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Abstract. The purpose of this paper is to investigate the dynamics of a stochastic virus dynamical model with
both cell-to-virus infection and cell-to-cell transmission and cure rate. We show the existence of a unique global
positive solution of our system, we give a sufficient conditions for persistence of the infected cells and virus, we
prove that the virus-free equilibrium is almost sure exponentially stable. Numerical simulations are achieved to
illustrate theoretical results.

Keywords: Stochastic model; virus dynamical model; exponential stability; persistence.

2010 AMS Subject Classification: 92D30, 47H05.

1. INTRODUCTION AND PRELIMINARIES

In nature, there are many dangerous viruses, which cause various infectious diseases such as
the coronavirus (COVID-19), the human immunodeficiency virus (HIV), the hepatitis B virus
(HBV). Usually, there are two modes of virus transmission: by viral to cell contamination
into the extracellular area, or by cell-to-cell transmission involving direct cell to cell contact.
Therefore, many mathematical models have been proposed and developed To modeling the viral
infection dynamics. One among them the following viral model with both cell-to-virus infection
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and cell-to-cell transmission and cure rate proposed by Zhang et al. [2]
(1) i=A—dx— f(y,v)x+py,
y=fv)x—(atp)y,
v =ky—uv.

Where x,y and v represent the number of host cells, infected cells, and free virus at time t,
respectively. A is the regeneration rate of host cells. Free virus is produced by infected cells at
a rate ky. Also, d, a and u are, respectively, the death rates of host cells, infected cells, and free
virus. p is the cure rate. Here, f(y,v)x = (By+ av)x represents the total infection rate of host
cells, avx represents the infection rate of host cells by free viruses, and Byx is the infection rate
of host cells by direct contact with an infected cell, B, and « are the infection coefficients.

The basic reproduction number [2] of (1) model is as follows

_ A(ak+Bu)
= du(atp)

Moreover, the system (1) has a unique virus-free equilibrium Eg = (4,0,0) If %y < 1. When
Zy > 1, Ey is still present and there exists an equilibrium namely, endemic equilibrium E; =

(x*,y*,v*), where

" A
X = —
dR#y’
A 1
= 1— —
k
Vi = —y"
u

The dynamical behavior of model (1) is as follows:

Theorem 1.1. [2] 1. If %y < 1, the virus-free equilibrium Ey is globally asymptotically stable.

2. If 1 < %y < 1+ 9, the epidemic equilibrium E\ is globally asymptotically stable, where
§ — (BA+H(a—p)dt+/(BA+(a—pd))’ +4apd®
2pd ’

However, it’s important to incorporate the effect of environmental noises such that the white
noise because biological systems are often subject to environmental noise and determinis-

tic models do not integrate the effect of the fluctuating environment. Consequently, many
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mathematicians have developed epidemic models with stochastic differential equations(see,
[5, 6, 7, 8, 9]). Then, assuming that the environmental noise is proportional to the variables,
we obtain the following stochastic virus dynamical model with both cell-to-virus infection and

cell-to-cell transmission and cure rate as follows:
(2) x:[A_dx_f(ya‘))x—'_py]dt+61XdBl(t)7

y=[f(yv)x—(a+p)yldt+ crydBs(t),

v = [ky —uv]dt + o3vdBi(t).

Where B= (B;(t),B>(t),B3(t)) are independent Brownian motions defined in a complete proba-
bility space (Q, % ,{%},5¢,P). The components of B are assumed to be mutually independent.
The non-negative constants o1, 0> and 63 denote the intensities of the stochastic perturbations.

Let us denote by R’ the set of points in R" having only nonnegative coordinates. Throughout
this paper we assume to have a complete probability space (Q,.%, {91};20 ,IP) with a filtration,
{Z4} >0, that is right continuous and with .7 contains all P-null sets. We consider the follow-

ing stochastic differential system (3), for an d-dimensional Brownian motion B(¢) on Q.
3) dx(t) = h(t,x)dt +g(t,x)dB(t) t>0.

A solution with initial value x(0) = xg is denoted by x(¢,x0). Assume that 4(z,0) = g(¢,0) =0
forallr > 0.
Concerning a stochastic process x(¢) which is a function of B(f), when we wish to distinguish a
specific Brownian path @, we can write x(z, ®).

The differential operator . with the function displayed in equation (3), is defined for a
function V (t,x) € C'?(R, x R", RY) by the formula

1
LV (1,) = Vi(t,%) + Vit X)h(1,3) + 5T7 [¢1,5)Vaag (1,9)]
where Tr means trace and t denotes the transpose of a matrix. And

e =2 vt = (VY i) = (2
AT Y T O 0k, ) Y T Omdg )

By using 1t6’s formula, we have

dv(t,x) =LV (t,x)dt + Vy(t,x)g(t,x)dB(t).
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There exist diverse definitions of stability for the equilibrium points of (SDE). We must con-

centrate on one of them.

Definition 1.1. [11]The equilibrium x = 0 of the system (3) is said to be almost surely exponen-

tially stable if for all xy € R",

1
limsup —In |x(¢,x0)| <O almost surely (a.s.).
t—4oo T

The following lemma are quite useful in the proof of almost sure exponential stability main

theorem.

Lemma 1.1. [3]Fork € N, let X (t) = (X;(t),X2(t), ..., X4 (t)) be a bounded R? valued function.
Let (to ) be any increasing unbounded sequence of positive real numbers. Then there is a family
of sequences (fl,n) such that for each | € {1,2,....,d}, (tl,n) is a subsequence of (tl,l,n) and

the sequence X;(t; ,) converges to the largest limit point of the sequence X;(t;—1 ).

Lemma 1.2. [4]For any initial value (x(0),y(0),v(0)) € R3, the solution (x(t),y(t),v(t)) of

model (2) has the following properties:

t
im ™ — 0 im 2™ —o, 1im " — 0, .
t—oo f t—>°° t l‘—><>° t
Inx(t Iny(t Inv(t
limsuan() < 0, limsupny—() <0, limsupm <0, a.s.
f—yoo t f—yoo t f—yo0 t
BBy JBXOMBS) g BB
t—>oo t t—>o<> f—yoo t

The rest of this paper is organized as follows. In Section 2, we show the existence of unique
positive global solution to the given stochastic system. exponential stability and persistence
in mean results are investigated in Section 3 and Section 4, respectively. In Section 5, the
analytical results are illustrated with the support of numerical examples. Finally, we terminate

the paper with conclusion and future directions.
2. EXISTENCE AND UNIQUENESS OF THE GLOBAL POSITIVE SOLUTION
In this section, we will show the existence, positivity of solutions of model (2).

Theorem 2.1. For any initial value X (0) = (x(0),y(0),v(0)) € R3., there is a unique solution
X(t) = (x(t),y(t),v(t)) ont > 0 which remains in R>. with probability one.
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Proof 2.1. Since the coefficients of system (2) are locally Lipshitz continuous, for any initial
value X (0) € R3 | there exists a unique local solution X (t) on't € [0,7,), where T, is the explo-
sion time[10]. We need to show that this solution is global almost surely that is, T, = o0 a.s. Let
no be sufficiently large such that every component of X (0) lies within the interval [nio,no] . For

each integer n > ny, define the stopping times:

Ty =inf{t €0,7,) : x(t) ¢ (%,n) ory(t) ¢ (%,n) orv(t) ¢ <%,n> },

where we set inf{Q} = oo (as usual O denotes the empty set). Obviously, T, is increasing as
n — oo. Set Too = lim 7,,, and T < 7T, (a.s). Now we need to show T, = o a.s. If this statement
n—soo

is violated, then there exist T > 0 and € € (0,1) such that

P(1. <T)>e.

Hence, there is an integer ny > ng such that
4) P(t <T)>¢€, foralln>n.
Define a C*—function V; : Ri — Ry by
Vi(x,y,v) = (x—c—clnf) +(—1-=Iny)+(v—1—1Inv),

where ¢ > 0 is sufficiently small constant in order to have cat < u and cff +k < a. Using Itd’s

formula for all t € |0,1,), we have
dVi(x,y,v) = ZLVidt + (x —c)dB(t) + (y— 1)dBa(t) + (v—1)dBs(t),

where

SATES (1 —;) [A—dx— f(y,v)x+py] + <1 —%) [frv)x—(a+p)y]

+ (1 - %) [ky — uv]

1
< c(ﬁy—i—av)—|—(k—a)y—uv—|—/\—|—cd—l—a+p+u—l—§(612c+622+632).

Note that

(cB+k—a)y<0 and (coo—u)v<DO.
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Hence,

dVy(x,y,v) < #dt+ (x—c)dBi(t)+ (y—1)dB(t) + (v—1)dBs(t),

where X =A+cd+a+p+u+ % (6120 + 622 + 632) . Integrating both sides of the above in-
equality from O to T, AT yields

T AT

T AT
/ dVy(x,y,v) < Hds+M(t, NT),
0 0

where T, NT = min{7,,T} and
S S N
My (s) = /0 (x— ¢)dB; (1) +/0 (y—1)dBs(r) +/0 (v—1)dBs(r).
Note that M| (s) is a mean zero martingale process. Then taking the expectations leads to
EVi (x(Ta AT),y (@ AT) v (T AT)) < Vi(x(0),y(0),v(0) + 2T
Set Q, = {1, < T} for m > my and by (4), we have P (1. < T) > € for each m > m;. we have

n 1 1
4 T”/\T ’ Tn/\T ’ Tn/\T 2 i < —i—il _->’ ——i—il o
1 (o ( ),y ( ) v ( ) ié?fl}{ n—i—iln- (n i znm>}
=1L,.
Then we obtain

Vi(X(0)+ AT >E[lo Vi (x (T AT),y (tu AT) v (T AT))] > €Ln,

where lq is the indicator function of Q,. Letting n — oo leads to the contradiction oo =
Vi (x(0),y(0),v(0)) + AT < oo. So we must therefore have T, = oo a.s. This completes the
proof. 0

3. PERSISTENCE IN MEAN

The goal of this section is to give a sufficient condition for the persistence in mean of virus

and infected cells. For simplicity, we introduce the following notation:

The definition of persistence in mean is given by
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Definition 3.1. Model (2) is said to be persistence in the mean, if
!

1 |
liminf— [ y(s)ds >0, liminf—/ v(s)ds >0 a.s.
t—eo )0

t—eo 1 Jo

Let
A(ok
Ry = o2 ( +lj:2t) o2\
o) ferrr D) r3)
Theorem 3.1. Let (x(z),y(t),v(t)) be the solution of system (2) with any initial value

(x(0),y(0),v(0)) € R3.. Assume that %; > 1. Then

liminf1 l (s)ds > k d—+ of (% —1]>0
e 1 Jo = ok + Bu 2 s @5
i

e u o N
llggf; A y(s)ds > okt Pu <d+7) Z; —1] >0, a.s.

Proof 3.1. We define the function Y as follows:

Y(x,y,v) =—Inx—g;lny—gaInv— gv,

where q| and g, are constants to be determined later. By Ito’s formula, we get

) dY (x,y,v) = ZYdt — 61dB (1) — q102dB; (1) — g203dB3(t).
Where
A a o}
L AL - B, NP A S, SN
X y v X 2
2 2
4103 4203 Bu
HT qaut TS By+ o
2 2 2
c (o o otk +
< 3VAqraqk+d+ =5 +a) [a—l—p+72]—l—q2 {u+73}+ kﬁ”v.
Hence, we can choose q| and q» :
A(ok+ Bu) (ok+ Bu)
q1 = q2 — ’

A
2 2y 2’ 2y 2 2
(0+%) (a+p+%) (%) (a+p+%)

o} o3 A(ak+ Bu)
al\atpt— ) =qalut—= )= = v
<u+73> <a+p—|—72>

such that
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Therefore,
A(ak ok
or < cy2(oc + Bu) - +d+%+a ;:ﬁu
<u+73> <a+p+72)
2
o A(ak—+ ok +
- (o) [y e,
D errr ) F)
2
k
= —<d+%> [%j—l]Jra :Buv.

Integrating both sides of (5) from 0 to t and dividing by t yields that

Inx(0) —Inx(r) | g1 (ny(0) ~Iny(r)) , 42 (hlV(O)—an( ) 13 () V(1)

t t k
2
g—(d _1> 12" — 1]+ O‘Hﬁ” /dB q‘GZ/ dB (s

o
e 3/d83

By strong law of large numbers (1], we obtain

lim & dB =0a.s., for (i=1,2,3).

t—oo t

Then by Lemma 1.2, we get

imint(), > —* (a5 %) @ — 11> 0
lmln —_ — .S,
1—s00 ok+ Bu 2 s @3

From system (2), we have

Making use of Lemma 1.2, we get

liminf (y), > . d+ 6—12 [Z; —1] > 0a.s.
1—voo ok+ Pu 2 s

The theorem is proved.
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4. EXPONENTIAL STABILITY

Let define the following subset A of sample paths:
A={weQ: x(t,0),y(t,0),v(t,0) € R} forallt > 0}.

Next, we introduce some important notation and property for our theorem on almost sure expo-

nential stability.

(6) H(t) = 6 (% —X) + 6y + 63y,

and

Vo(t) =InH ().

Where

(7) 01 = ak+ Bu,
6, =u(a+p),
03 =0oa(a+p).

Proposition 4.1. If

limsup (ZVo(X (1)) <0 a.s.

f—oo

Then H (t) converges exponentially to 0 a.s.

Proof 4.1. By the It6’s formula, we have
t
Va(X(1)) = VaX(0) + | 2V2 (X(5))ds-+ Ma(0)

where

Mo(t) = 0’%&@91@” /Olfféig)d&(s)—ir /Ot Pfg;gg)d&(s)

)
[ owx(s) 02y(s) o3V(s) s
- (H<x<s>> WOTON H(X(s») 4B(s)

The strong law of large numbers for local martingales see [1], implies that

Mo (t
lim 2(1)

[—oo  t

=0 a.s.
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And we have

L AX(0)
t—oo t
Then
limsup V2(X (7)) = limsup (£LV,2(X(¢)) a.s.
[—oo [—>o0
The proof of proposition is completed. 0
We calculate £V,
91 92
LV = — A= dv— f)rpy]+ o2 [FOr ) (atp)y]

93 1 9161)6 2 9262)7 2 9303\/ 2
—l—H[ky—uv]—z[( i ) —I—( T +\ g .

Through Lemma 1.1 we can see, for every sample path @ € A, a sequence t, which is increasing

and unbounded, such that

limsup (£V2(w)), = lim .Z (V2(w)), |,

t—oo n—rc0

also for which we can define the following limits :

A
S—x
= lim (x), , y= lim <l> , v= lim <1> , r= lim <d > )
n—soeo * 111 n—oeo \H /4, n—eo \H /g, n—>oo H
In

The conditions 6,7+ 6,y + 637V = 1 can be seen to hold.

Let
‘1)(9) =& (91 s 92, 93) = limsup <$V2>t .
Then
(®) ©(0) = 6i[—dr+(By+oav)x—py|+6:[(By+ov)x—(a+p)y]
7] 1
+ﬁ3 [ky — uv] — > [(9161f)2+(9202)7)2+ (63037)] .

Define a parameter as follows :
_ A(ak+Bu)
Y du(atp)+§

whrer ¢ is a minimum of the continuous and positive function g : [0, 1] — R defined as

6,05 (022)2+0'32(1—Z)2]
8(z) = 2[B6sz+ 06> (1 —2)]
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Theorem 4.1. If Z; < 1,Then y and v are almost surely converge exponentially to 0.

Proof 4.2. For 6,and 65 define in (7) and for 6, = 0, we define
H,=6,y+63v, and V,=InH,.
We complet the proof of theorem by prove that

limsup (-ZV,), < 0.

f—o0
Let @, = ®(0,0,,63). We need to prove that @, < 0. From (8), we have

o, = 92[(l3y_+0“7)f—(a+P)y_]+%[ky—M‘7]—%[(9262)7)2+(9303V_)2]

< 92% (By+av)—64(By+av) — % [(9262)7)2 + (930'3\7)2} .

Notice that
2 (62029)° + (63057)°

(6:027)° + (63037)° = B+ av (By+av),

and 63v =1 — 6,y. Thus
AL L e
P, < O (By+av) — 64 (By+av) —g(625) (By + o)
Therefore we obtain
AL L L
P, < ng (By+av) — 64 (By+ av) —g. (By+ av)
= O04(%;—1)(By+av) <O.
O

Theorem 4.2. If Z; < 1, then the virus-free equilibrium is almost surely exponentially stable.

Proof 4.3. From Theorem 4.1, we have tlirf y(t) =0 a.s. andtlim v(t) = 0 a.s.. suppose that
— o0

—+oo

for some subset A of A with P (A) > 0, on A we have.

) lim (% —x(t)) £0.

Therefore, from (6) and (8). In particular we choose 0y = 6, = 63 = 1. From (9) and by the

definition of § and v, on A we have

y=0as and v=0a.s.
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So, from (8) it follows that

Therefore,
P(0)<0 a.s.

From Proposition 4.1 it follows that on A, we have that

. A
111)5{100 (E —x(t)) =0 a.s.

This is a contradiction, the proof is completed. ([l

5. NUMERICAL SIMULATION

To illustrate our analytical results, we give numerical simulations of model (2) using Euler

scheme([12].

Example 5.1. We consider Stochastic Virus system with parameters A = 20,d = 0.2,3 =
0.0008, ¢ = 0.0005,p =0.1,a =0.02,k =2,u = 1,01 = 0.03,0o, = 0.04,03 = 0.06. By cal-
culation, we have #; = 1.4733 > 1, in this case, The infected cells and virus persistence in
mean Figure 1 illustrates this result. So, if the white noise is large enough such that #; < 1

The infected cells and virus go extinction.

Example 5.2. In this example, we save the same parameter values as those in example 5.1,
besides, we choose 61 = 0.3, 00 = 0.4, 03 = 0.6, p = 0.17. A simple calculation yields that
s = 0.4986 < 1, therefore according to Theorem 4.2, the virus-free equilibrium almost sure

exponential stability. as illustrated in Figure 3.

6. CONCLUSION

In this paper, we have introduced and analyzed a stochastic virus dynamical model with both
cell-to-virus infection and cell-to-cell transmission by including random perturbations of white
noise into variables. Firstly, We have shown that the unique global solution of the stochastic
system (2) is positive for any initial value. Employing some methods of stochastic analysis we
proved that the infected cells and virus persistence in mean if Z; > 1. And If %, < 1 then the

virus-free equilibrium is almost sure exponentially stable. We can introduce and investigate a
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new version of the stochastic Virus model (2) by introducing a different type of noise which is

the Lévy noise. We will investigate this case in our future works.

150
— White noise
100 Deterministic
50
0 | | | | | | | |

| |
0 50 100 150 200 250 300 350 400 450 500

Time
600 —
— White noise LA e
400 [~
Deterministic e WN
200 [~
0 | | | | | | | | |
0 50 100 150 200 250 300 350 400 450 500
Time
1000
—— White noise N N MM
o Siad
500 - Deterministic W
o 1 1 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400 450 500
Time

FIGURE 1. Numerical simulation of the path x(z), y(¢) and v(¢) for the stochastic and

deterministic systems as given in Example 5.1.

600

— White noise

400 oo
Deterministic

200

0 50 100 150 200 250 300

10 — White noise
Deterministic

0 50 100 150 200 250 300
Time

— White noise
Deterministic

100

0 50 100 150 200 250 300
Time

FIGURE 2. Numerical simulation of the path x(¢), y(¢) and v(z) for the stochastic and

deterministic systems as given in Example 5.2.
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