Available online at http://scik.org

Commun. Math. Biol. Neurosci. 2020, 2020:12
https://doi.org/10.28919/cmbn/4505

ISSN: 2052-2541

OPTIMAL CONTROL ANALYSIS OF A PREDATOR-PREY MODEL WITH
HARVESTING AND VARIABLE CARRYING CAPACITY

IBRAHIM M. ELMOJTABA*, AMINA AL-SAWAII, MARIAM AL-MOQBALI

Department of Mathematics, College of Science, Sultan Qaboos University, PO Box 36, Al Khodh, Muscat, Oman

Copyright © 2020 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this paper, we developed and fully analysed a mathematical model for the dynamics of predator and
prey where the carrying capacity is considered to be a logistically increasing function of time, and both populations
are under harvesting. Our results showed that if the harvesting rate is high then both populations could go to
extinction. We also showed that the system undergoes Hopf bifurcation when the harvesting rate of the prey crosses
a critical value; in fact the stability of the system changes with the change of the values of the prey harvesting rate.

Optimal harvesting is shown to give a high yield and keep both population away from extension.
Keywords: predator-prey model; variable carrying capacity; optimal harvesting; local stability; Hopf bifurcation
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1. INTRODUCTION

The field of renewable natural resources contains various filed such as, forestry, fishers and
agriculture. In our environment there are a lot of biologically interesting problems which are
dramatically. Mathematical modelling requires to understand critical behaviour and the under-
lying nature of the system. Mathematical modelling and exploited analysis biological resources
attract the attention of researchers from time to time. The main goal of developing the model is
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not to calculate the change in a certain population, but to study the amount of complexity that
exists in the system. In the population environment generally predicts the actual size of the pop-
ulation according to their environment. Carrying capacity is one of the most important factors
because they regulate how fast and the highest level the population can grow. Earlier research
assumes the carrying capacity to be a constant quantity; however in a dynamically changing
environment, carrying capacity is considered as a state variable.

In the predator-prey model presented by Leslie and Gower, it is assumed the carrying ca-
pacity of the prey population is a constant quantity k, and the predator the carrying capacity is
proportional to the carrying capacity of the prey [16, 17]. With the response function of the
second type of Holling model, the above model becomes Holling-Tanner model with marked
dynamic behaviour [4, 6, 13, 14].

Harvesting of different species has a strong effect on predatory environmental prey the sys-
tem. After harvest, population density may be much lower from the previous time. Harvesting
can lead to positive extinction of the population likely. Extinction generally occurred whenever
it was exploitable and exploitable the resource is harvested continuously more than the desired
limit for subsequent preservation. Some works with predator harvesting have already been re-
ported in the literature [1, 2, 3, 7, 8, 10, 11, 12, 15]. Recently, Huang et al. [9] established
analytically that the model is subject to Bogdanov-Takens bifurcation (cusp case) of coding 3
gave a deep insight into various bifurcation scenarios, including the presence from two reduc-
tion cycles, Hopf dendrites are supercritical and subcritical, and coexistence between a stable
homoclinic ring and an unstable reduction cycle, the homoclinic bifurcation of co-dimension.

Another important parameter is needed besides the enrichment parameter is the harvesting
parameter. Over-fishing on fisheries has become an acute crisis that can affect human daily
life. Ganguly et al conducted a recent research on harvesting in an intraguild model [18]. Both
groups are appended to harvesting efforts using the hunting hypothesis per unit. The virtue of
what we know, there is limited literature examining the impact of harvest on system 1 through
independent harvest strategy. Most studies on System (1) in [8] confirmed on Implications of
resource enrichment but not harvest. In addition, this paper aims to investigate both the optimal

thresholds for harvesting prey provide maximum monetary interest while preserving fishery
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resources. In our model, both predatory fish and fish prey obey logistics growth, encounter

different harvesting ranges and cause toxic at different rates.

2. MODEL BUILDING AND ANALYSIS

To build our model, we consider a predator-prey interaction model with Holling type II func-
tional response assuming that there is a harvesting on both predator and prey populations which
is proportional to the size of each population. We assume that the carrying capacity is not con-
stant rather it is takes the form of a logistic function of time. The model is then given by the

following set of differential equations.

NI\ aN()P()
<1 ( >) ~mNG)

K(t 1+yN(t)
(1 k(1) — K1)(1 )
i eaN(1)P(1)
& 1N et ()

subject to the initial conditions: N(0) = Np, k(0) = kg and P(0) = Py, where N, P denote prey
and predator population densities, respectively, and x(¢) denotes the carrying capacity. r rep-
resents prey’s per capita growth rate, c¢ is the death rate of the predator, 4, and &, represents
the harvesting rates on the prey and the predator, respectively. Note that K, the carrying capac-
ity that increases sigmoidally between an initial value ko > k; and a final value k; + k, with a
growth rate o.

2.1. Mathematical Analysis. The system (1) has the following equilibrium points:

E. = (0,5,0), E» = (0,k+%,0), E = M ;q,o>, E, =

(k1 +x2)(r—hy) B c+hy g(ag — (c+hy)y)(r—hy)K
( r ”(1”2’0)’ b = (ae—y<c+h2>”‘“ (ag — Y(c+m))2Ky )

and

. (c+h) e(r(ag(ki+10)—(c+hy))—aeh) (k1+K)—(K1+ k) (r—hy ) (c+hy)7)
By = (e it -+ o, SR el

Note that k(1) — (k1 + k») as t — oo; therefore the equilibrium points E1,E3 and Es are
always unstable. The stability of the remaining equilibrium points given by the following The-

orems.
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Theorem 1:

The Local stability of the equilibrium points E>, E4 and Eg of system (1) is given by:

(1) E; is locally asymptotically stable if 71 > r.
(ii) E4 is locally asymptotically stable if y(c + hy) > a€.
(ii1) Ejg is locally asymptotically stable if
(1) ae —y(c+hy) >0
(2) (k1 +K2)(r—hy)[ag —y(c+h2)] > r(c+ha)
(3) rlag +y(c+hy)] > y(K1 + i) (r — 1) [ag — y(c + h2)

Proof:

The Jacobian matrix of the system (1) is:

[ (1) - e e % |
J= 0 o <1_K;2K1>_(X(If<;1<]) 0
i Y%-I:l o (izﬁ% 0 ;NLJ]L —e—h .
(i) Evaluating the Jacobin matrix at E, gives:
im0 0]
Jr= 0 —o 0
0 0 —c—hy |

The eigenvalues are —a, —(c+ hy), and r — h;. Clearly for this point to be locally
asymptotically stable we should have h; > r.

(i) Evaluating the Jacobin matrix at E4 gives:

i (r—hy)? a(Kki4%) (r—hy)
—(r—=h) rl _(K1+1K2)(2r—h1)7:+r
Jy = 0 - 0
0 O (K']+K2)(r7h])[a£77/(c+h2)}*r(6‘+h2)
L (K1+12) (r—=hy)y+r J
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(K‘] +K2)(r—h1)[as—y(c+h2)]—r(c+h2)
(K'] +K'2)(r7h1 )}/+r

with eigenvalues —(r — hy), —a, and . For the existence
of this point we should have r > hj; therefore the point Ej is locally asymptomatically
stable if y(c+hy) > ae.

(ii1) Evaluating the Jacobin matrix at Eg gives — to be one of the eigenvalues, and the other

two are the roots of the polynomial

A*+AL+B=0
where
A (c+ha) [rlag +y(c+ )] — y(k1 + K2) (r — hy)[ag — y(c+ ho)]]
ag(Kk + Ka)[ag —y(c+h)] 2 1K ! 2
= ae((‘;l'f’)(z—) (k1 +12)(r —hy)[ag — Y(c+hp)] — r(c+hy)]

For E¢ to be locally stable we need A < 0, and B > 0; therefore the stability conditions
for Eg are
(1) age —y(c+hp) >0
(2) (k1 +x2)(r—"hy)ag —y(c+hy)] > r(c+hy)
(3) rlag+y(c+hy)] > y(k1 +12)(r—hy)jag — y(c+ h2)
Which concludes the proof.
Theorem 2:

The global stability of the steady states is given by:

(i) E» is globally asymptomatically stable whenever it is locally stable.
(i1) E4 is globally asymptomatically stable whenever it is locally stable.

(iii) Eg is globally asymptomatically stable if
(ki +K2)(r—hy)jag —y(c+hy)]| —r(c+hy) < aer

Proof:
The global stability of stability points will be analysed by transforming the system of equations
(1) into a linear system and then choosing a suitable Lyapunov function.

By letting N =N*+n, Kk = k* +k and P = P* + p, where n, k and p are small perturbations
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about the general equilibrium point (N*, k*, P*).

The system of equations (1) is turned into a linear system which is of the form x = J(E)x, where

J(E) is the Jacobian matrix of equations (1). Thus, the linear system of equations (1) is,

2)

dn —rN* aN*P* rN*2 aN*
T T 7 )n— k- p
dt K* (1+yN*) K* (147yN*)
dk aK

dr

dp ( eapP* eayN*P* )
dt — \(1+7yN*) (14+7yN*)?2
(i) To prove the global stability of E»(0, k*,0), we define the following Lyapunov function

n2

k2 pZ

Clearly V (n,k, p) is positive definite, and V (n*,k*, p*) = 0. Now we have
V(n,k,p) = ni+kk+pp
= —ax? <0
therefore the point E; is globally asymptotically stable.

(i) Define a Lyapunov function as

n k= p
L(n,k,p) = SN +?+7

It is obvious that L(n,k, p) is a positive definite function. Differentiating L with respect

to time t we get,

. nn .
L(nk,p) = 5 +kk+pp
r rN* a ’
= —|Znt+ K*2K+(1+'}/N*)p n—aoxK

Therefore, E4(N*, k*,0) is globally asymptotically stable.
(ii) To prove the global stability of Eg(N*, k., P*). We define a Lyapunov function as

2 2

n k p
k. p) —

Qnkop) =5 vt 2 T 2eaps

2
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It is obvious that Q(n,k, p) is a positive definite function. Differentiating Q with respect

to time t we get,

. nn .. Dpp
k = KK
O(n,k, p) N TR o

—r P* rN* 1 2
- Kax**(lwzv*)z)”‘axﬂ"‘<1+yN*>”}”‘“"
1 N*
- K(mzv*) N <1+yN*>2) } P

-, P N1 e N
et n— n— - n
ak*  (1+7yN*)? ax*? (14 7yN*)? P

which is negative semi-definite if

—r n P*
ak* (14 7yN*)?

<0
Which is equivalent to
(K'1 + K'z)(r— h1>[618 — Y(C-ﬁ-hz)] — I’(C-l-hz) < agr

Therefore, Eq(N*,x*,P*) is globally asymptotically stable if the above mentioned

condition satisfied. This concludes our proof.

The following Theorem discuss the possibility of the existence of Hopf Bifurcation.

Theorem 3:

System (1) undergoes a Hopf bifurcation at the positive equilibrium Eg when hy, if chosen as

the bifurcation parameter, passes throw hj =

Proof:

r((K‘l+K2)(C+h2)72+(6+h2—a8(1q +K‘2))’}’+8a)
Y((ct+h2)y—€a) (k1 +K2)

The eigenvalues of the linearized system around the equilibrium point Eg are —a and [, =

o(hy) £iB(h)

where
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Now, at h¥,
a(hy) = 0
N r(C—|—h2
By = o Lth)
(k1 +K)Y
Also:
dOC(/’ll)| *:_<C—|—h2)’}/
dh, "M €a

Therefore the proof is concluded.

3. OrTIMAL CONTROL

In commercial exploitation of renewable resources the fundamental problem from the eco-
nomic point of view, is to determine the optimal trade-off between present and future harvests.
The emphasis of this section is on the profit-making aspect of fisheries. It is a thorough study of
the optimal harvesting policy and the profit earned by harvesting, focusing on quadratic costs
and conservation of fish population by constraining the latter to always stay above a critical
threshold. The prime reason for using quadratic costs is that it allows us to derive an analytical
expression for the optimal harvest; the resulting solution is different from the bang-bang solu-
tion which is usually obtained in the case of a linear cost function. It is assumed that price is a
function which decreases with increasing biomass. Thus, to maximize the total discounted net
revenues from the fishery, the optimal control problem can be formulated as

1 (hl —|—h2)> dr
qiN +q:P

1

J(h o) = /

to

-8 2 2
e (pl (h1+hy) —vi(hi+hy) —
where c; be the constant fishing cost per unit effort, p; is the constant price per unit biomass of
harvested population, v| is an economic constant and § is the instantaneous annual discount rate.
Suppose £ is an optimal control with corresponding states N*, K* and P*. We are seeking to

derive optimal controls A7, k5 such that

J(hi,h5) = max{J(hy,hy) : hy,hp, €U}
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where U is the control set. Applying Pontryagin’s maximum principle this problem is solvable.

Now the current value Hamiltonian of this control problem is

H = (pl(hl ) — vy (A} + 1) — M) A (rN(t) (1 - N(t)) _ aNPG) —h1N<t>)

Q1N +q2P k()) 14+yN({)
k(1) — k1 €aN(t)P(t)
Moa(kt)—k) |1 — —— M| —L—L— hy ) P(t
+aa(cn) ) (1= K05 g (SEOBD - ey
On the control set we have:
0H Cl
— = —2vihj — ——— -2
oh P1 Ving GN+ q2P 1
0H C1
— = —2vihp — ——— — A
ohy P1—2vin ON + 2P 2
Which implies:
1 cy
3 = — i — )
3) 1 v (Pl 2N+ aoP 1>

1 cl
o= —(p—— g
27 2y, (p LT N+ P 3>

Now, the autonomous set of equations of the control problem are

dM oH cl (/’11 —|—h2) q1 gaP EaNPy
AR P T L TR - .
i N (41N +q2P) YN+L (yN+1)
N rN aP aNPy
4 —A l—— ) ——— —h
@ 1 (r( K) K yN+1 (GN+1) 1)
dlz - oH - ll er K —x 7Lz o (K— Kl)
7 = 5%2—8—1( = SAh—0A— 2 —)uzOC(l— ” )—l— ”
Mo _ s say_sa,- nThlar, MaN —/13( aN__ . 2)
dt dP (qiN+qP)* YN+1 YN+ 1

Therefore, we arrive to the following theorem:

Theorem 4: There exists an optimal control set {4}, 45} and corresponding solution N*, K* and
P* that maximizes J(hy,hy) over U. Furthermore, there exists adjoint functions, A;,A, and A3
satisfying equation (4) with transversality conditions A;(¢;) = 0,i = 1,2, 3. Moreover, the set of

optimal control is given by equation (3).
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4. NUMERICAL SIMULATION AND DISCUSSION

In this section, we will perform some numerical simulations in order to verify our analytic
results.

For simulation purpose, we will take the parameters from the following table

Parameter | Value
r 0.25
a 0.06
Y 0.005
o 0.01
€ 0.8

c 0.22
K 300
K> 500
h variable
ho 0.1

TABLE 1. Parameter Values

Using the parameters shown in Table 1 above, we have the following graphs.

As discussed earlier in Theorem 2, the system exhibits the phenomena of Hopf bifurcation
as the bifurcation parameter /4 passes through a critical value. This is very clear from figures
1 - 8. In figure 1, the system has a stable limit cycle, for 0.001 < #; < 0.1, which looses its
stability as A increases and the coexistence equilibrium became stable, as shown in figure
3. When h; increases further, the coexistence equilibrium point losses its stability and now
the predator-free equilibrium point became stable, as shown in figure 5. When A; increases
above 0.3, the predator-free equilibrium point looses its stability and the trivial equilibrium
(i.e. the equilibrium point where both populations extent) became stable, which is very clear

from figure 7. The same storyline is clear when looking at the phase-diagrams instead of the
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FIGURE 1. Stable limit cycle appears when 0.001 < /) < 0.1

time-series solution, which is shown in figures 2,4,6 and 8.

To study the optimal control problem numerically, we use the forward-backward Rung-Kutta
sweep method. The results are given in the following graphs. Note that all the parameters are
taken from table 1.

Figures 9 and 10 show that when the constant effort harvesting on the prey (i.e. A) is very low
(i.e. hy = 0.001), then both prey population and predator populations with constant harvesting
effort exhibit oscillations with very long period and the densities of both populations is very
high; however under optimal harvesting both populations are kept in a low density, but away
from extension, with periodic solutions which have very short periods. Whilst when the constant
harvesting on the prey is medium (i.e. h; = 0.17), both prey and predator populations with
constant harvesting efforts keep oscillating but now the density decreases a little bit, and also
the period decreases in a drastic manner; and the prey and predator populations have a similar
behaviour as the previous case; which can be shown from figures 11 and 12. When the constant
harvesting on prey increases (i.e. h; = 0.31) then both prey and predator populations with
constant effort harvesting go extinct; however both the populations exhibit periodic solutions
under optimal effort harvesting, as could be seen from 13 and 14. Actually, the optimal effort
harvesting might reach a maximum as high as 0.6; which could never been achieved through

constant effort harvesting, which is clear from figures 15 and 16.
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0 50 100 150 200 250

N(Y)
5 | 4
P(t)

N(®), £, PO

0
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
t

FIGURE 3. Stable coexistence equilibrium appears when 0.17 < h; < 0.25

0 10 20 30 40 50 60 70 80 90 100
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FIGURE 4. Phase digram showing the appearance of stable coexistence equilib-

rium when 0.17 < h; < 0.25
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FIGURE 5. The stability of the predator-free equilibrium for 0.285 < h; < 0.295
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FIGURE 6. Phase digram showing the stability of the predator-free equilibrium

when 0.285 < h; < 0.295
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FIGURE 7. The stability of the trivial equilibrium when 4y > 0.3
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FIGURE 8. Phase digram showing that the trivial equilibrium is stable #; > 0.3
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FIGURE 9. Prey population with effort harvesting and optimal harvesting, with

very low efforts

5. CONCLUSION

In this paper, we present and analysed a mathematical model describing a prey-predator in-
teraction under harvesting when the carrying capacity is variable. Our results show that the
system has six steady-states 3 of which are locally and globally stable under some conditions.

It is also shown that the system undergoes Hopf bifurcation when the bifurcation parameter /;
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FIGURE 10. Predator population with effort harvesting and optimal harvesting,

with very low efforts

15

250 ‘
- ith control
= without control
200 — —
150 —
c
k=]
®
2
o 100 |~ —
<
>
<
a ! i
i i i i i
0 ;: ,” ! i . i i
B ! ' ! P 1y n i i o 7
i i i N P! . i ! I H H
N A N O T
i : in ! n i i il i ;
nof :': on ,-',; N oo omiin l“'i :I i ) N [ N
ot ! noon Vi gy b oo U 2 T I o R L |
0 sl L ca s VI i e iy VIl s \ju!"/u'/'_._'._'
| | |
-50
0 100 200 300 400 500 600 700 800 900 1000
time (days)

FIGURE 11. Prey population with effort harvesting and optimal harvesting, with

medium efforts



16

LM. ELMOJTABA, A. AL-SAWAII, M. AL-MOQBALI

160 [~

=

o

S
I

60 -

Predator Population
@
o
I

— — —with control

————— without control

40§ . : . i , ] i Lo ]
. b O i o i ! Py
TN T R T TR R A R IS B B R
20 noah n I \ ! I o [ i nil n i T
Lo oo oo e (T A iy oo by
i oy h ‘;\ ,‘ i L i iy " o Mo no
O,\ LNAN Y A L v‘\ PR (%N l‘\ AARYE o Y RPN 1 A '\L.L
20 ! ! ! ! ! ! ! ! !
0 100 200 300 400 500 600 700 800 900 1000
time (days)
FIGURE 12. Predator population with effort harvesting and optimal harvesting,
with medium efforts
100 ‘
= = =with control
—=-===without control
9| -
80 |- -
70 -
60 =
S
K|
2 gl ! I 1 il
g [ | ! | :
> 1
g A h P, Vo ! ! :
a0k 1 ; 4 N i ! L] h \ I Iy h N
. h R R T T R ! - !
N R A A S A T R
1
F n :: :: :: T RR i :: K K h : i :: :: |
A A A
N I | " n | " I 1 II 1 [N N ! 1 [ n 1 nl
T I A B R IO B B I A A PR
1" 1 1 1 1
T L L R
ok 1 o e i e R A TR N
1 1
B S B I': 1 IHII", ,': o I‘: S , I': :'”’:::I'l,'| |'l,':
olr vt s e L e
0 100 200 300 400 500 600 700 800 900 1000
time (days)
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FIGURE 16. The control profile for the optimal effort /;

passes a critical value. Numerical simulations show that the stability of the equilibrium points
changes when from one range of /; to another. It is also shown that the following the optimal
harvesting, one is capable of achieving a high yield and maintaining the both population away

from extension; which is what is desired.
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