ %[O,lﬁf*l’] (t) (1 —m)x(t)

\

The transversality conditions of System (74) are

Ai(ty) = Aalty) = 0.
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Since 7 is linear in the control variable 4, the optimal control will be a combination of bang-

bang control and singular control. Let

(1) =¥ (% _ c) () (sz__];l).

The optimal control A(t) which maximizes ¢ must satisfy the following conditions:

(75) h(t) = K if o(t)>0
(76) i.e e&ll (l) <p-— =
L-N
77) h(t) = 0 if o(t) <0
(78) ie () >p— 1
T—T,
where €% A1(¢) is the usual shadow price [18] and p — x—CT1 is the net economic revenue on a
T-T

unit harvest. This shows that # = K or zero according to the shadow price is less than or greater
than the net economic revenue on a unit harvest. Economically, condition (76) implies that if
the profit after paying all the expenses is positive, then it is beneficial to harvest up to the limit
of available effort. Condition (78) implies that when the shadow price exceeds the fisherman’s
net economic revenue on a unit harvest, then the fisherman will not exert any effort.

When o (r) =0, i.e. when the shadow price equals the net economic revenue on a unit harvest,
then the Hamiltonian .7 becomes independent of the control variable A(t), i.e. . /dh = 0.
This is the necessary condition for the singular control 4(¢) to be optimal over the control set

0 < h < K. Thus, the optimal harvesting policy is

0 if o) <0,
hi)=< 1 if olt)=0,
K if oft)>0.

Solving o (t) =0, we get

(79) () =e (p— — ) .
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Substituting Eq(79) into System (74) gives

(

: ph  _ _ c
MO =g e e

I, -T

X

<_rl +2b1x(t) +ar(1 —m)y(r) + I ﬁ T1>

ary(t+ 1) (t +
(80) ~Xj0.4,-1)(1) zy(t(li)mz)icg(t;)y(t),

C
X—Tl
-1

(1) = —a; (1 —m)x(t)e % | p—

ay(t +7)a(t + 1)
(I=m)x(e)

Using equilibrium conditions and integrating System (80), we obtain A;(¢) and A,(¢). Solving

—r22a(t) + X041 (1)

\

equation

C
M) =p— 7

-1

we obtain the optimal harvesting efforts /4*.

7. NUMERICAL SIMULATIONS

In this section, we give some numerical simulations for a special case of System (6) with har-
vesting function (5) to support our analytical results in this paper. As an example, we consider
systems (6) and (5) with the coefficients r; = 1.1, by = 1.1/300, which gives K = 300, m = 0.1,
a;=0.11,1n=02,a,=1,h=02xK, Ti =60, T, =90 and 7 = 20. When there is no delay,
we choose x(0) = 40 and y(0) = 25. That is,

() = (1.1 ———=xx)*x
(81) — 0.11%(1—0.1)xxxy—H(x(2)),

, 1.2%y(t—1)
Y = <0'2_ (1 —O.l)*x(t—’c)) *3(0)-
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In Figure 3, we have A} = 117.5377 > 0, —¢'(Ky) +a; (1 —m)yo+ry = 11.2751 > 0 and
2a1(1—m)ryyg—r20' (Kp) =2.3975 > 0. So, the conditions of stability of equilibrium Gy (Ko, yo)

are satisfied and Gy 1s locally asymptotically stable.

26

— Trajectory

24+ o Initial condition H
o Equilibrium Go(KO, yo)
221 :
201
>
o 18r
@]
=
© 161
°
9 14-
o
12F
10+
gl
6 1 N n | 1
10 20 30 40 50 60 70
Prey x (a)
70
— Preys
— Predators
) \f |
5011
[%2]
c
O 4
=}
8
3 3
@)
o
20
10 b
0 1 1 1 1
0 100 200 300 400 500

Time (b)

FIGURE 3. The numerical approximations of system (6) when 7 =0 and Ky =
51.1945 < T;. The positive equilibrium Go(51.1945,9.2150) is a asymptotically
stable.

Fig. 4 shows that under some conditions, equilibrium G (x7,y}) is the only equilibrium of
the model system (6) and is locally asymptotically stable. More precisely, we have x] — T =

68.065, Ko — x} = 83.28, ¢(T») —h = 9.3, A; = 1.14 x 10,

—@'(x}) +ai (1 —m)yj +r, = 33.8253 >0
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and 2a; (1 —m)ryy; —r@'(x7) = 0.3396 > 0. So, we have T» < x| < Ky, ¢(T») > h and all

conditions which give the stability of Gj.

25

— trajectory
o Initial condition
Equilibria G1(x1*,y1*)

201

Predator

o
T

0 50 100 150 200

Prey (@)

— Prey
— Predator

200

180f

1601

1401

-

n

o
T

Populations
3
o

60

40

20

0 100 200 300 400 500
Time (b)
FIGURE 4. The numerical approximations of system (6) when 7 =0, r, = 0.01
and Ky = 241.35 > T,. The positive equilibrium G;(158.0658,1.4226) is a
asymptotically stable.

We now present some numerical results of the system for different values of 7. From the
above discussion, we may determine the direction of Hopf-bifurcation and the direction of
bifurcating periodic solution. We consider the system when the parameter values are given as
in Figure (3). So, the model has a positive equilibrium Gy(51.1945,9.2150) which is locally

asymptotically stable for 7 = 0. When 7 passes through the critical value 7 = ‘L'? =95.2311

and % =7.6799 > 0, the equilibrium Gy losses its stability and the system

. _-0
A=iwg,T=T1;

(6) experiences Hopf-bifurcation. From Sect. 5 we can determine the nature of the stability and
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direction of the periodic solution bifurcating from the interior equilibrium at the critical point

0
TO-

90
8ol — Predator

707
60

50

40

Populations

30

20

0
0 100 200 300 400 50

Time

25

— Without delay
With delay
o Initial condition

201

Predator

>

« Equilibrium G (K., y,) ||

0

Prey

I I I I I I I
10 20 30 40 50 60 70 80 90

(a)

(b)

FIGURE 5. Hopf bifurcation behavior of the system (6) around the interior equi-
librium G¢(51.1945,9.2150) when 7 = 7 = 95.2311. The other parameter are

the same as in Fig. (3). We obtain the existence of unstable supercritical bifurcat-

ing periodic solution around the interior equilibrium G with the same parameter

values as in Fig. (3).

Using (61), we can compute C; (0) = 69.7625 —28.9307 i, v, = 968.6446 > 0, 3, = 139.5250 >

0 and 7> = —120.1525. Hence, the bifurcating periodic solution exists when 7 crosses ‘L'? from

left to right and the corresponding periodic solution is supercritical and unstable (as 3, > 0)

as evident from Fig. 5 (a)-(b). The negative sign of 7, indicates the decreasing period of the



OPTIMAL HARVESTING AND STABILITY ANALYSIS 37

periodic solution of the system. Moreover, this system is locally asymptotically stable around

the interior equilibrium Gy, which is clearly depicted from Fig. 6(a).(b) for T =16 < ‘Cg .

90
8o/} — Predator
70
0 60
c
o
= 50
Y
g_ 40
o
o 30
20
10 V\/\M’\r
0 1 1 1 1
0 100 200 300 400 500
Time (@)
25 T T © T T T
— Trajectory
o Initial condition
. EqumbrlumGo(KO,yO)
20F
1 L
o 15
=
©
°
()
Q’: 10F
5

10 20 30 40 50 60 70 80 90

Prey (b)

FIGURE 6. The system (6) is globally asymptotically stable around the interior
equilibrium Gg at 7 = 16 < 79 = 95.2311. The other parameter values are given

in the previous figure.

Figure (7) gives the optimal harvesting of prey in the presence of the two population. We
observe that the control increase the period of limit cycle (see Figure (7 a)) and also increase
the predator and prey population (see Figure (7 b and c)). In order to obtain this result, the
harvesting will be made periodically (see Figure (7 d)). From this figure, it is clear that as the
time progresses the prey and predator populations fluctuate in different period depending on the
values of the optimal harvesting. We observe that when we harvest, the predator population

decrease quickly and the prey population starts to rise rapidly. On the other hand as the predator
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population rises, the prey population descends speedily. This figure is obtained when p = 30,
c=35and 6 =0.1.

8. CONCLUSIONS

In this paper, the properties of Hopf bifurcations in a Leslie-Gower Predator-Prey model with
delay in predator’s equation have been studied. We have also investigated optimal harvesting
when the harvesting is given by a continuous function in this model. Although bifurcations
in a population dynamics without delay have been investigated by many researchers, there are
few papers on the bifurcations of a population dynamics with delay, which have shown di-
rection of global Hopf-bifurcation and optimal harvesting simultaneously. We have obtained
sufficient conditions on the parameters for which the delay-induced system is asymptotically
stable around the positive equilibrium for all values of the delay parameter and if the conditions
are not satisfied, then there exists a critical value of the delay parameter below which the system
is stable and above which the system is unstable. By applying the normal form theory and the
center manifold theorem, the explicit formulae which determine the stability and direction of
the bifurcating periodic solutions have been determined. Our analytical and simulation results
show that when the delay 7 passes through the critical value 78 , the coexisting equilibrium Gy
losses its stability and a Hopf bifurcation occurs, that is, a family of periodic solutions bifurcate
from Gy. Also, the amplitude of oscillations increases with increasing 7. For the considered
parameter values, it is observed that the Hopf bifurcation is supercritical and the bifurcating
periodic solution is unstable. The problem of optimal harvesting policy has been solved by
using the new result of retarded optimal control which is an extension of Pontryagin’s Maximal
principle theory. We hope that the theoretical investigations which have been carried out in this
paper will certainly help the experimental ecologists to do some experimental studies and as a
consequence the theoretical ecology may be developed to some extent.
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