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Abstract. In this paper, we propose a predator-prey model with harvesting and reserved area for prey with the
presence of competition and toxicity with two effort functions. First, we prove the boundedness of the solutions.
Then, the existence is studied, as well as the local and global stability of the equilibria. Lyapunov proved this last
with certain conditions. The optimal harvesting policy is discussed using the Maximum Principle of Pantryagin.

Finally, we ensure our results by numerical simulations.
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1. INTRODUCTION

There is a powerful relationship between prey species and predator species in theoretical
ecology and applied mathematics. In recent decades, researchers have proposed many powerful
prey-predator models to describe the dynamic behavior between these two types of populations
[2, 5, 17], by taking into account optimal harvesting policy [14, 16, 18], toxicity [2, 10, 17],
and the competition [6, 15]. As well, the dynamics of biological species has been analyzed.
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Studies have shown that they know a huge growth that is why the zones are divided into fishing
and no-fishing areas. It can be introduced as a protective measure hoping that the migration of
juveniles will allow rebuilding the depleted fishing grounds. As a result, fisheries need to be
managed in an efficient and detailed manner to protect over-exploited stocks. Therefore, it is
necessary to control the fishing effort in the different areas taking in consideration the growth of
prey and predators. The aim of this paper is to study the competition and toxicity effects [4, 10]
on the dynamics of the predator-prey model. The fishing efforts £y and E; are considered
time-dependent, in order to protect certain fish stocks by limiting fishing activities. From [7],
we suppose that £ and E, are expressed by differential equations. In order to preserve fish
populations, the regulator imposes taxes 7| and 7, per unit of biomass of landed fish (with 7;

and 7, > 0). Now, the basic model is governed by the following ordinary equations:

' % = rlx(l—%)—61x+02y_“x2_l%zx_qlElx_n]xy’
‘% = (r— o)y + o1x — vy> — noxy,
) % = gﬁf —dz—wz—qE>z,
dd% = M (qix(m; — 1) —c1)E,
\ dd% = L(qz(my— 1) — ) Es.

The explanations of the parameters are presented on this table:
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Parameters | Explanation

X biomass densities of the unreserved areas

y biomass densities of the reserved areas

Z biomass density of predator species

E, the effort applied for harvesting in the unreserved area

E, the effort applied for harvesting in the predator populations

r, 1 the intrinsic growth rates of fish population inside reserved
and the unserved areas

q1,92 the catchability coefficient in the unreserved area and
the predator species

o1,0) migration rate from unreserved area to reserved area and
reserved area to unreserved area

ni, Ny the competition coefficients

my, mp the fixed selling price per unit biomass of unreserved
and predator species

c1, €2 the fixed cost of harvesting per unit of effort of unreserved
and predator species fish

T, T2 the imposed taxes per unit harvested of unreserved zone
and predator species

M, Ao constants which converts savings into capital

ux?, vy? the reduction terms, in the unreserved area and reserved area respectively,
where u and v the coefficients of toxicity

wz the reduction term for the predator species

the death rate of the predator species

the conversion rate of predator due to prey

holling type II functional response
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Taking into account the biological constraints, and so that there is no decrease of the functions
compared to the times of these functions it is necessary that: if there is no migration of fish
population from reserved area to unreserved area (0, = 0) and (r; — o7 < 0), we find that
% < 0. Similarly, if there is no migration of fish population from unreserved area to reserved
area (01 =0) and , — 0» < 0, then i% < 0.
If fa—d —w <0, then & < 0.
If m; — 7; < 0, then % < 0, for i = 1,2.

Therefore, we assume that:
2) Ba—d—w>0,r,—0; >0 and m; —1; >0 for i =1,2.

In this paper, we propose in our model the modification of the effort function of the model Y.
Louartassi et al. [9]. Our article is organized as follows. In the following section, we show the
bournitude of the solutions of the system (1). In section 3, we study the existence and stability
of all the equilibria of our model. Then, we discuss the optimal harvesting policy of model
(1) in the section 4. Finally, we present the numerical simulations for to study the stability of

equilibria.
2. POSITIVITY AND BOUNDEDNESS OF THE SOLUTION

In this section, we describe the uniform boundedness of the solutions of the system (1).

m—T | mp—T — d+w

Lemma 2.1. The set Q = {(x,y,z,El,Ez) S Ri :x—l—y—l—%z—i— E_ 4 B o G } is a
region of attraction for all solutions initiating in the interior of the positive octant, where
_ K(n+d+w)®  (nt+d+w)?
4(ry + Ku) 4y ’

Proof. WeposeY:x—i—y—i—%z—i— Ey +%.Then,

mp—T my—

D i(@+w)Y = (n+d+wx—(%+u)x®—vy*+ (r+d+w)y—(n +nz)xy

E d E d
+ m1—1T1 (AL:V _Cl) T mz—zfz (/ILzW —Cz),
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<K(r1—|—d—|—w)2 (r2+d—i—w)2_
4(ry + Ku) 4v B
Applying the theory of differential inequality [1, 9], we get

G.

G G
Y < Ttw (d+w_Y(O)> exp (—(d+w)r)

and whent — o, 0 <Y < d%u’ proving the Lemma. O

3. STABILITY OF EQUILIBRIA

In this section, we find the positive equilibria, then we study their local stability. We denote
the function on the right hand side of the system (1) by fi(x,y,z,Ey,E>), fori=1,...,5.
Equilibria of model (1) is obtained by solving fi(x,y,z,E1,E>) =0, for i = 1,...,5. It can be
checked that model (1) has six positive equilibria:

1- P;(0,0,0,0,0) there is a trivial equilibrium.

2- Py(x2,y2,0,0,0), where (x,y7) is the positive solution of the following equations:

3) <r1—01)x—(%)xz+02y—n1xy = 0,
(rp—0n)y+0o1x— VY2 — npxy = 0.

After the calculations, x is satisfied by the following cubic equation:
4 a3x3 —|—a2x2+a1x+ao =0,

where:

a3 = (u+2)(mm—vu+3)),
2v(ri+Ku)(ri—oy)

a = K —moy (B +u) —niny(ry — 01) —ni(r— 02) (u+ %) + o3,
ai = —v(ri—01)*+(r1—01) (02 +ni(r2— 62)) + (r2 — 62) G2 (u+ %) — 261 6on1,

ayg = —0'2(1’2 — 0'2)(1”1 — 0'1) + (71622.
Using the result of [10], the above equation (4) had a unique positive solution if the following

inequalities hold. According to the criteria of Descartes it is necessary to impose that:
ap>0 if (rn—oy)(r1—o1) <00,

ar >0 if (rl—Gl)(n262+n1(r2—62))

+ (n—o)oa(u+) >2010m +v(r —01)?,
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5) a3 <0 if n1n2<v<u+%>,
(6) a >0 if v(ri—o01) >ny0+n1(rn—o0,).
Then,

X2 r1+ Ku
= —(n—o 0
e — (< X )xz (r1 1)>>,
if

(r1 — GI)K (629 (62 (1’1 — O] )K
7 — < < — — < < —
) r1 + Ku 2 ni or ni 2 r1+ Ku

3- In the interior of the equilibrium P3(x3,y3,23,0,0), i.e. fi(x3,¥3,23,0,0) =0, i=1,2,3, we

get a positive solution:

(8) v = rzfczfng)ng\/(rzz;sznzxg)2+46]X3v,
3 = b;? ((r1 — o1 —ny3)x—(F+ u)x% + 62y3) > 0.
if
ry— oy —nyy3+ \/(Fl — 01 —nmy3)? +4(u+ )30
9 0<x3< .

2(% +u)
4- For the equilibrium Py(x4,y4,0,(E})4,0), i.e. fi(x4,y4,0,(E1)4,0) =0, i=1,2,4, we get a

positive solution:

C1
X4 = —
q1(mi —71)
(10) Y _ (n—oy—mx)+ V(r2— 03 —noxs)? +4voxy
_ _ (1 v _
(Ey) (r1—01)x4 (K +M)x4+02y4 n1x4y4
1)s = )
q1X4
which is positive if
8|
(11) (1’1—61)X4+C)'2y4 > (E+u)xi+n1x4y4,

then,

nic c1 ri c1
W (BN (o
M am-n) ) Sam-m (K )fh(ml—fl)
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5- For the equilibrium Ps(xs,ys,25,0,(E2)s), i.e. f5(xs,ys,25,0,(E2)s) = 0, we get a positive

solution:

2

13 - =
( ) <5 Q2(m2—1'2)’

and (xs,ys) is satisfying the following system of equations:

(14) (r1—o1)x— (2 L opy —nixy — £ = 0,
(r2 — 02)y + O1x — vy?> — npxy = 0.

After the calculations, x is satisfied by the following equation:

(15) bsx® + bax* + b3x® + box> + bix+ by = 0,
where:
b5 = dn1n2 — dzv,
by = 2bdniny+2cdv+nicy —2bd*>v —cniny —deny —dny 0y,
by = —2adv+aniny —b*d*v+ b*dniny +4bcdv — 2bcnyny — 2bden; + ceny + cny s
+ der — 2]’1161 0>,
by = —2abdvzs+ abninyzs+ 2acvzs — aenizs — any 6szs + 2b*cdv — b*dny 65 + bzn% (o]]
+ 2bcen; +2bcny 0y +2bdec, — 4bn 010, — ce0y + 6107,
by = —azvzg +2abcvzs — aben zs — abny Grzs + aeGrzs — b*c?v + b2cen) + b cnp s
+ b’decy —2b’n 6105 — 2bcec, +2bo| 03,
by = abeGyzs—b*cecr+ b0y 622 — b%den; — 2bc3v.
where

c=ri—0,d=u+%,e=r—0,.

Using criteria of Descartes [3] it is necessary to impose that: The above equation (14) had a
unique positive solution if the following inequalities hold. We find that b5 < 0 and b; > 0, for
i=0,...,4.

According to fi(xs,ys,25,0, (E2)s) = 0, we get

1 ) aX5Z5

r
(16) e —— ((u+ K)x5+b+x5 (r1 Gl)xs) >0,
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if

17 oy —nixs >0 and z5 > b—;x5 (l’] — O] — (u+ %)X5),
( ) b+xs

a

orop,—nxs <0 and z5< (r1—o1— (u+%)xs).

Using f3(x5,35.75:0, (E2)s) = 0. we get (Ez)s = & ({52 —d—w) > 0.if x5 > gifd

b+xs
6- In the interior of the equilibrium Py (X6, Y, 26, (E1)6, (E2)6)s 1-€. fi(x6,Y6,26, (E1)6, (E2)6) =0,

fori=1,...,5, we get a positive solution:
( c1
X6 = —F,
q1(my —11)
_ (n—0y—nxe) + V (r2 — 02 — naxg)? + 4vo X6
Y6 ) 2 )
(18) w =
q2(m2 — )
(Et)e = o ((rl — 01)x6 + 2y — (u+ )5 — —n1x6y6> >0,
1 ( Bax

which is positive if

b(d+w)
Ba—d—w

aze

b+ xg

X —(rl—Gl))x6 and xg >

(19)  yo(o2 —nixg) > ((“+r—l)x6+
Now, we discuss the local stability of this six equilibria.
Theorem 3.1. The equilibrium Py(0,0,0,0,0) of the system (1) is unstable.

Proof. The characteristic equation of P is:

(X+d+w)(X+Aicr) (X +4e) X2 = (r—01+m—0)X+(rn—0)(r1—0oy) — 0,01) =0.

It is easy to verify X; = —(d +w) < 0,X; = —Ajc1,X3 = —Axcy. Let Xy and X5 be the two other
eigenvalues. Obviously X4 + X5 =r; — 01+ — 0 > 0.

Therefore X4 and X5 have one positive value. Hence, P is unstable. O

Theorem 3.2. The equilibrium point P>(x,y,,0,0,0) of the system (1) is locally asymptoti-

. . b d
cally stable if x, < min ((Il(mcll—fl)’ ﬁéizﬁ)w).
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Proof. The characteristic equation at P, is:

(X +X202) (X — M (qixa(my — 1) —c1)) (X — ﬁz d—w) X

((X + 022+ (¥ +u)x) (X + 0132 +vy2) — (02 —mixz) (01 — nzyz)) =0,

The eigenvalues of P»:

X = —lzCZ <0,
X = Al(ql_x,‘z(ml—fl)—C]) <0 if Xy < (ml )
X; = ff;i (d+w) <0 if x <Bcfdzw)w,

on the other hand X; + X5 = — <62)yc—§ + (u+ Z)x + 01 +vyz> <0,
X4Xs = (Gzi_; + (u+ %)X2> (Gl)yc—; +vy2> — (02 —n1x2)(01 —nay2) > 0. Therefore X4, Xs < 0.

. . . . b(d
Hence, P; is locally asymptotically stable if x, < min (ql (mcl‘_ o) ﬁé:x)w) 0

Theorem 3.3. The equilibrium point P3(x3,y3,23,0,0) is locally asymptotically stable if

x3 < Z3<(—) do,dy,dy > 0 and drdy — dy > 0.

(m1 71)’

Proof. The characteristic equation at P3:
(X — L (qaz3(my — 1p) — Cz))(X —M(q1x3(my — ”L'l) — C1))(X3 +d2X2 +di X +d0) =0,

where: X; = A2(q1x3(m; —71) —c1) <0 ifx3 < (ml )’

Xo = L (qpza(my — 1) —2) <0 if z3 < (M2 )’

dy = —(r1—o01— 23088 —nyys— (bﬂ oo T72— 02— 2vy3 —maxs),
di = (r—o1 -2 —ny; — (l,f—x3)z)(r2 — 0y — 2vy3 —mox3) — (01 —n2y3) (02 — nyx3)
* ?Zii?éﬂ
dy = —(rn—02—2vy; —npg)%.
Using criteria of Herwitz [11], Ps is locally asymptotically stable if x3 < ﬁ , 23 < (m2 o)’
do ,dy, dy > 0 and dod; —dy > 0. O

Theorem 3.4. The equilibrium point Py(x4,y4,0,(E1)4,0) is asymptotically stable if
00.91.02,03 > 0 and 95— 91 > 5.

Proof. The characteristic equation at P is:

(X + A2c2) (X + 93X + ¢ X2 + 91 X + ¢o) =
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where:
¢35 = —(A1+A2+A3),

20) 0 = AiAr+A3(A1 +A2) +gixa(mi — 1) (E1)s — (01 —maya) (02 — mixy),
¢ = —A3(A1Ar— (02 — mixa) (61 —noya)) — (A2 +As3)grxa(mi — 7)) (E1)a,
¢o = qixa(mi—71)(E1)sA1A.

Where:

Ay = ri—0o1—=2(F +u)xs—q1(E1)s—niys,

Ay = 1rp— 0y —2vys —noxy,

Ay = P2—d—w.

From the characteristic equation of P, we get X; = —Ac < 0.

Using Herwitz criteria [11], P4 is asymptotically stable if ¢y, @1, ¢2, ¢35 > 0 and

2
¢203 — ¢1 > q)(%

O

Theorem 3.5. The equilibrium point Ps(xs,ys,zs5,0,(E>)s) is asymptotically stable if x5 <

P02

m, @0, Q1,902,903 > 0 and Q203 — @ > o

Proof. The characteristic equation at Ps is:

(X —is)(X* 4+ 03X + X% + 1 X + @) = 0, where:

21

Where:

¢1
®o

= —(as+f5),

= asfs—bses —cs585— heje,

= ashsjs+csfsgs+ fshsjs,

= bseshsjs—asfshsjs.

ry— o] — 2(% +u)x5 —n1ys —

O —nyxs,

—axs
b+xS )

—{q1X5,
01 —nyYys,

12 — 0y — 2vys — noXs,

abzs
(b+X5)2 )
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o Babzs
85 = (b+X5)2’
hs = —q22s
is = A(qixs(my—11)—c1),

Js = hgqa(mr—1)(Er)s.

c1

From the characteristic equation of Ps we get X| = i5 < 0 if x5 < . Using Herwitz

q1(mi—1)
criteria [11], Ps is asymptotically stable if x5 < m, @0, 91, P2, @3 > 0 and
2
Q205 — 1 > P55 O

Theorem 3.6. The equilibrium point Ps(x¢,vs,26,(E1)e, (E2)e) is asymptotically stable if
o, 1, Mo, 43, Ha > 0, tp — psply < 0, to — py g < 0 and pa(fo — pifa) > o (2 — U3ka).

Proof. The characteristic equation at Py is:

XO 4 WXt + 13X + X2 + X + o = 0,

where:
Hy = —(ag+fs),
U3 = aefe—bees — 686 —isde — he Je,
(22) Uy = agheje+ cofe86 +isdefo+ foheJs,
MW = —aefeheje + beechsjo + icdshe je.
Ho = —igdefeheje-
Where:
ag = r1—61—2(%+M)X6—Q1(E1)6—n1y6—(,ff—;':)z,
be = 0y —nixe,
6 = %TCZ’
de = —qixe,
e, — O] —Nn2ye,
(23) g
fo = 1 —02—2vye —noxe,
_ _Babzs
86 = (b+x6)2’
he = —q2%,
is = Mgi(mi—11)(E1)s,

jo = logqa(my—1)(Er)s.
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From the characteristic equation of Py, using Herwitz criteria [11], Py is asymptotically stable if

Mo, M1, Moy U3, Ha > 0, to — tapla < 0, o — py g < 0 and pa(fo — pi fa) > po (M2 — U3Ma). O

Using Lyaponuv functions, we study the global stability of each equilibrium points.

Theorem 3.7. The equilibrium P>(x;,y,,0,0,0) is globally asymptotically stable

Gznzyz O2y2v 11
ifng + o1 <2m1n<cx2,K+u>.

Proof. The Lyapunov function of equilibria P>(x;,y7,0,0,0) is given by:

Va(x,y) = (x X2—X2ln< 2)) + 2 (y y2—y21n (y2>>

Differentiating V; respect to time 7, we obtain:

dditz = (x—xﬂ(—(%)(x—X2)+C72<X—§—§>—”1(y—)’2)>
+ %(y—yz)( v(y=y2)+0o1(j— ) —na(x— x2)>

we find,
o = — () (= x)? =222 (y = 2)? — & (2 —32%)* — (m + 2222 (x — x2) (y — 2),
< (Bl + ) = ) (e )2 — (g + T =202 ()2 — 2 (s — )2,
ava 0O2M2yy 022V 1
Therefore, <2 <0if ny + o1ty <2m1n< o ,K—I—u>. 0

Theorem 3.8. The equilibrium P3(x3,y3,23,0,0) is globally asymptotically stable if

Ooomys O2y3v 11 __ az3
n+ 5y o1X3 < 2min ( o1x3 K +u (b+X3)>

Proof. By constructing a Lyapunov function to prove this theorem. The Lyapunov function of

PS(X3>)’3;Z3>O;O) is given by:

Vi3(x,y,2) = (x—x3—x31n (%)) +gf£ (y y3—y3ln( )) +b2$3 (2—23—23111 <%>>

Differentiating V respect to time ¢, we obtain:

avs
dt

X—X3)<—<M>(x x3)+62(-—y—3>—n1(y ¥3) — (;,zﬂ—bfx3>>
25(y = y3) (—v(r—y3) + 01 (2 = ) —malx—x3) ) + L Balz - z) (55— 555 )

—

‘Q

_|_

After the simplification we get:
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G = ((b+xc)lfl37+X3) - rl?”) (x—x3)% = S22 (v —3)> — 52 (a3 —y3x)?
= (1 + 222 (x—x3) (v — ¥3),
< (Hu+2m) - ngKe ) () — (L 1222 — 1) (y )2
- %()’3@ —¥3%)°.
Therefore, < dt <0if ng + 2225 Gznm < 2min ((gly;:, 2 tu— %) O

Theorem 3.9. The equilibrium Py(x4,y4,0,(E))4,0) is globally asymptotically stable if
ny + 224 < 2 min (62y4v at —l—u).

O1X4 o1xg ' K

Proof. The Lyapunov function of equilibria Py(x4,y4,0, (E})4,0) is given by:

Va(x,y,E1) = (X—X4—X41n(i>)+gf)y£ (y y4—y4ln<y4>>

+ ll(ml 7)) <E1 (E1)4_(E1)4ln<m>>.

Differentiating V4 respect to time ¢, we obtain:

ddi;‘ = x—m)(-(%)(x X4)+62<——y_4>—n1(y y4) — Cll(El—(E1)4))
+ %()’_)’4) <—V(y ya) +01(5 — )—nz(x x4))

+ /11(m1 Tl)(El ( 1)4)11511(’”1—71)()6—)64)7

Lo = — (0K (x—xy)? - ot (v —ya)? — 125 s — yax)® — (1 + P2E2) (x —xa) (y — y4),
< (‘ (g + 222 — —”;K“) (x—2x4)% — (‘ (1 +°22) — Vé’ﬁcyf) (v =ya)? = 325 (s — yax)?.
Therefore, dc};“ <0ifn; + 02"” 4 < 2min (cgly;‘:, Z4 u). O

Theorem 3.10. The equilibrium Ps(xs,ys,z5,0,(E2)s) is globally asymptotically stable if

ny +02n2y5 <2m1n<62y;v,%+u— (gfx5)>

Proof. The Lyapunov function of equilibria Ps(xs,ys,zs5,0,(E>)s) is given by:

VlonaBa) = (v —asin (i) + 22 (v—vs —osin (i)

+ b,‘fgS (z Zs—Zsln( >)+me;_m<E2—(Ez)s—(Ez)slrI((%S))-

Differentiating Vs respect to time 7, we obtain:
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& = (x—xs)(—(%yx x5)+62(-—)yc—§>—nl(x—xs)—a(ﬁ—bfxsﬁ
T By -ys) (—vlr—s) + 01 (5 - ) —mlx—x3))
+ ngS(z z5) (%—fﬁi—qz@z—(&)s))
+ i (B2 — (E2)5)Aaga(ma — ) (2 — 25),
we find,
@ = <(b+xc)lfl57+xg)_r]JIr(Ku> (x—2x5)% = 223 (v —y5)* — 24 (yxs —ysx)?

= (m+ 2252 (x—xs) (v —¥s),
< ( (g + 20y ntku b(;fx5)> (x—x5)+ (%(m S ”(‘,’11?) (y—ys)?

O1X5

- ,Tiy(y 5 — ysx)2.

Gz"z)’s O2)ysv 11 azs
Therefore, < dt <0ifn + < 2min ( oxs VK TUT (b+x5)> [

Theorem 3.11. The equilibrium Ps(xe, 6,26, (E1)e, (E2)6) is globally asymptotically stable

Gznzye O2Y6V 11
ifn; + orrs <2m1n(6x ,K+u).

Proof. By constructing a Lyapunov function to prove this theorem. The Lyapunov function is

given by:

Ve(x,y,2,E1, E2) = <X—X6—X6ln (i))+§f§g (y Y6 — YeIn <y6)) b+56 <Z—Z6—Z61n (é))
+ e (El—(El) (E1)6ln<( ))>+m(Ez—(E2)6—(EZ)61n(£Tz)6>).

Differentiating V respect to time ¢, we obtain:

G = (=) (= () (—x0)+ 02 (3= 2) — s — 535) — @1 (Er — (E))s) —m (= o))

+ a2 (v—e) (—v(y ¥6) + 01 (% —2) —my(x— x(,))
+ sz ) (fﬁi Paxs o (Ey — (Ez)é)) e (B — (EDe) A (que(my —7) — 1)
T st (By — (E2)e)Aa(qazmy — 72) —c2),
we find,
dV 1 v K
d_té - (z(nl T GCZFT?CZZ) + (b+)§§l67+)€6) B FHI} M) (X—X6)2 - ngxy; (y—y6)2 — )%(y)% —y6x)2

— (m+%2%2) (x—x6)(y — o),

1 K 1
< (§<m+";{;’52)—’1+"+b(;;36))<x_x6)2+(§<m+”g‘f—;§6>—”;j§y:)(y ¥6)?
_ 9 _ 2

xxﬁy(yxs Yex)*-

62n2y6 O2Y6V It _ 4%
Therefore, dt <0ifn; + < 2min ( o1xg ° K +u b(b+x6)>' -
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4. OPTIMAL HARVESTING POLICY

In this section, we utilize the Pontryagin’s Principle [13] in the presence of predator is dis-
cussed. Let ¢ be the fishing cost per unit for prey species, c¢> be the fishing cost per unit for
predator species, p; is the constant price per unit biomass of the prey, p; is the constant price

per unit biomass of the predator. Then net economic revenue at any time 7 is given by:

(x,y,z,E1,E2) = (q1p1x—c1)E1 + (q2p2z — ¢2) Es.

The present value I of a continuous time-stream of revenues is given by:

iy B iy B
I=/ I1(x,y,z, E1, Ez)e % df=/ ((q1p1x—c1)E1 + (qapaz —c2)Ea) e dt,
1 )

0

where 0 is the instantaneous discount rate, and one unit of time is required to change a
harvesting strategy to maximize the total discounted net revenue earned from the system (1)

and to the control constraints:
The associated Hamiltonian of the problem is given by:

H = e % ((qipix—c1)Ei+ (q2p22— 2)E2)
+ n(@) ((n—o)x— (% +u)x®+ o2y — 55 — mixy — q1E1x)
+ %) ((rn— 02)y+ o1x — vy* — noxy) + 13(1) <[fo - (d+W+CJzEz)z>
+ m(Mi(qix(m — 1) —c1)Er) + %5 (Aa(qez(ma — 72) — e2) Ea),

where ¥; (i = 1,...,5) are the adjoint variables.

According to Pontryagin’s maximum principle [13], we get:

OH _ o _odn _ _oH dn _ _oH
(24) ot~ ' dm . T dt T ox’ dt — dy”’
ds _ _JH dy _ _JH d¥s _ _ JH
dt =  dz’dt T OJE;’ dt T 0E;°
0H S 1
25 ——=0=nult)=0=n({)=¢(p——
(25) o Ya(t) 7(t) ')

26) a—H:oéysa):o:wm:e-&(2—%),
2
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Using (24), the adjoint equation are:

M = Y= e OpigE — ) (F — 01 —q1E1 =2 (”}K"> X — (bcf}f)z —nly)
- ploi—-my)—mn (EH) = (hqi(mi — 1)Ey),
on @ = —aa—';[ = —1(02 —n1x) — Ya(r2 — 62 — 2vy — npx),
i;—yf = _%_le = —€_8tP26]2E2+71b”—$ -7 (5—3 - (d+W+fI2E2)> ;
& —3—51 = —e % (prgix—c1) + ng1x — (A (qrx(my — 1) — 1)),
B = = = - (papz—c2) + B2z — vha(grz(m — B) — 2)

From (27) we get dd—yf = pF e OF,
where:
Fi = (nix—o») (pl — qcl—lx>
F,=2vy+nmx+0r—n;.

Then, (1) = —Fﬁr(se_a’,

Similarly, 20 =y Fy + e 9 F3,

where:
F b
F3 =z 5(01—noy) —qip1Er — (p2 — %) (fii)

Fy=2(u+ )x+ g +my = (1 — 01 = q1 E1).

Then, (1) = —Fﬁ(Se_‘s’.

Similarly, 2 =y Fg + 9 F,

where:

_ F3ax
Fs = ~mre)my — P2a2Ee

Fg=— 5_i§+d+w+qu2

Then, y3(1) = —Fiise’&

(28) m_ﬁ+ﬂ” -0

From (28), the optimal equilibrium value of prey population and predator population (x5, zs)

can be obtained for any particular value of 8. We get:
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(1”2 — 0y — ang) + \/(1”2 — 0y — n2x5)2 +4vorxs

) = ) )
1%
(Es = 55 ((rl —01)x5 — ( +u)xg + o2y — T2 —n1x5y5> ,
(E2)s = g (%—i? - (d+W)Za) :
(Tl)é = mp— qf/lvéa
()s = my— %

9225 "
From the above analysis, we observe the following assertions:

(1) From (25) and (26), we concludes that }/,-e5t (i = 1,3) is independent of time in an optimum

equilibrium. Hence they remain bounded as t — co.

ol _ PIgix —C _ _Baqx
. )

(2) Equation (28) leads to the result: IE| Fa+o
o _ —y = @2

oE, . Ppi—2=—"FLS-

Then, I1(xs,ys,25, (E1)s, (E2)s) =0 as § — oo.
This leads to an infinite discount rate leading to the loss of economic revenues. If the discount

rate is zero, the current value of the time stream reaches its maximum value.

5. NUMERICAL SIMULATIONS

To illustrate our results from our model (1), we take hypothetical data as follows:
In this exemple, the parameter values are chosen as:
r=6rn=8K=40,=23,00=2,q1 =0.1,90=0.2,n1 =0.5,n =0.3,a=1,
b=045u=04,v=04,=08,d=0.85w=04,1 =2, =2.1,m; = 3.5,
my =231 =1, = 1.21,c; = 4,c; = 4, with initial conditions (xo,y0,z0,(E1)o0,(E2)0) =

(10,10, 10, 10, 10).
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FIGURE 1. Solution curves corresponding to the set values parameters of the

system (1) of equilibrium P5.

As it’s shown in this example the parameter values are chosen as:
r=6rn=8K=50=2,00=2,q1=0.1,90=02,n =0.5,n, =03,a =1,
b=0.45u=0.0001,y=04,=08,d=03,w=04,1 =2, =2.1,m; =3.5,
my =231 = 1,7 = 1.21,¢; = 4,¢cp, = 4, with initial conditions (xo,yo,20, (E1)o,(E2)0) =

(10,10, 10, 10, 10).
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FIGURE 2. Solution curves corresponding to the set values parameters of the

system (1) of equilibrium Ps.

As it’s shown in this example the parameter values are chosen as:
rp=6mn=8K=50=23,00=2,4q1=0.1,g0=0.2,n =0.5,np =03,a=1,b=0.45,
u=04,v=04,=0.8,d=085w=04,4 =2, =2.1,m; =3.5my =231, =1,

7, = 1.21,¢; = 4, ¢ = 4, with initial conditions (xo, Yo, 20, (E1)o, (E2)o) = (10, 10,10, 10, 10).
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FIGURE 3. Solution curves corresponding to the set values parameters of the

system (1) of equilibrium Fy.

In this example, the parameter values are:
rir=10,rn,=8,K=5,01=2,00=28,91 =0.1,0 =0.2,n =0.5,n, =0.3,a =1,
b=11,u=001,v=04,=1.1,d=03,w=041 =2, =4.1,m =1,
my =331 = 1,1 = 1.21,¢; = 4,c; = 4, with initial conditions (xo,y0,z0,(E1)o0,(E2)0) =

(10,10, 10, 10, 10).

1000
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FIGURE 4. Solution curves

system (1) of equilibrium Ps.

Choosing the parameter values:
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b=0.7,u=0.0001,v=0.333,8 =0.998,d = 0.03,w = 0.00003,4; = 2,4, =2.1,

mp = 3.5,m2 = 2.3,’51 = 1,1’2 = 1.21,6‘1 :0.5,62 =0.3.
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FIGURE 5. The equilibrium point Pg of is globally asymptotically stable.

x,y,z,E1, E, states for different initial points of the system (1).
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of the system (1).
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FIGURE 7. Plot of x,y,z,E, E, with respect to time ¢ for different values of n,

of the system (1).

Figures (1-4) show that system solutions converge to the equilibria point P, for i = 2,...,5,
respectively. In Figure 1, x and y increases a short time, z, E1 and E, decreases a short time
and attain the equilibrium /. In Figure 2, the system has periodic solution and converges to the

stable equilibrium point P;. In Figure 3, x, z and E> decreases a short time, y and E; increases
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a short time and attain the equilibrium P4. In Figure 4 the system has periodic solution and
converges to the stable equilibrium point Ps.

In Figure 5, we show the behavior of x, y, z, E1, and E, with several different initial values.
From this figure, we see that all trajectories converge to Py. Thus, Py is globally asymptotically
stable.

It can be seen that 1 and n; have a strong influence on the dynamics of the system (1). From
Figure 6, we notice that x and y decrease rapidly and increase after n| increases, but z decreases
as np increases. From Figure 7, we notice that x decreases in a short time and increases after n;

increases, but y and z decrease when n; increases.

6. CONCLUSION

In this paper, we have proposed and analyzed a mathematical model describing the exploita-
tion of fishing resources with the reserve area in the presence of predators from which two
different fishing efforts were considered by integrating toxic substances taking into account
the competition factor. It is assumed that the aquatic ecosystem comprises two areas: a free
fishing zone and another prohibited zone where fishing is strictly prohibited. We observe that
our system admits six equilibrium of which P; which is unstable, concerning the other points of
equilibrium the local stability of our system (1) was demonstrated under certain conditions, then
the global stability of the equilibrium internal has been demonstrated using Lyapunov function.
Using the maximum Pontryagin principle, optimal harvest is discussed. Numerical simulations
are carried out to confirm the equilibrium stability as well as their stability properties. On the
other hand, we have considered the reserve area as a means of control to regulate prey capture,
and we have incorporated two variable fishing efforts into our model. In the optimally managed
fishery, the marine reserve may or may not increase the fishing rent. In many cases, marine
reserves are optimal depending on the availability of marine reserves, which may or may not
increase fishing rents, depending on their optimality, and the existence of equilibria may not be
sufficient to ensure that stocks of biological resources are not used excessively without loss of

productivity.
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