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Abstract. Firstly we define a multi-region discrete SIR model describing the spread of an epidemic that can emerge
in one region and spread to regions that are connected to its neighbors by any type of anthropological movement.
We assume that the infected who leave the main source of epidemic or other areas that were partially affected
later, in order to enter safer areas, represent the population category to be controlled, and we consider a surface
colored cell grid is presented to illustrate the entire domain affected by the epidemic, each cell may represent
a subdomain or region. Secondly we introduce a control variable into our model to show the effectiveness of
movement restrictions of infected individuals from the primary source we target by a quarantine optimal control
strategy. The characterization of the sought optimal control is derived from Pontryagin’s Maximum Principle.

Numerical illustrations are given to the obtained results.
Keywords: multi-region; spatial SIR model; quarantine; optimal control.
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1. INTRODUCTION

Nowadays, it is no longer necessary to justify the importance of spatial dynamics in the
description and analysis of infectious diseases. Indeed, the spatio-temporal spread of epidemic
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diseases was noticed very early, the case of SARS epidemic of spring 2003 clearly showed
that human diseases spread in space, over large areas and often jumping continents [1]. These
cases also includes the influenza pandemic (HINT) 2009 [2], first appeared in Mexico and then
spread rapidly throughout the world, the Black Death that appeared in the 1300s in Europe [3],
followed by Measles and smallpox in the New World between the 1500s and 1600s [4], [5]
More recently, Ebola appeared in the Democratic Republic of the Congo in 1977, in Sudan in
1979 and in North America in the late 1990s [6, 7] and HIV / AIDS appeared in 1981 [8].

Relatively few that are focused on the spatio-temporal model, a related and important concept
in epidemiological mathematical models. In most mathematical models, the existence of a
spatial component has a remarkable probability due to the movements of thousands of people
moving from one region to another, in this case an epidemic can spread rapidly around a vast
area given regardless of the border. The geographic scale is therefore at the heart of a multitude
of studies of diseases that are becoming spatially mobile to different regions because of the
movement of people from one region to another.

Control of epidemics is becoming increasingly important for governments and public health
officials. More specifically, it seeks to understand the spatial dynamics of the spread of infec-
tious diseases in order to develop prevention and intervention strategies aimed at reducing their
impact on public health. It is hoped that the interplay of spatial factors in the mathematical
models of infectious diseases will help us better understand, predict and ultimately control the
behavior of this phenomenon. One of the most basic strategies for controlling the spread of in-
fectious diseases is quarantine through travel restrictions by blocking free travelers, traders and
carriers, or stopping interactions with others. taking the example of EVD epidemics in several
countries in sub-saharan Africa [9, 10, 11]. Before the detection of the disease, the mega-flow
of infected people leaving one city to another is considered important, before the political policy
in Guinea prohibits all population movements going to Liberia in order to limit the spread of
the virus, particularly after the diagnosis of some infected cases in Liberia in March 2014 [12].

After studying several papers taking into account the spatial aspect of the spread of an epi-
demic [13, 14, 15]. We study the behavior and effect of quarantine in a SIR discrete-time

multi-region model for all epidemics that are likely to spread rapidly in many places. For this, it
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is assumed here that the epidemic can be transmitted and spread from a region to its neighbor-
hood by the movement of infected people leaving the main source of epidemic or other areas
that were partially affected later, in order to penetrate into safer areas. Any kind of diseases that
respects this rule, can be modelled and controlled with our approach. We consider a control
goal that aims to reduce the spread of the epidemic by introducing a quarantine control variable
into the multi-region discrete SIR model corresponding to the primary source of infection to
control. These controls restrict the movement of infected individuals from the target area to
limit contact between susceptible people and infected people.

The rest of the manuscript is organized as follows: In Section 2, we describe the mathematical
model. The objective is the functional analysis and the analysis of the controlled approach to
the field of cell control, are given in Section 3 with the introduction of numerical simulations.

Finally, we conclude our work in Section 4.

2. MATHEMATICAL MODEL SIR

We consider a discrete-time SIR model modelling the spread of an epidemic within a do-

main Q , occuped by an homogeneous population, that is divided to M? cells uniforme in size

U

Q= Cpq and let Nl.C " be the population of C,, at time i , i.e., the number of
rg=1,..M
individuals in Cpy, where C,, denoting spatial location of infection.

According to the disease transmission mechanism, a host can be Susceptible, Infective, or
Recovered. Susceptible individuals are those who are healthy and do not carry the epidemic
but can contract it from infective hosts. Infective hosts carry the contagion and are able to pass
it on to another host. Finally, recovered hosts are those who are no longer infective and have
acquired immunity from future infection. Note that this immunity is not necessarily everlasting
and that the transition between the SI.C” 19 Il.C P and Ricp 7 states is probabilistic, with probabilities
being determined by the observed characteristics of specific diseases.

In addition to the death , there are population movements among those three epidemiological
compartments ,from time unit i to time i + 1. The unit of time i can correspond to days, months

or years, it depends on the frequency of data collection and statistics. The relation between the

regions Cp,, and Cyy is defined as follows: We say that Cpy = Vi, V(1,5) € {1..M }? means
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that C,; € V), , where V), the Vicinity set or Neighborhood of a cell Cp,,; and we define the
Vicinity set of Cp,, ;

qu={Crs eQ/r=p+ks=q+k,(kk)e{-1,0, 1}2}. We assume that the susceptible
individuals not yet infected but can be infected only through contacts with infectives of a source
Cpy, thus, the infection transmission is assumed to occur between individuals present in a given

cell Gy and 1s given by

)y

Cpq C
Brs Ii Pq Si rs

where the disease transmission coefficient f,; > 0, is the proportion of contacts between an
infective from a cell C,, and a susceptible from its neighbor cell Cy; € V).

The following system describes the multi-regions discrete SIR model corresponding to cell
Cpg»

for p,g=1,...,M , we have

c c Cpy C ) Cog oCs
Si—ﬁ — ACp + Si Pq _ ﬁpqu IqSi Pa Brsli pqSi
CrsGqu
(1) —dCrasir
Icpq ICM Icﬂq SCM L ICM SCm
it i Bl TS+ Brsli™'S;
C Cpq ) 1€
) — (a Pqg ycpq +d pq) Ii rq
3) R = RO ofmp i gCrRSr

CPq CP‘I
where S, I,

and ROCP “ are the given initial state in the region C,,. In equations (1)-(3),
all parameters are non-negative. Following the contacts between a susceptible and an infective
from the cell C,, with B, rate, d€ra > 0 is the natural death rate, a€r¢ > 0 is death rate due
to the infection, Y7 > 0 denote the recovery rate of infectives and AC¢ birth rate in C pg- BY
assuming that is occupied by an homogeneous population, ot»¢,drs and y<»s are assumed to

be the same for all cells of Q .

the population size corresponding to cell Cp, at time i. It is clear that the population size

C
CP‘I = Acl’q 5
rq
Ni

remains constant if d in fact
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Crq
i+1

C[’q

C
+I 4 +Rl+l

Cpq
Ni+l

S
— Sicpq + Il_cpq + Ricpq + ACra — 4Cpa < SCpq + Icpq + chq>

Cpq C

+ ACpa — dequCPq =N,

= N, l

In this case, Fig.1(a), Fig.1(b) and Fig.1(c) describe the dynamics of susceptible, infected
populations and removed in the case where no control strategy is yet suggested (see the differ-
ential system (1) - (3)) and we note that in all these figures presented here, simulations give us
an idea of the propagation of the epidemic in the case where the infection begins in the three

C11, Css and Cjgo regions characterized by different parameters listed in Table 1.
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10 10 10

510 5 10 5 10 5 10 510 5 1G4 8000
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10 10
(b) 6000
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FIGURE 1. States of system (1)—(3) without controls. (a) Susceptibles behavior

10000
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in the absence of control. (b) Infectives behavior in the absence of control. (c)

Removed behavior in the absence of control
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It observed in Fig.1(a) a uniform wave front propagating the disease from each source of
infection, after 200 days we can see that in most cells, S¢» becomes less important, taking
values between 0 and 2000 in regions close to each source of infection, while in others regions
(cells ), it takes values between 4000 and 7000 except S0 and S¢1.10, they keep their values in
10.000 since it is located far from the sources of the infection.

In Fig.1(b) we can further observe the spatial spread of infection in regions or cells of €2,
when we consider a nonzero initial infection condition in cell Cjg 19, located in the upper right
corner , C1; the lower left corner and Css in the middle, the number of infected people increases
rapidly. after 200 days we see that /€7« takes values between 4000 and 7000 except at the two
opposite corners of the infection and at some cells at the borders where there is no infected
person yet. Finally, at later times, /7 converges to 5000 in most cells at i = 250 and in all
cells at i = 300, because as we move forward in time, some people acquire immune responses
that help to naturally cure the disease. As we can clearly deduce in Fig.1(c), that after 200 days
the number R is not zero and takes values between 500 and 1000, except for the distant cells
where it remains zero. Finally, at later times, RCpa converges to 1000 in most cells at i =250 and
in all cells at i = 300, because as we progress in time, some people acquire immune responses

that help them to heal naturally of the disease.

3. AN OPTIMAL CONTROL PROBLEM

Optimal control approach has been applied to models(1)-(3) to reduce the number of infected
from leaving the regions C,,, in order to arrest all movements from domains region source C,
controlled, to the vicinity C,g, along the control strategy period. For this we introduce a control
variable uic” (Cys € V}q) which represents the quarantine.

To show the effectiveness rate of the quarantine approach, the mathematical model with con-

trol is described based on the following differential system.
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Szcji{?L{ _ AC a4 Sicpq . qu IiCM SiCM o Z ”; SCpq ﬁrs IiCM SiCm
( 4) . dC pq SiCPCI
Icpq _ Icpq Icpq Scpq L PqCrs [Crs Scpq
i1 = LA Bpgli ™S+ w " Brsli S
c C C
&) — (a Pq ycpq +d pq) Ii P4
©6) R — RO ofmp i O

We are interested in controlling the population of cells Cp,,. Then, the problem is to minimize

the objective functional given by

N—1
A
J(uchrs) =y I]E]'pq - R]C\;PCI =+ Z Z (‘lfl [icﬁq -y Ricpq + 7" (ufrqcm)z)
Crs G qu i - 1
subject to system (4)-(6), Here y; and y» are positive constants to keep a balance in the size

C C . L . . o .
of I;” and R;™ respectively. In the objective functional, A, is the positive weight parameters

PqCrs

which are associated with the control u;

Our goal is to minimize the infectives, while minimizing the cost of the quarantine control

strategy in the cell Cp, . In other words, we are seeking an optimal control ul’-’ €™ such that
) T(f) = min{I(u) | () € Zaa},
where %, is the set of admissible controls defined by

Wpg = { () |W"™ <u; <u™™ ic{0.....N—1}},

where (u™", ") €10, 1[2.

The sufficient condition for existence of an optimal control for the problem follows from the

following theorem
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Theorem 3.1. (Sufficient conditions)
For the optimal control problem given by (7) along with the state equations (4)-(6), there

*
exists a control (u! 4Crs ) € Uya such that

TPy = min{J (u) / (u) € Uaa)

1

Proof. See Dabbs, K [16], Theorem 1. O

At the same time by using Pontryagin’s Maximum Principle [17] we derive necessary condi-

tions for our optimal control. For this purpose we define the Hamiltonian as:

c Cpy  Ar C,s
@ = x (v e )
Crs € Vpy
M
)y
+ Z Cl,i+1 AC,,q + Squ o qu IiC]?q Sicpq . M;SCM ﬁrs IiCpq SiC” o dcpq Sicpq
Crs€ Vg
pqg=1
)3
+ C2,i+l Iicpq + ﬁpq Il_cpq SI_CM + ul{?qcrs ﬁrs Iicpq SiCrx _ ( anq + »}ppq + deq) [l_CPtI
Crs equ

+ §3,i+1 |:Ricpq + f}pquiCM _ dC[)qR?])qi| )

Theorem 3.2. (Necessary Conditions)
. . o : Cpa* 1Cpg* Cpg*
Given an optimal control (uch” ) and solutions S;”" |I."" and R;™ ,

there exists (. j, i=1...N, k=1,2,3, the adjoint variables satisfying the following equations:

C )y sC c,
Gii = (2=d%) G+ | Bpgl, ™ + ;" Bl ™ | (S — i)
Cr€ Vg
Cp
Gi = Wi+BuS" (Goiv1 — Crivt) + (2— (aSs +d)) i1 + Y7831 — C2i1)
Gi = —yo+(2—d) G

Con =Wy and G n = Y.
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*
Furthermore, the optimal control (u? 9Crs ) is given by

Cpg o«Cys
min (Clit1 — C2,iq1) Brsd 1S

*
u?r” = min{max{u™",
Ars

1

hu"* b} i=1,...n.

. L) . b 3 1 Crs — Crs* CrS J— CVS* CVS —
Proof. Using Pontryagin’s Maximum Principle [17] and setting §;™ = §;" , ;™ =L ,R;™ =

* . . . . .
R and uP1“ = 4P we obtain the following adjoint equations:

P72 Z sC, C,
Al = _aasgq = — | (1=d) G+ | Bogli ™ + wp "Bl | (Gain = Crin)

,. Crs€ Vg

" C,
AL = —;,ffq = - {1//1 +BpgSi" (Gaint — Crivt) + (1= (070 +d)) Go it + Y 71(G3.01 — G2i)
MG == [ (=) G
then

C Cpq Z rsCpq Cpq
Cii = (2—d) g1+ | Bogli ™+ u;" " Byl (&2.iv1— Ciit1)

Hi = v +ﬁpqSiCM (Goiv1 = Crig1) + (2= (aCra +dra)) G it + Y29 (G341 — Coiv1)

Gi = —y+ (2—d) G

PqCrs

To obtain the optimality conditions we take the variation with respect to control u; and set

it equal to zero

07 C Z C ) Z
Arsu?q " Cl,i+1 ﬁrsll' pqS,'C” + CZ,iJrl

C )
P4Crs = Brsli pqSl-CrA =0

Then we obtain the optimal controls

Cpq C,
. _ . I PqS. rs
ulqurs _ (CLH—l CLZ—I)Brs i i ci=1,..,n | Cxe qu
rs

pqCrs™

By the bounds in %, of the control, it is easy to obtain u;

Cpq C,
: m (Cuitt — G 1) Brsli 57
— min ) ) 1 l
min{max{u™", ™

in the following form

C *
uf’q rs

b i=1,.n | Cpy€ Vig



10 SOUKAINA BEN RHILA, RACHID GHAZZALI, AMINE EL BHIH, MOSTAFA RACHIK

3.1. Numerical simulation. We now present numerical simulations associated with the above

BT and simulated our results

mentioned optimal control problem. We wrote a code in MATLA
using different data. We solve the optimality system using an iterative method. Where the state
system with an initial guess is solved forward in time and then the adjoint system is solved
backward in time because of the transversality conditions. Afterwards, we updated the optimal
controls values using the values of state and costate variables obtained in the previous steps.

Finally, we execute the previous step still a tolerance criterion is reached.

In order to show the importance of our work and without lose of generality, we consider here
10

that a 10 x 10 grid denoted  which Q = U Cpq- Att =1 we assume that the susceptible

pq=1
people are homogeneously distributed with 10.000 in each cell except at the upper right corner

cell Cyg19, where we introduce 50 infectives and 9950 susceptibles and at the lower left corner
cell C1; where we introduce 500 infectives and keep 9450 susceptibles there, hence the middle
of Q the cell Cs5 we introduce 900 infectives and 9000 susceptibles, with different parameters
cited in table 1, we study the case when the epidemic starts from the three cell {Cjo10,Css,C11 }
i.e three regions (source of infection). The vicinity sets associated with regions or cells Cy1, Css
and Co10 are defined by Vi| = {C12,C21,C22} , V55 = {Cs4,Cs6,Cas,Cas,Cas,Ces,Ces,Ces } and
Vio10 = {C109,Co9,Co10 } respectively. In all of the figures below, the redder part of the colorbars
contains larger numbers of individuals while the bluer part contains the smaller numbers.

In order to see the effectiveness of our control strategy, we will consider four cases of the
fight against the spread of the disease. In the first case we will restrict ourselves to controlling
only the cell in the center, the second situation we control the upper right side, the third case we

control the cell at lower left side and finally we combine the three previous cases.

e Case 1: Controlling the center cell
e Case 2: Controlling the upper right cell
e Case 3: Controlling the lower left cell

e Case 4: Combining the three cases.

Case 1 : Controlling the center cell . In this case, Css is considered a source of infection and

a quarantine control uss is introduced. After the introduction of quarantine control uss (see
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TABLE 1. The description of parameters used for the definition of discrete time

systems (4)-(6).

So Io Ry B d Y Aj @

Cn 9450 500 50 0.051 0.16 0.0025 70 0.002
Css 9000 900 100 0.2481 0.1346  0.003 36  0.001
Cioro 9950 50 0 0.11 0.219 0.025 80  0.006

its location in the differential system (4) - (6)), it can be deduced from figure 2, which repre-
sents the simulations of the functions S, I, R, associated with the case where optimal control
approaches the quarantined region becoming geographically isolated from their neighbors. In
order to show the importance of the quarantine approach suggested in this article, consider the
example of a cell with 8 neighboring cells. As in the previous section, we also examine the
results obtained when the disease starts from the three C;;, Cs5 and Cygjq regions. In this way,
we can deduce that the control strategy has proved its effectiveness earlier in time. In fact,
at instant i = 100, most cells, S€r7 becomes less important, converges to 8000, however the
Css controlled cell becoming geographically isolated from their neighbors, the number of sus-
ceptible individuals in the 8 neighboring cells Vss = {Cs4,Csg,Ca4,Cs5,Ca6,Co4,Cos,Ce6 } has
retained its value of 10000, which is not exactly the same as in the case where there was still
no control. Even at times i = 150, i = 200 the number of susceptible people has decreased
more significantly, but luckily we achieve our goal by keeping the number of 8 neighboring
cells Vss = {Csy4,Cs6,Ca4,Cs5,Ca6,Co4,Ces,Ce6} close to its initial value despite a slight de-
crease, which is not exactly the same as the case where no control strategy is yet suggested. At
time i = 300, we can see more clearly that the S5 cell has decreased except for the cells in
their neighbors, whereas the SCra have values between 0, 1000 and 4000 in some cells near the
corners. This shows that most of the movements of infected people from the Css have been re-
stricted in recent times. In Fig.2(b) we can deduce that at instant i = 150, the numbers / Gss  [Cn
and 1€1010 are at most identical, as shown by the absence of controls. However, the neighboring
cells of the Css5 controlled cell is still not really infected and does not contain any infected in-

dividuals. After 200 days, the density of the infected class decreases from 4500 infected when
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there was no control to less than 2500 infected in the source of infection when there is optimal
control.

We achieve our goal by maintaining the values of the infection that arise nearby set Vss close
to its initial value in the case of a us5 quarantine strategy that concerns the Css cell. At time
i = 300, we can see more clearly that the 155 cell has grown except for cells in their neighbors,
while infection becomes important in cells near corners and borders. This shows that most of
the movements of infected people from the Css have been restricted in recent times.

In Fig.2(c) it can be seen that simultaneously, at time i = 150, the numberRSss, R€11 and RC1010
takes a value close to / equal to 500, while R in the cells of Vss is equal to zero and that we
are moving away from Vss, RCra is always zero. Similarly, at times i = 150, i =200, and i = 250
in all Cy cells, the number of people withdrawn increases to 1000 in the corner cells and to 500
in most cells of Q, and to 1000 when we move forward in time, as we can see it at the moment

i = 300, while the R has not changed significantly.

Case 2 :Controlling the upper right cell . In this case, Cj,1¢ is considered a source of infection
and a quarantine control ujq 1 is introduced. After the introduction of the quarantine control
ui0,10 (see its location in the differential system (4) - (6)) figure 3 illustrates shapes of the
quarantine control which restrict movements of infected people coming from Cj 1o. In order to
show the importance of the quarantine approach suggested in this article, consider the example
of a cell with 3 neighboring cells. As in the previous section, we also examine the results
obtained when the disease starts from the three (cell) C;1, Cs5 and Cjg;¢ regions. In this way,
we can deduce that the control strategy has proved its effectiveness earlier in time. We can see
that at instant i = 100, the numbers S€1010 and S€¢ are at most the same as in the case when
there was no control strategy. At times i = 150, i = 200, we can observe that in most of cells
SCra becomes less important, taking values between 0 and 2000 in cells that are close to Vss
and V1, while in other cells, and as more we move away from Vs5 and V7, it takes values
between 2000 and 7000. However, the proximity of controlled cell Cjg ;¢ ie the 3 neighboring
cells Vip10 = {C109,Co9,Co10} has kept its value of 10000. In fact, even at times i = 250 and
i =300, S is also the same as before but fortunately again, we reach our goal in keeping

number the proximity set Vg 19 close to its initial value despite some small decrease. Thus, this
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t=1 t=100 t=150 t=200 t=250 t=300

10
.5

10000
5 10 5 10 5 10 8000
t=1 t=100 t=150
10
16000
(b)
5
14000
5 10 5 10 5 10 5 10 5
t=100 t=150 t=200 t=250 t=300 5

5 10

FIGURE 2. States of system (4)—(6) with control WIS (a) Susceptibles be-
havior with control. (b) Infectives behavior with control. (¢) Removed behavior

with control

demonstrates that most of movements of infected people coming from the controlled cell Cjg1,
have been restricted in final times.

In Fig. 3(b), we can deduce that at instant i = 100, there is an increase in the number of
infected cases within most of cells. However, the vicinity of controlled cell Cig 1o is still not
really infected and can not be contains no infected individual. Similarly at times i = 150 and
i = 200, I takes values around 5000 in neighboring cells to Vss and V;; and about 2000 in
other cells except at the 2 opposite corners and borders of Q. At time i = 300, most cells Cpy
begin to lose some infected individuals due to natural recovery and the number /7« becomes less
and less important at further instants while he vicinity of controlled cell V1010 does not exceed
its initial value. In Fig. 3(c) it can be seen that simultaneously, at time i = 150, the numbers
RC€11, RGss and RC10.10, take a value close to / equal to 500, while RC4, in the vicinity set of Cyg,10

is equal to zero and that we are moving away from Vg 1o, RCr is always zero. Similarly, at
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times i = 150, i = 200, and i = 250 in all C), cells, the number of people withdrawn increases
to 1000 in the corner cells and to 500 in most  cells, and to 1000 as we move forward in time,

as we can see at time i = 300, while the R€10.10 has not changed significantly.

t=1 t=150 t=250 t=300
10 : 10
8
a
@ 6 6 10000
4
2
8000
10 10
8 {6000
(b) A
4
2 14000
5 1
10 10
(©

N A O

FIGURE 3. States of system (4)—(6) with control x!19C"s " (a) Susceptibles be-
havior with control. (b) Infectives behavior with control. (c) Removed behavior

with control

Case 3 : Controlling the lower left cell . In this case, Cy; is considered a source of infection
and a quarantine control u is introduced. After the introduction of quarantine control u;; (see
its location in the differential system (4) - (6)). We note that we are interested here, to control
a cell with 3 neighboring cells. As shown in figure 4, we can see that the Cy; controlled cell is
becoming geographically isolated from their neighbors. At time i = 100 it can be observed that
there is a decrease in the number of susceptibles cases within most cells, however the vicinity
of the controlled cell V11 does not exceed its initial value. At moments i = 150 and i = 200,

SCra takes values between 0 and 1000 in neighboring cells which belong toVss and Vg 19, and
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about 4000 in other cells except at the 2 opposite corners and borders of €, while the vicinity
set of controlled cell V| canned its initial value. at i = 300 we can show that the epidemic cover
all Q except the cells in neighboring cells which belong to Vi = {Ci2,C21,C2} . In Fig.4(b),
we can deduce that at instant i = 150, there is an increase in the number of infected cells within
most cells, however, the vicinity of controlled cell Cy; is still not really infected and does not
contains no infected individual. likewise at moments i = 150 and i = 200, I takes values
around 6000 in neighboring cells and about 4000 in other cells except at the 2 opposite corners
and borders of Q. At time i = 300, most cells Cp, begin to lose some infected individuals due to
natural recovery and the number ICpq becomes less and less important at further instants while
he vicinity of controlled cell V11 does not exceed its initial value. In Fig.4(c) it can be seen that
simultaneously, at the instant i = 150, the numbers R€11, RCss and RC10.10 take a value close to /
equal to 500, while RIC,q in the vicinity set of Vi is equal to zero and as we move away from Vi1,
RCra is always zero. Similarly, at timesi = 150, i = 200 and i = 250 in all C), cells the number
of people withdrawn increases to 1000 in corner cells and to 500 in most € cells and to 1000
when we move forward in time, as we can find it at the instant i = 300, while the R€11 has not

changed significantly.

Case 4 : Combining the three cases. In this case, C11, Css and Cjg1¢ are considered at source of
infection; then, three control variables are introduced representing the quarantine, u1, uss and
u1010 , in order to block people coming from Cyy, Css and Cgj9 , respectively. Because the main
objective of the whole work is to decrease the number of infected and dead people, by pursuing
quarantine control approaches, we deduce by simulations presented in figure 5 that by three
controls uyy, uss and ujo;¢ effect to slow the spread of the infection. Specifically, in Fig.5(b),
after 300 days the density of the infected class is decreasing from 4400 infected when there
was no control, to less than 2000 infected in the source of infection when there is the optimal
control. One of the major benefits of this control is to restrict movements of people coming
from regions at high risk of infection from their neighbors and this can be observed in Fig.5(a)
where the minimum number of the susceptible people becomes approximately equal to 7407
individuals against less than 100 individuals when there is no controls and that can obviously

prove the effectiveness of the quarantine strategy.
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FIGURE 4. States of system (4)—(6) with control ullers () Susceptibles be-
havior with control. (b) Infectives behavior with control. (c) Removed behavior

with control

4. CONCLUSION

The main idea of this article is to present an optimal strategy for controlling the spread of an
epidemic in a given region, based on a discrete time multi-region epidemic model describing the
evolution of the number of susceptible, infected and removed in different regions incorporating
the movement of people from one region to another. The regions were assembled into a meshed
cell surface where each cell represents a region, to show the impact of an infection that comes
from a cell in its vicinity. In fact, by this type of representation, we have succeeded in showing
the effectiveness of the neighborhood quarantine control method in isolation of infectious indi-
viduals and / or persons known to come into contact with an infectious individual and then we
have demonstrated that when we restrict the movements of infected individuals from the target

source, we can keep this location safe and without any significant infection.
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