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Abstract. Oncology is the science that deals with the prevention, diagnosis and study the different possible reme-
dies in order to treat and fight the cancer disease. In this paper, immunotherapy and virotherapy are included to
mathematical new model which expresses the interaction between tumor, immunity elements (Cytotoxic T cell and
Interleukin-2 (IL-2)) and oncolytic virus. After the well-posedness of model, we show that the disease-free equi-
librium point (DFE) and the endemic equilibrium point can exist under specific conditions depending on treatment
parameters: adoptive cellular therapy (ACT) or IL-2 treatment or the case of oncolytic virus treatment (OVT) and
combined treatments. We will also discuss the local stability of the equilibrium points. The oncolytic dynamic will
be analyzed numerically by using MATLAB software in order to interpret the different cancer evolution situations.
A set of numerical results are obtained in order to show the performance of each treatment to reduce the size and
the speed of tumor proliferation, although it leaves treatment residues for a long time.
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1. INTRODUCTION

Cancer remains one of the diseases that researchers still discover day by day. It is an illness
that can affect all members of the body. The mathematical modeling is used as efficient tool to
recognize the cancer cell’s progression and to predict its growth. Many works were done using
several techniques such as system of ordinary differential equations (ODEs) [1-4] or partial dif-
ferential equation (PDEs) [5,6]. In some other works, we can find the diffusion of cancer [6—8]
or stochastic behavior of the disease [9]. Combined therapies have shown significant promise
for treating cancers [3, 10—12]. For example, recent work [13] provides an overview of the
clinical status of CAR-T cell and OV therapies and confirm that immunity and virus have an
important impact on oncolytic dynamics. The optimal control of cancer model is studied using
the metaheuristics approaches [14], the authors have used the external sources of immunother-
apies to reduce the cancer growth. With the introduction of virotherapy [15], the work have
studied the effect of this new treatment to prevent cancer growth. It was shown that treatment
with virus can replace or support the traditional treatments due to potent oncolytic efficacy of
virus. Therefore, it remains essential to develop model in order to understand the therapeutic
impact of such dynamics. In this paper, we will combine the effect of immunotherapy and vi-
rotherapy, we will consider the logistic growth of tumor and the standard incidence functions,
with these approaches, we will study the role of the cellular immune system and the role of the
oncolytic virus on cancer dynamics. For this purpose, the formulation of the model is inspired
from the previous works [6, 14,16], and our new model will be given by the following nonlinear

system of differential equations:

( dx P1X2Z

— =  coy+———Wx+s,

fllt y 2142 251 1

y p2xy

— = ry(l-by)— — By,
(1) dt g +y

dt g3+y 2 2

dv_ oafyv—uzv+s

The model (1) describes the dynamics of cancer evolution. The variables x, y, z and v correspond
to effector cells, tumor cells, IL-2 and free viruses, respectively. The parameters s, 52 and s3

express the external sources ( injections) of effector cells, IL-2 and virus respectively, i, i
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and 3 mean the natural loss of effector cells, IL-2 and of the virus respectively. The natural

degradation of the tumor is calculated with its progression in the logistic equation ry(1 — by)

which expresses the evolution of the tumor. The parameter ¢ represents the antigenicity of the
P1Xx2

tumor in the effector cells. The term 2177 indicates the effect of saturation on effector cells by

IL-2 (noted by f in Fig. 1), while the term % (noted by f> in Fig. 1) indicates the interaction
of cancer cells with effectors controlled by tumor and the term % (noted by f3 in Fig. 1)
indicates the natural production of IL-2 due to the interaction between the effectors and the
tumor. Finally, the remaining terms are related to the oncolytic virus which kills tumor cells,
Byv is the rate and the amount of virus increases at of3yv rate.

The schematic behavior of the interactions between the variables of our model (1) previously is

illustrated in Fig. 1.
M1x Haz

cy

FIGURE 1. Cancer cells evolution with treatment diagram.

This work is organized as follows: The next section is dedicated to the well-posedness of our
mathematical formulation in terms of positivity and boundedness of solutions; also the equi-

libria and their stability is established in the same section. Section 3 deals with the effect of
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immunotherapy and virothepary on cancer evolution. Finally, the article ends with a conclusion

which sums up all the results of this work.

2. WELLPOSEDNESS AND EQUILIBRUIA STABILITY

Since modeling cells in population evolution requires that the variables should remain non-
negative and bounded, we will establish the positivity and boundedness of model (1) solutions.

Also, the stability of equilibrium points is discussed.

2.1. Positivity and boundedness of solutions. For biological reasons, the parameters x, yo,
Zo and vo must be larger than or equal 0.

Hence, we have the following results:
Proposition 1. The solutions of the problem (1) are non-negative.

Proof. We will show the non-negativity of the solution.
First, lets show that RY = {(x(t),y(¢),v(¢),z(t)) € R* : x>0,y > 0,y >0 and z > 0} is a
positively invariant region.

Indeed, for (x(t),y(¢),v(t),z(t)) € RY we have:

d

2 —0>0,

dt |y=0

dx +s51>0

— =cy+s ,

dt |x=0 Y=

d

az _ p3vy 450 >0,
dtiz=0 g3+Yy

dv >0

— =S .

dt [v=0 3=

Therefore, all solutions initiating in Ri are positive. 0J

Proposition 2. The solutions of the problem (1) are bounded.

Proof. We will show the boundlessness of the solution.
p2Xy
82ty

d d
From equation d—f =ry(1—by)— — Byv, we have : d_)t} < ry(1—by).

Thus

Sl =

So, y is bounded.



DYNAMICS OF CANCER CELLS WITH IMMUNOTHERAPY AND VIROTHERAPY

. dx P1XZ dx
From equation — = cy+ — tix+ sy, we have : — + (U1 — p1)x < +cy+s1.
dt g1+z dt

Thus

x < er*(M*Pl)t —i—/l(cy—i—Sl)e(u]p])(tC)dC
0

Since y is bounded, thus x is also bounded.

. dz  p3xy
From equation — =

dt  gz+y

dz
— Wz + 52, we have : 7 + Wz < +p3x+s;.
Thus

t
7 < z0e Mt +/ (p3x+s2)e‘“2("‘:)dc
0

Since x is bounded, thus z is also bounded.

d d
Fromequationsd—::aﬁyv— U3v+s3 andd—i}:ry(l—by)—gi Zj_yy— Byv, we have :
dv dy | s3
i < — =42,
dt+“3v_a(ry dt+06)
Thus
53 it (53 t ~ps(1-)
v< (o ——+ve”3+(x———|—/ +r)ye M3 dt
(ee(yo 06H3) 0) (OCM3 y+ | sty )

Since y is bounded, thus v is also bounded.

3. EXISTANCE AND LOCAL STABILITY ANALYSIS

At any equilibrium instant, the variations of the different variables are zero.

Hence, the equilibrium point E*(x*,y*, z*,v*) should verify the following system:

;

0 = o+ B85 —mx* +s1,
0 = y*[r(l—by*)—%—ﬁv*], 2
0= B
| 0 = vi[aBy* — ps] +s3.
The Jacobian matrix of the system (1) at E*, is given by:
_ iz P181x*
u+ g1tz c (g1+2")2 0
=Py — Bv* — * _ _pagax” R
JE* = g +y* r BV 2bry (g2+y*)2 0 ﬁy
p3y”* p383x" _
g+ (53-7)? H 0

0 oBv* 0 oaBy —us
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We recall that the absence of virus (v* = 0), the situation is already studied in S. Ahrabi and A.
Momenzadeh [14]. In this paper we will consider non-zero virus (v* # 0).

The Jacobian becomes:

Jp =
h; —U2 0
k; 0 0
With :
p1z” 1 cu3
a; = —H=—=1+—),
gt H x*<1 oc[)')
b — _P181Y
Yo(g1 )
_ P23
afgr+us3’

2R2 *
* H3 o ﬁ P282X
o= Bv 4 2brid | L P&
ﬁ af  (afgr+u3)?
M3

f_ av
_ P3H3
afgs+us’
_ 0?BPpagax’
(oBg3+uz)?’
ki = aﬁv*.

The eigenvalues of the Jacobian matrix are the roots of the characteristic polynomial:
Pg.(X) = det(XI — Jg,) = maX* + m3X> +moX? +m X +my.

With: ml+ the positive part and m; the absolute value of negative part of the parameter m;,
i€{0,1,2,3}.

mo = fkiailly — fkibg = mg —my , with ma“ = fkiailr and mo = fk;bg.

my = fkia;+ fkply + bidh; + bigr + cd iy + ajeily — bieig — ajriy = my{” —my,
with ml+ = fkia; + fkup + bidh; + bigr + cdu; + aje;lly and m| = bje;g + a;rii;.

my = fki+cd+aillp + il + aze; — big — rply — air = my —m,
with m2+ = fki+cd+ailp +eillr +a;e; and my, = big+rip +ajr.

my = e+ +a;—r=m3 —ms, withmy =e;+ U +a;andmy =r.
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my =1,
From the Routh-Hurwitz Theorem applied to the fourth order polynomial in the characteristic
equation since (mmyms > m%m4 + momg) the eigenvalues of the jacobian matrix have negative
real parts.
So, the system is stable since the condition of the of the parameter Hg- is fulfilled, we set the

following parameter to discuss this stability :

mg m3 + )3 (T ;)
(i €{—+hIT xi=+)
mi +mgm3 + )y (I mi")
(ki€{— A BIT +i=—)

HE* =

So, if Hg+ > 1 the equilibrium point E; is stable, else it is unstable.

Now, we can easily state the following result:

Theorem 1. The point of equilibrium E* is stable when Hgs > 1.

3.1. Initial conditions and parameters. After properly justified our formulation of the model
and discussing the equilibrium. In this section, we will study the effect of immunotherapy and
virotherapy separately and jointly with numerical simulations. The variables, their descriptions

and the intial conditions are given in Table 1.

Variable Description Initial condition

X Effector X0
y Tumor Yo
Z IL-2 20
v Virus )

TABLE 1. The model variables descriptions and initial conditions.

For our numerical simulations, we will use the parameters given in Table 2
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Parameter Description Value Source
Ui Multiplicative inverse of the natural lifespan for effector cells 3.00x1072  [14,16]
153 Multiplicative inverse of the natural lifespan for IL-2 1.00x10'  [14,16]
U3 Multiplicative inverse of the natural lifespan for virus 8.00x1073 [6]
P1 Proliferation rate of effector cells 1.25x10°1  [14,16]
P2 Proliferation rate of tumor 1.00 [14,16]
p3 Proliferation rate of 1L-2 5.00 [14,16]
g1 Threshold for proliferation of effector cells stimulated by IL-2 2.00 x10°  [14,16]
53 Threshold for cancer removal 1.00 x10°  [14,16]

23 Threshold for production of IL-2 due to cancer cells and effector cells  1.00 x 103 [14,16]

St External source of effector cells -
S External source of IL-2 -
S3 External source of virus -
r Logistic growth rate of tumour 1.80 x10~1 [14,16]
b Multiplicative inverse of the tumour’s carrying capacity 1.00 1072 [14,16]
c Antigenicity of tumour 5.00 x1072 [14,16]
Infection rate of tumor 1.00 x10~! [6]
Elimination rate of virus due to tumor infection 5.00 x10~! [6]

TABLE 2. The model parameters, their descriptions and values.

3.2. Immunotherapy treatment. This subsection is devoted to discuss the existence and the
stability analysis of the disease-free equilibrium and the endemic equilibrium points, in case
of immunotherapy treatment with ACT and IL-2. Also, we will give numerical simulations for

each case.

3.2.1. Case of adoptive cell immunotherapy treatment. In this part, we will consider the case

of of adoptive cell immunotherapy treatment which means that s; > 0, s, =0 and s3 = 0.

Proposition 3. The following parameters:

_pt 5 cp3Ig _ o _bs oo s _ .5t
n= ur’ Ry = afgipt(us+apfes) Er= mr(pus+afg) By = ap ’ Es = ap and Sy =1+ Es
will allow to discuss the possibility of having equilibrium points.

Hence, we have the following results:

(1) The disease-free equilibrium EAO(,lSTll’ 0,0,0) always exists.
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ES
(2) If Ty =1 and R1S| < 1 and Ez—f—ﬁ < 1, one equilibrium point EAl(x1,y1,Z1,v1)
— 1901
exists.
E
(3) IfT] <1 andEg—f——l(l —RiS| — \/(R]S] + 1)2—4T1R1S1) <1, one equilib—
2R(Thi - 1)

rium point Ex, (x2,y2,22,v2) exists.

(4) If Ty > 1 and RSy < (vVT1 —/T1 — 1) and

E
E, + Wll—l)(l —R1S; + \/(RlSl +1)2—4T1RS1) < 1, two equilibrium points

EAz (x2>y2722;V2> and EA3 (x37y3723; V3) exist.

Proof. First case, when y* = 0 we get EAO(Z—ll,O,O, 0).
Other case, when y* # 0, we can get E4_(x;,i,2i,vi),i € {1,2,3} with: y; = g—%.
And x; is positive solution of the following equation:

(3) A2 +Bix+C =0

With:

Ay =w (T —1)=A,

By =E3(1— Ril)qtsl =B+ (81— 1)E;s,
C) = E—3251 =CS.

HiRy
Second case, if 71 = 1 the equation (3) becomes a first order equation and if R;S; < 1 we geta

positive solution of component x:

E3S
X =——".
Nl(l—RlEslb)
And if E; + ﬁ < 1 we get a positive solution of component v:
— K19
r E S
(1 S,
Vi [)’( 27 T-R:S
o= g1R:1S)
! 1—RiS;
Third case, if 71 < 1 the equation (3) has just one positive solution x:
E;3
= (1-RiS = [(1+ RiS)? = 4TiRS) ).
X2 2R1N1(T1—é)( 151 =1/ (1 +RiS1) 1R1S1
And isz—i——l(l — RS — \/(1 +R151)2—4T1R151> < 1 we get a position solution
2R\ (T1 — 1)
of v:
"(1-E 51 (1 RiSi—\/(1+R1S))? 4TRS>
V)=l —£y — o———— (| = Ky51 — 191)° —4l1K151 ),
B 2Ri(Th —1)
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__ & ( 2 )
= ———(1—-R1S1—+\/(1+R1S1)"—4T1R1S1 ).
2= 5 =1 151 \/(+ 151) 1R1S1

Fourth cases, if T; > 1 and R;S; < (/T1 — /T} — 1)? the equation (3) has just two positive

solutions x:

Es
= (1-RiSi —/(1+RS 2—4TRS>
X 2/,L1R1(T1—1)< 151 \/(-l- 151) 1RiS1 ),
and
E3
S N— 1+R,S 2—4TRS>.
X3 2u1R1(T1—é)< I 1+\/( +R1S1) 1R1S)
And if E> + W:—l)o — RS+ \/(1 +R151)2—4T1R1S1> < 1 we get a positive compo-
nent of v, for i € {2,3}:
r E, '
= L0-E ——(1—RS —(—1 ‘\/1 RS 2—4TRS),
Vi ,B( 2RI = 1) 181 = (=1 (1 +R1S1) 1R1S1
Zi:L(l—RIS]—(—1)i\/(1—|—R151)2—4T1R151>.
2T = 1)

In the case of treatment with injection of adoptive (effector) cells, we can steady that state, if the
external source is more than the minimum value s,,;,,, and that is demonstrated at the following

theorem. 0

Theorem 2. The disease-free equilibrium in the case of treatment with only effector cell’s ex-

; . r
ternal source EAO(:TII,O,O,O) is stable when s1 > Syin, , With Spin, = 8211

p2

Proof. The Jacobian matrix for the point £, is the following:

— 1St
t ¢ gipl 0
P2S1
Jg, = 0 g2ul 0 0
4o 0 P3S] 0
g3ul H2
0 0 0 —u
The eigenvalues are —y, —p, —u3 and r — p2;1 , if §1 > Spin,, they are all negative, then we
211
have the stability . 0

Form figure 2, we can observe that the proliferation of tumor cells for different values of the
external source s1. First, when we increase the ACT dose the amount of the cancer cells is
reduced significantly. In addition, with high value of ACT we observe the damping of the
resulting oscillations. This confirms the important role of the first kind of immunotherapy in

reducing the cancer cells proliferation.
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FIGURE 2. Numerical simulation results of tumor in case of ACT only with

different doses of external source s;.

Theorem 3. The endemic equilibrium points in the case of treatment with only effector cell’s

external source Ey,,i € {1,2,3} are stable when Hg, > 1.

Proof. See Theorem 1. 0

3.2.2. Case of Interleukin-2 treatment. In this part, we will consider the case of IL-2 im-
munotherapy treatment which means that s; = 0, s > 0 and s3 = 0 and we will discuss the

existence and the stability of the equilibrium points in the following proposition and theorems:

Proposition 4. The following parameters: Ty, Ri, Ei, Ej, E3 recently declared and

Sy =1+ S—; will allow to discuss the possibility of having equilibrium points. Hence, we
81H2
have the following results:

(1) The disease-free equilibrium Ej(0,0,32,0) always exists.

) E?
152 e . .
< 1, one equilibrium point Ey, (x1,y1,21,V1) exists.

E
(2) If Ty = 1 and R, <1cma’E2-|-1

(3) If T, < 1 and

Ert (1= Ry — (S~ 1)(Ti = 1) =/ (R + (S2(Ti — 1) = T1))2 — 4(Ty — 1)S2R) < 1,

E,
R (T —1)

one equilibrium point Er,(x2,y2,22,V2) exists.
(4) If Ty > 1 and Ry < (\/T] — \/S2(T1 — 1))? and

(1= Ry~ (S2= D)(T— )+ /(R + (S2(Ts — 1)~ T1))2 — 4(T; — DSaRy) < 1,

o
*TOR(T - 1)

two equilibrium points Er,(x2,y2,22,v2) and Ep,(x3,y3,23,V3) exist.
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Proof. First case, when y* = 0 we get Ej, (0,0, %,O).
Other case, when y* # 0, we can get E7 (x;,yi,zi,vi),i € {1,2,3} with: y; = 5—133.

And x; is positive solution of the following equation:

4) A2X2 +Byx+Cr,=0
With:
Ay=w(T1 —1)=A,
E
32:B+<52—1)(T1—1)1§,
1

C, =CSs.
Second case, if 77 = 1, the equation (4) becomes a first order equation.

And if Ry < 1 we get a positive solution of component x:

B E3S)
1= 5
ui(1—Ry)
) E\ S .. )
And if Ep + I < 1 we get a positive solution of component v:
— I
r E S,
=—(1—-FE,—
RS>
= S, —1
4 gl(l_R1+ 2—1)

Third case, if 71 < 1 the equation (4) has just one positive solution x:

_ E3 2
0= s (R —(Sz—llz)(Tl — 1) = /($2(Ty — 1)+ Ty — R )2 —4T185(Ty — 1)),
And if E — 1 1 - R - (5 - Ny - 1) -

n 1 2+ 2R1(T1—1)( 1 (S2 (T )
\/(SQ(TI —1)+T1 —Ry)? —4T1S2(T1 — 1)) < 1 we get a position solution of v:

r E1
= (1 = BB — —— (1 = R - (S - (I, — 1) —

v ﬁ< p 2R1(T1—1)( 1 (S2 (T )

\/(SQ(T] -1)+T —R1)2 —4118,(Th — 1))),

81

=————(1—-R So—1)(T1 —1) =/ (S2(Th — 1)+ Ty —Ry)?2 —4T1S,(Ty — 1))).
2 2(T1_1)( 1+ S2—-1)(h = 1) \/( 2(Ti =) +Ti —Ry) 182(Ty — 1))
Fourth cases, if 77 > 1 and R| < (\/Tl — /S (T — 1))2 we get two positive solutions for equa-
tion (4):
= (1=Ri— (= 1)(Ti = 1) = \/(S2(Ti = )+ T, — R\ 2~ 4TyS2(Ty — 1))

2‘LLIR1(T1—1) ’

and
= (1= R — (= 1)(Ti = 1)+ \/(S2(Ti = )+ T, — Ri 2~ 4TySa(Ty — 1))

3 2R (T = 1) 1 2 1 2(11 1 1 192(/1 .
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And  if B + ﬁ(l SR - (S - DT - 1) +
\/(S2(T1 —1)+T; —R)2—4T1S,(T; — 1)) < 1 we get a position solution of v:

Vi = %(1 - B ﬁ(l - R - (5 - DN - 1) -
(1) (Sa(Ti = 1)+ Ty = R1)? —4Ti85(T; — 1)),
Zi:%(1—R1—I—(Sz—1)(T1—1)—(—1)i\/(52(T1—1)—|—T1—R1)2—4T1S2(T1—1))).

Any injection of 1L-2 still useless, because it is not possible for immune system to eliminate the

cancer cells even if with external source of IL-2, and that is proved by the following theorem .

Theorem 4. The disease-free equilibrium in the case of IL-2 therapy treatment only

E,(0,0, %,0) is always unstable.

Proof. The Jacobian matrix for the point Ej, is the following:

—Hi gﬁtlzs—zn c 00
0 r 0 0
JE, =
0 0 —up, O
0 0 0 —uw
: p1s2 .
The eigenvalues are — | + —— , — o, — U3 and r, they are not all negative.
812+ 52
So Ej, is unstable. ]
6 x 107
——59=0
— 52=30000
51 —— 5,=150000
247
8
531
: l J I |
= L | | I
i | Il ||
| UL
0 i AJ_LA M. UJAA ‘l ll W\ \ Ul_ l\ LAM,.;L,JA‘l ‘,s': J
0 500 1000 1500 2000 2500 3000

Days

FIGURE 3. Numerical simulation results in case of IL-2 treatment only with

different doses of external source s5.
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We can obtain from figure 3 the proliferation of tumor cells for different values of the external
source sp. First, when we rise the IL-2 dose the amount of the cancer cells is reduced signifi-
cantly. With high value of IL-2 we can observe also the damping of the resulting oscillations
but not as well as it is at figure 2 with ACT. In addition, we notice a time lag in the oscillations
of tumor cells. With this we confirm the important role of the second kind of immunotherapy

in reducing the cancer cells proliferation.

Theorem S. The endemic equilibrium points in the case of IL-2 therapy treatment only Ef.,i €

{1,2,3} are stable when Hg, > 1.
Proof. See Theorem 1. 0

3.3. Virotherapy treatment. In this subsection of virotherapy treatment, we will discuss the
existence and the stability of the disease-free equilibrium point when s; = 0, s, = 0 and s3 > 0.
Theorem 6. In case of virothepary only, the disease-free equilibrium point Ey,(0,0,0, %) al-
"H3

B

Proof. To prove the existence of DFE, we replace y* = 0 at (2). We get in evidence

Ev,(0,0,0,32).

ways exist and it is stable when s3 > Spiny, With Spin, =

The Jacobian matrix for the point Ey,, is the following:

— U c 0 0
Jo = r— B“—i 0 0
Vo3
0 0 —mw 0
53 _
0 afy 0 —m

. S . .
The eigenvalues are —uy, —, — U3 and r — ﬁu—s, they are all negative, if 53 > 5,s,, then we
3

have the stability. O

Figure 4 gives also the behavior of tumor cells proliferation with different values of the external
source s3. We can observe that rising the dose of that external source can eliminate cancer in
less then one month [3]. In addition, we can also observe that time of illness can be reduced
with upper value. Form that and comparing with figures 2 and figure 3, we confirm the very

important role of OVT in reducing the cancer cells proliferation and time of illness.
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FIGURE 4. Numerical simulation results of tumor in case of OVT only with

different doses of external source s3

3.4. Combined treatment. In this subsection, the existence and the stability of the equilib-
rium points in case of combined treatment are discussed in the following propositions and the-

orems with their numerical simulations.

3.4.1. Case of adoptive cell and IL-2 immunotherapy treatment. In this part, we will consider

the case of adoptive cell and IL-2 immunotherapy treatment which means that s; > 0, s > 0

and s3 = 0.

Proposition 5. The parameters Ty , Ry, E1 , E» , E3, S| and S, previously declared will allow

to discuss the possibility of having equilibrium points. Hence, we have the following results:

(1) The disease-free equilibrium Ec, (%,O, S—Z,O) exists if :
g1l tsy
. 812
Tiv=1orTi <1or(Ty > 1 and s3 < Spax, With Spax, = ﬁ)
| —
ES
(2) If Ty =1and Ry < 1 and E; + 1 ] I; < 1, one equilibrium point Ec, (x1,y1,z1, V1) exists.
— R
(3) If Ty <1 and
E;
E — (1 — SR — S — 1) (T — 1 —
>+ 2R1(T1—1)( 1R ($2 (T )

\/(SlRl + (ST —1)—T))>—4(T1 —1)S,Ty) < 1, one equilibrium  point
Ec,(x2,y2,22,v2) exists.
(4) If Ty > 1 and S1Ry < (VT1 —\/S2(Ty — 1))? and

e B B S N 010 R )

E B
2 T R m-1)
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\/(SlRl + (ST —1)=T))2—4(T1 —1)STy) < 1, two equilibrium  points

Ec,(x2,y2,22,v2) and Ec,(x3,y3,23,V3) exist.

Proof. First case, when y =0, if Ty =1or Ty < 1 or (T} > 1 and s, < 7‘?1‘“21) we obtain a
positive x component and we get E¢, ( il 5550, s_z,()) .
g1t

Other case, when y # 0, we can get Ec, (x;,yi,zi,vi),i € {1,2,3} with:y; = g—%.

And x; is positive solution of the following equation:

(5) A3x* +Byx+C3 =0
With:
A3 = [.Ll(Tl — 1) ZA,
E
By =B+ (S; — )Es+ (S, — 1)(T1 — 1)R—3,
1

C3 =CS819,.
Second case, if 71 = 1 the equation (5) becomes a first order equation.

And if S1R; < 1 we get a positive solution of component x:

E3S15,
X|=—"—"=.
‘Ltl(l —SlRl)
. E18152 » :
And if E; + T-SR. < 1 we get a positive solution of component v:
—oIh
r E15152
=—(1—-E—
R1§152
= S, —1
21 g1(1—51R1+ 2 )

Third case, if 71 < 1 the equation (5) has just one positive solution x:

E
x2=W;I_I)(I—RI&—(&;I)(TI—I)—\/(SZ(TI—1)+T1—R151)2—4T152(T1—1)).
. 1
And f E (1 - SR - S - HTnh - 1) -
n i )+ 2R1(T1—1)( 1Ry (S2 (T )
\/((Sz(Tl —1)+T1 — S$1R}))? —4T1S,(Ty — 1)) < 1 we get a position solution of v:
r E;
= I - E - — 1 - SR — (S, — (T - 1) —
v B[ 2 2R1(T1—1)( 1Ry (S2 (T )

VST = 1)+ T = SiR))? 4Ty Sa(T; — 1)),
81
—— |1 -8R S —1)(Th—1)— So(Ty —1)+Ty — S1Ry))? —4T1S,(T; — 1))].
2(T1_1)[ IR+ (S —1)(T1 - 1) \/(( 2(Ti—1)+ T = SiRy)) 152(T1 —1))]
Fourth cases, if T} > 1 and S1R; < (VT — /S2(T1 — 1))2 we get two positive solutions for

2=

equation (5):
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E
X2:W;M(I—SIRl—(Sz—l)(Tl—l)—\/((SQ(TI—1)+T1—S1R1))2—4T152(T1—1)),
and

2[11R1(T1—1) E
. 1
A f E — (1 - Ry — - )7 - 1
nd i )+ 2R1(T1—1)( S1Ry ($2 (T )+
\/((SZ(TI —1)+T; —S$1Ry))?2 —4T1S,(T; — 1)) < 1 we get a position solution of v:

r E1
= L0 - E 1 — SR — —nmn - 1) -
Vi 13( 2 2R1(T1_1)( SiRy (S2 NI )

(1) ((S2(Ty — 1) + T = SiR1))2 —4T185(Ty — 1)),

ﬁ(] —SiR + (SZ - 1)(T1 - 1) - (—])i\/<(S2(T1 —1)—|—Tl _SIRI))2_4T152<T1 _ 1)))
0

Zi =

Theorem 7. The disease-free equilibrium in the case of immunotherapy treatment
Tisy S1

(Tl - l)smaxg + 52 Sminy .

s s , L
Eco(ﬁ, 0, —2,0) is stable when it exists and when 1 <

81H2+s2

Proof. The Jacobian matrix for the point E¢, is the following:

pi152 P181 51
_,ul + c 55 P15 0
st ST Iy M g+
P2 51
0 ot 0 0
‘]ECO = 81k +s)
0 B —H 0
83 I~ gyt
0 0 0 — U3
. p1s2 P2 S1 :
The eigenvalues are —up, —u3, —f; + ————— and r———————, they are negative
812+ 52 82 M1 = gli+ts,
. 2 S1
when the fourth one is, namely 1 < p_w_
rg2 Hi — 81U ts2
So Ec, is stable when the condition is verified. O

Figure 5 expresses the proliferation of tumor cells for different values of the external source
s; and sp. First, when we increase the ACT dose the amount of the cancer cells is reduced
and the damping of the oscillations decrease in time. However, when we increase the 1L-2
dose the oscillations slow significantly and make more time to waver. We can observe that
the high values of 51 and s, can eliminate cancer. That can confirm the impact of combining

immunotherapy treatment to fight cancer growth.
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w
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FIGURE 5. Numerical simulation results of tumor in case of combined ACT and
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IL-2 treatment with different doses of external sources s and s»

Theorem 8. The endemic equilibrium points in the case of immunotherapy treatment Ec;,i €

{1,2,3} are stable when Hg > 1.

Proof. See Theorem 1. 0

3.4.2. Case of adoptive cell immunotherapy and virotherapy treatment. In this part, we will
consider the case of adoptive cell immunotherapy and virotherapy which means that s; > 0,

sy =0 ans s3 > 0.

Theorem 9. In case of combined treatment of adoptive cell immunotherapy and virothepary,
51 4 53

Smin;  Sminy

the equilibrium point EV013( ,0,0, 2 ) always exist and it is stable when > 1.

Proof. To prove the existence of DFE, we replace y* = 0 at (2). We get in evidence

EV013( 10,0, ;@3)

The Jacobian matrix for the point Ey,,, is the following:

2
S1P181M3
— C ——
H w1 (u3g1+s3)?
_ R33 _ DP2s1
B R I
Yo13 0 P3s1 0
8311 —H2
53 _
0 OCﬁN3 0 H3

rga
P2 '

We pose: spin, =
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. 2 . .
The eigenvalues are —pu;,—tp,—u3 and r(1— £S3 P s1), they are all negative, if
s s ri3 rg2Hi
1 3 o
+ > 1, then we have the stability. 0
Sming Smins
10 T
——51=150 et s3=0.01
$1=300 et s3=0.01
8 —5,=150 et s3=0.1 H
$1=300 et s3=0.1
o
5
2t /;/\ |
0 L L L T — — L
0 5 10 15 30 35 40

Days

FIGURE 6. Numerical simulation results of tumor in case of combined ACT and

OVT with different doses of external sources s; and s3

Form figure 6, we can observe that the proliferation of tumor cells for different values of the
external source s; and s;. First, when we rise ACT dose the proliferation of tumor cells decrease
softly with virotheapy and the illness make more time to be attenuated. However, when we
increase OVT dose the proliferation subsides much more and the time for cancer development

is shortened. That confirm the significant role of combined treatment under ACT and OVT.

3.4.3. Case of IL-2 immunotherapy and virotherapy treatment. In this part, we will consider
the case of IL-2 immunotherapy and virotherapy treatment which means that s; =0, s, > 0 and

s3> 0.

Theorem 10. In case of combined treatment of IL-2 immunotherapy and virothepary, the equi-
librium point Ey,,, (0,0, %, %) always exist and it is stable when: (s3 > Spiny) and ((Ty = 1) or
(T < 1) or (T > 1 and 53 < Smax,))-

Proof. To prove the existence of DFE, we replace y* = 0 at (2). We get in evidence

EV023 (0707 ;Tzzv %)
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The Jacobian matrix for the point Ey,, is the following:

_ P152
Hir 81la+s2 ¢ 0 0
0 r—p= 0 0
JEVozs - .
) 0 0 - 0
53 —
0 oafr 0 —us
The eigenvalues are — | + &, —Up,—uz and r— 3 S—3, they are all negative, if r < 3 3
s 812 + 52 M3 H3
and u; > L, then we have the stability. 0
812 + 52

Case of adoptive cell, IL-2 immunotherapy and virotherapy treatment

In this last part, we will consider the case of combined treatment with all therapies which means

that s; > 0, s, > 0 and s3 > 0.

S1 §2 83
P12 D 0 E)

81H2+52
tive cell, IL-2 immunotherapy and the oncolytic virus external sources exist when (Ty = 1) or

Proposition 6. The disease-free equilibrium points Evy,,,, ( with adop-

(T1 < 1) or (T > 1 and 53 < Spax, )-

Proof. To prove the existence of DFE, we replace y = 0 at (2) and we get: z= 2,y =23

M2 T

andif Ty =1or T <lor (T3 >1ands; < ;7 1.u21) we obtain a positive x component. We get
s1 §2 53

EV0123( P52 )- O

s Ty T
81Ha+582 Ha H3

g . . s §2 S . .. .
Theorem 11. The equilibrium point Evom(%,(), —2, —3) is stable when it is exist
g1t K2 H3
51 Tys2 51 53
+ > 1.
Sming (Tl - 1)(Smax2 - 52) Sming Smins

and

Proof. The Jacobian matrix for the point Ey,, is the following:

- s Slp1g1#32 S,
T gt ¢ B (H3g1+s3)? ( 1*(52*1)(T1*1)> 0
__ R53 _ P21 SH
JE, .= 0 ’ B“3 8a2th (1—(52—1)(T1—1)) 0 0
0123 s
0 gfﬁi (1—(52—12)(T1—1)) — U 0

0 af 0 — U3
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. D152 §3  Ppasi AY)
The eigenvalues are —uy + ———, — Uy, —u3 and r— — — ,
s H Hago + 52 Ha R M3 g2l }9— (S2—1)(Th — 1))
. P152 $3 pasi 2
they are all negative, if —u; > ————— and r < f— — , then we
Y s H Hogo + 52 BM3 2241 1—(52—1)(T1—1))
have the stability. 0

10

T T
—51=0 et 52=0 et s3=0.01
—51=300 et $2=0 et s3=0.01 i
$1=300 et.s2=300000 et s3=0.01

Tumor Cells

O 1 1 1 1 - | o
0 5 10 15 20 25 30 35 40

Days

FIGURE 7. Numerical simulation results of tumor in case of combined ACT,

IL-2 treatment and OVT with different doses of external sources s1, 57 and s3

The last figure, figure 7 shows the proliferation of tumor cells for different values of the
external sources sq, 5o and s3. We already prove the impact of rising one external source at
figures 2, 3 and 4 or rising two external sources at figures 5 and 6. At that final case, we can
observe that increasing immunotherapy doses in the presence of virotherapy decrease lightly
the proliferation of tumor cells and increase softly the time of illness. With this results, we
confirm that the combined treatment under ACT, IL-2 and OVT has a better impact in reducing

thecancer cells proliferation.

4. CONCLUSION

Cancer treatment often requires a combination of treatment regimens, combining immunother-
apy and virotherapy can emerge as promising tools in fighting cancer. In this paper, the evolu-
tion of cancer is studied with one or combined treatments whether immunotherapy, virotherapy
or both. The dynamics of the disease is formulated by ODE’s system which expresses the vari-
ations over time of participating elements in this dynamic. We firstly validated the model’s
plausibility and we have analysed the equilibria of the model when the variations of tumor,

oncolytic virus and immunotherapy variables (CTLs and IL-2) are zero. We have found the
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necessary conditions for the equilibrium points’ existence at the following scenarios: with ACT
only, with IL-2 only, with OVT only, with ACT and IL-2, with ACT and OVT, with IL-2 and
OVT and the last scenario combined the all. The stability analysis proves that a tumor can grow
to its maximum size in case of no-treatment. It is also shown that in the case of ACT only,
the treatment requires a minimum dose of CTLs and in the case of IL-2 only, the injection is
almost useless if it is not combined with ACT, in the last case of OVT, a minimum dose of
virus is require also which can decrease by combining with immunotherapy treatment. Model
analysis and numerical simulations suggest some recommendations in order to select the most
appropriate treatment strategy. It is shown that the immunotherapy helps a lot to reduce the
size of tumor and the speed of the cancer proliferation. With the virotherapy cancer may be
eliminated. Numerical simulations shown that increasing the dose of external sources in differ-
ent treatments have the same positive effect in the course of cancer. The combined treatment
makes it possible to reduce the doses of the OVT and the ACT drug which is better, because
with the external source of CLTs or IL-2 or oncolytics virus, residues of the external sources
still exist even if the tumor disappears and that existence can react with other illness or with
some elements of the body. However, cancer evolution in human body is also depending on the
each patient’s conditions but these existing two way of therapies represent a promising solution

to fight cancer.
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