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Abstract. In the past few years, the parapenaeus longirostris population stock has seen a sharp reduction. In this
work, we propose a bioeconomic model that represents the biomass evolution of this marine population in two
moroccan maritime patches: protected area and unprotected area. In the model construction, we take in consid-
eration the predation interaction between the parapenaeus longirostris population and the small pelagic species
of moroccan coastal zones. We suppose the existence of coastal trawlers that exploit both the predator and prey
populations. Our objective is to study the influence of the predator mortality rate variation on the evolution of prey
biomass and the profit of coastal trawlers. It should be underlined that, coastal trawlers are constrained by the
conservation of marine biodiversity. One of the key consequences of this is that the increase in the mortality rate
of small pelagics leads to an evolution in the parapenaeus longirostris stock, and consequently to an increase in the
profit of coastal trawlers after exploitation of this species. On the other hand, the level of fishing effort and catches
of small pelagics is decreasing, which leads to a reduction in the profit of coastal trawlers after exploiting small
pelagics.
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1. INTRODUCTION

The Moroccan coastline stretches for about 3,500 kilometers. Its waters are among the
world’s richest sources of fish. The FAO considers Morocco’s production potential at nearly
1.5 million tonnes per year. Morocco is the Africa’s largest producer of fish (FAO, 2001). It
represents 1.2% of world production and ranks 18th in the world.

There are four fishing zones in Morocco whose relative importance in terms of activity has
undergone a great change over time and the pace of exploitation (Figure 1). Mediterranean and
North Atlantic zone to ElJadida (35°45°-32°N), zone A of Safi to Sidi Ifni (32°N-29°N), zone
B of Sidi Ifni to Cape Boujdor (29°N-26°N) and zone C from Boujdor to Lagouira (26 °N to the
South). Which allows the kingdom to be the first in the Arab world and in Africa for fishing for
fish and seafood, including small pelagics species and shrimps. The shrimps fishing has several
advantages both economically by being a source of foreign exchange and socially by the labor
it generates. However, shrimp fishing in Moroccan fishing zones confronts several challenges
and issues with regard to the nature of the resource itself and the context of exploitation. Mostly
on the , it remains among the most fragile stocks. This resource has not yet covered its optimal

state, it is a very important fishery for both the local market and for export.
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The exploitation of parapenaeus longirostris offshore by Moroccan fleets developed from the
1980s. Its geographical distribution is quite wide. In Morocco, it is found in abundance in the
plateau and the Atlantic continental slope, from Cap Spartel in the North to Lagouira in the
South and in the Moroccan Mediterranean from Ceuta to Saidia. This deep species lives on
muddy or sandy bottom. Its bathymetric distribution is wide, from 20 to 700 m and generally
from 100 to 400 m depth (Heldt, 1954, Holthuis, 1987, Ardizzone et al, 1990).

Overexploitation, especially of growth (of juveniles) remains one of the main causes causing
the state of more or less advanced degradation of certain resources. Excessive fishing pressure
on juveniles (especially for parapenaeus longirostris) is leading to a significant shortfall for
the fishery as a whole in terms of production per recruit and hence exploitable biomass. To
this end, it is recommended to continue the effort already put in place for the management of
parapenaeus longirostris stocks and to reinforce the current management measures, in particular
those relating to the reduction and control of fishing mortality.

Thus, adequate scientific monitoring and appropriate adaptive management alone guarantee
the sustainability of these short-lived resources. Let us add that understanding the biological
mechanisms of parapenaeus longirostris modulating key environmental and ecosystem indica-
tors of stock health, such as water temperature and predator abundance: small pelagics such
as sardine, horse mackerel, anchovy, sardinella, etc., is an integral part of the preparation and
enhancement of stock ecosystem assessments [1, 2, 3, 4]. This will make it possible to decide
on the state of the resource and recommend recommendations for better management of these
fisheries.

In this context, many mathematical models have been developed to describe the dynamics
of fisheries, we can see for example [5, 6, 7, 8, 9, 10, 11, 12, 13]. Also, we can refer to Y. El
foutayeni et al. [14] in their work, the autors have defined a bioeconomic equilibrium model for
several coastal trawlers who catch two fish species. The authors have studied the existence of
the steady states and its stability using eigenvalue analysis; they have solved two mathematical
problems to determine the equilibrium point that maximizes the profit of each coastal trawler.

Finally the authors have given some numerical simulations to illustrate the results.
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An other important example in this context is also that Y. El foutayeni et al. [15], in this
work the authors have defined a bioeconomic equilibrium model for several coastal trawlers
exploiting three species, these species compete with each other for space or food; the natural
growth of each species is modeled using a logistic law; the objective of their work is to calculate
the fishing effort that maximizes the profit of each coastal trawler at biological equilibrium by
using the generalized Nash equilibrium problem.

In the work of I. Agmour et all. [16], the authors have sought to highlight that the increase
of the carrying capacity of marine species does not always lead to an increase on the catch
levels and on the incomes. To effectively support the theoretical outcomes, we have considered
a bioeconomic model of several seiners exploiting Sardina pilchardus, Engraulis encrasicolus
and Xiphias gladius marine species in the Atlantic coast of Morocco based on the parameters
given by ’Institut National de Recherche Halieutique’.

Recently, the parapenaeus longirostris resource stock was marked by a fall yields of the
different fleets operating moroccan maritime zones, as well as a decrease in catches in this
species. In addition, abundance indices decreased. The drop in parapenaeus longirostris stocks
could be caused by over-fishing and the predation between this population and small pelagics. In
this work, we consider the biomass evolution model of the parapenaeus longirostris population
in the presence of predators (the five small pelagics) in two areas: protected area and unprotected
area. In one side, the model introduces the small pelagic fish populations and parapenaeus
longirostris fishery into free access fishing zone. The different parameters and variables used in
the biological model are cited in tables 1 and 2. On the other hand, we search to study the impact
of the variation of the predator mortality rate on the stock evolution of the prey population. It
also seeks to interpret the best fishing situations, which allow seiners to have the maximum

income by preserving stocks of small pelagic and parapenaeus longirostris populations.
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Variables | Description
P (1) The stock of parapenaeus longirostris juveniles into patch A
Py (1) The stock of parapenaeus longirostris adults into patch B
S(1) The density of sardine
At) The density of anchovy
M(r) The density of mackerel
H(t) The density of horse mackerel
L(r) The density of sardinella
Table. 1. The description of variables.
Parameters | Description
kK The carrying capacity in the reserved area
(1—x)K | The carrying capacity in the unreserved area
r The growth rate of parapenaeus longirostris
Us The maximum per capita consumption rates of sardine
Uq The maximum per capita consumption rates of anchovy
U The maximum per capita consumption rates of mackerel
Uy The maximum per capita consumption rates of h. mackerel
Ly The maximum per capita consumption rates of sardinella
n The maximal carrying of parapenaeus longirostris
B The mobility coefficient
dy The natural death rates of sardine
d, The natural death rates of anchovy
dy, The natural death rates of mackerel
dy, The natural death rates of horse mackerel
d; The natural death rates of sardinella
Ol The amount of the P.L required to support sardine
a, The amount of the P.L required to support anchovy
Oy The amount of the P.L required to support mackerel
ay, The amount of the P.L required to support h. mackerel
o The amount of the P.L required to support sardinella

Table. 2. The description of parameters

5
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The paper is organized as follows. In the next section, we present the biological model of the
juveniles and adults of the parapenaeus longirostris evolutions with the presence of the preda-
tors; in other word, the five small pelagic species: Sardines, Anchovy, Mackerel, The horse
mackerel, Sardinella; which consist in a system of seven ordinary differential equations, the
first equation describes the natural growth of the juveniles of Parapenaeus longirostris fish pop-
ulation a prey of the small pelagic fish population, the second equation describes the natural
growth of Parapenaeus longirostris fish population a prey of the small pelagic fish population,
the third to seven equations describe the natural growth of the small pelagic fish population as
a predators of the juveniles and adults of the parapenaeus longirostris. The existence of the
steady states of this system and its stability are studied using eigenvalue analysis and we define
a bioeconomic equilibrium model for all of this fish populations exploited by a fishing fleet. In
section 3, We compute some numerical simulations to determine the optimal conditions under
which the biological steady state can be attained and to draw some important conclusions re-
garding reserve designs. In section 4 we give a numerical simulation of the mathematical model
and discussion of the results. Finally we give a conclusion and some potential perspectives in

section 5.

2. BIOLOGICAL MODEL

Our study is based on a prey—predator system, the parapenaeus longirostris and the small
pelagic fish (Sardine, Anchovy, Mackerel, The horse mackerel, Sardinella) in two patches (as
shown in figure 1): a fishing protected area and free access fishing zone. Let us assume that
Py (1) is the stock of parapenaeus longirostris juveniles into patch A, the reserve area, and Py (1)
is the stock of parapenaeus longirostris adults into patch B, unreserved area, at time . Assuming
total region under consideration is unit and 0 < k < 1 is the reserved area, consequently (1 — k)
is the unreserved area.

It is assumed that the juveniles of parapenaeus longirostris fish population grows according
to a logistic equation with growth rate r and and its carrying capacity is kK. The functions
WPy (1)S() /1, aPy (A(),/ 1, nPy (1) M(1),/ 1, Py () H(1),/1 and wPs (1) L(t) /1 are
the function responses, where i, Uy, Wn, Up, W are respectively the maximum per capita con-

sumption rates of sardine, anchovy, mackerel, horse mackerel and sardinella, i.e. the maximum
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rate at which the juvenile and adults of the parapenaeus longirostris population can be eaten by a
sardine, anchovy, mackerel, the horse mackerel, sardinella per unit time. And 7 is the maximal
carrying of the juvenile and adults of the parapenaeus longirostris. BPs (1) Py (1) /x(1 — x)K>
represent the net transfer rate or migration, where 8 is a mobility coefficient. The net trans-
fer from the protected area to the unprotected area is assumed to be the positive direction for
migration.

The population of parapenaeus longirostris adults grows according to a logistic equation with
growth rate r, its carrying capacity is equal to (1 — k)K. We note that it is a prey of the small
pelagic species.

Let S(¢), A(t), M(t), H(t) and L() be the densities of sardine, anchovy, mackerel, horse
mackerel and sardinella, respectively. These populations are predators of parapenaeus lon-
girostris juveniles and adults. The natural death rates of predators: sardine, anchovy, mackerel,
horse mackerel and sardinella are denoted by ds, d,;, d;,, dj, and d;, respectively. The parameters
O, Oy, Oy, Oy and oy are the amount of the juvenile and adults of the parapenaeus longirostris
required to support sardine, anchovy, mackerel, horse mackerel and sardinella at equilibrium,
respectively.

Following the previous assumptions, the biological model is represented as follow

P )= rP(t) <1 . P{(%)) . ﬁf{(f):flgg) . ,usPJ(T;)S(t) . /JaPJS;)A(t)
 MaPr(OM(2)  ppPr()H(t)  wPr(t)L(t)
n n n
Pa(t)= rPa(t)(1— ) + i?l(i)g[((tz) _ /JSPAE;)SU) _ .uaPAE;)A(t)
.UmPA( HM( f) #hPA(f)H(f) _ WPA(t)L(2)
n n
ey S(t)= —d,S (t) + S (1) Py (1) + 048 (1) Py (1)
A(t) = —daA(t) + A(1)Pr (1) + 0tA(1) Py (1)
W)= —duM(t) + M (1P (1) + oM (1) P4 (1)
H(t)= —dyH(t)+ o, H(t)Ps(t)+ oy,H (t)Py (2)
L(t)= —d/L(t)+ oyL(t)Py (t) + oyL(t)Ps (t)

with positive initial conditions.
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3. BIOLOGICAL MODEL ANALYSIS

Let X(1) = (Py(t),Ps(t),S(z),A(r),M(t),H(t),L(t)) be the solution of the system (1) at the
biological equilibrium. Then all the solutions of the system (1) are nonnegative. To demonstrate

that we must recall that by [17], the system of equation (1) is a positive system.
Theorem 1. All the solutions of system (1) which start in RZF are uniformly bounded.

Proof. We define the function

F() = 0000t (Pr (1) + Py (1)) + HeCalintali g (1) 4 HatkOmi0i p (7

_|_umas(;;aahalM(t) + Ilhas();;zamalH (t) + .ulasa;;amahL (t)

Therefore, the time derivative along a solution of (1) is

U — Oty 01 0 0,04y (1) [(1 — P’K—%)) + P (2) (1 - (lefS)Kﬂ

_Uaasar;l]‘xhaldaA (t) _ #saaan;]ahaldss<t) _ #m%a%ahalde (t)
MO0 O 0y dy, 00 0 O
W0y (1) _ Mty (1)

For each ¥ > 0, we have

U1 9f< a00m00K (r+0)2+ O 15 0 0 0,045 (1) + a0t 04 0, 04 A (1)]

3 (L 0.0 0, 04 M (1) + 114,085 0 O Oy H (t) +- 1410t 040 O O L (1))

So, the right-hand side is positive and it is bounded for all (Py, Py,S,A,M,H,l) € R’.. There-
fore, we find a 6 > 0 with ‘é—{ + U f < 0. Using the theory of differential inequality [18], we

obtain
0<r<oy [f(PJ (0,24 (0),5(0),A(0),M(0),H (0),L(0)) - —] ¥

which upon letting t — oo, yields 0 < f < %.

Then, we have
7 7]
B= (PJ,PA,S,A,M,H,L) S RJF f < 5—1—8, Ve >0

where B is the region in which all the solutions of system of equation (1) that start in RZ_ are

confined.
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For system (1), we can see that the equilibrium points of system (1) satisfies the following

equations

2)

P, BPy Hs Ha Hm Hp Hiy

o n BRI Mg Map _ Hmpy _ Mapy My _
r(1 )+ =2 LS —bep—bay —BH B —0

—ds+ 0Py + 0sP4 =0
—da+ 0P+ 0Py =0
—dpy+ 0P+ 0y, Py =0
—dp+ Py + 0Py =0
—d;+ 0yPy+ ogPys =0

After calculation, it is obvious that system.(2) has a 128 equilibrium points (Annexe 1), but

it has real positive solution is X* = [P}‘,PX,S*,A*,M*,H*,L*]T, where

with

dy(Krx—
P; = (KrOCs £
d Kr(l—x
py = 4o
§* — Tlds(KzrzK(K_1)_B2)(ﬂs_1)+K3r2Kas(n_,us)(’(_l)
- K3ricous(k—1)(ug—1)
AF — 2K22xnd, (k—1)=2B*nd,— K3 rx o, (k—1)(2rm — 1)
o K3rxo, (pa—1)(k—1)

M — M +My+M3-+Ms+Ms
2K3rk im0 (us—1) (ua—1)(k—1)
H — H\+Hy+H3+Hy
K3rK,Uha;%(,um*1)(“1171)(’(71)
« _ ry(1-m)
\ L= 20, (Ha—1)

My = 2KrBndy, (us—1) (Ha — 1) (dn + 2K 04, — 4Kdy)
My= K*rico, (k= 1) (2t (Ha +2rm) = (80 — tm (91 — 1))

—K3rko2 (k= 1) u2 (—r+2u, +5rn)

Ms = 4B Ndp (thn — 1) (di (= 1) — O (i — 2))
My = 2K?*r*knd,, [0, (2K + g —3) — W (2K 0 — dy,)]
Ms = 6K?r*knd> u2 o, (2/3dy — (2K + iy (2K — 30)))

—6K%rknd> 13 oy (2K — 300, (2K + py))
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Hi = 4K372koln (,—1)*(k—1)
Hy= K*r*kdyn [og, (un — 1) (2K —3) 4wy, (2k07 — dy) 2 (3dy + 1)
Hy= 3K*rPkdinpg (dp—2k0f) 2k (1, — 1) + 30, — 30y, (2K + )]
Hy= Bndy |28 (1~ 1) (25— dy) ~ Kr (i, 1)” (d -+ 2K0y, — 4xd))|
It must be noted that we only concentrate on the interior equilibrium point of the system
(1), since the biological meaning of the interior equilibrium indicates that the parapenaeus lon-
girostris and the small pelagic fish populations all exist. So in this paper, we assume that Krk —
B>0,d;>Koy,d, > Ko, dy > Koy, d, > Koy, and d; > Koy with K, rg, 7o, 1y, 1, 17, B, 06 > 0.
To evaluate the variational matrix at this point and analyze its local stability we use the Routh
Hurwitz criterion, as is shown in annexe 2.
The characteristic polynomial associated to the variational matrix J (X*) is written as P(A) =
i Pk, Note that the coefficients py are written according to all the parameters mentioned
I;rT 0the biological model (1) (Annexe 2). It is obvious to show that the p; are positive for all
k ={1,...,6}, and likewise for p;; with i = {1,2,3} and j = {I,...,6}. So, according to the

Routh Hurwitz stability criterion, we can conclude that the equilibrium point X* is stable.

4. BIOECONOMIC MODEL

The exploitation scheme of the shrimp includes directed fishing on these species by the
freezing, offshore and coastal fishing segments, and multi-species by the fleet of fresh coastal
trawlers targeting shrimp and other groups of fish such as small pelagics.

At the Moroccan fishing zones level, catches of fresh-fishing coastal trawlers having landed
parapenaeus longirostris are composed of more than 80 species of fish (according to ONP sta-
tistics). The top 20 species landed in these areas account for more than 84% of the total catch.
parapenaeus longirostris dominates shrimp catches of the fresh coastal fishery segment at both
elevations and accounts for 88% of catch volumes. Hence the importance of introducing the
catches of fishing coastal trawlers into our biological model.

The proposed bioeconomic model (3) in the presence of harvesting includes three parts: a
biological part connecting the catch to the biomass stock, an exploitation part connecting the

catch to the fishing effort, and an economic part connecting the fishing effort to the profit.
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We denote by H;; the catches of fish population j by the coastal trawler i and it is given by
the equation

H;j = q;jEijxj,

where E;; is the fishing effort of the coastal trawler i to exploit the fish population j and

g is the is the catchability coefficient of fish population j. Let us add that H; = H;; + Hp;

is the total catches of fish population j by the two coastal trawler, and E; = E;; + E; the

total fishing effort dedicated to fish population j by all coastal trawler, and we denote by

El = (E,-l,E,-Z,Eig,Ei4,El~5,E,~6,E,~7)T the vector fishing effort which must be provided by the

coastal trawler i to catch the fish populations.

Bty = o) (1 2)) - BB _ wPASO) _ salAD)
_ MwPy(OM() Py (0)H(1) uzPJ( )L(1)

Pu(t)= rPa(t y 1— T>] ﬁPJI = Kt2 HSPAS;)S(t) _ .uaPAS;)A(t)
umPA( 1M( r) uhPA() (1) _ /JIPA%) O _H,

3) S(t)= —d,S (t) + oS (1) PJ (t) + oS (1) Py (1) — Hy

Aty =  —d,A(t) + 0 A(t)Pr (t) + 0 A(t)Py (t) — Hs

M(t)= —dnyM(t)+ M (t)Ps(t) + M (t)Py (t) — Hy

H(t) = —dpH(t)+ oy, H ()P (t) + 0, H () Py (t) — Hs

L(t)= —dL(t)+oyL(t)P; (t) + oyL(t)Py (t) — He

\

In what follows of this paper, the product, the scalar product and the division of two vectors
is similar to that in Y. El foutayeni et al. [10], also the product of vector and matrix.

For system (4), we can see that the expression of biomass as a function of fishing effort is
given by the matrix form X = —AE + X (the identification of each vector and matrix is cited
in annexe 3.

An algebraic equation is also included due to the consideration of the economic profit of
harvesting. According to Gordon’s economic theory [19]: The profit (7) = Total Revenue
(TR)—Total Cost(TC), where the Total Revenue (T'R) and Total Cost (TC) are given by

The total revenue of the coastal trawler i is (TR); = k{‘,l PiHi1, where (pi);<i<6 are the

prices per unit harvested biomasses of the parapenaeus longirostris adults and the five small
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pelagic fish populations. After calculation, it is obvious that (TR); = <E(i),—quE (i)> +

<E(i),qu* —gpA ¥ E(")> -
k=1 ket

The total cost is equal to (TC); = <c(i),E(i)>, where ¢ = (¢;1,cin) is the vector of the cost
per unit of harvesting.

While the economic profit 7; of each coastal trawler i is equal to

T (E’) = <E(i),—quE(i)qu* —cD — pgA Z E(k)>
k=T kot

As constraint of the bioeconomic model we should have a strictly positive biomass of all the

marine fish populations, in mathematical words, we must have the following inequality

X=-AE+X*>Xy, >0 AEY < —AEU) 4+ X* (for coastal trawler i)

4.1. Fishing effort: Mathematical formula. To determine the mathematical expression of
fishing effort that maximizes each coastal trawler profit, we use the generelized Nash equilib-
rium problem. By definition a Nash equilibrium exists when no coastal trawler would take a
different action as long as every other coastal trawler remains the same. This problem can be
translated into mathematical problems of maximization. By applying the essential conditions
of Karush-Kuhn-Tucker these mathematical problems can be translated to a Linear Comple-
mentarity Problem (LCP). One can prove that this last problem has one and only one solution
[20, 21]. So, we can deduce that the generalized Nash equilibrium problem admits one and only

one solution. This equilibrium solution is given by

EWN) = —4-1 *_ﬂ
Pq

2

[ PR
3 rq

Then, the fishing effort that maximizes the profit of the first coastal trawler for catching the

adults of parapenaeus longirostris species is
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Ey = K2 k(1-K)+B2 <c#1 (ds+da+dm+dh+d1)(ﬁ—l{r(1<—1)))
3K3rk(k—1)2q, \P141 Kr(Qs+0a+0n+o+0y)
(B+Kr(1-K)) (Hscro | HaC13 | HmCia | PiCls | MiCi6
3K R)ar (quz T sty T psas T psas pm)
_I_(ﬁ+K’(1—’<))n(5r+([52—K2V2K(K—1))(Nst+Nada+,umdm+thh+ﬂldz))
3Knr(l—x)qi
the fishing effort that maximizes the profit of the first coastal trawler for catching the sardine

species is
Eir — Bas—Kros+Krko [ cqy _|_(ds+da+dm+dh+d1)ﬁ+Kr—KrK
12 = 3Kr(1—K)q, P Kr(0g+ 0+t + 0t +0y)

_|_KKOCS (#sclz + HaC13 + HmC14 + Hnc1s + ﬂ1016>

3rngy \ p2g2  p3q3 - pads  Psq4s  Pede
Kroun (5r+(B2—K2r2 k(k—1)) (Usds+tada+ Umdm+Lpdy+14dy))
+ 3rngs
The fishing effort that maximizes the profit of the first coastal trawler for catching the anchovy

species is
Ein — Bot,—Krog+Krko, [ cqy + (ds+dy+dp+dy+d)) B+Kr—Krk
13— 3Kr(1—K)gs  \Piar Kr (Ol Ot + Ot + 0 +-00)
Kxoy ((Ksc12 | MHaC13 | HmCi4a | MaCis | MiCle
+ 3rng3 ( P292 + P3q3 T P4aqa + D595 T P6d6 >
n Kxogn (5r+(B2—K*r?k(k—1)) (Uds+Mada+tmdm+tpdy+id)))
3rng;
the fishing effort that maximizes the profit of the first coastal trawler for catching the mackerel

species is
Fog — Boy+Kray,(xk—1) [ ¢y + (ds+dg+dm~+dy+d)) (B+Kr—Krk)
4= 3Kr(1=K)gs \ P14 Kr(oy+0n+03+0y10s)
Kxo, [ HsC12 | Ma€13 | HmCla | MaC15 | HiCle
+ 3rnga <p2qz T P393 T P4q4 T Ps4s + pe%)
+K1<amn(5r+([32—K2r21<(1<—1))(u‘vds—mada+umdm+uhdh+md,))
3rnqy
the fishing effort that maximizes the profit of the first coastal trawler for catching the horse

mackerel species is

Eic — Boa,—Kroy+Krxoy, [ cpg + (ds+dg+dm~+dy+d)) (B+Kr—Krk)
15 3Kr(1—K)qs P14 Kr (Ol Ol + O+ 00,04
Kxoy (Pscr2 | HaC13 | HmCia | HaCis | MiCle
T 3ings (pzqz T osas T paas T psas T pa%)
LK ko1 (5r+( B2 K22 k(k—1)) (tsds+ tada+ tmdm+Hndp+14d;) )
3rngs
the fishing effort that maximizes the profit of the first coastal trawler for catching sardinella

species is
Ere — Boy—Kroy+Krkoy ( cqg + (ds+dy+dpy+dy+d;) (B+Kr—Krk)
16 3Kr(1—K)qe 141 Kr(Ots+ 0ty + O+ 00 )

+KK‘O£[ </.15612 + HaC13 + HmC14 + HnC1s + #1616>

3mgs \ p2g2 ~ P3g3 ' paqa ' psds | Peds
LK koyn (5r+(B2—K2r2k(k—1)) (tsds+tada+ tmdm+ndy+14d;) )
3rnge
the fishing effort that maximizes the profit of the seconde coastal trawler for catching the

adults of parapenaeus longirostris species is
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By = K> k(1-K)+B> ( o (ds+da+dm+dh+d1)(ﬁ-l—Kr—KrK)>
3K3rk(k—1)2q, \P141 Kr(0t+0tg+ 0ty + 0,04
(B+Kr(1—x)) (Bsc22 | HaC23 | HmC24 | PaC2s | HiC26
3R Ra1 (quz T sty T psas T psas pm)
(B+Kr(1—))n (5r+(B2—K2r? k(k—1) ) (Usds+tada+ Umdm+Lndy+14d)))
+ 3Knr(l—x)qi
the fishing effort that maximizes the profit of the seconde coastal trawler for catching the

sardine species is

Eyy = Bo,—Krog+Krioy (CA 1 (ds+da+dm+dh+d1)([H—Kr—KrK)>
3Kr(1-K)q2 P1q1 Kr( O+ 0y + O -0+ 04
Kxoy [ HUsC22 | HaC23 | HmC24 | HnC2s | HiC26
+3rn612 (quz T P393 + P4q4 T P54s + Ps%)
+K1<asn (5r+(B2—K%r?k(k—1)) (Usds+Mada+tmdm+tpdp+iyd)) )
3rngs
the fishing effort that maximizes the profit of the seconde coastal trawler for catching the

anchovy species is

Ey = Bota—Kraa+Krka, < ST (ds+da+dm+dh+d,)(B+Kr—Kr1<)>
3Kr(1-K)q3 P1q1 Kr {0+ 0+ 0l +04,+0ty)
Kxoy ((Hsc22 | MaC23 | HmC24 | MnC25 | MiC26
+3an3 (quz T P393 T Paqs T D545 T Pa%)
+K1caan (5r+(B2—K2r?k(k—1)) (Usds+Uada+tmdm+tpdy+iyd)))
3rng;
the fishing effort that maximizes the profit of the seconde coastal trawler for catching the

mackerel species is
Fpy = Bom—KrowtKreo, ( o (d5+da+dm+dh+d1)(ﬁ-l—Kr—KrK))

3Kr(1—x)qq P41 Kr(os+0q+ 0+ oy+0y)
Kxoy [ HsC22 | MaC23 | HmC24 | MnC25 | HiC26
T 3rngy (quz + P393 + P4q4 + P54s + Psqa)
+K1<amn(5r+([32—K2r21<(1<—1))(u‘vds—mada+umdm+uhdh+md,))
3rnqy
the fishing effort that maximizes the profit of the seconde coastal trawler for catching the

horse mackerel species is
Eys — Boy,—Krog+Krkoy, < a1 (ds+da+dm+dh+dl)(ﬁ+KerrK)>

3Kr(1-x)gs P14 Kr(0t+ 0l + 0l +04, 104
MsC2o | MaC23 | HmC24 | HaC2s | Hi€26
T <p2qz T osas T paas T opsas T ps%)
LK ko1 (5r+( B2 —K2r2k(k—1)) (tsds+ tada+ tmdm+Hndp+14d;) )
3rngs
the fishing effort that maximizes the profit of the seconde coastal trawler for catching the

sardinella species is

Eor — Boy—Kroy+Krkoy ( ca; +(ds+da+dm+dh+d,)(ﬁ+Kr—Kr1<)
26 = 3Kr(1—x)ge D141 Kr(0s+0q+0m+0oy+0y)

+KK‘O£[ </.15622 + HaC23 + HmC24 + HpC2s + #1626>

3rnge \ P24z ' P3q3 | pags | Psds | Pedo
+Kmm(5r+(ﬁ2—K2r2K(K—1))(usds+uada+umdm+uhdh+uzd1))
3rnge
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5. NUMERICAL SIMULATIONS AND DISCUSSION OF THE RESULTS

As can be seen from the figure 2, the mortality coefficient increase of small pelagics results
an evolution in the stock of the parapenaeus longirostris population. Witch is justified by the
absence of predators that feed on parapenaeus longirostris fish. And therefore, the level of small

pelagic population stocks decrease figure 3.

[ Parapeaneus
longirostris
juvenile

)

Y

ASSONNURSNY

parapeaneus
longirostris
adult

T

Y
SRR

AR
AR

— \\\_\y\\_\\\\_\\\\_\\\}\\\\\\\\“3'

Y
Y

0 010203040506070809 1

Mortality coefficient

FIGURE 2. The influence of mortality coefficient on the arapenaeus longirostris

population stocks

m Sardine

m Anchovy

[ Mackerel
Horse mackerel

m Sardinella

’iﬂ

0,80
0,90

Mortality Coefficiant

FIGURE 3. The influence of mortality coefficient on the small pelagic popula-

tion stocks

In this situation, according to figure 4, the number of fishing trips, that must be made by
coastal trawlers to harvest parapenaeus longirostris, increase. This increase enable them to
make more catches, which allows them to get high economic returns taking into consideration

the marine resources conservation.
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u fishing
effort
B Catches

o Profit

FIGURE 4. The influence of mortality coefficient on the fishing trips

However, when the biomass of small pelagic fish decreases, the number of fishing trips ded-
icated to these species decreases, because the carrying capacity of each small pelagic species
does not contain the enough biomass that allows the coastal trawlers to catch a greater amount
of fish, note that each coastal trawler is constrained by the sustainability of marine species. In
this situation, coastal trawlers do not have the opportunity to catch more small pelagic fish, and

as a result, their profit related to the exploitation of these resources decreases, as shown in figure

5.

m fishing
effort
m Catches

m Profit

405 06 07 o .

Mortality coefficient

FIGURE 5. The influence of mortality coefficient on profit

If the mortality rate is sufficiently high, which means the almost total absence of small pelag-
ics, then the coastal trawlers will be forced to exploit only parapenaeus longirostris. In this

situation, their catch level is equal to 300 tons and the profit is equal to 34500000.
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In the opposite situation, the mortality rate approaches zero, which means a total abandon-
ment of small pelagics, and which leads to a very high predation of parapenaeus longirostris. In
this situation, the profit of coastal trawlers is equal to 1332000 after the exploitation of 61000
tons of small pelagics.

But whereas these two situations do not ensure the sustainability and abundance of stocks of
all the marine populations considered in this work.

However, if we consider the normal mortality rate, assumed equal to 0.27, 0.19, 0.21, 0.17,
0.37 for sardine, anchovy, mackerel, horse mackerel, sardinella, respectively. In this case the
abundance of prey and predator stocks is ensured. Coastal trawlers capture 890 tons of small
pelagic stocks and 552 tons of parapenaeus longirostris stock, to have the maximum economic
return equal to 17629200 for small pelagics and 92316000 for parapenaeus longirostris. We can
notice that their total profit equal to 109945200 higher than 34500000 and 1332000 cited in the

other situations.

CONCLUSION

In this paper, we presents a contribution to the modeling of parapenaeus longirostris fishing
on Moroccan coasts. The modeling is based on the knowledge and available data on its dynam-
ics and its harvest. We study the interaction between parapenaeus longirostris and small pelagic
fish on two different spatial zones connected by migration. For that, we propose to define a
bioeconomic model of prey-predator (parapenaeus longirostris-small pelagic fish) on two patch
with homogeneous environments. One of these patches is considered to be a fishing protected
area and the remaining adjacent patch is a free access fishing area. We first outline the basic
theoretical model describing the biological dynamics of marine species stocks and then fisheries

is introduced to the system.

ANNEX 1: EQUILIBRIUM POINTS

The equilibrium points are:

P1(0,0,0,0,0,0,0), P, (Kk,0,0,0,0,0,0), P; (0,K (1 — k) ,0,0,0,0,0),

p Krdy, (k—1) (KK, —dn) 0.0.0.0
4 Bam IAS) KK'am‘U,s , VU, U, U, P
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P, (Krda(K—l) 0.0 m (Kxo, —d,)

707070>’

Boa, 77 KKOuMlg
P, (dm —2K1<o¢m’07070, M (KK, — dp,) 7070),
Oy, Kxoy, Uy

Py (P715P725070707050)5With

_ Krx(dy+ Koy (x—1))

o, (B + Krk)
Kr(d,+Kxoy) (k—1)

oy (B+Kr(k—1))

Py

P =

B (P81507070707P8270)7 with

2K rxnop (k= 1) — Bundy,
Krmay, (x—1)
Bund, — K*rxnoy, (k — 1)
Py = 22
Koy (K—1)

Py =

Py (Pg] , 0, (), O, O, O,sz), with

. Kl”[.lel (K'— 1)

Boyuy
rn (—wd +Kxoyy)

Kxp o

Py

Py =

P19 (0, Pio1, Pi02,0,0,0,0), with

p wids — Ko (n° — ) (k= 1)
101 5
n-os
Pro — rits (dy+ Ko (k. — 1))
1027 Knog(k—1)

Pll (OaP11170>P112707070>7 with

Buzd, +K*rio, (g —1) (Ug+1) (k—1)
Krxaoy,
Niq (Bd,+ K*rco, (k—1))
K2ka, (k—1)

P =

P2 =

P12(0,P21,0,0,P12,0,0), with

Py = p
dy+ K (K— 1)
Py =mm
Ko (K—1)

P13(0,P131,0,0,0,P32,0), with
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dy,
P31 = Krk——
i o (- 1)
h o (K —
Pz =rn
Kopuy (k—1)

Pi4(0,P141,0,0,0,0, P41), with

_ Bd—2K*rkay (k—1)

N Krxoy

Bd; — K*rkoy (k—1)
K2k (k—1)

Py =n

P15 (Pi51,P152,P153,0,0,0,0), with

( Krx (Kog(k—1)(S—1)+8dy) — Bd;

Pist = B 0 (5= 1) T Krow (— K+ St 1)

SBds —Kr(x—1) (ds+Kxo (S— 1))
Boag(S—1)+Krag(—xk+Sk+1)

P K2r?kn (k — 1) (ds — Kay) — B*nd,

| T K2k (k= 1) (B—SB+Kr(—k(S—1)—1))

Pis; =

Pis (Pi61,Pi62,0, P163,0,0,0), with

(Krk—B)d,
Pie1 =
Kray,
o (BoKr{c—1)d,
162 Kro,
b K*r?kn (k — 1) (Ko, —dy) — B*nd,
| P —K3rka i, (k—1)

P17 (Pi71,P172,0,0, P173,0,0), with

( _ Buadm +Krk (Ko, (g — W) (K — 1) — Uydp)

P71 =
7 B o (Ha — tm) — Kroh (Ug — Klg + Kibp)
Blimdm + Kr (k — 1) (KK O (Ha — Hm) — Hadm)

Py —
72 Kroty, (Ug — Kla + Kim) — B0 (Ua — i)
P +K?r?kn (k= 1) (dn — Kay) — B?nd,,
T K2 (= 1) (Btta — Bl + Kr (— o + Kty — Kitr))

Pig (Pi31,P182,0,0,0,Pig3,0), with

19
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( (K}"K—ﬁ)dh
e
(B+Kr(1—x))d,
Pigr = Kra,
p K*r*xn (x —1) (Koy, — dy) — B*nd,
183 =
\ K3rxoyuy, (1 —x)

P>y (P21,0,Pr2,A,0,0,0), with

Py
Py

Py1 (P211,0,P12,0,0,H,0), with

Py =—
Q,

Py =

P22 <P22] ,0707P2227M,0,0), with

d
Py = —*
o

( dl(KrK—ﬁ)
Pro; = Krog
o (B—Kr(x—1)d
192 = Xro
p _ K*rkn (k—1) (—di +Koy) — B*nd;
\ 193 K3rkoypy (1 —x)

dy

B KSKOCS (A, —rn) —rnds
N K Kot

dp

h
Kxoy, (rn —Hu,) —rndy
Koy

BT) (dn — KKOp) + K2MK Oy (K — 1)

Py =

Py3(P231,0,0,P37,0,H,0), with

Py = —
,

Pz =

Py4 (P241,0,0,P42,0,0,L), with

K2 otk (1 —K)

dp

h
mdy+ Kxoy, (Hu, —nr)
Kxaop g
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d
Poyy = —
o
P Kxoy (nr—Lyy) —rnd,
h42 Koy,
P>5 (P251,0,0,0, P57, H,0), with
d
Py = —
Oy
Pocr — Kxa, (rm—Hw,) —rndy,
252 KK,
P26 <P2617O705 07P26270;L)a with
Py = &
261 = p
p, — UM~ L) Kxay —rnd,
262 Kot

Py7 (P271,0,Py72,A,M,0,0), with

dg
Py =—
Oy

BN (d, — Kxa,) — K>k, (Alty + M) (1 — k)
K2k (1 —x)

Py =

Pyg (Pg1,0,Pag2,A,0,H,0), with

d
P =—
O
Pror — Ko, (rn —Ap, — wH) — rnd;
82 =
Kxo s
P9 (P291,0, ,A,0,0,L), with
d
Py = —
o
o, — KK0u(rn —Apa — L) —rnd,
292 =
Koy g
P30 (P301,0,P302,0,M,H,0), with
d
P31 = Es
S
Pas — Kok (rn — M, — u,H) — rnd;
302 =
Kxog

P31 (P311,0,P312,0,M,0,L), with

21
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P31 = o
Kxoy (nr— My, — L) —rnd,
Koy g

P31 =

Pz (P321,0,P32,0,0,0,L), with

d;
Py = o
Py, — KK (rn —Lw) —rnd,
322 Kol
P33 (P331,0,0, P332, M, H,0), with
d
P33 = a—a
‘a
P :KKaa(rn_M.um_.uhH)_rnda
332 Ko,
P34 (P3417O707P3427M,O,L), with
d
P34 = a—a
‘a
Py — KKO (r =My — L) —rnd,
342 KK,
P35 (P351,0,0,P352,0,H, L), with
d,
P35 = a—a
a
Prc — Kxoy (rm — Huyy, — wlL) —rnd,
352 Ko,
d; )
P36 a_707P3627A7M7070 , with
1
d
Psg1 = ES
A)
o KKO (M —Afla — M) — rnd,
362 KKOIL,
P37 (P371,0, P372,A,0,H,0) , with
d
P37 = a—a
a
P :KKaS(rn_A.u*a_.uhH)_rnda
372 KoL,

P33 (P331,0, P332,A,0,0,L), with
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d
Pig1 =

KK'OCI (rn — Ay, — L) —rnd,
Kxoyla

P3gr =
P39 (0, P91, P392,0,M,H,0), with

d
Py = —

Ko (k= 1) () + i H + ;M) — rnd,
Koy (1 - K)

P39 =

P40 (0, Pso1, Pa2,0,M,0,L), with

d
P401=—ll
P402:Kal(K_1)(rn+“mL+.usM)_rndl
Koy (1—x)
Ps1 (0,P411,P412,0,0,H,L), with
d
P411—ah
Pm:Koch(K—1)(rn+uhL+usH)—rndh
Kaypy (1 - k)
—A Mu, — u,H
P42( 0. /M~ Alla— . M — M, ,A,M,H,O),
A)
—A Mu,, — WL
Py3 (07 M=l m Hon — 1 7A7M707L)’
A)
—A Hu, — L
P44(0, rn— “au P — Ly 7A707H7L>,
Mu,—H L
P45(0 0./M— uhu M — My 7M’H’L)’
a
—A Mu,, — u,H — L
P46(0, M —Allg — Zm pH — 1y ,A,M,H,L),
A)
) [K K?x (upH + L +Ap, +M
0’ (KB — K*K (W, H + L+ Apty + “’")],o,A,M,H,L,
Bn
Pyg (0,P481 S,0 s Pagr, H, L) with
d
Pygy = —
S
p Koy (k—1) (rn + upH + yl) — rnd;
482 =

Koy, (1—K)
Pyo (0, Pao1, Pyo2,A,0,H, L), with

23
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d
Pyo1 = a—m
n
Py = X0 (k—1) (rn + HeA + l) — rndy,
Kogps (1 —K)
Psy (0, Pso1, Pso2,A,M,0,L), with
dm
Pso1 = o
Py = Ko (K — 1) (rn + M + yl) — rndm
Kot pts (1 —x)

Ps; (0,Psy1,P512,A,M,H,L), with

1
Koy (K_ 1) (”1 +.umM+.uaA) _rndl
Kal“s(l - K)

P52 <P521707P5227A707H7L) ’ with

» _ K*ku, (L—H)
T N (k)
Payy — B(rm—Apy, — uH — L)+ Kr(x—1) (rm —Aly,)

Uy (B+Kr(1—x))
Ps3 (Ps31,0,Ps32,0,M,H, L), with

d
Ps31 = a—m
P :KKOCm(TT]—M,LLm—uhH—‘ulL)_rndm
532 KoK
Ps4 (Psa1,0,Ps4p,A,M,0,L), with
dp,
P54 = o
P — KKah ("rl _Mum_HaA_H]L)—rndh
542 KoLK
d A H M
P55 (_s707_ ‘Lla—}_ul/;l +um 7A7M7H70)9
s s

P56 (Psg1,P562,0,0,M,H, Ps5s3), with
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( dm (Krx — )
Psq1 = o
roly,
Bdu + Krd,, (1 —x)
Pser = X
rog,
b (k= 1) K*r*kn (dp + &) — B>Ndyy
263 K3rkoy,u; (1 — k)

\

Ps7(Ps71,P572,0, Ps73,0,H, L) with

Ps71 = e
By + Krdy (1 — &)
¢ Ps7p =

K3rka, i, (1 —K)
Psg (Psg1, Psg2,0, Psg3,M,0,L), with

( dn (Krk — )

Psg1 = Kra,

m
Bdy + Krd,, (1 — k)
Psg2 = Kro
m

Pee K?rk (k= 1) (rMdm — Kot (M + M + L)) — B*ndyy,

\ )83 = K3rkoupt, (1 — K)

Psg (Ps91,Ps92,0,Pso3,M,H,0) , with

( dq (KFK_B)
L
Bd,+Krd, (1—x)
Psor = Kro,
a
P K*rk(x—1)(rnd, — Koty (rm + M + upH)) — B*nd,
93 = K3rko, (1 —x)

\

Pso (Pso1 5 Poo2, Ps03,A,0,H,0) , with

( dg (Krx —
po _ (K= p)
p _ Bds+Krdg (1 —x)
¢ FPsop = Kro,
» K2rk (k—1) (rds — Ko (rm + WA + w,H)) — B>ndy
603 =

K3rkogp, (1 —x)

\

Ps1 (Po11,P612,P613,4,0,0,L) with

25
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( d, (Krk— )
Po11 =
Kraoy,
Bd,+Krd, (1 —x)
Po12 = X
rog,
o KPr (= 1) (rido — Kot (1 + paA + L) — B*nde
613 K3rkogus (1 —x)

Pe2 (Ps21,Pon2, Pon3, A, M,0,0) , with

( dn (Krx — )
P = T Ko
m
Bdu+ Krd,, (1 —x)
Pon = Kro
(i
P K2k (K — 1) (rdm — Ko (r + A + M) — B*ndy
623 = K3rkaups (1 —K)

\

Pe3 (Ps31,Ps32,0, Ps33, M, H, L), with

( dy (Krk — B)
Fe31 = T Kra.
S
Bds+ Krds (1 — k)
Poz2 = Kra
A)
b KPric(k— 1) (rndy — Ko (r + WL+ M) — B21ds
633 = K3rxog, (1 —K)

\

Pea (Poat, Pos2, Pos3,0,M ,H, L) , with

( d, (Krk—f3)
o =
Bd,+ Krdy (1 — k)
Foar = Kro,
a
P — K?rx(x—1)(rnd, — Koty (rm + wL+ u,H)) — B>ndy
643 = K3rxogug (1 —K)

\

Pess (Pss1,0, Pes2,0,M,0,0), with
d
Pss) = —
A)

Krxog (WM —n) —rnd;
Kxog

Pes» =

Ps6 (0, Psg1, Poe2, A, M,H, L), with
d
Peg1 = =
661 =,

Kog (1 —x) (rn —Apg — upH — M — L) — rnds
Ko (1 —x)

Peer =
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Ps7 (Ps71,0, Ps72,A,M,H L), with

d;
Pe71 = o
. Koy (1—x)(rm —Apa — upH — M — ;L) — rnd,
672 Koy,
Peg (Pss1,Pss2, Pss3,A,0,H, L), with

( dy (Krx — )

Pegt = ————

Kroy,
ﬁdh + Krd,, (1 — K')
Pego =
Kroy,

Pegs — KZ}’K(K'— 1) (rnd, — Koy, (rn + WL+ ppH + p,A)) —ﬁz’l’]dh

\ K3rkoyus (1 —x)
Pso (Pso1, Pov2, Poo3,A,M,0,L) , with

( d; (K}”K—ﬁ)

Py = ————=

Kroy
Bd;+ Krd, (1 — K')
Peor =
Kroy

K?rk (x—1) (rnd; — Koy (rm + wL + M + p.A)) — B>nd,

Peoz =

K3rxayps (1 —K)

\

P10 (Pro1, Pro2, Pro3,A,M,0,L) , with
( P - dh (KI’K—ﬁ)
o= e
Bdy, —|—Krdh(1 — K‘)
Py =
Kroy,
Pros = K*ri (k= 1) (rndy, — Koy, (rm + WL+ M + paA)) — Bndj,
\ K3rkoyus (1 —x)
P71 (Pr11,Pr12,Pri3,A,M,H,0), with
( d, (Krx — )
P =
Kray,
Bd,+Krd, (1 —x)
¢ Prp= X
Pois— K?ri(k — 1) (rd, — Ko, (rm + waM + upH + p,A)) — B?nd,

K3rkog s (1 —x)
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ANNEX 2: THE LOCAL STABILITY OF THE POSITIVE EQUILIBRIUM POINT X*

The variational matrix J(X*) evaluated at the positive equilibrium point X* is given by

7 BP; s Py UaPy Um Py wn Py WPy
11 — 7 — — — —
k(1—-Kx)K n n n n n
BPs P UsPa  UaPsx UmPsa UpPy WPy
—4_ - _ _ _ _ _
k(1 —K)K n n n n n
oS oS J33 0 0 0 0
I= oA oA 0 Ju 0 0 0
oM oM 0 0 Js5 0 0
o H o H 0 0 0 Je6 0
oL oyzL 0 0 0 0 J77
where
rPy
T
_ A
=TT ok

J33 = —ds + 0Py + 0Py
Jag = —dy+ 0Py + 0t Py
Js5 = —dy + 04, Py 4 04 Py
Jo6 = —dp+ 0Py + 0Py
J77 = —d; + 04 P+ 0y Py

The characteristic polynomial associated to the variational matrix (J(X™)) is written as

P7AT + peA® + psA® + psAt + p3A* + paA? + pid + po,

where p7 =1, pg = (%rayj — ﬁrx) and the other coefficients are positive and are written ac-
cording to all the parameters mentioned in the mathematical model, we avoided to integrate
them in the article because their expressions are laborious and too long.

Since all the coefficients p; exist and they are positive, then we move to form the following

Routh array
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AT pr ops p3op
A° | ps ps P2 po
A | pn pi2 pi3 O

A* 1 pa p p3 O
APl py opn 0 0
A2 ps prz O O
Allpsi 0 0 O
I {pstr O O O
with
P11 = PePs —6P7P4 >0, p1a = P3P6P—6P7P27 13— PsP1 —6P7Po
o1 = P11P4 — PeP12 >0, Py = P11P2_P6P13, P23 = P11Po
P11 P11 P11 0 0
— — x0— X
P31 = P12P21 — P11P22 >0, pyy = P13P21 P11P23’ P33 = P22 P11 —0
P21 P21 p21
pu = P31P22 — P21P32 >0, pay — P31P23
P31 P31
ps; — P41P32 — P42P31 >0, p5y =0
P41
Pe1 = Psibi2

Ps1
From this array, we can clearly see that all of the signs of the first column are positive, there

are no sign changes, and therefore the interior equilibrium point X* is locally asymptotically

stable.

ANNEX 3: SOLUTION OF THE BIOECONOMIC MODEL

The biomasses at biological equilibrium are the solutions of the system:

porPr BPA WS pA  peM H L

kK k(1-x)k2 1 n n n n

_ Ik BE WS M paM  H L —
F— Tk Txi-0kZ ~n 1 n n — o nEi=0

—ds+ 0P+ 0Py — g2E2 =0
—dg+ 0Py 4 0Py — q3E3 =0
—dp+ P + QPy — qaEq = 0
—dp+ o4 Py + 0Py — qsEs =0

\ —di+oyPr+ Py — geEg =0
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The solution of the system is given by the matrix form X = —AFE + X*, where

T T .
E:[E17E27E37E47E57E670] 7X:[PJ7PA757A7M7H7L] and A = (_aij)1§i7j§7 with
_ q(k-DK’k _ (B—KrK)g _ (B—KrK)g3
an = Kr Y27 Krlagtoatomtata)’ 413 = Krlo+ ot amton+0))’
g = o (B—KrK)qs ays = (B—KrK)qsEs ays = (B—KrK)q¢Ee ’
r(as+aajam+ah+al) Kr(os+0t,+ 0 +0y,+0y) Kr( o+ 0tg+ 0 +0y,+-0)
_ a1(1-K)K"k _ _ (Kr(k=1)=B)g> _ _ (Kr(k=1)-B)g3
a1 = Kr 922 = Krlogt gt amtan+ar)’ 923 = Kr(op+ Oat omtay+0;)
_ _ (Kr(k=1)—P)ga _ _ (Kr(k=1)—B)gs _ _ (Kr(k=1)—P)ge
424 = Koot aatomtoptar)’ 925 = Krlogtoatomtontop)’ 426 = Kr(ost datomtopta)’

_ (1=x)(B+Kr(x—1)K>nKoyq _(K2Px(x—1)—B*)ngs (K2 x(x—1)—B*)ngs
as1 = K3ugrog(k—1) » 32 = K3ugrkos(k—1) as3 = K3ugrkog(k—1)
(K2 k(1)) ngs (K2x(x—1)—B%)ngs (K22x(x—1)—B2)ngs

azq = 35 = aze —
K3ugrkog(k—1) K3ugrkog(k—1) K3pgrrag(k—1)
dat — (1—x)(B+Kr(x—1))K>nK0aq; dar — (K22 k(k—1)—B2)ng, (K2 x(x—1)—B*)ngs
41 = L K3uar1caa2(1<71) ’ 422 2_ K3/,lar2K'(Xa(K71) ’ 432 2_ K3,uar21(0ta(1(71) )
K rik(xk—1)— K rrk(k—1)— K rrk(k—1)—
044:( (k—1)—B?)nqs a45:( (x—1)—B)ngs a46:( (k—1)—B2)ngs
K3ugrxo,(k—1) K3uareo,(k—1) K3pgrea,(k—1)
ger — U=R)BHKr(e—D))KPnKoqy (K> k(k=1)=B*)ng _ (K*rk(x=1)—p*)ng3
51 K3 Uprk o, (k—1) » 452 K3urkog,(k—1) 53 K3 uprkag,(k—1)
o (PR Bnay  (KPk(c-)-BP)ngs | (KP(x-1)-B)naq
54 K3lrico, (k—1) 55 K3urkop, (k—1)  ° 56 K3rkop(k—1)
gt — U=R)BHEr(c—D))K*nKqy (K*rk(k—1)—B*)ng _ (K*rPx(k—1)—B*)ngs
61 — L K3uhr1cah2(r<fl) ’ 622 2_ K3/,Lhr21<(xh(1cfl) ’ 632 2_ K3,uhr21cah(1cfl) ’
K rik(xk—1)— K rrk(k—1)— K rrk(k—1)—
0642( (k—1)—B?)ngs 065:( (k—1)—B*)ngs 66:( (k—1)—B2)ngs
K3uprxoy,(k—1) K3, reoy(k—1) K3u,reay(k—1)
_(1—Kk)(B+Kr(x—1)K>nKeqy _ (K2 x(k=1)=B*)nqa _ (K2 x(x=1)—B*)ngs
an = K3wrroy(x—1) » 472 = Kureog(k—1) 9B = 7T Burkoy(xk—1)
(K2x(x—1)—B%)ngs (K2x(x—1)~B%)ngs (K2x(c-1)—B2)ngs
arg = K3 , A75 = 3 , A76 = 3
wrkoy(x—1) K3 rxoy(x—1) K wrxoy(x—1)

ary = —1, a7 :0, Vi= {1,...76}
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