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Abstract. The aim of this work is to study the dynamics of a class of viral infection models with diffusion and
loss of viral particles due to the absorption into uninfected cells. We prove the global stability of equilibria by
constructing suitable Lyapunov functionals for two cases: continuous and discrete. Also, some examples are given

to illustrate the theoretical results.
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1. INTRODUCTION

Reaction-diffusion equations modeling several phenomena in different fields such as physics,
biology, economics, etc. These equations describe the variations in concentration or density
distributed in space under the influence of two processes: the local interactions between species

and the diffusion that causes the propagation of species in space. In population dynamics, the
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terms of diffusion correspond to a random movement of individuals and the terms of reaction
describe their reproduction [1].

Recently, reaction-diffusion equations are used to describe the dynamics of viral infections
and to obtain information on the mechanisms of these viral infections in vivo. In [2], the au-
thors introduced a mathematical model formulated by partial differential equations (PDEs) to
describe the hepatitis B virus (HBV) infection that represents a major global health problem.
They assumed that infection rate is bilinear and they ignored the absorption of the virus by
the uninfected cells. The importance of our work is to consider both nonlinear incidence rate
and absorption of the virus by the uninfected cells. Therefore, we propose a generalized viral

infection model governed by the following nonlinear system of PDE:s:

—l dT (x,t) — f(T (x,t),I(x,t),V (x,1))V (x,1),

5’1

(D F(T(x,1),1(x,1),V(x,1))V(x,t) —al(x,t),
V

5 = AV + K () if (T.LV)V — v,

where T'(x,1), I(x,t) and V (x,7) are the densities of susceptible cells, infected cells and free virus
at position x and time 7, respectively. Susceptible cells are produced at rate A, die at rate dT
and become infected at rate f(7,1,V)V. Infected cells die at rate al. Free viruses are produced
from infected cells at rate kI and are removed at rate uV. d, is the diffusion coefficient, A is the
Laplacien operator, and i € {0, 1} denotes the absorption effect.

As in [3, 4], we suppose that the function f(7,1,V) is continuously differentiable in Ri and

satisfies the following hypotheses:

(Hy): f(0,1,V)=0,forall/ >0andV > 0;

(Hy): f(T,1,V) is a strictly monotone increasing function with respect to T, for any fixed
I>0andV > 0;

(H3): w <0and w < 0, which means that f(7,1,V) is a monotone decreasing

function with respect to / and V.

It is very important to note that our model represented by system (1), extends and improves

many cases exiting in the literature. For instance, if f(7,1,V) = BT and i = 0, we get the basic
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PDE model proposed in [2]. Further, the more recent model presented by Yang and Zhou in [5]
is a special case of system (1).

In this work, we are interested in system (1) according to two purposes. The first is to

investigate the dynamics of system (1) with initial values and Neumann boundary conditions

o T(x,0) = ¢,(x) >0, I(x,0) = ¢,(x) >0, V(x,0) = 95(x) >0, x € Q,
d

\%
—=0,r>0,x€0Q,
on

where Q is a bounded domain in R” with smooth boundary dQ, > is an outward normal
vector of dQ. The second purpose is to propose some applications and an numerical method
that preserves the qualitative properties of the continuous model (1).

The rest of this paper is organized as follows. In section 2, we analysis the continuous version
by showing well-posedness, equilibria and global stability. The discrete version is treated in

section 3. In section 4, we give some applications of our analytical results. Finally, we conclude

our work in section 5.

2. ANALYSIS OF CONTINUOUS VERSION

We first show the well-posedness of the model by proving the global existence, uniqueness,
non-negativity and boundedness of solution of model (1) under (2). After, we determine the
basic reproduction number, study steady states of the model (1) and discuss the global stability
of the infection-free equilibrium and the chronic infection equilibrium.

Theorem 2.1. For any given initial ¢ = (¢,,0,,¢5) € C = [C(Q)] satisfying the condition (2),
there exists a unique solution of problem (1)-(2) defined on [0,+o0) and this solution remains

non-negative and bounded for all t > 0.

Proof. For any ¢ = (¢,9,,¢;)” € C and x € Q, we define F = (F,F,F3) : C — R3 by

F(p)(x) = A—de(x)— f(@,(x),p,(x), 95(x))p5(x),
B(Q)(x) = f(@1(x),0y(x),93(x))93(x) —ap,(x),

F3(@)(x) = kpy(x) —if (@1(x), 92(x), 93(x)) @3 (x) — 15 (x).
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Then system (1) can be rewritten as the following abstract functional differential equation

w (1) = Aw(t) + F (w(t)),
w(0)=¢ €C,

where w = (T,1,V)T and Aw = (0,0,d,AV)T. It is clear that F is locally Lipschitz in C. Thus,
we conclude that problem (1)-(2) has a unique local solution on [0,%,4y), Where [0,fqy) is
the maximal time interval on which the solutions are guaranteed to exist [6]. In addition, all
solutions are non-negative since 0 is a lower solution of each equation of model (1).

Now, we show the boundedness of the solutions. For this reason, we put
U(x,t) =T (x,t)+1(x,1).

So, we can get

U (x,1)
ot

= A—dT(x,t)—al(x,t),

< A—=06U(x,1),
where 6 = min{a,d}. Hence,

) < max{ 5 max 0,00+ 0,0} |

xeQ

This implies that T and [ are bounded. From the boundedness of 7 and system (1), we deduce

that V satisfies the following system

—‘;f AV <kp—p,
\%4

() v _

an 0

V(x,0) = ¢5(x) 20,

A ~
where p = max {g,max{ O, (x)+0,(x)} } Let V () be a solution to the ordinary differential
x€Q

equation
dv .
— =kp—uv
dt p IIJ“ )
V (0) = maxgs (x).

xeQ
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Then V (1) < max {%,max{% (x)}}, for all 7 € [0, fyax)-

xeQ
By the comparison principale [7], we get V (x,7) < V (¢). Hence,

k _

v (er) < max {2 mar (05 (9} ) ¥(050) € B % 01
H xeQ

From the above, we have proved that T (x,), I(x,t) and V (x,¢) are bounded on Q x [0, #yqx).

Therefore, it follows from the standard theory for semi-linear parabolic systems [8] that #,,,, =

+o0. This completes the proof.

Next, we study the existence of steady states of model (1). Obviously, model (1) has an
A
infection-free equilibrium Ey (7p,0,0), where Ty = 7 Then the basic reproduction number of

(1) is given by

(ki) (50,0
pa '

0) Ry =

To find the other equilibrium of system (1), we resolve

A—dT — f(T,I,V)V =0,
) f(T,1,V)V —al =0,

kI—if(T,1,V)V—puV =0.
Adding the first two equations of (5), we get

A —al
T =

A
>0.So0,1 € {0,—].
a

Using the third equation of (5), we have

(k—ia)l
T

V =

Replacing T,V into the second equation of (5), we obtain

A—al / (k—ia)l

(k_ia)f( d m )—,LLCZ:O.

We define a function 4 on {0, &} as follows
a

A—al / (k—ia)l
d b u

h(1) = (k—ia) f(
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A
It is easy to see that i(—) = —pa < 0 and
a

0) = (k—ia) £(.0,0) ~ pa = ape (Ro —1).

Clearly, we have a positive equilibrium E*(7*,I*,V*) when Ry > 1.

A
For any I € [O, —} , we have
a

. [—adf df (k—ia)df
W)= (k—ia)  —2L 1 2L 21,
()= la)(d8T+&I+ WV
Using hypotheses (H,) and (H3), we prove the uniqueness of the chronic infection equilibrium

E*(T*,I*,V*). By this computation, we get the following result.

Theorem 2.2. For system (1),
(1)
(1) if Ro < 1, then there exists a unique infection-free equilibrium Ey,

(i1) if Rg > 1, then there exists a unique chronic infection equilibrium E* besides E.

Now, we establish the global stability of the infection-free equilibrium and chronic infection
equilibrium for system (1).
Theorem 2.3. If Ry < 1, then the infection-free equilibrium Ej is globally asymptotically stable

and it is unstable if Ry > 1.

Proof. Construct a Lyapunov functional for system (1) at Ey as follows

T f(15,0,0) k a
Lo= [ {T(x0)-Tp— dx i
0 /Q{ =T | 0.0 T im0 T i

1% (xJ)}dx.
The time derivative of Ly along the solution of system (1) satisfies
dL 7p,0,0)\ T k dI d
aro — / 1_M - 4+ —— + a._V dx7
dt Q f(T,0,0) ) dt  k—iadt k—ia dt
T f(T()aO?O) Ha f(T717V)
= dlp(1—= || 1— V(R —1) pdx.
/Q{ °< To)< 7.0.0)) " i—ia” ®p0.0) U
Using the hypothesis (Hz), we get

dLO T f(T07070> ua
e 1) - 29) 2o
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Since f(7,1,V) is strictly monotonically increasing with respect to 7, we have

dL dL
Therefore, d_to < 0 when Ry < 1. In addition, d_to =0ifandonlyif T =Ty, V=0and I =0.
From LaSalle’s invariance principle [9], we deduce that Ej is globally asymptotically stable if

Ro < 1. Similarly to [3], we can easily prove the instability of Ey when Ry > 1.

For the global stability of the chronic infection equilibrium E*, we assume that Ry > 1 and f

satisfies the following hypothesis

f(T,I,V) f(T,I*,V*) \%
(Hs) <1_f<TJ*,V*)) ( FTLV) ‘W) =0 VLV =0

Theorem 2.4. If Ry > 1 and the hypthesis (Hy) holds, then the chronic infection equilibrium E*

is globally asymptotically stable when i = 0.

Proof. Let us define the following Lyapunov functional:

T F(T*,I*,V*) k I, a v
Li=[dr-1— [ Lo 22 x5 g~ Vig(—) bd
1 /g{ v X T ) T g(v*)} ®

with g(z) = z— 1 —Inz. The function g(z) has its minimum 0 at z = 1. So, g(z) > 0 for all z > 0.

The time derivative of L; along the solution of system (1) satisfies

k 1_1* 8I+ a 1_V* Vv d
Y\ T T e Tk v ) e

_ /Q{(l _ M) (A —dT — f(T,1,V)V)

f(T,1%,V¥)

k—ia
*

- VV) (dAV + kI — i f(T,1,V)V — uV) } dx.

e (125 vy —an
(

k—ia
Since
A=dT*+ f(T*, 1", V*)V*,
f(T*, " VIV =al*,

(k—ia) " = uv™,
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we have
dL, N _1 _f(T*,I*,V*)
@ = Ll (-5) (- T

ar (AR (A (a0

g
VATV TV
o d
a { Ve ALY TI* V*)V*]} *
* \v4 2
_ad,V |VV| I,
k o V2

Since f(T,1,V) is strictly monotonically increasing with respect to 7', we have

T f(T*,1°,V*)
(“F) (1‘ PV ) =0

Based on the hypothesis (Hy), we have

Vo FTrVY Vv OATLY) <1_ f(T.LV) )(ﬂT’I*’V*)_K) <0.

vty vy ~\ e ) sy v

dL, dL,
Therefore, o S < 0 when Ry > 1. Further, — = =0ifandonly if T =T7T*,V=V*and I =1I".
If follows from LaSalle’s invariance principle that E* is globally asymptotically stable when

Ry > 1.

3. ANALYSIS OF DISCRETE VERSION

In this section, we discretize system (1) by using *'mixed’ Euler method that is mixture of both
forward and backward Euler method [10]. The choice of this numerical method is motivated by
the work of Hattaf et al. [11].

Let Q = [p,q] with p,q € R. Denote

tm = mAt and x, = p+nlx,

where At and Ax = 4—p are time and space step sizes, respectively. Let

T (s t) = T, 1(p,ty) = I™, V (s 1) = V™.
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So, our discrete model is as follows

( Tm+1 —_Tm
n = n_ _dTnm-i-l _f(Tnm+1,I,rln,Vnm)V};11,
Im—H _m
(6) n ~ n :f(Tnm-l-l’Irrln,V’;n)V’:n_alrrln—i-l’
Vm+1 _ym Vm+1 _ 2Vm+1 +Vm+1
n -~ n__ d, n+1 (Anx)z n—1 —I—kI,T—H _ lf(Tnm+1,I,T,V,;11)V;n —HV},T—H,
\

where n € {0,1,...,N} and m € N. The discrete initial and boundary conditions are
Tno = (pl('xn)’ 11(1) - ¢2(xn)7 Vz? = ¢3(Xn), forn € {Oa 1,...,N},

and
=V, VN =W form e N.

It is clear that discrete system (6) and continuous (1) has the same equilibrium points. First,

we establish that the solution of system (6) is nonnegative and bounded.

Theorem 3.1. For any A\t > r : -

and Ax > 0, the solution of system (6) is nonnegative and
—ia

bounded for all m € N.
Proof. System (6) can be writen as

T =T+ At (A —dT ! — f(Te e vimyvim
L'+ At f(TL D vy

1 +al\t
BV —ym kA — At

7 =

Y

where M = (if (T, 1, vemyvgnif (T e, vimyvim, . if(TI(,"“,Iﬁ,VI(,")V](,”)T. The square
matrix B of dimension (N + 1) x (N 4 1) is given by

O] O3 0 S 0 0 0
0 O3 O . . . 0 0 0
0 o) O3 . . . 0 0 0
0 0 0 .. . . 03 Oy 0
0 0 0 . . . 0O O3 O

o o o . . . 0 o, o0
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where

d, A\t

o = 1+ 2+‘LLAZ‘,
(Ax)

oy — _dVAt

2 (Ax)za
2d,/\t

3 = 1+ 5 + UATL
(Lx)

Thus, for any j € {0,1,...,N}, we have

m—+1 . m—+1
VI RAI — Atif (Tj ,I}",V;") v

koary k(D0 f (T v v

A J
=V = aeif (T v v
J +1+a%t+ 1 4+a/t AT AR AV
_yms kAt At((k_al)At_l)f<Tm+17I’."’Vm> ym
I 14alt 1 +alt J 7o)

Since At > ;,, we have (k —ai) At —i > 0. This means that
—ai
V" kA — AtM > 0.
Note that B is a M-matrix. Thus, from the third equation of (7), we have

Vil = B (VT kAT — AtM)

Therefore, by the method of induction, the solution remains nonnegative for all m € IN.

Next, we prove the boundedness of the solution. Define a sequence

G"=T"+1I.
Then
Gm+1 —G"
- n N no— A—dT" gt
< A-8GTH
By mathematical induction, we have
1 A

m

Gy
1+dAt 1+6At

1 \" , A A\
= (1+5At> G"+§[1_(1+6At) }
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So,

A
limsupG)' < —.
m—seo g

This implies that {G)'} is bounded. Therefore, 7, and I are also bounded.

- N
Let V™ = ¥ V/". By the third equation of (7), we get
j=0

‘7m+1_‘7m & +1 ul +1 y +1
— m m . m m m m
B O VAR D WA RN
Jj= J= j=

A

k(N+1)%—u\7’”“.

Thus, we have

1
m—yoo 8#

This completes the proof.

Next, we will establish the global stability of the infection-free equilibrium and chronic in-
fection equilibrium for system (6). First, we need the following lemma.
Lemma 3.2 ([12]). T,1,V and o be four nonnegative real numbers and E(T,1,V) be an arbi-

trary point. The function W g o defined on interval [0, +oc0) Dy

T #(T, I,V
VEo)(T)=T-o0 —/6 %dx
has the global minimum at T = T and satisfies
f(T,LV) - f(T,LV)

Theorem 3.3. For any /Nt > 0 and /x> 0, if Ry < 1, then the infection-free equilibrium E of

system (6) is globally asymptotically stable.

Proof. Consider a Lyapunov functional

N Tm
1 " £ (Tp,0,0) k a
"=y — |11y — dX "
nz::OAt { T e T x,0,00 Y TS T ki

(1+uAr)V,"|.
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Then, we get

L £(Tp,0,0) k
L dX R (L
m  f(X,0,0) i (5 ")

N
1
Lm+l_Lm —_ . Tm+l_Tm
T

a
k—ia

+ (L4 uAt) (vt —V,i")} .

Consider

L £ (T,0,0)

———2dX.
nr f (X,0,0)

P gy (T =T =T 4
Then we have

N
D < Y o [ () + (- )
n=0

a

Tk

(1+pAt) (V! —Vn’")} .

Using Lemma 3.2, we obtain

Noq f(Ty,0,0)
Lm+1 —Lm < o 1 o » Y TI’I’H—I o Tm Im+1 _Im
+% (1+pir) (V! — V,;")]

L (B [y r00)

- ngb [dTo (1— T > <1 f(Tn’"H,O,O))
@Vm f (Tnerl’Ier”,V':”l) kf(To,0,0) 1
k" F(Tmt0,0) Ha

ad, Vi —2v v
k (Ax)? |
kf (Ty,0,0
We have M = Rp and

a

1 1 1
i a_de,f_’:j —vmt +V,1"_Jq _ ad, i (Vqul _Vm+1) + i (Vmﬁl _Vm)
=0 K (Ax)? k(A =" " =

ad 1 1 1 1
= R e e <o

bl
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Hence,
N Terl T Tm+l’1m7vm
Lm+l _Lm S Z dTO (1 _n > 1— f(m(i;1070) + ‘uaVr:n f( - n n ) 0 _ 1
far Ty F(T"1,0,0) k F(T1,0,0)
N Y f(Ty,0,0) Ua
< dThy | 1- -2 l————— | +—(Rp—1)V)"|.
- Z_:o[ °< Ty )( F(@m100) )k Bo=1)

If Ry < 1, then L1 — ™ <0, for all m € N and the equality holds if and only if lim 7! =T,

m—yeo
Therefore, {L"'}, _\ is @ monotone decreasing sequence. Due to L™ > 0, there is lim L™ > 0.

me m—soo

Thus,

lim (L' — L") =0.

m—yoo

From lim "' = Ty and li_r)n (Ro—1)V)")=0foralln e {0,1,...,N}, we discuss two cases:
m—>oo

m—soo

e If Ry < 1, then lim V)" =0 for all n € {0, 1,...,N}. From the third equation of system

m-—yoo

(6), we obtain hm I"=0forallne{0,1,..,N}.
e If Ry = 1. By hm T"*! = Ty and the first equation of (6), we get lim V" = 0 for all
m—>o0 m—roo

ne{0,1,...,N}.

We get

im 7' =Ty, lim I' =0, lim V" =0, foralln € {0,1,...,N}.
m—soo m—o0 m-—yoo

Thus, Ey is globally asymptotically stable if Ry < 1.

Theorem 3.4. For any At >0 and Ax >0, if Ry > 1 and (Hy) holds, then the infection

equilibrium E* of system (6) is globally asymptotically stable.
Proof. Consider the following Lyapunov functional:

N 1 " f(T*,I*,V*) i

T dX +TI"g( I”

G" = ZAt {Tm * e RV )+

v
(1 pon v )}

According to the Lemma 3.2, we consider

CANIGRING (T7,1V")
¥ g gy (TMTY) =t JU LUV ) e o (1 SNV ) ) opmtt _pm
(E K ) ( n ) n n + T f(X,I*,V*) - f(Tnerl,I*,V*) ( n n ) ’
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Hence,
Gm+1_Gm < i dT* <1_Tnm+1> 1— f(T*,I*,V*)
= T (T, ve)
ady +1 +1 +1 Ve
+k(Ax) s (v =2vr vy (1 - e
r f(T*,I*,V*) N f(Tm-H I* V* N f Tm+1,I,T,Vm)VmI*
—a TN v
8 f(Terl,I*,V*) 8 f(Tm+l,IZ”,V,:“ 8 T* I* V* V*Im
Im+lv* Vm Terl I* Tm+17]m7Vm Vm
+g< +1>}+al*[_1_*+ﬂ +1 f +1n ) }}
I*Vm V f(Tm 7Irrln’Vm) f( nm 71*7V*)V*
We have
N * * m+1 m+1 2
Vv d,V \% -V
D el VIR Y (1 ‘) - v (PN ) <o
= Va k(Ax) n=0 Va Vn+1

According to (H;) and (Hy4), we obtain

Tm+l T* [* V*
(B (1T Y
T* f (Tnm-i- ,I*,V*)

and
ym Tm-H I* V* Tm—H m Vm V
—l—i*—{—f( m—H >_|_f( m—H?n? ) SO
Thus,

G"™!' —G™ <0, forall m € N.

This yields that there exists a constant G such that lim G"=G. Then

m—->—oo

lim (G"*'-G") =0.

m—soo

m+1 I*

Hence, hm T =T* and lim = —. Combined with system (6), we deduce that
m—>oovm+1 V*

lim [' =I" and lim V)" =V* foralln € {0,1,....N}.

m—»oo m—o0

Consequently, E* is globally asymptotically stable when Ry > 1.
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4. APPLICATIONS

Here, we give some examples for which we apply our theoretical results.

Example 1: Consider the following system

( Tnm—l—l _ Tnm Y - - "
Im-H _m
8) S = TE (V) —alyt
m-+1 m m+1 _ m+1 m+1
\ Vn A; Vn - an+1 2(‘2;)2 +V"*1 +klr71+1 - iTnm+1F(Vnm) _'uV’;n—H’

where n € {0,1,...,N} and m € N. The function F(x) is a twice differentiable and satisfies

F(x) > 0 with the equality if and only if x =0,
©) F'(x) >0,
F"(x) <0.

The discrete initial and boundary conditions are

Tn0 =0,(xn), 1,9 = 0, (xn), VnO = @3(x), forne {0,1,...,N},

and
M =Vy, W = Vy form e N.
This model was studied by Yang and Zhou [5], which is a special case of our model (6), it

suffices to take
TEF(V
—( ), V #0;
f(T717 V ) -

TF'(0),V=0.
It is easy to show that the function f verified the four assumptions (H;)-(Hy). Also, the basic
reproduction number of system (8) is given by

A (k—ia) F' (0)

1 Ry =
(10) 0 diia

By applying Theorems 3.3 and 3.4, we obtain the following result.
Corollary 4.1. For any At > 0 and Ax > 0, we have:
(1)
(1) If Ry < 1, then the infection-free equilibrium Ey of system (8) is globally asymptotically

stable.
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(i) If Ro > 1 and i = O, then the chronic infection equilibrium E* of system (8) is globally

asymptotically stable.

Example 2: Consider the following system

D
(
Tnerl - Tnm -2 —dTm+1 _ ﬁTnerlVrfn
At " oo+ o I+ oV + oIV’
I,Z"'H _I}”;n _ BTnm—HV’;n !
At oo+ o I+ oV +ogmvem
1 I 1 .
Vet v vt BTy
\ At ’ (Ax)? " Qo+ o I+ oV + o3 IV

The discrete initial and boundary conditions are

T2 = ¢, (xn), 10 = @5(xn), VO = ¢5(xn), forn € {0,1,...,N},
and
=V, VN =W form € N.

System (11) is a particular case of our model (6), it suffices to take

BT
oo+ oI+ oV +oa3lV’

F(T,LV) =

—u

Vm+1

n

where 8 > 0 is the infection rate and o, ¢¢1, &2, @3 are non-negative constants. This functional

response was introduced Hattaf and Yousfi [4] and it covers various types of incidence rate

existing in the literature.

Obviously, the function f satisfied the four assumptions (H;)-(Hy). Therefore, we get the

following result.

Corollary 4.2. For any At > 0 and Ax > 0, we have:

(D

(1) IfRo < 1, then the infection-free equilibrium Eq of system (11) is globally asymptotically

stable.

(i1) If Ry > 1 and i = O, then the chronic infection equilibrium E* of system (11) is globally

asymptotically stable.
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5. CONCLUSION

In this paper, we have proposed a class of virus infection model with diffusion and general
incidence function. The continuous and discrete versions are rigorously analyzed by estab-
lished the well-posedness of solutions and the global stability of equilibria. Furthermore, the
discrete model and the corresponding results presented in the recent work [5] are improved and

generalized.
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