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Abstract. This paper is devoted to the study of the dynamics of a fractional order two-strain SEIR epidemic model

with two general incidence rates. The basic results of the fractional-order calculus are recalled. Four equilibrium

points for the model are given, namely the disease free equilibrium, the endemic equilibrium with respect to

strain 1, the endemic equilibrium with respect to strain 2, and the total endemic equilibrium with respect to both

strains. Local and global stability analysis is given using the basic reproduction rate. First, the local stability of the

equilibrium point is proved by the Routh Hurwitz criterion for the fractional-order system (FR-H), and then the

global stability is shown by using the Barbalat’s lemma to the fractional-order system (FB). The Barbalat’s lemma

is a reliable method for the asymptotic analysis of the fractional dynamic systems. Finally, numerical simulations

illustrated our analytical results.
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1. INTRODUCTION

Infectious diseases are responsible for one third of global mortality. Mathematical modelling

in epidemiology is a source of knowledge for understanding the spread of an epidemic and an
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effective tool for controlling and predicting the dynamics of an outbreaks. Several diseases

mutate and develop strains. Then many researchers study the dynamic of multi-strain of in-

fection diseases. The global stability analysis of two-strain epidemic model with bilinear and

non-monotone incidence rates is studied in [1]. The Lyapunov function and global stability of a

two-strain SEIR model with bilinear and non monotone incidence is analysed in [2]. The global

dynamics of two-strain model with a single vaccination and general incidence rate is remarked

in [3]. The global dynamics of a multi-strain SEIR epidemic model with general incidence

rates: application to covid-19 is discussed in [4]. These models have some limitations as they

are local and do not possess the memory effects that appear in most of the biological systems.

Fractional calculus is a very efficient and suitable tool for modeling real world problems in

different areas of mathematics, engineering, biology, finance, economics and social sciences. In

recent years, many authors interested by the fractional calculus of mathematical epidemic model

and the lot of researches can provide useful information’s about the memory effects. The anal-

ysis of a Caputo fractional-order model for covid-19 is investigated in [5]. Mathematical model

of SIR epidemic system (covid-19) with fractional derivative is presented in [6]. A fractional

order SEIR model with general incidence is discussed in [7, 8]. The Modeling and analysis

of covid-19 epidemics with treatment in fractional derivative using real data from Pakistan are

shown in [9]. Fractional-order SEIQRDP model for simulating the dynamics of covid-19 epi-

demic is analyzed in [10]. A fractional order SIR epidemic model with nonlinear incidence rate

can be found in [11]. The global stability analysis of a fractional differential system in hepatitis

B can be observed in [12].

Some authors are working on multiple strains in fractional calculus. For example, in [13]

the authors study multi-strain tuberculosis (TB) model of variable-order fractional derivatives.

The two-strain epidemic model involving fractional derivative with Mittag-Leffler Kermel is

demonstrated in [14]. A fractional-order two-strain epidemic model with two vaccinations is

presented in [15]. The Analysis of two avian influenza epidemic models involving fractal-

fractional derivatives with power and Mittag-Leffler memories is investigated in [16].

Several authors are using the different incidence functions in the fractional models. The

bilinear incidence function βS is investigated in [17]. The saturated incidence function βS
1+α1S
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or βS
1+α2I is used in [18, 19, 20]. The Beddington-DeAngelis incidence function βS

1+α1S+α2I is

studied in [21]. The specific nonlinear incidence function βS
1+α1S+α2I+α3SI is applied in [22, 23,

24].

Nowadays, the authors use the general incidence function [25, 26] which represent a large

set of infection incidence rate and give more information about many diseases transmission.

Motivated by the above discussion, and inspired by [4], this paper aims to propose a model

based on the memorability nature of Caputo fractional-order derivative with general incidence

rates.

Our model will be described by the system of equations

(1.1)



DαS(t) = A− f1(S, I1)I1(t)− f2(S, I2)I2(t)−µS(t),

DαE1(t) = f1(S, I1)I1(t)− (β1 +µ)E1(t),

DαE2(t) = f2(S, I2)I2(t)− (β2 +µ)E2(t),

Dα I1(t) = β1E1(t)− (λ1 +µ)I1(t),

Dα I2(t) = β2E2(t)− (λ2 +µ)I2(t),

DαR(t) = λ1I1(t)+λ2I2(t)−µR(t),

with the following non-negative initial conditions

(1.2)
S(0)≥ 0, E1(0)≥ 0, E2(0)≥ 0,

I1(0)≥ 0, I2(0)≥ 0, R(0)≥ 0.

The total population is divided into classes S(t) the susceptible class, E1(t) and E2(t) are re-

spectively the strain exposed class for i = 1,2, I1(t) and I2(t) are respectively the strain infected

class for i = 1,2 and R(t) is the recovered class for all t ≥ 0. The model parameters and the
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conditions of the function incidence rate f1(S, I1) and f2(S, I2) are detailed in Section 3.

The local and global stability of the system with two strains is analyzed. To investigate these

results, we use FR-H criteria and the extended Barbalat’s lemma with Lyapunov function. This

paper is organized as follows. In Section 2, the preliminary results are presented. In Section 3,

the mathematical model is presented in term of fractional differential equations. In Section 4,

the positivity and boundedness of solution are studied. The basic reproduction number and the

equilibrium points are given in Section 5. The local and the global stability analysis are proved

in Section 6. Numerical simulations are given to performed our theoretical results in Section 7.

Finally, Section 8 brings the concluding remarks.

2. PRELIMINARY RESULTS

Fractional calculus plays an important role in modern science. In this part, we present some

fractional calculus definitions and we introduce several important theorems.

Definition 2.1. [27] Let f : R→ R be a differential function and α ∈ C such that Re(α) > 0.

The Riemann-Liouville fractional integral of order α of f (t), t ∈ R, denoted by Jα f (t), is

defined as

(2.1) Jα f (t) = φα(t)∗ f (t) =
1

Γ(α)

∫ t

0
(t− τ)α−1 f (τ)dτ,

where the symbol ∗ denotes the convolution product, φα(t) is the Gel’fand-Shilov function,

defined for α /∈ Z−, as φα(t) =

 tα−1

Γ(α) , if t ≥ 0 and Γ(α) is the Gamma function.

0 , if t < 0.

Definition 2.2. [27] Let f : R→ R be an integrable function, α ∈ C with Re(α) > 0, α /∈ N

and n−1 < Re(α)≤ n, t > 0. The Riemann- Liouville fractional derivative of order α of f is

(2.2) Dα
RL f (t) = Dn [Jn−α f (t)

]
=

1
Γ(n−α)

(
d
dt

)n ∫ t

0
(t− τ)n−α−1 f (τ)dτ.

Definition 2.3. [27] Let f : R→ R be an differential function, α ∈ C with Re(α) > 0 and m

the natural number, such that m− 1 < Re(α) ≤ m, t > 0. The Caputo fractional derivative of

order α of f is defined as

(2.3) Dα f (t) = Jm−αDm f (t) = φm−α ∗Dm f (t),
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In particularly, if 0 < α ≤ 1 we have

(2.4) Dα f (t) =
1

Γ(1−α)

∫ t

0

f ′(s)
(t− s)α

ds.

Property 2.4. [28] The Laplace transform L of a Caputo fractional derivative of order α of f,

satisfies

L [Dα f (t)] = L [φm−α ∗Dm f (t)] ,

= L [φm−α(t)]L [Dm f (t)] = sα−mL [Dm f (t)] ,

where α ∈ C , Re(α)> 0 and m−1 < Re(α)≤ m.

As a result,

(2.5) L [Dα f (t)] = sαF(s)−
m−1

∑
k=0

f (k)(0)sα−k−1.

With F is the Laplace transform of function f .

Definition 2.5. [29] For any α > 0, the function Eα defined by Eα(t) = ∑
+∞

j=0
t j

Γ(α j+1) is called

the Mittag-Leffler function.

Let f : R×Rn→ Rn with n≥ 1, consider the fractional order system

(2.6)

 Dαx(t) = f (t,x(t))

x(0) = x0

,where 0 < α ≤ 1 and x0 ∈ Rn

Definition 2.6. A point E is an equilibrium point of the fractional dynamic system (2.6), if and

only if f (t,E) = 0. The fractional dynamic system (2.6) has the same equilibrium points as the

integer-order system.

Theorem 2.7. [30] Assume that f satisfies the following conditions

1. f (t,x) and ∂ f
∂x are continuous with respect x ∈ Rn;

2. ‖ f (t,x)‖ ≤ ω +λ‖x‖ ∀x ∈ Rn, for almost every t ∈ R and for all x ∈ Rd , where ω and λ

are two positive constants.

Then, there exists an unique solution on [0,+∞) solving the system (2.6).
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3. MATHEMATICAL MODEL

The fractional order two-strain SEIR model with general incidence rates is presented in this

section. And the system of equations is as follows

(3.1)



DαS(t) = A− f1(S, I1)I1(t)− f2(S, I2)I2(t)−µS(t),

DαE1(t) = f1(S, I1)I1(t)− (β1 +µ)E1(t),

DαE2(t) = f2(S, I2)I2(t)− (β2 +µ)E2(t),

Dα I1(t) = β1E1(t)− (λ1 +µ)I1(t),

Dα I2(t) = β2E2(t)− (λ2 +µ)I2(t),

DαR(t) = λ1I1(t)+λ2I2(t)−µR(t),

with the following non-negative initial conditions

(3.2)
S(0)≥ 0, E1(0)≥ 0, E2(0)≥ 0,

I1(0)≥ 0, I2(0)≥ 0, R(0)≥ 0,

and N(t) = S(t)+E1(t)+E2(t)+ I1(t)+ I2(t)+R(t) denotes the total population at time t ≥ 0.

The biological description of the model parameters is given in table 1

The general incidence functions f1(S, I1) and f2(S, I2) stand for the infection transmission rates

for strain 1 and strain 2, respectively. The incidence functions f1(S, I1) and f2(S, I2) are assumed

to be continuously differential in the interior of R2
+ and satisfy the same properties as in [4, 31,

32].
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FIGURE 1. Fractional SEIR two-strain model

TABLE 1. Description of the model parameters.

Parameters of the system (3.1) Description

A Recruitment rate

βi Latency rate of strain i, i=1, 2

λi Transfer rate from infected Ii to recovered, i=1, 2

µ Death rate

We assume that f1(S, I1) and f2(S, I2) satisfy the following conditions

(3.3)


f1 (0, I1) = f2 (0, I2) = 0, for all Ii ≥ 0, i = 1,2, (H1)

∂ fi
∂S (S, Ii)> 0, ∀S > 0, ∀Ii ≥ 0, i = 1,2, (H2)

∂ fi
∂ Ii

(S, Ii)≤ 0, ∀S≥ 0, ∀Ii ≥ 0, i = 1,2. (H3)

The properties (H1), (H2) and (H3) are biologically verified by several classical incidence rates

fi(i = 1,2).
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4. POSITIVITY AND BOUNDEDNESS OF SOLUTION

Theorem 4.1. Under the initial conditions, the fractional order system has a unique positive

solution on R6
+. Moreover the closed set Ω = {(S,E1,E2, I1, I2,R) ∈ R6

+/N(t) ≤ A
µ
+N(0)} is

positively invariant.

Proof. Let X(t) = (S(t),E1(t),E2(t), I1(t), I2(t),R(t))T be in R6
+. The system (3.1) can be re-

formulated as follows: DαX(t) = F(X(t)), where

(4.1) F(X) =



A− f1(S, I1)I1(t)− f2(S, I2)I2(t)−µS(t),

f1(S, I1)I1(t)− (β1 +µ)E1(t),

f2(S, I2)I2(t)− (β2 +µ)E2(t),

β1E1(t)− (λ1 +µ)I1(t),

β2E2(t)− (λ2 +µ)I2(t),

λ1I1(t)+λ2I2(t)−µR(t).


,

It is obvious that F satisfies the first condition of Theorem 2.7.

To prove the second one, we denote

B =



A

0

0

0

0

0


,

N1 =



−µ 0 0 0 0 0

0 −(β1 +µ) 0 0 0 0

0 0 −(β2 +µ) 0 0 0

0 β1 0 −(λ1 +µ) 0 0

0 0 β2 0 −(λ2 +µ) 0

0 0 0 λ1 λ2 −µ


,
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N2 =


0 0 0 − f1(S, I1) − f2(S, I2) 0

0 0 0 f1(S, I1) 0 0

0 0 0 0 f2(S, I2) 0

0 0 0 0 0 0

 ,

Then, we have

F (X(t)) = N1X(t)+N2X(t)+B.

Thus,

‖F(X)‖= ‖N1X(t)+N2X(t)+B‖≤‖B‖+‖N1‖‖X(t)‖+‖N2‖‖X(t)‖≤w+(‖N1‖+‖N2‖)‖X(t)‖.

We conclude that

(4.2) ‖F(X)‖ ≤ w+λ‖X(t)‖ where, w = ‖B‖ and λ = (‖N1‖+‖N2‖).

By Theorem 2.7, the system (3.1) has a unique solution on [0,+∞[.

For positively, we have

(4.3)



DαS(t)|S=0 = A≥ 0,

DαE1(t)|E1=0 = f1(S, I1)I1(t)≥ 0,

DαE2(t)|E2=0 = f2(S, I2)I2(t)≥ 0,

Dα I1(t)|I1=0 = β1E1(t)≥ 0,

Dα I2(t)|I2=0 = β2E2(t)≥ 0,

DαR(t)|R=0 = λ1I1(t)+λ2I2(t)≥ 0.

Hence, under initial conditions the solution of (3.1) remains non-negative for all t ≥ 0. To

establish the boundedness of solution, we have N(t) = S(t)+E1(t)+E2(t)+I1(t)+I2(t)+R(t),
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hence,

DαN(t) = DαS+DαE1 +DαE2 +Dα I1 +Dα I2 +DαR,

then,

DαN(t) = A−µN(t),

hence,

N(t)≤ N(0)Eα (−µtα))+ A
µ
(1−Eα (−µtα)) .

Since, 0≤ Eα (−µtα))≤ 1, we obtain N(t)≤ A
µ
+N(0) and the closed set

Ω = {(S,E1,E2, I1, I2,R) ∈ R6
+/N(t)≤ A

µ
+N(0)} is positively invariant. �

The first equations of the system (3.1) do not depend on the R and the population is constant,

then we can omit the last equation of the system (3.1). So the problem can be reduced to

(4.4)



DαS(t) = A− f1(S, I1)I1(t)− f2(S, I2)I2(t)−µS(t),

DαE1(t) = f1(S, I1)I1(t)− (β1 +µ)E1(t),

DαE2(t) = f2(S, I2)I2(t)− (β2 +µ)E2(t),

Dα I1(t) = β1E1(t)− (λ1 +µ)I1(t),

Dα I2(t) = β2E2(t)− (λ2 +µ)I2(t).

5. EQUILIBRIUM POINTS AND BASIC REPRODUCTION NUMBER

The study of the dynamics of an epidemic model is based on the threshold value of the basic

reproduction number noted by R0.

In the model (3.1), the basic reproduction number R0 is obtained like in [4] and is given below

R0 = max(R1
0 ,R

2
0), where

R1
0 =

f1

(
A
µ
,0
)

β1

(β1 +µ)(λ1 +µ)
and R2

0 =
f2

(
A
µ
,0
)

β2

(β2 +µ)(λ2 +µ)
.

Let us

d1 = β1 +µ, d2 = β2 +µ, d3 = λ1 +µ, d4 = λ2 +µ.

Then,

R1
0 =

f1

(
A
µ
,0
)

β1

d1d3
and R2

0 =
f2

(
A
µ
,0
)

β2

d2d4
.
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By using the Definition 2.6, we calculate the equilibrium points of the system (4.4) by setting

the right-hand of the system (4.4) equal to zero.

The equilibrium points are obtained as follows

(5.1)



DαS(t) = A− f1(S, I1)I1(t)− f2(S, I2)I2(t)−µS(t) = 0,

DαE1(t) = f1(S, I1)I1(t)−d1E1(t) = 0,

DαE2(t) = f2(S, I2)I2(t)−d2E2(t) = 0,

Dα I1(t) = β1E1(t)−d3I1(t) = 0,

Dα I2(t) = β2E2(t)−d4I2(t) = 0.

The steady states are [4]

• The disease free equilibrium noted E f =( A
µ

,0,0,0,0) which exists when R0 < 1.

• The strain 1 endemic equilibrium noted Es1 =
(

S∗1,
1
d1
(A−µS∗1) ,0,

β1
d1d3

(A−µS∗1) ,0
)

which exists if R1
0 > 1 and S∗1 ∈ [0, A

µ
].

• The strain 2 endemic equilibrium noted Es2 =
(

S∗2,0,
1
d2
(A−µS∗2) ,0,

β2
d2d4

(A−µS∗2)
)

which exists if R2
0 > 1 and S∗2 ∈ [0, A

µ
].

• The total endemic equilibrium noted Et =
(

S∗t ,E
∗
1,t ,E

∗
2,t , I

∗
1,t , I

∗
2,t

)
exists when

min(R1
0 ,R

2
0)> 1 and A≥

f1
(

A
µ
,0
)

R1
0

I∗1,t +
f2
(

A
µ
,0
)

R2
0

I∗2,t and where

E∗1,t =
d3
β1

I∗1,t ,

E∗2,t =
d4
β2

I∗2,t ,

S∗t =
1
µ

(
A−

f1
(

A
µ
,0
)

R1
0

I∗1,t−
f2
(

A
µ
,0
)

R2
0

I∗2,t

)
.

In the next section, we discuss the local and the global asymptotic stability of each equilibrium

points.
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6. STABILITY OF FRACTIONAL-ORDER SYSTEMS

6.1. Local stability analysis of E f ,Es1 ,Es2 ,Et .

Theorem 6.1. [33] The autonomous system: Dαx(t) = Gx(t) with x(t0) = x0 is asymptotically

stable if and only if |arg(spec(G))|> απ

2 , where α ∈ [0,1), arg(.) is the principal argument of

a given complex number and spec(G) is the spectrum (set of all eigenvalues) of G.

Theorem 6.2. E f is locally asymptotically stable if max(R1
0 ,R

2
0)< 1.

Proof. The Jacobien matrix for the system (4.4) evaluated at E f is

J
(
E f
)
=



−µ 0 0 − f1

(
A
µ
,0
)
− f2(

A
µ
,0)

0 −d1 0 f1(
A
µ
,0) 0

0 0 −d2 0 f2(
A
µ
,0)

0 β1 0 −d3 0

0 0 β2 0 −d4


One of the eigenvalues of J(E f ) is λ1 =−µ < 0.

Then, we consider the following matrix

(6.1) P1 =


−d1−λ 0 f1(

A
µ
,0) 0

0 −d2−λ 0 f2(
A
µ
,0)

β1 0 −d3−λ 0

0 β2 0 −d4−λ


The characteristic equation of P1 can be written as

(6.2) λ
4 +b3λ

3 +b2λ
2 +b1λ +b0 = 0,

where
b3 = d1 +d3 +d4 +d2 > 0,

b2 = d2d4
(
1−R2

0
)
+d1d3

(
1−R1

0
)
+(d1 +d3)(d4 +d2)> 0,

b1 = d2d4(d1 +d3)
(
1−R2

0
)
+d1d3(d4 +d2)

(
1−R1

0
)
> 0,

b0 = d1d2d3d4
(
1−R1

0 −R2
0 +R1

0R2
0
)
> 0.
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If max(R1
0 ,R

2
0)< 1, we have

b3 > 0, b2 > 0, b1 > 0, b0 > 0,

b2b3 > b1, b1(b2b3−b1)> b0b3
2.

Then by the FR-H all the eigenvalues of the P1 matrix have negative real parts[34, 35].

Thus by the Theorem 6.1, E f is locally asymptotically stable when max(R1
0 ,R

2
0)< 1. �

Let J
(
Es1

)
be the Jacobien matrix of the system (4.4) evaluated at Es1

(6.3)

J
(
Es1

)
=



−
∂ f1(S∗1,I

∗
1,s1

)I∗1,s1
∂S −µ 0 0 −

∂ f1(S∗1,I
∗
1,s1

)I∗1,s1
∂ I1

− f1(S∗1, I
∗
1,s1

) − f2(S∗1,0)
∂ f1(S∗1,I

∗
1,s1

)I∗1,s1
∂S −d1 0

∂ f1(S∗1,I
∗
1,s1

)I∗1,s1
∂ I1

+ f1(S∗1, I
∗
1,s1

) 0

0 0 −d2 0 f2(S∗1,0)

0 β1 0 −d3 0

0 0 β2 0 −d4


and h1(x) the characteristic equation given by

(6.4) h1(x) = x5 +B4x4 +B3x3 +B2x2 +B1x+B0,

where, we noted R2 =
f2(S∗1,0)β2

d2d4
and

B4 = d1 +d3 +d4 +d2 +
∂ f1(S∗1, I

∗
1,s1

)

∂S
I∗1,s1

+µ,

B3 =

(
∂ f1(S∗1, I

∗
1,s1

)

∂S
I∗1,s1

+µ

)
(d1 +d3 +d4 +d2)+d1d3 +(d1 +d3)(d4 +d2)

−β1

(
f1(S∗1, I

∗
1,s1

)+
∂ f1(S∗1, I

∗
1,s1

)

∂ I1
I∗1,s1

)
+d4d2

(
1−R2) ,

B2 = d1d3 (d4 +d2)+

(
∂ f1(S∗1, I

∗
1,s1

)

∂S
I∗1,s1

+µ

)
((d1 +d3)(d4 +d2)+d1d3)

+d4d2

(
d1 +d3 +

∂ f1(S∗1, I
∗
1,s1

)

∂S
I∗1,s1

+µ

)(
1−R2)

−β1

(
∂ f1(S∗1, I

∗
1,s1

)

∂ I1
I∗1,s1

+ f1(S∗1, I
∗
1,s1

)

)
(d4 +d2 +µ) ,
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B1 =

[
d4d2

(
∂ f1(S∗1, I

∗
1,s1

)

∂S
I∗1,s1

+µ

)
(d1 +d3)+d1d3d4d2

](
1−R2)

+

(
∂ f1(S∗1, I

∗
1,s1

)

∂S
I∗1,s1

+µ

)
(d4 +d2)

[
d1d3−β1

(
f1(S∗1, I

∗
1,s1

)+
∂ f1(S∗1, I

∗
1,s1

)

∂ I1
I∗1,s1

)]

−β1d4d2

(
∂ f1(S∗1, I

∗
1,s1

)

∂ I1
I∗1,s1

+ f1(S∗1, I
∗
1,s1

)

)(
1−R2)

+β1 (d4 +d2)
∂ f1(S∗1, I

∗
1,s1

)

∂S
I∗1,s1

(
∂ f1(S∗1, I

∗
1,s1

)

∂ I1
I∗1,s1

+ f1(S∗1, I
∗
1,s1

)

)
,

B0 = d1d3d4d2

(
∂ f1(S∗1, I

∗
1,s1

)

∂S
I∗1,s1

+µ

)(
1−R2)

−β1d4d2

(
f1(S∗1, I

∗
1,s1

)+
∂ f1(S∗1, I

∗
1,s1

)

∂ I1
I∗1,s1

)(
∂ f1(S∗1, I

∗
1,s1

)

∂S
I∗1,s1

+µ

)(
1−R2)

+β1d4d2
∂ f1(S∗1, I

∗
1,s1

)

∂S
I∗1,s1

(
f1(S∗1, I

∗
1,s1

)+
∂ f1(S∗1, I

∗
1,s1

)

∂ I1
I∗1,s1

)(
1−R2) .

We obtain the following theorem

Theorem 6.3. If R2
0 < 1 < R1

0 and Bi defined above for (i = 0,1,2,3,4) satisfy the condition

(6.5)



B4B3−B2 > 0,

B2 (B3B4−B2)−B4
2B1 > 0,

(B3B4−B2)(B1B2−B0B3)− (B1B4−B0)
2)> 0,

B0 > 0,

then Es1 is locally asymptotically stable.

Proof. From the hypothesis (H2), it is simple to check that B4 is positive.

By the FR-H and under the condition (6.5) all roots of h1(x) have negative real parts [34, 35].

Then from Theorem 6.1, Es1 is locally asymptotically stable. �
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Let J
(
Es2

)
be the Jacobien matrix of the system (4.4) evaluated at Es2

(6.6)

J
(
Es2

)
=



−
∂ f2(S∗2,I

∗
2,s2

)I∗2,s2
∂S −µ 0 0 − f1(S∗2,0) −

∂ f2(S∗2,I
∗
2,s2

)I∗2,s2
∂ I2

− f2(S∗2, I
∗
2,s2

)

0 −d1 0 f1(S∗2,0) 0
∂ f2(S∗2,I

∗
2,s2

)I∗2,s2
∂S 0 −d2 0

∂ f2(S∗2,I
∗
2,s2

)I∗2,s2
∂ I2

+ f2(S∗2, I
∗
2,s2

)

0 β1 0 −d3 0

0 0 β2 0 −d4


and h2(x) the characteristic equation given by

(6.7) h2(x) = x5 +C4x4 +C3x3 +C2x2 +C1x+C0,

where, we noted R1 < R1
0 < 1 and

C4 = d1 +d3 +d4 +d2 +
∂ f2(S∗2, I

∗
2,s2

)

∂S
I∗2,s2

+µ,

C3 =

(
∂ f2(S∗2, I

∗
2,s2

)

∂S
I∗2,s2

+µ

)
(d1 +d3 +d4 +d2)+d2d4 +(d1 +d3)(d4 +d2)

−β2

(
∂ f2(S∗2, I

∗
2,s2

)

∂ I2
I∗2,s2

+ f2(S∗2, I
∗
2,s2

)

)
+d1d3

(
1−R1) ,

C2 = d2d4 (d1 +d3)+

(
∂ f2(S∗2, I

∗
2,s2

)

∂S
I∗2,s2

+µ

)
((d1 +d3)(d4 +d2)+d2d4)

+d1d3

(
d4 +d2 +

∂ f2(S∗2, I
∗
2,s2

)

∂S
I∗2,s2

+µ

)(
1−R1)

−β2

(
∂ f2(S∗2, I

∗
2,s2

)

∂ I2
I∗2,s2

+ f2(S∗2, I
∗
2,s2

)

)
(d1 +d3 +µ) ,

C1 =

[
d1d3

(
∂ f2(S∗2, I

∗
2,s2

)

∂S
I∗2,s2

+µ

)
(d2 +d4)+d1d3d4d2

](
1−R1)

+

(
∂ f2(S∗2, I

∗
2,s2

)

∂S
I∗2,s2

+µ

)
(d1 +d3)

[
d4d2−β2

(
f2(S∗2, I

∗
2,s2

)+
∂ f2(S∗2, I

∗
2,s2

)

∂ I2
I∗2,s2

)]

−β2d1d3

(
∂ f2(S∗2, I

∗
2,s2

)

∂ I2
I∗2,s2

+ f2(S∗2, I
∗
2,s2

)

)(
1−R1)
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+β2(d1 +d3)
∂ f2(S∗2, I

∗
2,s2

)

∂S
I∗2,s2

(
∂ f2(S∗2, I

∗
2,s2

)

∂ I2
I∗2,s2

+ f2(S∗2, I
∗
2,s2

)

)
,

C0 = d1d3d4d2

(
∂ f2(S∗2, I

∗
2,s2

)

∂S
I∗2,s2

+µ

)(
1−R1)

−β2d1d3

(
f2(S∗2, I

∗
2,s2

)+
∂ f2(S∗2, I

∗
2,s2

)

∂ I2
I∗2,s2

)(
∂ f2(S∗2, I

∗
2,s2

)

∂S
I∗2,s2

+µ

)(
1−R1)

+β2d1d3
∂ f2(S∗2, I

∗
2,s2

)

∂S
I∗2,s2

(
f2(S∗2, I

∗
2,s2

)+
∂ f2(S∗2, I

∗
2,s2

)

∂ I2
I∗2,s2

)(
1−R1) .

and R1 =
f1(S∗2,0)β1

d1d3
.

By the same calculus as above, we obtain the following theorem

Theorem 6.4. If R1
0 < 1 < R2

0 and Ci defined above for i = 0,1,2,4 satisfy the condition

(6.8)



C4C3−C2 > 0,

C2 (C3C4−C2)−C4
2C1 > 0,

(C3C4−C2)(C1C2−C0C3)− (C1C4−C0)
2)> 0,

C0 > 0,

then Es2 is locally asymptotically stable .

Proof. From the hypothesis (H2), it is simple to check that C4 is positive.

By the FR-H and under the condition (6.8) all roots of h2(x) have negative real parts [34, 35].

Then from Theorem 6.1, Es2 is locally asymptotically stable. �

Let J
(
Et
)

be the Jacobien matrix of the system (4.4) evaluated at Et

(6.9)

J
(
Et
)
=



− ∂ f1(S∗t ,I
∗
1,st )I

∗
1,st

∂S − ∂ f2(S∗t ,I
∗
2,st )I

∗
2,st

∂S −µ 0 0 − ∂ f1(S∗t ,I
∗
1,st )I

∗
1,st

∂ I1
− f1(S∗t , I

∗
1,st

) − ∂ f2(S∗t ,I
∗
2,st )I

∗
2,st

∂ I2
− f2(S∗t , I

∗
2,st

)

∂ f1(S∗t ,I
∗
1,st )I

∗
1,st

∂S −d1 0
∂ f1(S∗t ,I

∗
1,st )I

∗
1,st

∂ I1
+ f1(S∗t , I

∗
1,st

) 0
∂ f2(S∗t ,I

∗
2,st )I

∗
2,st

∂S 0 −d2 0
∂ f2(S∗t ,I

∗
2,st )I

∗
2,st

∂ I2
+ f2(S∗2, I

∗
2,s2

)

0 β1 0 −d3 0

0 0 β2 0 −d4


and h3(x) the characteristic equation given by

(6.10) h3(x) = x5 +F4x4 +F3x3 +F2x2 +F1x+F0,
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where

F4 = d1 +d3 +d2 +d4 +

(
∂ f1(S∗t , I

∗
1,t)

∂S
I∗1,t +

∂ f2(S∗t , I
∗
2,t)

∂S
I∗2,t +µ

)
,

F3 = d2d4 +d1d3 +(d1 +d3)(d2 +d4)

+(d1 +d3 +d2 +d4)

(
∂ f1(S∗t , I

∗
1,t)

∂S
I∗1,t +

∂ f2(S∗t , I
∗
2,t)

∂S
I∗2,t +µ

)
−β1

(
∂ f1(S∗t , I

∗
1,t)

∂ I1
I∗1,t + f1(S∗t , I

∗
1,t)

)
−β2

(
∂ f2(S∗t , I

∗
2,t)

∂ I2
I∗2,t + f2(S∗t , I

∗
2,t)

)
,

F2 = d1d3 (d2 +d4)+(d1 +d3)d2d4 +

(
∂ f1(S∗t , I

∗
1,t)

∂S
I∗1,t +

∂ f2(S∗t , I
∗
2,t)

∂S
I∗2,t +µ

)
(d1d3 +d2d4 +(d1 +d3)(d2 +d4))

−β1

(
∂ f1(S∗t , I

∗
1,t)

∂S
I∗1,t +

∂ f2(S∗t , I
∗
2,t)

∂S
I∗2,t +µ

)(
∂ f1(S∗t , I

∗
1,t)

∂ I1
I∗1,t + f1(S∗t , I

∗
1,t)

)
+β1

∂ f1(S∗t , I
∗
1,t)

∂S
I∗1,t

(
∂ f1(S∗t , I

∗
1,t)

∂ I1
I∗1,t + f1(S∗t , I

∗
1,t)

)
+β2

∂ f2(S∗t , I
∗
2,t)

∂S
I∗2,t

(
∂ f2(S∗t , I

∗
2,t)

∂ I2
I∗2,t + f2(S∗t , I

∗
2,t)

)
−β2

(
∂ f1(S∗t , I

∗
1,t)

∂S
I∗1,t +

∂ f2(S∗t , I
∗
2,t)

∂S
I∗2,t +µ

)(
∂ f2(S∗t , I

∗
2,t)

∂ I2
I∗2,t + f2(S∗t , I

∗
2,t)

)
−β2(d1 +d3)

(
∂ f2(S∗t , I

∗
2,t)

∂ I2
I∗2,t + f2(S∗t , I

∗
2,t)

)
−β1(d2 +d4)

(
∂ f1(S∗t , I

∗
1,t)

∂ I1
I∗1,t + f1(S∗t , I

∗
1,t)

)
,

F1 = d1d3d4d2 +

(
∂ f1(S∗t , I

∗
1,t)

∂S
I∗1,t +

∂ f2(S∗t , I2)

∂S
I∗2,t +µ

)
(d1d3(d2 +d4)+(d1 +d3)d2d4)

−β1

(
∂ f1(S∗t , I

∗
1,t)

∂ I1
I∗1,t + f1(S∗t , I

∗
1,t)

)
[

d2d4− (d2 +d4)
∂ f1(S∗t , I

∗
1,t)

∂S
I∗1,t +(d2 +d4)(

∂ f1(S∗t , I
∗
1,t)

∂S
I∗1,t +

∂ f2(S∗t , I2)

∂S
I∗2,t +µ)

]
−β2

(
∂ f2(S∗t , I

∗
2,t)

∂ I2
I∗2,t + f2(S∗t , I

∗
2,t)

)
[

d1d3 +(d1 +d3)(
∂ f1(S∗t , I

∗
1,t)

∂S
I∗1,t +

∂ f2(S∗t , I
∗
2,t)

∂S
I∗2,t +µ)− (d1 +d3)

∂ f2(S∗t , I
∗
2,t)

∂S
I∗2,t

]
+β1β2

(
∂ f1(S∗t , I

∗
1,t)

∂ I1
I∗1,t + f1(S∗t , I

∗
1,t)

)(
∂ f2(S∗t , I

∗
2,t)

∂ I2
I∗2,t + f2(S∗t , I

∗
2,t)

)
,
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F0 = d1d3d4d2

(
∂ f1(S∗t , I

∗
1,t)

∂S
I∗1,t +

∂ f2(S∗t , I
∗
2,t)

∂S
I∗2,t +µ

)

−β1d2d4

(
∂ f1(S∗t , I

∗
1,t)

∂S
I∗1,t +

∂ f2(S∗t , I
∗
2,t)

∂S
I∗2,t +µ

)(
∂ f1(S∗t , I

∗
1,t)

∂ I1
I∗1,t + f1(S∗t , I

∗
1,t)

)

−β2d1d3

(
∂ f1(S∗t , I

∗
1,t)

∂S
I∗1,t +

∂ f2(S∗t , I
∗
2,t)

∂S
I∗2,t +µ

)(
∂ f2(S∗t , I

∗
2,t)

∂ I2
I∗2,t + f2(S∗t , I

∗
2,t)

)

+β1d2d4
∂ f1(S∗t , I

∗
1,t)

∂S
I∗1,t

(
∂ f1(S∗t , I

∗
1,t)

∂ I1
I∗1,t + f1(S∗t , I

∗
1,t)

)

+β2d1d3
∂ f2(S∗t , I

∗
2,t)

∂S
I∗2,t

(
∂ f2(S∗t , I

∗
2,t)

∂ I2
I∗2,t + f2(S∗t , I

∗
2,t)

)

−β1β2

(
∂ f1(S∗t , I

∗
1,t)

∂ I1
I∗1,t + f1(S∗t , I

∗
1,t)

)(
∂ f2(S∗t , I

∗
2,t)

∂ I2
I∗2,t + f2(S∗t , I

∗
2,t)

)
(

∂ f1(S∗t , I
∗
1,t)

∂S
I∗1,t +

∂ f2(S∗t , I
∗
2,t)

∂S
I∗2,t

)

+β1β2

(
∂ f1(S∗t , I

∗
1,t)

∂S
I∗1,t +

∂ f2(S∗t , I
∗
2,t)

∂S
I∗2,t +µ

)(
∂ f1(S∗t , I

∗
1,t)

∂ I1
I∗1,t + f1(S∗t , I

∗
1,t)

)
(

∂ f2(S∗t , I
∗
2,t)

∂ I2
I∗2,t + f2(S∗t , I

∗
2,t)

)
.

By the same calculus as above, we obtain the following theorem

Theorem 6.5. If min(R1
0 ,R

2
0)< 1 and Fi defined above for (i = 0,1,2,4) satisfy the condition

(6.11)



F4F3−F2 > 0,

F2 (F3F4−F2)−F4
2F1 > 0,

(F3F4−F2)(F1F2−F0F3)− (F1F4−F0)
2)> 0,

F0 > 0,

then Et is locally asymptotically stable .
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Proof. From the hypothesis (H2), it is simple to check that F4 is positive.

By the FR-H and under the condition (6.11) all roots of h3(x) have negative real parts [34, 35].

Then from Theorem 6.1, Et is locally asymptotically stable. �

6.2. Global stability analysis of E f ,Es1 ,Es2 ,Et . To prove the global stability of the equilib-

rium points, E f , Es1 , Es2 and Et , we need to introduce some results for the fractional systems

and, we use the extend Barbalat’s Lemma with the Lyapunov function to a fractional-order

nonlinear system.

Proposition 6.6. [36, 37] If W : R→ R is a uniformly continuous function on [t0,∞) and

Jα |W |p 6M for all t > t0, with α ∈ (0,1), p and M are two positive constants. Then W (t)→ 0

as t→ ∞.

Lemma 6.7. The solutions S,E1,E2, I1, I2 of system are uniformly continuous functions on

[0,+∞[.

Proof. Each equation in system (4.4) can be written as follows

(6.12) Dαxi(t) = gi(xi(t)),

where x1(t) = S(t), x2(t) = E1(t), x3(t) = E2(t), x4(t) = I1(t), x5(t) = I2(t),

and g1(x1(t)) = DαS(t), g2(x2(t)) = DαE1(t), g3(x3(t)) = DαE2(t), g4(x4(t)) = Dα I1(t),

g5(x5(t)) = Dα I2(t).

The solution of (6.12) satisfies the following integral equation

(6.13) xi(t) = xi(0)+
∫ t

0

(t− τ)α−1

Γ(α)
gi(xi(τ))dτ,

and for t, s ∈ [0,+∞[ with t ≤ s, we have

‖xi (s)− xi (t)‖ ≤

∥∥∥∥∥
∫ s

0

(s− τ)α−1

Γ(α)
gi(xi(τ))dτ−

∫ t

0

(t− τ)α−1

Γ(α)
gi(xi(τ))dτ

∥∥∥∥∥
≤

∥∥∥∥∥
∫ t

0

(
(s− τ)α−1

Γ(α)
− (t− τ)α−1

Γ(α)

)
gi(xi(τ))dτ +

∫ s

t

(s− τ)α−1

Γ(α)
gi(xi(τ))dτ

∥∥∥∥∥
≤ M

Γ(α)

∫ t

0

[
(s− τ)α−1− (t− τ)α−1

]
dτ +

M
Γ(α)

∫ s

t
(s− τ)α−1 dτ,
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where M = max(‖gi‖), for 1≤ i≤ 4.

By the change of variable t− τ = u1, s− τ = u2 and the inequality (ξ α −ηα) ≤ (ξ −η)α for

all ξ ,η > 0, we conclude that

‖xi (t)− xi (s)‖ ≤
M

Γ(α)

(∫ s

s−t
uα−1

2 du2−
∫ t

0
uα−1

1 du1

)
+

M
Γ(α)

(∫ s−t

0
uα−1

2 du2

)
=

M
Γ(α)

(
uα

2
α

∣∣∣∣s
s−t
−

uα
1

α

∣∣∣∣t
0
+

uα
2

α

∣∣∣∣s−t

0

)

=
M

Γ(α)

(
sα − (s− t)α − tα +(s− t)α

)
=

M
Γ(α)

(sα − tα)≤ M
Γ(α)

(s− t)α .

Hence S, E1, E2, I1 and I2 are Hölder continuous functions.

Then they are uniformly continuous on [0,+∞[. �

In (2.6), we noted by L f the Laplace transform of f . We recalled the classical result of

Laplace transform theory.

Theorem 6.8. [38]Assume that L f doses not have any singularities in the closed right half-

plane {λ ∈ C:Re(λ )}, except for possibly a simple pole at the origin. Then, lim
t→∞

f (t) =

lim
λ→0+

λ (L f )(λ ).

6.2.1. Global stability of disease-free equilibrium.

Theorem 6.9. For max(R1
0 ,R

2
0)≤ 1, the disease free equilibrium point E f is globally asymp-

totically stable on the interior of Ω.

Proof. Let V : {(S,E1,E2, I1, I2)∈Ω : S> 0}→R, a Lyapunov function defined in the following

(6.14) V (S,E1,E2, I1, I2) = S−S∗0−
∫ S

S∗0

f1(S∗0,0)
f1(X ,0)

dX +E1 +E2 +
d1

β1
I1 +

d2

β2
I2.

From [25], we have

(6.15) DαV ≤ DαS(t)−
f1(S∗0,0)
f1(S,0)

DαS(t)+DαE1 +DαE2 +
d1

β1
Dα I1 +

d2

β2
Dα I2,

we obtain

(6.16) DαV ≤−H(t),
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where H(t) =−µS∗0
(

1− S
S∗0

)(
1− f1(S∗0,0)

f1(S,0)

)
− d1d3

β1
I1
(
R1

0 −1
)
− d2d4

β2
I2

(
f1(S∗0,0)
f1(S,0)

f2(S,I2)
f2(S∗0,0)

R2
0 −1

)
,

which is a defined positive function if max(R1
0 ,R

2
0)≤ 1 [4].

From (6.16), we conclude that V (t)≤V (0)− JαH(t).

Hence, JαH(t)+V (t)≤V (0).

Thus, JαS∗0
(

S
S∗0
−1
)
≤C where C=V(0).

From Lemma 6.7, S∗0
(

1− S
S∗0

)
is uniform continuous and by Proposition 6.6, we deduced that

S∗0
(

S
S∗0
−1
)
→ 0 as t→ ∞.

Similarly we have I1→ 0 and I2→ 0 as t→ ∞.

From system (4.4) and using the Laplace transform, we obtain

L (DαE1) = L ( f1 (S, I1) I1)−d1L (E1),

λ
αL (E1)−λ

α−1E1(0) = L ( f1 (S, I1) I1)−d1L (E1),

λ
αL (E1)+d1L (E1) = L ( f1(S, I1)I1)+λ

α−1E1(0),

L (E1) =
L ( f1(S, I1)I1)

λ α +d1
+

λ α−1

λ α +d1
E1(0).

This implies, by using Theorem 6.8 that

lim
λ→0+

λL (E1) = lim
λ→0+

L (λ f1(S, I1)I1)

λ α +d1
+ lim

λ→0+

λ α

λ α +d1
E1(0),

=
f1(S∗0, I

∗
1 )

d1
I∗1 = E∗1 .

Using Theorem 6.8 again, we get

lim
t→∞

E1 = E∗1 = 0.

By the same calculation as the previously, we have

lim
t→∞

E2 = E∗2 = 0.

Then, we conclude that

S→ S∗0 as t→ ∞, E1→ 0 as t→ ∞, E2→ 0 as t→ ∞, I1→ 0 as t→ ∞, I2→ 0 as t→ ∞.

Therefore, lim
t→∞

(S,E1,E2, I1, I2) = (A
µ
,0,0,0,0) independently of the initial data in the interior

of Ω. This shows that E f is globally asymptotically stable in the interior of Ω. �
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6.2.2. Global stability of strain 1 endemic equilibrium. For the global stability of Es1 , we

assume that the function f1 satisfies the condition in the following

(H4)

(
1− f1(S, I1)

f1(S, I∗1,s1
)

)(
f1(S, I∗1,s1

)

f1(S, I1)
− I1

I∗1,s1

)
≤ 0, ∀S, I1 > 0.

Theorem 6.10. For R2
0 ≤ 1 < R1

0 , then the strain 1 endemic equilibrium is globally asymptot-

ically stable on the interior of Ω.

Proof. Let us define the following Lyapunov function L1 : {(S,E1,E2, I1, I2) ∈ Ω : S,E1, I1 >

0}→ R as

(6.17)

L1(S,E1,E2, I1, I2) = S−S∗1−
∫ S

S∗1

f1(S∗1, I
∗
1,s1

)

f1(X , I∗1,s1
)

dX +E∗1

(
E1

E∗1,s1

− ln

(
E1

E∗1,s1

)
−1

)
+E2

+
d1

β1
I∗1,s1

(
I1

I∗1,s1

− ln

(
I1

I∗1,s1

)
−1

)
+

d2

β2
I2.

From [25], we obtain

(6.18)

DαL1 ≤ DαS

1−
f1

(
S∗1, I

∗
1,s1

)
f1

(
S, I∗1,s1

)
+DαE1

(
1−

E∗1,s1

E1

)
+DαE2 +

d1

β1
Dα I1

(
1−

I∗1,s1

I1

)
+

d2

β2
Dα I2.

By the same calculations as above and under hypothesis (H1−H4), we have

(6.19) DαL1 ≤−K(t),

where

K(t) = (µS−µS∗1)

(
1−

f1(S∗1, I
∗
1,s1

)

f1(S, I∗1,s1
)

)
−d1E∗1,s1

(
4−

d1E∗1,s1

f1(S, I∗1,s1
)I∗1,s1

− f1(S, I1)I1

d1E1
−

I∗1,s1
E1

I1E∗1,s1

−
f1(S, I∗1,s1

)

f1(S, I1)

)

−d1E∗1,s1

1− f1 (S, I1)

f1

(
S, I∗1,s1

)
 f1

(
S, I∗1,s1

)
f1 (S, I1)

− I1

I∗1,s1

− d2d4

β2
I2

(
f1(S∗1, I

∗
1,s1

)

f1(S, I∗1,s1
)

R2
0 −1

)
,
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which is defined and positive function, if R2
0 ≤ 1 < R1

0 [4].

Then

(6.20)

K(t)≥ (µS−µS∗1)

(
1−

f1(S∗1, I
∗
1,s1

)

f1(S, I∗1,s1
)

)
−d1E∗1,s1

(
4−

d1E∗1,s1

f1(S, I∗1,s1
)I∗1,s1

− f1(S, I1)I1

d1E1
−

I∗1,s1
E1

I1E∗1,s1

−
f1(S, I∗1,s1

)

f1(S, I1)

)

−d1E∗1,s1

1− f1 (S, I1)

f1

(
S, I∗1,s1

)
(1− I1

I∗1,s1

)
− d2d4

β2
I2

(
f (S∗1, I

∗
1,s1

)

f (S, I∗1,s1
)

R2
0 −1

)
.

From (6.19), we conclude that L1(t)≤ L1(0)− JαK(t).

Hence, JαK(t)+L1(t)≤ L1(0) =C
′
.

This implies by (6.20), Jα(µS−µS∗1)≤C
′
, Jα( I1

I∗1,s1
−1)≤C

′
and Jα I2 ≤C

′
.

Using Lemma 6.7, we obtain the uniform continuity for µS−µS∗1, I1
I∗1,s1
−1 and I2.

From Proposition 6.6, we can write

µS−µS∗1→ 0 as t→ ∞, I1
I∗1,s1
−1→ 0 as t→ ∞, I2→ 0 as t→ ∞.

As a result,

S→ S∗1 as t→ ∞, I1→ I∗1,s1
as t→ ∞, I2→ 0 as t→ ∞.

From system (4.4) and using the Laplace transform, we obtain

L (DαE1) = L ( f1 (S, I1) I1)−d1L (E1),

λ
αL (E1)−λ

α−1E1(0) = L ( f1 (S, I1) I1)−d1L (E1),

λ
αL (E1)+d1L (E1) = L ( f1(S, I1)I1)+λ

α−1E1(0),

L (E1) =
L ( f1(S, I1)I1)

λ α +d1
+

λ α−1

λ α +d1
E1(0).

This implies, by using Theorem 6.8 that

lim
λ→0+

λL (E1) = lim
λ→0+

L (λ f1(S, I1)I1)

λ α +d1
+ lim

λ→0+

λ α

λ α +d1
E1(0),

=
f1(S∗1, I

∗
1,s1

)

d1
I∗1,s1

= E∗1,s1
.

Using theorem 6.8 again, we get

lim
t→∞

E1 = E∗1,s1
.

As previously, we obtain

lim
t→∞

E2 = E∗2,s2
= 0.
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Therefore, lim
t→∞

(S,E1,E2, I1, I2) = (S∗1,E
∗
1,s1

,0, I∗1,s1
,0), independently of the initial data in the

interior of Ω. This shows that Es1 is globally asymptotically stable in the interior of Ω. �

6.2.3. Global stability of strain 2 endemic equilibrium. For the global stability of Es2 , we

assume that the function f2 satisfies the condition

(H5)

1− f2 (S, I2)

f2

(
S, I∗2,s2

)
 f2

(
S, I∗2,s2

)
f2 (S, I2)

− I2

I∗2,s2

≤ 0, ∀S, I2 > 0.

Theorem 6.11. For R1
0 ≤ 1 < R2

0 , then the strain 2 endemic equilibrium is globally asymptot-

ically stable on the interior of Ω.

Proof. Let us define a Lyapunov function L2 : {(S,E1,E2, I1, I2) ∈Ω : S,E2, I2 > 0}→ R as

(6.21)

L2(S,E1,E2, I1, I2) = S−S∗2−
∫ S

S∗2

f2

(
S∗2, I

∗
2,s2

)
f2

(
X , I∗2,s2

) dX +E1 +E∗2,s2

(
E2

E∗2,s2

− ln

(
E2

E∗2,s2

)
−1

)

+
d1

β1
I1 +

d2

β2
I∗2,s2

(
I2

I∗2,s2

− ln

(
I2

I∗2,s2

)
−1

)
.

From [25], we obtain

(6.22)

DαL2 ≤ DαS

1−
f2

(
S∗2, I

∗
2,s2

)
f2

(
S, I∗2,s2

)
+DαE2

(
1−

E∗2,s2

E2

)
+DαE1 +

d2

β2
Dα I2

(
1−

I∗2,s2

I2

)
+

d1

β1
Dα I1.

By the same calculations as above and under hypothesis (H1−H3) and (H5), we have

(6.23) DαL2 ≤−M(t),

where

(6.24)

M(t) = (µS−µS∗2)

1−
f2

(
S∗2, I

∗
2,s2

)
f2

(
S, I∗2,s2

)
−d2E∗2,s2

4−
d2E∗2,s2

f2

(
S, I∗2,s2

)
I∗2,s2

− f2 (S, I2) I2

d2E2
−

I∗2,s2
E2

I2E∗2,s2

−
f2

(
S, I∗2,s2

)
f2 (S, I2)



−d2E∗2,s2

(
1− f2(S, I2)

f2(S, I∗2,s2
)

)(
f2(S, I∗2,s2

)

f2(S, I2)
− I2

I∗2,s2

)
− d1d3

β1
I1

 f2

(
S∗2, I

∗
2,s2

)
f2

(
S, I∗2,s2

) R1
0 −1

 .
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which is defined and positive function, if R1
0 ≤ 1 < R2

0 [4].

Then

(6.25)

M(t)≥ (µS−µS∗2)

1−
f2

(
S∗2, I

∗
2,s2

)
f2

(
S, I∗2,s2

)
−d2E∗2,s2

4−
d2E∗2,s2

f2

(
S, I∗2,s2

)
I∗2,s2

− f2 (S, I2) I2

d2E2
−

I∗2,s2
E2

I2E∗2,s2

−
f2

(
S, I∗2,s2

)
f2 (S, I2)



−d2E∗2,s2

(
1− f2(S, I2)

f2(S, I∗2,s2
)

)(
1− I2

I∗2,s2

)
− d1d3

β1
I1

 f2

(
S∗2, I

∗
2,s2

)
f2

(
S, I∗2,s2

) R1
0 −1

 .

From (6.23), L2(t)≤ L2(0)− JαM(t).

Hence, JαM(t)+L2(t)≤ L2(0) =C
′′
.

Then by (6.25) Jα(µS−µS∗2)6C
′′
, Jα I1 6C

′′
and Jα( I2

I∗2,s2
−1)6C

′′
.

By Lemma 6.7, we obtain the uniform continuity from µS−µS∗2, I1 and I2
I∗2,s2
−1.

From Proposition 6.6, we can write

µS−µS∗2→ 0 as t→ ∞, I1→ 0 as t→ ∞, I2
I∗2,s2
−1→ 0 as t→ ∞.

As a result,

S→ S∗2 as t→ ∞, I1→ 0 as t→ ∞, I2→ I∗2,s2
as t→ ∞.

From system (4.4) and using the Laplace transform, we obtain

L (DαE2) = L ( f2 (S, I2) I2)−d2L (E2),

λ
αL (E2)−λ

α−1E2(0) = L ( f2 (S, I2) I2)−d2L (E2),

λ
αL (E2)+d2L (E2) = L ( f2(S, I2)I2)+λ

α−1E2(0),

L (E2) =
L ( f2(S, I2)I2)

λ α +d2
+

λ α−1

λ α +d2
E2(0).

This implies, by using theorem 6.8 that

lim
λ→0+

λL (E2) = lim
λ→0+

L (λ f2(S, I2)I2)

λ α +d2
+ lim

λ→0+

λ α

λ α +d2
E2(0),

=
f2(S∗2, I

∗
2,s2

)

d2
I∗2,s2

= E∗2,s2
.

Using theorem 6.8 again, we get

lim
t→∞

E1 = E∗1,s1
= 0.

As previously, we obtain

lim
t→∞

E2 = E∗2,s2
.
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Therefore, lim
t→∞

(S,E1,E2, I1, I2) = (S∗2,0,E
∗
2,s2

,0, I∗2,s2
), independently of the initial data in the

interior of Ω. This shows that Es2 is globally asymptotically stable in the interior of Ω. �

6.2.4. Global stability of strain total endemic equilibrium. For the global stability of Et , we

assume that the functions f1 and f2 satisfies the following conditions

(H6)

(
1− fi(S,Ii)

fi(S∗t ,I∗i,t)
f j(S∗t ,I

∗
j,t)

f j(S,I∗j,t)

)(
fi(S∗t ,I

∗
i,t)

fi(S,Ii)

f j(S,I∗j,t)
f j(S∗t ,I∗j,t)

− Ii
I∗i,t

)
≤ 0,

(i, j) = (1,2) or (i, j) = (2,1).

Theorem 6.12. If min(R1
0 ,R

2
0) > 1, then the total endemic equilibrium Et is globally asymp-

totically stable on the interior of Ω.

Proof. Let us define a Lyapunov function L3 : {(S,E1,E2, I1, I2) ∈Ω : S,E1,E2, I1, I2 > 0}→ R

as

(6.26)

L3(S,E1,E2, I1, I2) = S−S∗t −
∫ S

S∗t

f1

(
S∗t , I

∗
1,t

)
f1

(
X , I∗1,t

) dX +E∗1,t

(
E1

E∗1,t
− ln

(
E1

E∗1,t

)
−1

)

+E∗2,t

(
E2

E∗2,t
− ln

(
E2

E∗2,t

)
−1

)
+

d1

β1
I∗1,t

(
I1

I∗1,t
− ln

(
I1

I∗1,t

)
−1

)

+
d2

β2
I∗2,t

(
I2

I∗2,t
− ln

(
I2

I∗2,t

)
−1

)
.

From [25], we obtain

(6.27)

DαL3 ≤ DαS

1−
f1

(
S∗t , I

∗
1,t

)
f1

(
S, I∗1,t

)
+DαE1

(
1−

E∗1,t
E1

)
+DαE2

(
1−

E∗2,t
E2

)
+

d1

β1
Dα I1

(
1−

I∗1,t
I1

)

+
d2

β2
Dα I2

(
1−

I∗2,t
I2

)
.

As previously and under hypothesis (H1−H4) and (H6), we have

(6.28) DαL3 ≤−P1(t),
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where

(6.29)

P1(t) = (µS−µS∗t )

1−
f
(

S∗t , I
∗
1,t

)
f (S, I1,t)

−d1E∗1,t

4−
d1E∗1,t

f1

(
S∗t , I∗1,t

)
I∗1,t
− f1 (S, I1) I1

d1E1
−

I∗1,tE1

I1E∗1,t
−

f1

(
S, I∗1,t

)
f1 (S, I1)



−d2E∗2,t

4−
f1

(
S∗t , I

∗
1,t

)
f1

(
S, I∗1,t

) − f2 (S, I2) I2

d2E2
−

I∗2,tE2

I2E∗2,t
−

d2E∗2,t f1

(
S, I∗1,t

)
f2 (S, I2) f1

(
S∗t , I∗1,t

)
I∗2,t



−d1E∗1,t

1− f1 (S, I1)

f1

(
S, I∗1,t

)
 f1

(
S, I∗1,t

)
f1 (S, I1)

− I1

I∗1,t



−d2E∗2,t

1− f2 (S, I2)

f2

(
S∗t , I∗2,t

) f1

(
S∗t , I

∗
1,t

)
f1

(
S, I∗1,t

)
 f2

(
S∗t , I

∗
2,t

)
f2 (S, I2)

f1

(
S, I∗1,t

)
f1

(
S∗t , I∗1,t

) − I2

I∗2,t

 .

which is defined and positive function, if min(R1
0 ,R

2
0)< 1[4].

Then

(6.30)

P1(t)≥ (µS−µS∗t )

1−
f
(

S∗t , I
∗
1,t

)
f (S, I1,t)

−d1E∗1,t

4−
d1E∗1,t

f1

(
S∗t , I∗1,t

)
I∗1,t
− f1 (S, I1) I1

d1E1
−

I∗1,tE1

I1E∗1,t
−

f1

(
S, I∗1,t

)
f1 (S, I1)



−d2E∗2,t

4−
f1

(
S∗t , I

∗
1,t

)
f1

(
S, I∗1,t

) − f2 (S, I2) I2

d2E2
−

I∗2,tE2

I2E∗2,t
−

d2E∗2,t f1

(
S, I∗1,t

)
f2 (S, I2) f1

(
S∗t , I∗1,t

)
I∗2,t


−d1E∗1,t

1− f1 (S, I1)

f1

(
S, I∗1,t

)
(1− I1

I∗1,t

)

−d2E∗2,t

1− f2 (S, I2)

f2

(
S∗t , I∗2,t

) f1

(
S∗t , I

∗
1,t

)
f1

(
S, I∗1,t

)
 f2

(
S∗t , I

∗
2,t

)
f2 (S, I2)

f1

(
S, I∗1,t

)
f1

(
S∗t , I∗1,t

) − I2

I∗2,t

 .

From (6.28), L3(t)≤ L3(0)− JαP1(t).

Hence JαP1(t)+L3(t)≤ L3(0) =C∗.

Then by (6.30), Jα(µS−µS∗t )≤C∗ and Jα( I1
I∗1,t
−1)≤C∗.

By Lemma 6.7, we obtain the uniform continuity of µS−µS∗t and ( I1
I∗1,t
−1).

From the Proposition 6.6, we can write

(µS−µS∗t )→ 0 as t→ ∞ and (I1− I∗1,t)→ 0 as t→ ∞.

As result,

S→ S∗t as t→ ∞ and I1→ I∗1,t as t→ ∞.
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From system (4.4) and using the Laplace Transform, we obtain

L (DαE1) = L ( f1 (S, I1) I1)−d1L (E1) ,

λ
αL (E1)−λ

α−1L (E1(0)) = L ( f1 (S, I1) I1)−d1L (E1) ,

λ
αL (E1)+d1L (E1) = L ( f1 (S, I1) I1)+λ

α−1E1(0),

L (E1) =
L ( f1 (S, I1) I1)

λ α +d1
+

λ α−1

λ α +d1
E1(0).

This implies

lim
λ→0+

λL (E1) = lim
λ→0+

L (λ f1 (S, I1) I1)

λ α +d1
+ lim

λ→0+

λ α

λ α +d1
E1(0),

=
f1

(
S∗t , I

∗
1,t

)
I∗1,t

d1
= E∗1,t .

Using theorem 6.8 again, we get lim
t→∞

E1 = E∗1,t .

In order to prove the convergence of I2, we consider another Lyapunov function

L4 : {(S,E1,E2, I1, I2) ∈Ω : S,E1,E2, I1, I2 > 0}→ R as

(6.31)

L4(S,E1,E2, I1, I2) = S−S∗t −
∫ S

S∗t

f2

(
S∗t , I

∗
2,t

)
f2

(
X , I∗2,t

) dX

+E∗1,t

(
E1

E∗1,t
− ln

(
E1

E∗1,t

)
−1

)
+E∗2,t

(
E2

E∗2,t
− ln

(
E2

E∗2,t

)
−1

)

+
d1

β1
I∗1,t

(
I1

I∗1,t
− ln

(
I1

I∗1,t

)
−1

)
+

d2

β2
I∗2,t

(
I2

I∗2,t
− ln

(
I2

I∗2,t

)
−1

)
.

From [25], we obtain

(6.32)

DαL4 ≤ DαS

1−
f2

(
S∗t , I

∗
2,t

)
f2

(
S, I∗2,t

)
+DαE1

(
1−

E∗1,t
E1

)
+DαE2

(
1−

E∗2,t
E2

)

+
d1

β1
Dα I1

(
1−

I∗1,t
I1

)
+

d2

β2
Dα I2

(
1−

I∗2,t
I2

)
.

As above and under hypothesis (H1−H3) and (H5−H6), we have

(6.33) DαL4 ≤−P2(t),
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where

(6.34)

P2(t) =−(µS−µS∗t )

1−
f2

(
S∗t , I

∗
2,t

)
f2

(
S, I∗2,t

)
+d2E∗2,t

4−
d2E∗2,t

f2

(
S, I∗2,t

)
I∗2,t
− f2 (S, I2) I2

bE2
−

I∗2,tE2

I2E∗2,t
−

f2

(
S, I∗2,t

)
f2 (S, I2)



+d1E∗1,t

4−
f2

(
S∗t , I

∗
2,t

)
f2

(
S, I∗2,t

) − f1 (S, I1) I1

d1E1
−

I∗1,tE1

I1E∗1,t
−

d1E∗1,t f2

(
S, I∗1,t

)
f1 (S, I1) f2

(
S∗t , I∗2,t

)
I∗1,t



+d2E∗2,t

1− f2 (S, I2)

f2

(
S, I∗2,t

)
 f2

(
S, I∗2,t

)
f2 (S, I2)

− I2

I∗2,t



+d1E∗1,t

1− f1 (S, I1)

f1

(
S∗t , I∗1,t

) f2

(
S∗t , I

∗
2,t

)
f2

(
S, I∗2,t

)
 f1

(
S∗t , I

∗
1,t

)
f1 (S, I1)

f2

(
S, I∗2,t

)
f2

(
S∗t , I∗2,t

) − I1

I∗1,t

 ,

which is defined and positive function, if min(R1
0 ,R

2
0)< 1.

Then,

(6.35)

P2(t)≥ (µS−µS∗t )

1−
f2

(
S∗t , I

∗
2,t

)
f2

(
S, I∗2,t

)
+d2E∗2,t

4−
d2E∗2,t

f2

(
S, I∗2,t

)
I∗2,t
− f2 (S, I2) I2

d2E2
−

I∗2,tE2

I2E∗2,t
−

f2

(
S, I∗2,t

)
f2 (S, I2)



−d1E∗1,t

4−
f2

(
S∗t , I

∗
2,t

)
f2

(
S, I∗2,t

) − f1 (S, I1) I1

d1E1
−

I∗1,tE1

I1E∗1,t
−

d1E∗1,t f2

(
S, I∗1,t

)
f1 (S, I1) f2

(
S∗t , I∗2,t

)
I∗1,t


−d2E∗2,t

1− f2 (S, I2)

f2

(
S, I∗2,t

)
(1− I2

I∗2,t

)

−d1E∗1,t

1− f1 (S, I1)

f1

(
S∗t , I∗1,t

) f2

(
S∗t , I

∗
2,t

)
f2

(
S, I∗2,t

)
 f1

(
S∗t , I

∗
1,t

)
f1 (S, I1)

f2

(
S, I∗2,t

)
f2

(
S∗t , I∗2,t

) − I1

I∗1,t

 .

From (6.33), we have L4(t)≤ L4(0)− JαP2(t).

Hence JαP2(t)+L4(t)≤ L4(0) =C∗∗.

Then by (6.35), Jα( I2
I∗2,t
−1)≤C∗∗.

By the Lemma 6.7, we obtain the uniform continuity of ( I2
I∗2,t
−1).

From the Proposition 6.6, we can write

(I2− I∗2,t)→ 0 as t→ ∞.

As result,

I2→ I∗2,t as t→ ∞.
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From system (4.4) and using the Laplace Transform, we obtain

L (DαE2) = L ( f2 (S, I2) I2)−d2L (E2) ,

λ
αL (E2)−λ

α−1L (E2(0)) = L ( f2 (S, I2) I2)−d2L (E2) ,

λ
αL (E2)+d2L (E2) = L ( f2 (S, I2) I2)+λ

α−1L E2(0),

L (E2) =
L ( f2 (S, I2) I2)

λ α +d2
+

λ α−1

λ α +d2
L E2(0).

This implies

lim
λ→0+

λL (E2) = lim
λ→0+

λL ( f2 (S, I2) I2)

λ α +d2
+ lim

λ→0+

λ α

λ α +d2
E2(0),

=
f2(S∗t , I

∗
2,t)I

∗
2,t

d2
= E∗2,t .

Using theorem 6.8 again, we get

lim
t→∞

E2 = E∗2,t .

Therefore, lim
t→∞

(S,E1,E2, I1, I2) = (S∗t ,E
∗
1,t ,E

∗
2,t , I

∗
1,t , I

∗
2,t) independently of the initial data in the

interior of Ω. This shows that Et is globally asymptotically stable in the interior of Ω. �

7. NUMERICAL RESULT

This section presents some numerical simulations and discussions of the Caputo-derivative

two strain SEIR model. The proposed fractional model is solved numerically using a gener-

alized predictor-corrector of the Adams–Bashforth–Moulton method [38, 39, 40]. We have

also used the Matlab code fde12.m designed by Garrappa (2011) for the fracPECE itera-

tive scheme. The simulations are conducted with different values of the order of the frac-

tional derivative α = 1; 0.9; 0.8; 0.7. In order to compare the ordinary epidemic model

(when α = 1) and the fractional epidemic model (when 0 < α < 1), the same biological pa-

rameters values with the same initial conditions as [4] are chosen. For different values of

0 < α ≤ 1 and f1(S, I1) = θ1S and f2(S, I2) = θ2S, we illustrated the impact of α on the speed

of convergence towards the different equilibrium states.
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7.1. Disease-free equilibrium stability. To show the global asymptotic stability of the dis-

ease free point, we calculated the basic reproduction numbers of the two strains of our frac-

tional epidemic model and we find that it is the same as [4]. So, we have R1
0 = 0.6 < 1 and

R2
0 = 0.5263< 1. Figure 2 proves that for all different α (when 0<α ≤ 1), the disease is elimi-

nated and the solution converges towards the same disease free equilibrium point (5,0,0,0,0,0)

as [4]. Consequently the numerical results show that when α is smaller than one, S,E1,E2, I1, I2

and R present a slower convergence to the free state of disease, when E1,E2, I1, I2,R towards

to 0. The convergence to the free equilibrium point, when max(R1
0 ,R

2
0) ≤ 1, supported our

theorem 6.9.

7.2. Strain 1 endemic equilibrium stability. In [4], the solution converges towards the Es1 ,

when R1
0 = 11.111 > 1 and R2

0 = 0.3609 < 1. Here, under the same values of the parameters

as [4] and by varying the value of α (0 < α ≤ 1), we show that the convergence of solutions

towards Es1 = (1.8,1.0667,0,0.7111,0,1.4222) becomes slow when α becomes small. For

example, when α = 0.7 in figure 3, we remark a long period of infection with the strain 1 unlike

when α > 0.7. This explains the memory nature of the fractional model.

7.3. Strain 2 endemic equilibrium stability. Figure 4 explains the memory nature of the

fractional model with the strain 2 like figure 3.

7.4. Total strains endemic equilibrium stability. The last endemic equilibrium is charac-

terized by the persistence of the infection with the two strains, when the basic reproduction

numbers R1
0 > 1 and R2

0 > 1. The figure 5 shows the same convergence of the solution as

[4] towards Est = (0.8167,0.5196,0.6757,0.7422,0.9652,1.2806). We see, in figure 5 that, if

α = 0.7, there is a long period of infection with the two strains I1 and I2 unlike when α > 0.7.
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FIGURE 2. Time evolution of susceptible S(t), the strain 1 latent individuals

E1(t), the strain 2 latent individuals E2(t), the strain 1 infectious individuals

I1(t), the strain 2 infectious individuals I2(t) and the recovered R(t) illustrating

the stability of the disease free equilibrium E f with fractional order α ∈

{0.7,0.8,0.9,1}.
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FIGURE 3. Time evolution of susceptible S(t), the strain 1 latent individuals

E1(t), the strain 2 latent individuals E2(t), the strain 1 infectious individuals

I1(t), the strain 2 infectious individuals I2(t) and the recovered R(t) illustrating

the stability of the strain 1 endemic equilibrium Es1 with fractional order α ∈

{0.7,0.8,0.9,1}.
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FIGURE 4. Time evolution of susceptible S(t), the strain 1 latent individuals

E1(t), the strain 2 latent individuals E2(t), the strain 1 infectious individuals

I1(t), the strain 2 infectious individuals I2(t) and the recovered R(t) illustrating

the stability of the strain 2 endemic equilibrium Es2 with fractional order α ∈

{0.7,0.8,0.9,1}.



FRACTIONAL-ORDER TWO-STRAIN EPIDEMIC MODEL WITH GENERAL INCIDENCE RATES 35

0 50 100 150 200 250 300

Time

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

S

alpha=1

alpha=0.9

alpha=0.8

alpha=0.7

0 50 100 150 200 250 300

Time

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

E
1

alpha=1

alpha=0.9

alpha=0.8

alpha=0.7

0 50 100 150 200 250 300

Time

0

0.5

1

1.5

2

2.5

3

E
2

alpha=1

alpha=0.9

alpha=0.8

alpha=0.7

0 50 100 150 200 250 300

Time

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

I1

alpha=1

alpha=0.9

alpha=0.8

alpha=0.7

0 50 100 150 200 250 300

Time

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

I2

alpha=1

alpha=0.9

alpha=0.8

alpha=0.7

0 50 100 150 200 250 300

Time

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

R

alpha=1

alpha=0.9

alpha=0.8

alpha=0.7

FIGURE 5. Time evolution of susceptible S(t), the strain 1 latent individuals

E1(t), the strain 2 latent individuals E2(t), the strain 1 infectious individuals

I1(t), the strain 2 infectious individuals I2(t) and the recovered R(t) illustrating

the stability of the total endemic equilibrium Est with fractional order α ∈

{0.7,0.8,0.9,1}.
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8. CONCLUSION

In this work, we proposed a fractional order two-strain epidemic model with two general

incidence rates. At the beginning some basic results of fractional-order system are recalled.

The positivity and boundedness of solution are proved. Four equilibrium points and the basic

reproduction rate are giving.

After that, the local stability analysis of equilibrium points is proved by applying the (FR-

H) and the global stability of these equilibrium point is established by using (FB) and some

fractional-order Lyapunov like lemma. The (FB) is a power tool for the asymptotic analysis of

the fractional order dynamic.

In the end, some numerical simulations are giving to support our theoretical results and explain

the impact of α in the model. Thus, our model fractional is more realistic than the ordinary

model.
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