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Abstract. In the present work, we have introduced and studied two epidemic models that are constructed with
Caputo fractional derivative. We considered standard incidence rate and varying population dynamics for SIS
and SIRS mathematical models. Model equilibria, basic reproduction numbers are determined and local stability
analysis are established for the two fractional dynamical models. Finally, the efficient fracPECE iterative scheme

for fractional order deterministic dynamical models is applied to perform numerical simulations.
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1. INTRODUCTION

Mathematical models have played key role in understanding infectious diseases epidemiol-
ogy [1]. Epidemiological models formulated with system of nonlinear fractional order equations
have been studied by several authors and it is still gaining a lot of attention in mathematical biol-
ogy, see, e.g, [2-10]. An SEIR compartmental model formulation that describes the dynamical
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behaviour of an influenza A infection is introduced and analyzed by the authors in [11] using
nonlinear fractional order equations. A co-infection epidemic model for malaria and HIV/AIDS
infections with fractional order derivative that captures time delay dynamics is studied [12]. A
mathematical model that describes the dynamics of an HIV/AIDS infection using Caputo based

fractional derivative is studied [13].

A Caputo fractional derivative is used to construct a nonlinear epidemic model that captures
vertical transmission dynamics [14]. A deterministic model with fractional order formulation is
presented to study the dynamical behavior between viral particles, humoral immune response
mediated by the antibodies and susceptible host cells [15]. In [16], the authors derived and
studied a non-integer order mathematical model for Hepatitis C disease. In the work of the
authors in [17], they formulated and analyzed a nonlinear fractional order initial value problem
for the co-infection dynamics of Hepatitis C and HIV. A compartmental model for Hepatitis
B infection that includes cure of infected cells is presented and analyzed using system of frac-
tional order nonlinear equations [18]. A non-standard finite discretization scheme is applied to
solve two nonlinear Hepatitis B infection models that are of fractional orders [19]. Fractional
order deterministic models based on an MSEIR compartmental formulation have recently been

introduced in the works done by the authors in [20,21]

In [22], the author developed and analyzed an SIS model with bilinear incidence rate and vary-
ing populaton dynamics. The epidemic model studied in [22] was constructed with differential
equations based on Caputo derivative. The same author in [23] introduced a Caputo based SIRS
and SIR models with varying populaton dynamics and bilinear incidence rates. A fractional SIS
model problem with constant population and standard incidence rate has been introduced and
studied in [24]. In [25], the authors derived a fractional order Susceptible-Infected-Recovered-
Susceptible (SIRS) model based on homogeneous networks. They applied global stability con-
cepts in [26] and established global stability for their constructed epidemic model. A fractional
dynamical problem has been derived and analyzed for the classic SIR endemic model with

constant population size [27]. The authors in [28] have derived and analyzed an SIS epidemic
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model based on fractional dynamical nonlinear equations and complex networks. The recent
work done by the authors in [29] deals with mathematical formulation of an SIR model with

varying population size, nonlinear incidence and Caputo fractional derivative.

The fractional order formulation approach we consider for the SIS and SIRS models in our
present study is motivated by work done in [30]. The modeling concept introduced in [30] has
been used by many authors, see, e.g, [12,17,27,31]. In this study, we will modify and analyze
an SIS mathematical model introduced in [26]. We will also propose a new SIRS model with

fractional order dynamics.

The outline for the rest of the work is organized as follows: Section 2 is concern with some use-
ful preliminaries on fractional calculus. We present the first mathematical model in this study
which is based on an SIS compartmental modeling formulation with fractional order dynamics
in section 3. The second model problem is considered in section 4. Local stability analysis,
numerical simulations and discussions are presented for the fractional dynamical models intro-

duced in sections 3 and 4. We then conclude the study in section 5.

2. PRELIMINARIES

In this work, our modeling formulation is motivated by the well-known Caputo derivative in
fractional calculus. Several applications of this fractional derivative in engineering and science

have been studied in the text books by the authors in [32,33].

Definition 1. [33] Fractional integral of order  is defined as

o . 1 ! V(x)
I v(t)—r(a)/o o

forO<a<1,1t>0.

Definition 2. [33] Caputo fractional derivative of order & is defined as

D(r) = 1 )/O’( GO

I'm—a t—x)otl-m

form—1<a<m.
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3. SIS MODEL WITH FRACTIONAL ORDER DYNAMICS

In this section, we modify and study an existing SIS model that is characterised by system of
nonlinear fractional order equations with standard incidence rate. This type of deterministic
compartmental structure (susceptible-infected-susceptible) is used to study the dynamical be-
haviour of infections that do not confer immunity. The total population is grouped into two
sub-populations namely susceptible individuals, Qg and infected individuals, Q;. The fractional

order dynamical model presented and analysed in [26] is given by the nonlinear system as fol-

lows,
(D DY Qs(t) = A— SSQ_iQQI[ —VvQOs+ 00
DEOI(N) = 28— (n v+ o),

The positive model parameters which includes A, ¢, v, 1 and ® represent recruitment rate of
susceptible individuals corresponding to births and immigration, infection rate, natural death
rate, disease induced death rate and the rate at which infectious individuals return to the suscep-

tible class after infectious period respectively.

From the nonlinear system (1), it is not hard to see that, there is a mismatch of time dimension

on both sides of the system of equations. The left-hand side has a time dimension of (time) ™%
and the time dimension of the right-hand side is (time)~!. The fractionalization method intro-

duced and studied in [30] rectifies this drawback of time dimension.

Therefore motivated by the modeling approach in [30], the new modified epidemic model which

is an improved version of the fractional dynamical initial value problem (1) is given by

P* 050y
Os+0r
DE0y(1) = % (v %),

2 D} Qs(t) = A* — —v30s+ 00y



A CAPUTO BASED SIRS AND SIS FRACTIONAL ORDER MODELS 5

Knowing that N = Qg + Qy, the fractional differential equation describing the dynamics of the

total population is given by

(3) DN =A% —n®Q; — VN
Since the right-hand side of equation (3) is not equal to zero, it implies that, the total population
may vary in time.

3.1. Model equilibria and local stability analysis. There are two equilibrium points for the

fractional dynamical system (2)

A(X
given by Hyp = v_“’o and H,,, = <QS*7 Ql*)

where

Os* = A ;
I (e o)
(e

N v“+<n“+v“> <R0—1>.

H;r and H,, represent disease-free and endemic equilibrium points respectively.

The basic reproduction number R associated with the model problem (2) is given as

(pOC
Ry=— "
At the endemic equilibrium, we obtain the following two identities given by
(pOCQS)k o a o
4 L= % vP e
@ os+or
(5) AOC — (na+va)Ql*+anl*

Theorem 1. The equilibrium point Hyy (disease-free) of the SIS model (2) is locally asymptot-
ically stable if Ry < 1 and unstable if Ry > 1.
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Proof. The Jacobian matrix of the dynamical fractional SIS model (2) computed at Hy ¢ 1s given
by

_ya — % +
J(Hyy) =
0 o@%— (n"‘+v“+w°‘)

For the equilibrium point H, ¢ to be locally asymptotically stable, it is necessary and sufficient
to verify that the all the eigenvalues of matrix J(Hy) satisfy the stability condition derived and

analyzed in [34].

(6) |arg(7L,-)‘ > ?

Since the 2 x 2 matrix J(Hy) is a diagonal matrix, it is not hard to see that the eigenvalues are
Al =—v%*<0and A, = % — (n“ +v¥+ (x)“) . For the two eigenvalues to satisfy the stability

condition (6), it is sufficient to show that A, has negative real part.

)Lz:(pa_(na+va+wa)

_ (na+va+wa>

¢ _1]
_ (na+v“+w°‘) [Ro—l] <0 iff Ry<0

Knowing that A} = —v%* < 0 and following the basic manipulations on the second eigenvalue

above, we can conclude that both eigenvalues satisfy the stability condition (6). 0

Theorem 2. The equilibrium point H,, of the SIS model (2) is locally asymptotically stable if
Ry > 1.
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Proof. The Jacobian matrix of the dynamical fractional SIS model (2) computed at H,,, is given

by

_<va+ 0% (0r*)? 2) 9(0s%)? %
<Qs*+Ql*> (Qs*+Q1*>
J(Hep) =
o *\2 o *\2
0% (0r") ; (P(QS)Z_ na+va_|_wa>
(QS*+QI*> (QS*-FQI*)
a *
From M =N%+v%+ 0% matrix J(H,,) becomes
Os*+0;
[ o *\2 o * * ]
e 0% (0r") , <PQSQ12_<noc_|_voc>
<Qs*+Q1*> <Qs*+Q1*>
J(Hen) —
*(0r*)? __9%0s*or"
7 2
(Qs*-f-Ql*) (Qs*+Q1*>

For the two eigenvalues to the satisfy the stability condition (6), derived and studied by the au-
thors in [34], it is necessary and sufficient to verify that the Routh-Hurwitz stability conditions

for the characteristics equation of J(H,,) are satisfied.

The two eigenvalues of the 2 x 2 matrix, J(H,,) can obtained from the characteristic equation
given by

@) M +adl+a =0

where

©*Or

a=vi4+-—-—"->0
<Q5>k + Ql*)
_ V' 05 or « a\ 9%0r)?
" (QS* +Q1*>2 " <n o ) (Qs* +Q1*>2

o] o (e
S 1
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Also from A% = v*Q;* + <n0‘ + vo‘> O/, a; can further be simplified as

o *
PR NN
(o5 +0r)
Since the Routh-Hurwitz stability conditions (a; > 0, ap > 0,) have been verified, it follows

that the two eigenvalues will have negative real parts. 0

3.2. Numerical simulations and discussions. In this subsection, we present numerical so-
lutions of the SIRS model problem (2), using the well-known and efficient fracPECE iterative
scheme introduced in [35]. For this purpose, we have used the Matlab code fde12.m designed
in [36] for the implementation of the fracPECE iteative scheme [35]. Recently the authors
in [13,27,37] have applied this numerical scheme to solve their nonlinear problems. For our
numerical experiments, we considered four different values of o (0.90, 0.95, 0.99, 1). The
positive values for the model parameters A and v were adapted from work of the author in [26].
To demonstrate asymptotic stability of the disease-free equilibrium, we have used the following
parameter values: A = 0.01, ¢ =0.06, v =0.01, @ =0.02, n = 0.2 and initial conditions
QOso = 0.95, Q0 = 0.05. Asymptotic stability of the endemic equilibrium is illustrated using
the following positive parameter values: A =0.01, ¢ =0.45, v=0.01, ®=0.2, n =0.05 and
initial conditions Qgg = 0.95, Qjo = 0.05. Figures 1 and 2 represent trajectories of susceptible
and infected individuals respectively illustrating asymptotic stability of the disease-free equi-
librium. Local asymptotic stability of the endemic equilibrium is demonstrated in Figures 4 and
5. The sub-plots in Figures 3 and 6 demonstrate SI plane phase portraits for the SIS model with

fractional order dynamics.
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FIGURE 1. Solution trajectories for susceptible individuals illustrating asymp-
totic stability of the disease-free equilibrium Hyy with fractional orders o €

{1, 0.99, 0.95, 0.90} and Ry < 1.
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FIGURE 2. Solution trajectories for infected individuals illustrating asymp-

totic stability of the disease-free equilibrium Hyy with fractional orders o €

{1, 0.99, 0.95, 0.90} and Ry < 1.



10

g 051

ERIC OKYERE, JOSEPH ACKORA-PRAH, FRANCIS TABI ODURO

1

k\km i

0.

'N

0.

0
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9

()

1

091
08
0.7

06f \ |

k& Wy

S 051

041

031

w

021

)

011

o =

0 01 02 03 04 05 06 07 08 09

(©)

1

091

0.8

071

0.6

= 05}

[¢]

041

03}

w

0.

i\:

0.

o =

\

\ \\\&x L

0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

(b)

\\\\\ ﬂu

0.1 02 03 0.4 05 06 07 08 09 1

(d)

FIGURE 3. These graphs represent SI plane phase portraits for the SIS model

with fractional orders a € {1, 0.99, 0.95, 0.90} and Ry < 1.
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FIGURE 4. Solution trajectories for susceptible individuals illustrating asymp-

totic stability of the endemic equilibrium H,, with fractional orders o €

{1, 0.99, 0.95, 0.90} and Ry > 1.
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FIGURE 5. Solution trajectories for infected individuals illustrating asymp-

totic stability of the disease-free equilibrium H,, with fractional orders o €

{1, 0.99, 0.95, 0.90} and Ry > 1.
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FIGURE 6. These graphs represent SI plane Phase portraits for the SIS model
with fractional orders a € {1, 0.99, 0.95, 0.90} and Ry > 1.

4. SIRS MODEL WITH FRACTIONAL ORDER DYNAMICS

In this section, we introduce a new SIRS model that is characterised by system of nonlinear
fractional order equations with standard incidence rate. This type of compartmental structure
(susceptible-infected-recovered-susceptible) is used to construct and formulate nonlinear dy-
namical models for infectious diseases that that do not confer permanent immunity. The total
population is grouped into three sub-populations namely susceptible individuals, Qg, infected

individuals, Q; and recovered individuals, Q.
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The integer order SIRS model studied in [38,39] is given by

dQs(t) A 0050

a N osroiron VTR
doi(r) _  ¢0sOr

(8) el - <3+K‘+V>Q1
dQCZ(t) =kQ;— (V+7)0Or

where the positive model parameters which include A, ¢, v, k, 8, and Y represent recruitment
rate, infection rate, natural death rate, recovered rate, disease induced death rate, and the loss of

immunity rate respectively.

Motivated by the deterministic model (8), studied in [38,39] and the fractional order modeling

approach proposed in [30], the new fractional order dynamical system we consider in this study

is given by
o _AQ (PaQSQI _La
Di*Qs(r) = A Os+ 0+ Or veQs+v*Or
o . (PaQSQ] - o o o
©) DFOI) = 5o~ (8% K v )0

D}'Qr(t) = k*Qr = (V¥ +7v*)QOr

Knowing that N = Qg + Q7 + Or, the fractional order equation describing the dynamics of the

total population is given by

(10) DYN = A% — §%Q; — vON

Since the right-hand side of equation (10) is not equal to zero, it follows that the total population

may vary in time.
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4.1. Equilibrium Points and local stability analysis. The disease-free and endemic equilib-
rium points resulting from equating the right-hand side of the dynamical system (9) to zero and
solving for the states variables Qg, Q;and Qg yields P;r = (’V\—Z, 0,0 | and P,,, = (QS*, or*, QR*>

respectively, where

. A% (yo‘+1<°‘+v°‘>

O e (arva) (Ro— 1) v (ot wet ve)Rg
* A (v (Ro—1)

o= 50‘<W+v0‘> (RO— 1) +v0‘(y"‘+ KO‘+V°‘>R0
* A% (Ro—1)

Or" =

o (W + v“) <R0 - 1) +ve (}/"‘ + K%+ v"‘)Ro
The basic reproduction number Ry, corresponding to the fractional dynamical model (9) is given

by

(pOC
(60‘ + K%+ vo‘>

Ry =

Theorem 3. The equilibrium point Py (disease-free) of the SIRS model (9) is locally asymptot-
ically stable if Ry < 1 and unstable if Ry > 1.

Proof. The Jacobian matrix for the dynamical fractional SIRS model computed at the equilib-

rium, Py is given by
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For the point P,z to be locally asymptotically stable, it is necessary and sufficient to show that
the all the eigenvalues of matrix J(H,) satisfy the stability condition (6) constructed and stud-
ied in [34].

From the 3 x 3 Jacobian matrix, J(P;y), it is clear that one of the eigenvalues has negative real
part (A} = —v%* < 0) and the remaining two eigenvalues can obtained from the 2 x 2 sub-matrix
E given below
q)“—<5°‘+1<“+v0‘> 0
E =
o e

The remaining eigenvalues will also the satisfy the stability condition (6), provided the Routh-
Hurwitz stability conditions for the characteristic equation of matrix E are satisfied.

The characteristic equation of the 2 x 2 sub-matrix E is given by
(11) A +aid+a; =0
where

a Z—[<p°‘—(5°‘+x‘x+v“>] + v y”

o
_ o (04 (04 (p o
== (8% kv gy 1| VY
— (6% + k% L v®) |1 — * VRV
o 8% 1 kO ya

<6o‘+x°‘+v°‘) [1—RO}+V“+W>0 if Ro<1

(—v“—y“ [(p“—(6“+xa+v“)]

az

CREOICaRaRY

q)a
m—ll
_ (va+y“> (5“+K“+v“> [1—R0} >0 if Ry<1

Since the Routh-Hurwitz stability conditions (a; > 0, a» > 0,) have been verified, it follows

that the two eigenvalues will have negative real parts. U
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We now consider local stability of the equilibrium point P,,,. The Jacobian matrix of the frac-

tional order model (9) evaluated at P, is given as follows

%0 <Q1*+QR*) 0%QOs” (Qs*+QR*) PP
—ye B _— 4 »}/0‘ + %
(Qs*+Q1*+QR*) (Qs“rQs“rQR*) (Qs*JrQl*JrQR*)
J(P,y) = 001" (Ql*-*—QR*) 0*0s* <Q5*+QR*> o s
(en) e VA —7<6a+Ka+va) 7%
(Qs*+Q1*+QR*> <Q5*+Q1*+QR*> (Qs*+Q1*+QR*)
0 K —(v“+V0
P*Qs”
Using the identity — . - = <5 4 k% + v“) , the Jacobian matrix can be simplified
Os"+ 01" +0r
as )
0%0r* <Q1*+QR*> 0%0Os* (Qs*-i-QR*) Ay 5
—y%_ 5 — 2 Yo 4 %0501
<Q5*+Ql*+QR*> (Qs*+Q1*+QR*) (Qs*+Q1*+QR*>
an * *
I (Pen) or (QI Ok >2 %05 0" ; %05 0"
(Qs*+Q1*+QR*) <Qs*+Q1*+QR*) (Qs*+Q1*+QR*)
: . (v

The characteristic equation of matrix J(P,;) is given as follows

12)

7L3+W112+W21 +w3 =0,
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where
(os'+0r+0r")" (05" +0r +0x")
L _lereres(orror)(os o) (peror ey (or+or)
. (o5 +or +ox)’ (o5 +or +0x°)’
L xot0s0r v“(p“Ql*(Q1*+QR*)+ WO 0
(os+or+or)  (os+orvor) (o5 +or+or)
(o5 +0r+0or") (05" +0r +0x)
V(2050 (0 +0r") (05 + k") vH(9®(0r)?0s" (01" +0x")
o (o5 +or +ox)’ T (ovor rox)’
L Tlereser (or +ox )(Qs +0x) 7 RaCRRCRR (o +0x")
(o5 +or +ox)’ (o5 +or +ox)’
e N _K“Y“¢“Q1*(Qz*+QR*)
(o5 +or+o) (os+ortor) (o5 +or+ox)
. (vPetosor
(o5 +or +0x°)

Let D(q) represent the discriminant of a polynomial function ¢ given by

q(x) = X+ wix? 4+ wax+ w3

then
1 wi wo w3 0
1 w1 wy w3
(13) D(g) = 2wy w, 0 0 :18W1W2W3+(W1W2) —4W3W1 4w2 27w§.

0
3
0O 3 2wy wy O
0 0 3 2w wo
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Motivated by the fractional order stability approach in [34] and the recent applications of this

concept in [12, 13,18, 37], we obtain the proposition below

Proposition 1. One assume that P,, exists in Ri.
(i). If D(q) > 0 and the Routh-Hurwitz condition are satisfied, i.e., w; >0, w3 >0, wj wy >
w3, then P,, is locally asymptotically stable.
(ii). If D(q) <0, w; >0, wp >0, w3 >0, @ < 2/3 then P,y is locally asymptotically stable.
(iii). If D(q) <0, w; <0, wp <0, & > 2/3 then all roots of q(A) = 0 satisfy the stability
condition |arg(A)| > %4E.
(iv). If D(q) < 0, wi > 0, wy > 0, wywy = w3 Yo € (0,1] then P,, is locally asymptotically
stable.

(v). w3 > 0 is a necessary condition for P,, to be locally asymptotically stable.

4.2. Numerical simulations and discussions. This subsection deals with numerical approxi-
mation of the new SIRS fractional epidemic model (9). For our numerical illustrations, we have
applied the fracPECE iterative scheme developed by [35]. We have also used the Matlab code
fde12.m designed by [36] for the fracPECE iterative scheme. To demonstrate local asymptotic
stability of the disease-free point, we considered the parameter values: A =0.01, ¢ =0.06, v =
0.01, 6 =0.15, k = 0.3, ¥y =0.02 and initial conditions Qg9 = 0.95, Q0 = 0.05, Qro = 0.

Local asymptotic stability of the endemic point is illustrated by setting A =0.01, ¢ =0.5, v =
0.01, 6 =0.015, x = 0.2, ¥y = 0.02 and initial conditions Qgp = 0.95, Qo = 0.05, Qro = 0.
Figures 7, 8 and 9 shows trajectories of susceptible, infected and recovered individuals respec-
tively for different values of « illustrating asymptotic stability of the disease-free equilibrium.
Local asymptotic stability of the endemic equilibrium is demonstrated in Figures 11, 12 and 13.

The sub-plots in Figures 10 and 14 illustrate SI plane phase portraits for the SIRS model.
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FIGURE 7. Solution trajectories for susceptible individuals illustrating asymp-
totic stability of the disease-free equilibrium H,; with fractional orders o €

{1, 0.99, 0.95, 0.90} and Ry < 1.
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FIGURE 8. Solution trajectories for infected individuals illustrating asymp-
totic stability of the disease-free equilibrium Hyy with fractional orders o €

{1, 0.99, 0.95, 0.90} and Ry < 1.
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FIGURE 9. Solution trajectories for recovered individuals illustrating asymp-
totic stability of the disease-free equilibrium H;, with fractional orders o €

{1, 0.99, 0.95, 0.90} and Ry < 1.
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FIGURE 10. These sub-plots represent SI plane Phase portraits for the SIRS
model with fractional orders & € {1, 0.99, 0.95, 0.90} and Ry < 1.
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FIGURE 11. Solution trajectories for susceptible individuals illustrating as-
ymptotic stability of the endemic equilibrium P,, with fractional orders o €

{1, 0.99, 0.95, 0.90} and Ry > 1.
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FIGURE 12. Solution trajectories for infected individuals illustrating asymp-
totic stability of the endemic equilibrium F,, with fractional orders o &

{1, 0.99, 0.95, 0.90} and Ry > 1.
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FIGURE 13. Solution trajectories for recovered individuals illustrating as-
ymptotic stability of the endemic equilibrium P,, with fractional orders o €

{1, 0.99, 0.95, 0.90} and Ry > 1.
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FIGURE 14. These sub-plots represent SI plane Phase portraits for the SIRS

model with fractional orders & € {1, 0.99, 0.95, 0.90} and Ry > 1.



A CAPUTO BASED SIRS AND SIS FRACTIONAL ORDER MODELS 23

5. CONCLUSION

In this work, we have presented and analyzed two epidemic models that are constructed with
Caputo fractional derivative. Our fractional order modelling construction was motivated by the
approach introduced by the author in [30]. We have studied a modified fractional order SIS
model from an existing mathematical model. A new Caputo based SIRS model is also proposed
and analyzed. In both mathematical models, we have analytically and numerically studied
local asymptotic stability of the equilibrium points (disease-free and endemic). Our numerical
examples suggest that, fractional order models are appropriate for biological systems and can

yield interesting results.
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