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Abstract. In this paper, we discuss the connection between Lie symmetry of a SIRS stochastic differential equa-
tions and its integrability. A derived determining equation is obtained and used to find the admitted Lie point
symmetries of the stochastic model. A third dimensional system is reduced into a one dimensional to achieve a

linear model by mean of Symmetry analysis techniques and obtained the corresponding Lie bracket.
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1. INTRODUCTION

In this paper, we introduce stochastic effects into a deterministic SIRS model. In nature,
infection of disease are impacted by diverse complex biological process. Therefore one could
believe on the existence of randomness in the transmission dynamics of the disease. Taking into
consideration the uncertainty aspects, randomness can be presented to the model by replacing

the parameters  (birth rate), ¥ (infection rate) and v (death rate) by 4 — u+oW(t), v —
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v+oW(t), y— v+ oW(t). The system that governed a stochastic SIRS model is given by

BS@)1()
N

(1) — vI(t))dt — ol(t)dWs (1)

ds(r) = (uN—

BS@1(2)
N

dR(t) = (yl(t) _OR(1) — vR(t))dt — G3R(t)dWs (1)

L OR(1) — vS(t))dt — 61S(1)dW, (1)

1) di(t) = (

with suitable initial conditions, where W () is a Wiener processes (or Brownian motions), 3 the
transmission rate. In view of the fact that death rate is so unpredictable, it is therefore important
to introduce environmental noise to the parameter as stated in [2, 3]. It should be acknowledged
that the equivalent noise intensity o and the Wiener process W (¢) are achieved for susceptible
and infected classes. However, the genetic factors that have an impact on infectious individuals
are divergent even in the absence of complete biological information. Given that infectious and
noninfectious individuals required to have different biological system, it is realistic for W (¢)
and o to differ from each and other. In this paper, Kozlov’s approach [8] is used to demonstrate
that if a SIRS stochastic model admits a point symmetry, then it is integrable. In this regards,
the point symmetry establishes a change of variables which linearizes the nonlinear model and

provides explicit solutions of the stochastic differential equations.

This paper is organised as follows. In Section 2 we provide the fundamental characteristics
and definitions for the Lie point symmetries of stochastic differential equations. In Section 3,
we use the preliminary results to find Lie operators of the three dimensional nonlinear system.
The model is reduced to one dimensional equation and performed the Lie symmetry analysis
in Section 4. The Wiener processes term is considered into a reduced equation and study the
resulting equation from the view point of Lie symmetry in Section 5. The integrability of the

reduced stochastic SIRS model is established in Section 6.

2. PRELIMINARIES ON SYMMETRY OF STOCHASTIC DIFFERENTIAL EQUATIONS

This Section focuses on Lie point symmetry transformation of It0 stochastic differential equa-
tion as described in [1]. Furthermore, the idea was extended in [6, 7] by incorporating Brownian

motion on the theory of Lie symmetry by mean of It lemma for Poisson Process.
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2.1. One parameter Lie group of transformations.

Let [13]
) dx; = fi(x,t)dt + o;(x,t)dW;

be a Itd stochastic differential equations driven by Wiener process, with f;(x,¢) and o;(x,?)
representing drift vector and Poisson diffusion coefficients respectively. The infinitesimal gen-
erator

d d
( ) n(7x)at+€l( 7x)axi

admits a one-parameter Lie group of transformations

4) f=t+¢e&(t,x), x=x+en(t,x)
with

dr oo dx
) d€ _éi(t7x)7 g_n(lax)

satisfying the initial conditions
(6) f |£:O: t,X |£:0: X.

Furthermore, equation (3) admits the given determining equations

@ (T + 22y + G~ T ) (W (1) =0
@®) (‘;r()+G(o,) rgi)(t,vv(t))zo

satisfying the conditions

) [ (t,W(t)) =0, Iy (,W(t)) = constant
where

8X
(10) Lix) = fx

(1) Ty = X6, 5(0) + 05(1,x(1))) = X;(t,x(1))
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The It6 Poisson process of an arbitrary function X (7, x) defined above is given by

2%;
ot

The substitution of (10) and (11) into (12) gives

(12) de(t,x(t))=< +ﬁ%)dt+(Xj(t,x,')+6j(t,x,~)—Xj(t,x,-)>dW(t).

(13) dX;(t,x(t)) = T (x,)dt + FE‘Xj)dW(t).

2.2. Prolongation of an infinitesimal generator. A second order ordinary differential equa-

tion

(14) up — F(t,u,u()) =0

admits a one-parameter Lie group of transformations
i~ t+al’t,u)

(15) i ~ u-+an(t,u)

with infinitesimal generator

0 d
_ £0 - _
(16) G=¢§ (f,u)atJrn(t,u)au
if
(17) ity — F (,it,i1(1)) =0

The group transformations 7 and i are obtained by solving the following Lie equations [5, 12]

drt

0/ -
- = f
da é ( ?u)
dii _
18 — = t,i
with initial conditions
(19) [ |a—0=1,i |q=0= u.

The infinitesimal form of iz, i) are found by the given formulas [5, 9]:

U ~ U —I—aCo(t,u,u,,u(l))

(20) Ugi =~ uxi+aCi(t7u7ulau(l))
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The functions §y and ; are found by using the prolongation formulas below [10]

& = Di(n)—uD(E°)

1) & = Di(n)—uDi(E°)

In [11], Matadi claimed that the equation (14) possesses the symmetry (group generator)

o P) P)
_£0 e 1 . —
(22) G_é (taxau)at_{—é (taxau)axi+n<t7xvu)au
iff
(23) GMN|y_o =0

with GI™ the n-th extension of G. Hence, the determining equation (8) is used to obtain the

following in case of stochastic differential equations

24) T e

)=o.

3. SYMMETRY FOR THREE DIMENSIONAL STOCHASTIC S/RS MODEL

We will refer the reader to the proven Theorem 3 in [4] stated below

Theorem 1. Suppose the system (1) admits an r-parameter solvable algebra g of simple deter-

ministic symmetries, with generators

(25) szi;q),ﬁ(x,t)%, k=1,..,r

acting regularly with r-dimensional orbits.

Then it can be reduced to a system of m=(n-r) equations,
(26) dy =gy, ..yt dt + ol (v .y 0w, (k= 1,....m)

and r “reconstruction equations”, the solutions of which can be obtained by quadratures from
the solution of the reduced (n-r) order system. In particular, if n=n, the general solution of the

system can be found by quadratures.



6 MB. MATADI

In [8], it has been shown that nonlinear system of the form of equation (1) admits symmetries

d d d

27) G:(])1(t)m+¢2(1)81—(t)+¢3(t)a}3(t)

with @1, ¢rand @3 arbitrary smooth functions. The corresponding change of variables is given
by

x1(B2C3 — CaB3) +x2(A3Cy — C3A32) +x3(A2B3 — A3B»)

vio= A :
v = x1(31C3—ClB3)—|—XQ(A3C1—C3A1)+X3(A133—A3Bl)
A b
o= x1(B1Cy — C1By) +x2(A2C1 — A1) +x3(A1 B2 — A2B))
A .

with A = A (BzC3 — CzB3) — B (A2C3 — C2A3) +C (Ang, — BQA3) 75 0 and the three dimen-

sional vector fields given by

(28) Gi:Ai(Z)%(t) —f-Bi(l‘)%(t)—{—Ci(I)aRa(t).

Hence, the stochastic SIRS model (1) is mapped into

N ByCs— B
(29) dy, = BN 012G =G 3)dW1(t)
A A
ArC3 — A
(30) dy, = (4, 3A 2 3)dW2(t)
ArB3 — BoA
dys — 03 (A2 3A 2 3)dW3(t)

4. LIE SYMMETRY OF THE REDUCED STOCHASTIC S/RS MODEL

In this Section a three dimensional stochastic SIRS model is reduced into one dimensional
equation and performed the Lie point symmetry. In this regard, the reduced form of system (1)

is given by
3D dN(t) =N(@)[(u —v)dt — cdW (t)]
with initial condition N(#p) = ny > 0. Hence, the determining equations described in (7) and (8)

are given by

Ao(u—v)n
2

(32) [(,LL—v)nF(n) + i) + (1= V)& —réi] (t,N(1)) =0
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substituting equation (10) into (32) we obtain

(33 (n- V)”agz) + /lc(uz— 2 8((91:) +(u—v)&(t,n) - a;}n) —(u— v)ng((;;n)
and
9 (W + (=) em) T2 ) (N () =0

The substitution of (11) into (34) gives

o(u—vind(n)

(35) 5 5, T W=v)S(tn) = (u—=v)S(t,n+n)+(n—v)E(t,n) =0

From equation (9), we obtain the temporal infinitesimal below
(36) n=At+B

The substitution of (36) into (33) and (35) gives

Gy M- v)(22A+?LG) V) = ag((;t,n) . v)n‘)é(g;’”) Y
and

(38) AN | 2 V)& em) — (1~ VIE (. 2m) =0
Differentiating equations (37) and (38) with respect to n, we obtain respectively

and

(40) Mu(u—v)ai(;’”) _2(u_v)a§g;qzn) —0.

2
Differentiating equation (40) with respect to # we obtain

L (1m) _ 9PE(t,2m)

“1) oot onor

Equation (41) can be written as

9*E(t,n) _ dg(r)

42) ondt  dt
with
43) gy = 25021,
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Integrating twice equation (42) we obtain

(44) E(t,n) = g(t)n+h(n).

The substitution of equation (44) into (39) gives

d’h(n)

(1—v)2A+20) _dsl0)
B dn?

2 dt

(45) +(u—v)n
Differentiating equation (45) with respect to ¢, we obtain

(46) g(t)=Ct+D.

The spatial infinitesimal below is obtained by substituting equation (46) into (44)

47) E(t,n) = (Ct+D)n+h(n).

The substitution of equation (47) into (45) gives

(u—v)(2A+Ao) B th(n)
Therefore,
2 - J—
(49) d*h(n) _ (u—v)(2A+A0)—2C

dn? 2n(u —v)

The solution of equation (49) is given by

_ (u—=vVv)(2A+Ao)—-2C
) = 2(n—v)

The spatial infinitesimal describes in equation (47) becomes

(50) [nlnn _ n} Y En+F.

51) E(t,n) = (Ct+D)n+

(u—Vv)(2A+Ao)—-2C
2(u—v) [

Substituting equation (51) into (38) and after simplification, we obtain

nin | n | —n] +En+F.

(52)

CA(L—V)n _ (u=vVv)(2A+Ao)-2C
2 = 2(u—v) [

By comparing the coefficients of powers of n in equation (52) we obtain

nln|4|}

N2
e n:C=A|(u-v)- 24|

en’:F=0
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Finally, equation (51) can be written as

—_v)2 _ _
3 &l =a[((u—v) - CE AOWZVIY, AWV (s

where A, D and E are arbitrary constants. Thus the Lie algebra of equation (31) is spanned by

the following three infinitesimal generator:

G = t%+K(‘u_v)_G(N—v)Z+lo(u—v)>m+7td(,u—v)] 0

21n4 2 21n4 on
0
G, = —
2 ot
0
Gy = 2n—
3 nan

Computing the Lie bracket we obtain the given commutator table:

G G, Gs
G 0 —(G2+8G3) | 265
Gy | G2+0G3 0 0
G; | -2V, 0 0

TABLE 1. The commutator table of the infinitesimal generator

with 8 = ((u —V)— 0(;11)2 4 ld(gfv)).

5. W- SYMMETRY OF THE REDUCED STOCHASTIC SIRS MODEL

The Lie symmetry analysis performed in Section 4 involved only the total number of popula-
tion and time, (7,n). However, in this Section, the Wiener process term W (z) is also considered.

The stochastic differential equation (2) driven by Wiener processes with infinitesimal operator

d d d
(54) G:T[(t,n,W)E+§,(t,n,W)%+¢,(t,n7W)W

admits a one-parameter Lie group of transformations

(55) i=t+en(t,nW), i=n+e&(t,n,W), W =W +e@;(t,n,W)
with

i di AW
(56) %_n(tanaw)a _S—gz(f,’%W), _8_¢l(t7n7W)
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satisfying the initial conditions

(57) T le—o=1,7i |e—o=n,W |e—o=W.

The Lie group transformation (55) can be written in terms of Lie operator (54) as follows
(58) f =expleG|(t), ii = explen](n), W = exp[eW](W).

Furthermore, equation (54) admits the given determining equations

(59) () + A0y — T (90)] + G(f) =T& ) (1, W (1)) = 0
(60) (0l (6 + Glo) ~I"(&) ) (1, W (1) = 0

and

(61) I'(¢i) +AT"(¢:) = AL'(n)

with

(62) r(g) = 20

(63) Koy =25

satisfying the conditions

(64) I (t,n,W(t)) =0, Ty (t,n,W(t)) = constant
where
_dX; X
(65) Loy =—, +f18_x,~
(66) Clxy) = Xj(t,xi(0) + 0(2,x(2))) — Xj(t, x(t))

The 1td Poisson process of an arbitrary function X (¢,x) defined above is given by
dX; X
67)  dX;(1,x(r)) = (a_rj +f,-a—J)dt + (Xj(t,x,') +0;(t,x) —Xj(t7x,-))dW(t).
Xi
The substitution of (65) and (66) into (67) gives

(68) dX;(t,x(t)) = T(x,)dt + Ty aW (1),
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Now, considering equation (31), the determining equations (59) and (60) become

(69)

0 0 A 0 0 0 0
(= vin( O+ - vn ) AT (T ) (v = 0 4 v
(70) Gn(qb(t,n—i—cm,W)—q)(t,n,W))zé(t,n—i—c—f—n)—é(t,n)
and
(71) ¢(t,n+6n,W)—¢(t,n,W)=%(%—?—F(u—v)na&—”;’)
d¢ dp\ A /dn an
72) (5 +=vm3 ) =3 (5 +w=vn3))

From equation (64) we obtain

73) 971(3:,W) o, 971(;,‘;,W) _o.

Hence, the temporal infinitesimal is obtain by integrating equation (73) with respect to x
(74) n(t,W)=At+B.

The substitution of (74) into (69), (71) and (72) gives

Aon B 0 &
(75) A+ =V)nt(p=v)t|+ (1 -V)B= 5=+ (L= V)ng=,
A
(76) ¢(t7n+6n7W)_¢(t7n7W):§
and
a0 12X _AA
(77) E-F(,LL—V)I’L% =5

Differentiating equations (75) and (77) with respect to n with obtain

ALG 9% P): 92¢
79 T TV g TGt ving s
9%¢ ¢ %9
9) dign TV Gy T YIngE =0

Differentiating equations (70) and (76) with respect to n we have

) 8§(t,82:+6) _ ag;;,n) — k)
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29 (t,n+on,W) _ 99(t,n,W)

81) - S = b W),
Integrating equation (80) with respect to n we obtain

(82) E(t,n) =k(t)n+h(t)

The substitution of (82) into (78) gives

(83) ) | vl = TR

Solving equation (83) we obtain

AL -
(84) ) =25

The substitution of equation (84) into (70) by using equation (76) gives the following relation
2C

+Cexp[— (1 — V)]

(85) A= —?exp[—(,u —v)i]
Hence,
(56) k() = =Y el +

Substituting equation (86) into (82) and using equation (75) we obtain

87) h(r) :A(“zé")ﬁwx )“G+22(“_v)}m+(u—v)r+D
Therefore,
(88)

Ao +2u—v)nt (u—v)? o(u—v—2A)n (u—v)n
J;(t,n)_A[ : R rramm ]+B(u—v)t+T+D
From (81) we obtain
(39) ¢(1,n,W) =h(W)n+h(t,W)

The substitution of (89) into (77) gives

(90) hi(t,W) = ;L?At—(u—v)h(W)nH—hz(W).
Therefore,

AA
On O(t,n,W)=h(W)n+—t—(U—Vv)h(W)nt +hy(W).
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The substitution of (91) into (76) produces
(92) h(W) = —

Finally, the infinitesimal of the Wiener processes is obtained by substituting equation (92) into
oD

93) ¢(t,n,W):A[%+()w_2—‘;+v)t + (W),

The infinitesimal Lie symmetry operators are obtained from equations (74), (88) and (93)

R R [
et
N e
G = o
Gs = ha(W)-r

The corresponding Lie bracket is shown in the commutator table below where G5 = (Gz +

G| Gy Gz | Gy

G| 0 |—-Gs|—-Gg| O
Gy|Gs| O 0 0
G3|Gg| O 0 0

Gys| O 0 0 0
TABLE 2. The commutator table of the infinitesimal generator

}LTG(O'G3+G4)> and Gg = G3 — f—é.

6. INTEGRABILITY OF THE REDUCED STOCHASTIC SIRS MODEL

According to Kozlov [8] the reduced equation (31) can be transformed into a deterministic

map below

(95) dy =n(t)dt +o(t)dw.
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Kozlov claimed that the transformation described in (95) is integrable if and only if it admits

the following Lie operator

(96) Y = 0(n,1)d).

Furthermore, equation (31) is transform into (95) by mean of the given change of variables
7) x=F(n,t)

where equation (97) is an inverse to the map y = ®(n,?) as indicated below

98) ®(n,1) = / ¢(i an

7. CONCLUSION

Lie symmetry analysis for the stochastic SIRS model driven by the Wiener processes was
achieved, infinitesimals generator of the Wiener processes dW (¢) were obtained by the mean
of the moments invariance properties of the process. Determining equations of the stochastic
model were described to have the similar property as for the deterministic model. Ultimately,
the Lie bracket relations obtained shown that every infinitesimal Lie operators found are closed
under the Lie bracket and therefore the Lie generators have formed a Lie algebra.
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