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Abstract: In this paper, the dynamics of scavenger species predation of both susceptible and infected prey at different
rates with prey refuge is mathematically proposed and studied. It is supposed that the disease was spread by direct
contact between susceptible prey with infected prey described by Holling type-11 infection function. The existence,
uniqueness, and boundedness of the solution are investigated. The stability constraints of all equilibrium points are
determined. In addition to establishing some sufficient conditions for global stability of them by using suitable

Lyapunov functions. Finally, these theoretical results are shown and verified with numerical simulations.
Keywords: prey-scavenger model; SIS epidemics disease; prey refuge; nonlinear incidence rate.

2010 AMS Subject Classification: 92D30, 92D40, 92C42, 92D25, 34D20, 34D23.

1. INTRODUCTION
The terms mathematical model is one of the most important subjects for study and has a wider

scope. The first mathematical model in the field of ecology that involves the interactions between
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biological species was modeled and studied, by Lotka and Volterra in the middle of 1920. On the

other hand, the mathematical model in the field of an epidemic which describes the spread of
disease from susceptible to infected and then to removal individuals has been formulated by
Kermack and McKendric in 1927. Recently, many articles dealing with scavenge population in
ecology model, scavenger represented an animal that consumed carcasses of other animals those
which are dead naturally or killed by other animals. Different types of prey-predator and/or
scavenge models including different biological factors were proposed and studied. Researchers
successfully introduce how much exists of scavenger population effected on prey-predator and/or
harvest model and studied the behavior of these system with different functional response, see [1-
6] and the reference cited therein. On the other hand, refuge which is defined as the place that
provides shelter or protection, as well as stage structure, of one or more species have been a wider
subject to study see [7-16]. It's well-known that in nature no species can survive alone; and the
species not only spreads the disease but also competes with other species for space or food or is
predated by other species. In most previous studies, the prey interacts with predator and/or
scavenger with effects of infectious disease on this model have become problems of major subject
for study by many researchers. Recently, Abdul Satar and Naji [17] suggested and studied
ecological model consisting of prey, predator, and scavenger involving toxicant and harvesting.
While, Marwah and Hassan [18] proposed and analyzed prey-predator-scavenger model contented
migration and spreading infectious disease.

Based on the above discussion, we formulated a three-dimensional system for the prey-
scavenger model (where infectious disease SIS spread among prey population). Positivity and
boundedness of all solutions of the proposed model are discussed along with both local and global
stability as well as, the persistence conditions at each equilibrium point are investigated. Finally,
to verify the analytic results we solve the model by numerical simulation for different values of

parameters and represented them graphically.
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. THE MATHEMATICAL MODEL FORMULATION

In this section an eco-epidemiological model consisting of a prey-scavenger model
incorporating prey refuge with infectious disease in the prey is proposed for study. In order to
construct our model the following hypotheses considered:

. In the absence of disease, the prey population grows logistically with carrying capacity K and
intrinsic birth rate .

. In the existence of SIS infectious disease, the prey population is divided into two groups,
namely susceptible prey denoted by S(t) and infected prey denoted by I(t). Therefore at time
t, the total population is V' (t) = S(t) + I(t).

. Disease spreads among the prey population and it transmitted between the prey individuals (but
not the scavenger) by contact, according to Holling type-II infection function with maximum
incidence rate B and half saturation constant a. Further the disease disappears and the infected
prey becomes susceptible prey again at a recover rate b;.

. The susceptible prey is capable of reproducing only and the infected prey is removed by death
at a natural rate d;.

. The susceptible prey species are assumed to take a refuge. That is (1 — €)S, € is a prey refuge
constant, of the susceptible prey is available for feeding by scavenger.

. According to nature of scavenger, we assume scavenger feeds upon susceptible prey killed by
other animals or dead naturally according to ratio-dependent functional response with
maximum attack rate b and half saturation constant m or linearly with maximum attack rate y,,
respectively. The consumed susceptible prey, which killed by other animals, is converted into
scavenger with efficiency e,. Also, we assume scavenger feeds upon infected prey killed by
other animals or dead naturally by linear functional response with maximum attack rates c or
¥4, respectively. The consumed infected prey, which killed by other animals, is converted into
scavenger with efficiency e,.

. Finally in the absence of the prey the scavenger decay exponentially with natural death rate d,

and intra-specific competition rate y5.



RASHA MAJEED YASEEN, HASSAN FADHIL AL-HUSSEINY
According to the above assumptions the prey-scavenger model (1) can be modified to the following

set of differential equations.

das _ _ ﬂ _ BSI . b(1-¢)SP

x=Ts (1 K ) (1+al)  (mP+S) + byl

ar _ _BSL o g _ _

E -_ (1+(l1) bll dll CIP (1)
dP b(1—-¢)SP

prl % + e,cIP + y,(1 — €)SP + y,IP — y3P? — d,P

3. BOUNDEDNESS OF THE MODEL

Theorem (1): All the solutions of system (1), which initiate in R3 are uniformly bounded provided

that the following condition holds
d,d, > (r + dy)KM where M = max{y,;(1—&); y,}.
Proof: note that the prey population is V' (t) = S(t) + I(t), so when I = 0 the first equation of

system (1) can be rewritten as: % <rS(l- %)

The right handside must be positive that implies rS(1 — %) > 0.
Since S > 0 then S(t) <K

when I # 0, consider the function V'(t) = S(t) + I(t) and the derivative with respect time is:

dN r r
o r+d)S——-—-——-d,(S+D) < (r+d)K—-dN(t)
Hence, by using Gronwall lemma we get

N() < W (0)eht 4 T o=ty

1

So,ast — oo then N (t) < § where § = Ak
1

Now, define the function W(t) = S(t) + I(t) + P(t) then

dw _ds , dI | dP
a “a T ata
rS% rSI  b(1—¢)(1— e )SP
=S —— - —dy] — cIP(1 -
r K K (mp+Y5) if = cIP(1 = e2)

+yl(1 - E)SP + yzlp - )/3P2 - dzP
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Z <+ 1)S—S—di —dP + MP(S+1)

< +1)S—S—d,l—(dy — MSP

then =% < (r + 1)K — QW where Q = min {1;dy; (d, — M)}

So, by using Gronwall, it's obtained that: W(t) < W(0)e~ 2 + % [1—e 9]

(r+1)K

Hence, lim sup W(t) < that is independent of the initial conditions.
n—-oo

4. EXISTENCE OF EQUILIBRIUM POINTS
The system (1) has at most five non negative equilibrium points, namely E; = (S;, I;, P;) where
i =0,-,4. The existence conditions for each of these equilibrium points are established in the
following:
1. The vanishing equilibrium point E, = (0,0,0) always exists.
2. The axial equilibrium point E; = (S;,0,0) where S; = K always exists.
3. The scavenger free equilibrium point E, = (S,,I5,0) when [, is the positive root of the
following quadratic equation and 8S, = (b, + d,)(1 + al,)
AZ + Ayl + Az =0 2
Where:
A, = —arp(a(b, +dy) +B)
A, =rap(fK — 2¢,) — ﬁ(d1ﬁK —r(by + d1))

Az = T‘P1(3K - (b, + d1))

Obviously, E, exists uniquely in the int.R3 if and only if SK > (b, + d,). 3)
. R . _ _ rS3(K—S3) .
4. The disease free equilibrium point E5 = (S3,0, P;) where P; = PeTCES e p— while
S5 represents a positive root of the following quadratic equation:
hlsg + h253 + h3 == 0 (4)

Here

h, = r[re;m? + yymK + y3K]
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h, = (b(1 — &) —rm)[2e;rmK — y,;K?] — rK(md, + y3K)

h; = K?(b(1 — &) —rm)[e;(b(1 — &) —rm) — d,]
Clearly, E; exists uniquely in the int.R3, provided that the following condition holds
rm < b(l—-¢)< (rm + %) (5)
1

5. The positive equilibrium point E, = (S, 14, P,) where P, = ﬁ54_(f(11++d0:3()1+“14) and (S4,1,)
4

represents a positive intersection point of the following two isoclines:

f(S,1) = RySI3 + R,I3 + R3S?I? + R,SI? + RsI?

6.a
+RgS?I + R,SI + Rgl + RyS? + R1oS + Ry4 (62)

g(S, D) = J;S?I3 + J,SI3 + 313 + J,S31% + sS?%1% + JoSI? + J,1?
+/gS®1 + JoS?I + J10ST + Jial +J125° +J13S% + J14S ®D)
Where:

R, = a?c?(e,c +vy) > 0;

R, = —a’mc(eyc +y,)(by + dy) < 0;

R; =y a?c?(1—¢) > 0;

R, = ac[(e;c +v2)(2c + mpB) + e;achb(1 — &)
—acd, + a(by + dl)(y3 —my,(1— e))] '

Rs = am(b, + dl)[a(cdz —vy3(by + dl)) — 2c(eyc + yz)];
Rg =yiac(1l — &)[mP + 2c] — acPBys;

R; = 2a(by + dy)[my3p + cys — mcy:(1 — €)] — amcfd,;
+c(c + mB)(eyc +v,) + 2ac?(e;b(1 — €) — dy) ’

Rg =m(b; + d1)[2a(Cd2 —v3(by + d1)) —c(eyc + Vz)];
Ry = [cy1(1 — &) — y3B](c + mp);

Rip = (by +dy)[ys(c + 2mpB) —mcy, (1 — &)],
+c?(e;b(1 — ) — d,) — mcpd, ’

Ri1 =m(b; + d1)(Cd2 —v3(by + dl));
J, = —rca? < 0;
J» = a?[cKby + mr(by + d;)] > 0;

]3 = (szKbl(bl + dl) > 0;
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J. = —a’rc <0;
Js = a?r[cK + m(b, + dy)] — a[r(mpB + 2¢) + cBK];
Jo = a(by + d)[rm(2 — aK) + K(ab + fm)] + aKb,(2c + mp);
J; = —2amKb,(b, + d,) < 0;
Jg = —ra(2c +mf) < 0;

Jo=1r(c+mp)(aK — 1) + 2arm(b; +d;)
+K[rac —B(mB +c+ab(1- e))] '

Ji0o = @1lrm + Kab + mBK + Kab(1 — €) — 2ramK]| + Kb, (c + mp);
J11 = —mKb;(by + d;) < 0;
Jiz = —r(c+mpB) <0;
Jiz =rK(c+mpB) + rm(by + d;) — Kbf(1 —¢);
Jia =K +d)[b(1 —€) —rm]
clearly as I — 0 and due to descarte rule the isocline (6.a) has a unique positive root, say Sy, if the

following conditions hold

Ry>0andR;; <0

or (7.2)
Ry<0andR;; >0

Moreover as I — 0 the isocline (6.b) has a unique positive root, say S;, if the following condition
holds

J1a>0 (7.b)
Consequently, these two isoclines (6.1) and (6.2) have an intersection point in the int.;R%, namely
(8,.1,), provided that the following conditions are satisfied:

S <S83; (7.c)

Z—]; < 0and Z—]; >0)

or > (7.d)
of of
% > 0 and E < 0)

a a
—g>0and—g>0\
as al

or > (7.)
ag ag
% < 0and E < O)
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Therefore, the positive equilibrium point E, exists uniquely in the int.R3 if in addition to above

conditions (7.a)-(7.e) the following conditions are satisfied too:

BSs > (by +d)(1 + aly) (7.1)

5. STABILITY OF THE MODEL
At equilibrium points E; ;i = 1, ---,4 the Jacobian matrix of the system (1) is:
[i] [i] [i]
0'1. 0'1'2 0'1'3
ji=|otl ol ol

[i] [{] [{]
031 03 033

Here:
[l] _ _ T(25i+1i) _ ﬁli _ mb(l—e)PiZ .
911 = K (1+al)  (mPi+S)? '
rS S;
0-1[12] - - ﬁ : + bl ’

[i] BI;

0.
21 (1+dli) !

i _ _BSi 5 _ .p. -
o, = ral)? b, —d, —cP;;

02[1‘3] = —cl;;

[i] _ exmb(1-¢g)Pf

31 — (mPi+Si)2 + Y1(1 - E)PL 1

agz] =e,cP; +y,P; ;

o'[i] _ elb(l - S)Slz
33 (mPl + Sl')z

+ eycl; + y1(1— S)Si + vyl — 2y3P; — d,

6. DYNAMICS OF THE SYSTEM AROUND EQUILIBRIUM POINT E|
Theorem (2): The trivial equilibrium point E, = (0,0,0) is always unstable.

Proof: the first and third equations of system (1) have a finite value at E, that means:
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F(S,1,P)=0;i=1,23

(S,I,Pl)i—r>r(10,0,0)
Hence, these functions are continuous on the extended domain
R3 ={(S,1,P):5(t) =0,I(t) = 0; P(t) = 0}.
In fact, they are Lipschizian on R3. Accordingly, the solution of the system (1) with nonnegative
initial condition exists and is unique. Thus, the int.R3 is invariant for system (1). Clearly, the

system (1) can't be linearized about E,. So, local stability of E, can't be studied directly. However,

)

by using the transformation of variables x(t) = S(t); y(t) = SO and z(t) = 7o

It O the transformed
s(t 1t

system is obtained as:

a [r - rx(zl:y) - (1fgy) - l()f:;iﬁ + bly] =Hi(xy,2)
%: [%—b1(1+y)—d1—cxyz—r

+ rx(::y )y lzr(i;iﬁ] = H,(x,y,2) (8)
% =z % +y1(1—&)x + (c —ya)xyz + (e2¢ + y2)xy

+(d; + by —dy) — (1%;),)] = H3(x,y,z)

Functions H;(x,y,z);i = 1,2,3 are continuous and have second order derivatives on R3 .

Accordingly, the solution of the system (8) with nonnegative initial condition exist and is unique.

The Jacobian matrix | = %}[i (x,y, z) for system (8) is:

011 012 013
J= a21 a22 a23

a31 a32 a33
where:
o 2rx(1+y) _ +axy)Bxy _ b(1-¢g)yz .

011 =7 K (1+axy)? (myz+1) + bly !
9. = —rx? _ Bx? _ b(-9)xz .

127 g (1+axy)?  (myz+1)2 1V

a _ —b(l—s)xy .

B7 (myz+12? !’
B,y = ry(+y) | By(1+y) cy?z

K (1+axy)?
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Bx(1+2y+axy?)
622 = W — bl(l + Zy) — dl — ZCJCyZ
—r+ rx(1+2y) b(1—-&)(myz+2)yz
K (myz+1)2
_ b(1-g)y? .
823 - (myz+1)2 - nyz )
031 = (e +y2)yz+y:(1 —e)z — (1+iiy)2 + (c —v3)yz?*;
—e;mb(1—¢g)z2 Bx? :
632 = ez:llsz;Z + (ezc + )/Z)XZ + (l‘j-(:;:yz)z + (C - yg)xzz y
e;b(1—¢) Bx
033 = (myz + D2 + (e2c+y2)xy +yi(1—e)x — T+ ao)?

+2(c —y3)xyz + (by + d; — d5)

Then, the Jacobian matrix of system (8) at the equilibrium point E is:

r 0 0
]= O —(T+b1+d1) 0
0 0 etb(1—¢)+ (b +dy —dy)

And the characteristic equation is
r—2D(@+b+d) -V b(1—e)+ (b +d,—dy)—A) =0
since we have positive and negative eigenvalues then E is saddle point.
6.1. DYNAMICS OF THE SYSTEM AROUND EQUILIBRIUM POINT E;

The Jacobian matrix at equilibrium point E; is:

—-r by — (r+ BK) —b(1—¢)
Ji=|0 BK—(by+dy) 0
0 0 (e;b+v,:K)(1—¢)—d,

And the characteristic equation is:
(=1 = A)(BK = (by + dy) — A1) ((eh + 11 K)(A — &) — d; — ,1[11) =0 (9)
Then, the equilibrium point E, is asymptotically stable if the conditions hold
BK < (b +d1) (10.a)
(erb +y1K)(1—¢) <d, (10.b)

Otherwise the equilibrium point E, is saddle point.
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6.2. DYNAMICS OF THE SYSTEM AROUND EQUILIBRIUM POINT E,

The Jacobian matrix at equilibrium point E, is

[2] (2] [2]
0117 012 013
— | .[2] [2] [2]
J2 =031 03, 0y
0o 0 ol
Where:
(2] _ . _r@S+l) B _[2] _ Z1S2 _ (bi+dy)
010 =7 K (+tal) @ %12 T g (1+0512)+b1
2] _ _BI . (2] _ —aly(by+dy)
o5 = —b(1-8); o = Graiy %22 = Gorany
= —cly; 03[? =eb(1—¢) + (e;c+y)I; +v1(1—¢)S,

033

And the characteristic equation is:
(11)

(ol = 220) (221" + Al (22)) + AF) = 0

3

Where:

A = = (o1 + of}))

[2] _ _[2] [2] [2] _[2].
A, =041 0y — 05, 0,1,

So, the necessary and sufficient conditions to ensure all the eigenvalues of the Jacobian matrix J,
lie in left complex plane when we have
(12)

01[? <0; 03[? < 0and 01[5] < 0.
Implies equilibrium point E, is asymptotically stable and it's Saddle point otherwise

6.3. DYNAMICS OF THE SYSTEM AROUND EQUILIBRIUM POINT Ej3

The Jacobian matrix at equilibrium point E; is

[3] [3] [3]
011 01 013
J3=10 02[2] 0
[3] [3] [3]
031 03 033

Where:
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3] _ 2rS mb(1-€)Pf  [3] _ -TS

Oy =TT (mP3+S3)Z P01y = ~BS3t by
3] - 22095 5B _ o (b, +dy + cPy)
13 (mP3;+S3)2 ’ 22 3 1 1 3
3] _ eymb(1-€)PZ 3

03[1] - 1(mP3+53)23' +y1(1—€)Ps; 0352] = ecP3 + Y, P;
3 b(1-¢€)S3
3[3] =2 4y (1 - £)S3 — 2y3P; — dy.

(mP3+S3)2

And the characteristic equation is:

(o5 = 230) (AB1)* + Al (23) + ALT) = 0 (13)
Where:

AP =~ (o + o)

A = ool + ool

Obviously, the equilibrium point E5 is asymptotically stable if the following conditions hold, and
E; Saddle point otherwise.

0'1[?1)] <0; 02[3] < 0and 03[2] < 0. (14)

6.4. DYNAMICS OF THE SYSTEM AROUND EQUILIBRIUM POINT E,

The Jacobian matrix at equilibrium point E, is:

(4] (4] [4]
011 01 013
Jo= ol ol o
(4] (4] [4]
031 O3 033
Where:
[4] _ r(2Sytl) Bl mb(1-¢)P? |
011 K (1+aly)  (mPy+5,)2 '
[4] _ =rSa _ __ BSa . g4l _ ob(-e)st .
12 K (1+aly)? tby o5 = (mP,+54)2 '
(4] _ _ Bla [4] _ —aBSily | [4] _ )
%21 T Qrary %22 T Wraz 0 %23 T cla
4 b(1-€)P 4 .
?El] :u+yl(1_€)P4 ) O-?EZ] = eZCP4+y2P4 ’

(mP4_ +S4_)2
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[4] _ e;b(1-¢)S2

33 T (mPy+S,)? +excly +y1(1—€)Sy + voly — 2y3Py — ds.

And the characteristic equation is:

(A4)° + A (214)° + Al (214) + Al = 0 (15)
Where:

A = (af‘i] ol 4 ol

A = ol + ofold + allald - oflof)  olfoly - ol

[4] _ _[4] _[4] _[4] [4][][4] [4][][] [4] _[4] _[4]
Az =011 03303, + 0y, 0,303 + 0330, 0, =0y 0,033 )
[4] _[4] _[4] (4] [4] _[4] !
013 033031 013 035074

A= AN — Al = — (o) oft) — (ol21) olt] — 0¥ (of2))" = (o)) ol
ol (o) ~ ol (o12))" ~ 2012101810 l8) + ool 4 olt1o 15 Le
+olfol (off +ald)) + olfoll (olf +0l3)) + olf (l3lols +olloly))

So, by using Routh-Hurwitz criterion, the equilibrium point E, is asymptotically stable if the

following conditions hold

01[‘1}] <0; O’EE;] <0; 01[;] <0 (16.a)
[4] [4] [4] [4]
4 . —045 O. o
ofy < min{ T ; D] (16)
23 13

Otherwise the equilibrium point E, is Saddle point.
Theorem (3): The equilibrium point E; is a globally asymptotically stable provided that the

following conditions hold

(bi(S+1) +dy) > (B2 + B(S, + 1) + by ) K (17.3)
c(l—ey) >y, (17.b)
d, > (b(S; —e) +y)(A—9o)XK (17.c)

Proof: consider the following positive definite real valued function:

(S —51)?

> + I(t) + P(t)

w,(t) =
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And the derivative of w, (t) with respect to time can be written as

awy _ (g _ ¢4 U aP
?_(5 Sl)dt+dt+dt
So, by using system (1) with some algebraic manipulations we get

dw, -rS s
TR = TR -5 = |+ D+ d) = (SR A+ D+ by K] 1

* —[c(1 =€) —y.]IP — [d, — (b(S; — e1) + v1)(1 — €)K]P
Clearly, % is negative definite function under the conditions (17.a-17.c). Moreover it's clear that
the function w, (t) is radially unbounded; then according to the Lyapunov first theorem the
equilibrium point E; is a globally asymptotically stable point.
Theorem (4): The equilibrium point E, is globally asymptotically stable provided that the

following sufficient conditions hold

dy >cl, + K(1—¢€)(bS, +e.b +y7) (18.a)
c(1—e) >y, (18.b)
47,1700 > 72, (18.0)

Where Z,4, Z1,, Z,, given in the prove.

Proof: consider the following positive definite real valued function:

S—5,)2 I
S i Vi (1 -1, ln—) +P(0)
2 L
And the derivative of w, (t) with respect to time can be written as

dwy _ o _ as  U-fp)dr  ar
dt_(S SZ)dt-I_ I dt+dt

< —[Z;: (S — 52)2 + Z1,(S = Sp)U — 1) + Zy,(I — 12)2] —[c(1 —ey) —y,lIP
—[d, —cl, — K(1 — €)(bS, + e;b + y,)]P

Hence by doing some algebraic manipulations and the conditions (18.a-18.c), we get that

dw,

—2 < —[V70 (5= ) +Zar (1 = )] = [e(1 = &) + 1 11IP
—[dy —cl, — K(1 — €)(bS, + e1b + y;)]P

Where:



15
EFFECT OF THE INFECTIOUS DISEASES AND REFUGE

I

$+S,)
K _1l

Z11:T[

Zi, =by + B+ al) —%(r+ KpB)

Zyy = afS,
Now, by using conditions (18.a-18.c) guarantees that 2 < 0. It's clear that the equilibrium point
E, is a globally asymptotically stable point.
Theorem (5): The equilibrium point E5 is globally asymptotically stable that satisfied the

following conditions

Y3 > eymbS3(1 —¢€) (19.a)
c(l—ey) >y, (19.b)
(by +dy) > LKA+ S3) + 1S3 (19.c)
4Ly Ly, > L2, (19.d)

Where L4, L5, Ly, given in the prove.

Proof: consider the following positive definite real valued function:

(S —S3)?

ws(t) = >

P
+I(t)+(P P; —P;ln )
P;

Then the derivative of w5 (t) with respect to time can be written as

(P- P3) dP

__(S 53)_+ + dt

dt
—[L11(S = S3)% + L12(S = S3)(P = P3) + L (P — P3)?] — [c(1 — e,) — y,]IP
—[by +dy — 1S3 — BK(1 + S3)]I — [e3¢ + y,]1P;
So, by doing some algebraic manipulations we get that

dm3

— —[\/H(S S3)+\/E(P P3)] —[c(1 —ey) —y,lIP
—[b; +dy — 1S3 — BK(1 + S3)]I — [e,c + y, 1P

Where
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(§+S3)

Ly =7 [ = 1] + mbPP;(1 - &)

L12 == (bSS3 yl + elmbP3)(1 - 8)
Ly; =y3 —eymbS3(1 —¢)

Obviously, % is negative definite function with the conditions (19.a-19.d). Moreover it's clear
that the function w5 (t) is radially unbounded, then according to the Lyapunov first theorem Ej is
a globally asymptotically stable point.

Theorem (6): The equilibrium point E, is globally asymptotically stable that satisfied the

following conditions

Gfy < G116z (20.a)
Gf3 < G11G33 (20.b)

Where G4, G15, Gy3, Gy, Gy3, Gs3 given in the prove.

Proof: consider the following positive definite real valued function:

S —8,)? I P
2 I4 P4

And the derivative of w,(t) with respect to time can be written as

Uzt dl | (P=py) ap

T 54) ratTr @
dw, s—s|rs rS? rSI BSI b(1—¢)SP p
dt DI T TK T Utal) (mP+S)

+ -1 [ pS b d P]

( 4) (1 +al) 1 1—C
e.b(1—¢)S

+(P—P,) Il(mP—+S) +e,cl +y,(1—€)S+y,l —y3P — dzl
dw G
=[-8 + G - sHU - 1) +—<1 -1Y]

[P (5 = 507 + Gua(s — 5P — P) + 22 (P ~ R
[P (5~ 507 + G0t~ 1) - P + 33<P Py

Consequently, by using conditions (20.a-20.c) we get that
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2 2
dm4 G11 Gzz G11 G33
S ’7(5—54)4' /7(1—14) - ’7(5—54)"‘ ’T(P—Pz;)
2
G G
—[/%(I—LM /%(P—Pu

where
_(S+S) N\l Bl mbPP(1-¢)
11 K K A+al,) (mMP+S)(mP,+S,)
rS S
Giz = by + £ i
A4+al) K A+a)d+al)
_ apSy . _ _ b(e;mP,—SS,)
G2z = (1+aD(1+aly)’ Giz=(1-¢) [(mP+S)(mP4+S4) T yl]

e1mbS,(1-¢)
(mP +S) (mP4_ +S4,)

Gz =v,—c(l—ey); Gy =73+
Clearly, % IS negative definite under conditions (20.a-20.c). Moreover it's clear that the function

w, (t) is radially unbounded, then according to the Lyapunov first theorem E, is a globally

asymptotically stable point.

7. NUMERICAL SIMULATION
In order to verify theoretical analytical results in our proposed model we have solved model
(1) numerically by using Matlab program. Numerical simulations are solved by choosing the

parametric values from the following set

r=1,K=20;, =02; a=0.2; b=0.6; ¢ =0.5;
m=20.5; by =0.1;d;, =0.1; c=0.2; e; =0.3; (21)

It's clear that starting from three different sets of initial values, the solutions of system (1)
approaches asymptotically to positive equilibrium point E, = (3.674,7.705,0.446) as shown in

phase portrait and their series given in figure (1). This matched with the analytical result obtained
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in theorem (6), which determined the sufficient condition (20) for globally stable positive

equilibrium point E,.

®)

— Start from 0.1
—— Start from 3.5 | |
—— Start from 1.75

(4)

Stable Polnt
(3.674,7.705,0.446)

Initial Point
(1.75,2.75,0.4)
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Initial Point

. s .
000 4000 5000 6000
Time

© ‘ ®)
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L L L L L L 1
3000 4000 5000 6000 (] 1000 2000 3000 2000 5000 6000

Time Time

Fig. (1): Trajectories of system (1) started from different initial points approaches asymptotically to globally stable positive
equilibrium point E,. (A) Phase portrait; (B) Time series of susceptible prey; (C) Time series of infected prey; (D) Time series of

scavenger.

Further numerical simulations have been verified for data given by eq. (21) with varying
parameters 8 = 0.002 and & = 0.05 then the trajectory of system (1), starting from different sets
of initial points, is approaching asymptotically to globally stable disease free equilibrium point
E; = (19.742,0,0.452) as shown in phase portrait and their series given in figure (2).

While the solutions of system (1) approach asymptotically to the globally stable scavenger free
equilibrium point E, = (3.047,10.235,0) as shown in figure (3) drawing from different set of

initial points, and data given in eq. (21) with vary the parameter ¢ = 0.02.
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Fig. (2): Trajectories of system (1) started from different initial points approaches asymptotically to globally stable disease free
equilibrium point E5. (A) Phase portrait; (B) Time series for susceptible prey; (C) Time series for infected prey; (D) Time series

for scavenger.
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Fig. (3): Trajectories of system (1) started from different initial points approaches asymptotically to globally stable scavenger
free equilibrium point E,. (A) Phase portrait; (B) Time series for susceptible prey; (C) Time series for infected prey; (D) Time

series for scavenger.
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Finally, for the parameters values given in eq. (21) with g = 0.002 and from different sets of
initial points, it's easy to verify the trajectories of system (1) approaches asymptotically to the

globally stable axial equilibrium point E; = (20,0,0) as shown in the figure (4).

S ®) T T |
(A) —— Start from 20

Initial Point 2t »
(25,15,16) Start from 22

— Start from 25

Initial Point

(22,13,14) /

Initial Point /
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Time Time

Fig. (4): Trajectories of system (1) started from different initial points approaches asymptotically to globally stable axial
equilibrium point E;. (A) Phase portrait; (B) Time series for susceptible prey; (C) Time series for infected prey; (D) Time series

for scavenger.

7. DISCUSSION AND RESULTS

In this paper, the interaction dynamics of prey and scavenger proposed and analyzed. Spread
infection disease represented by Holling type-Il infection function in prey population and prey
refuge are considering. The model included both ratio-dependent and linear functional responses
with different rates. The existences and boundedness of solutions of suggested model have been
discussed. local stability has been investigated around each of the equilibrium point. Also,
investigate the global dynamics at each equilibrium point by using suitable Lyapunov functions.

The qualitative dynamical behavior as a function of varying the sets of parameters values is studied
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analytically as well as numerically. Finally, for the biologically feasible set of hypothetical data as

given in Eqg. (21), the system (1) is solved numerically and the obtained results are explained in

some typical figures and we will summarize as follows:

1.

System (1) has no periodic solution, instead of that the solution approaching asymptotically
to one of their Four possible equilibrium points depending on their set of parameters values.
If we take § = 0.002 and € = 0.05 and keeping all parameters value in eq.(21), the positive
equilibrium point E, becomes unstable and the trajectory of system (1) approaches
asymptotically to the disease free equilibrium point E;.

Moreover, the positive equilibrium point E, becomes unstable and the trajectory of system (1)
approaches asymptotically to the axial equilibrium point E; as keeping data given in eq.(21)
with 8 = 0.002.

It's observed that, in case of maximum attack parameter varying choose ¢ = 0.02 with
keeping the rest of parameters as in eq.(21) the positive equilibrium point E, becomes
unstable and the trajectory of system (1) approaches asymptotically to the scavenger free
equilibrium pointE,.

According to the above discussion, it’s observed that system (1) is sensitive to varying in

many of its parameters and hence there is higher possibility to control.
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