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Abstract. Side effects from antiretroviral drugs (ARVs) over time, present a major challenge to individuals on
treatment and is a major cause of dropouts from treatment programs. The provision of treatment for infected indi-
viduals varies depending on their levels of affordability in many developing countries. In this paper, we formulate
a mathematical model to determine the impact of dropouts on the dynamics of HIV/AIDS which depends on dif-
ferent health care systems. We categorize the health care systems into two, private and public with the dropout
rates being dependent on the health care system. The model’s steady states are determined and their stabilities
presented in terms of the reproduction number R,. Numerical simulations are carried out and results suggest that
the management of dropouts is significant to the dynamics and management of HIV/AIDS. The role of essential
parameters is also investigated through sensitivity analysis that employs the Latin Hypercube Sampling technique.
The results have implications to the management and policy designs with regards to health care systems, dropouts
and disease progression.
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1. INTRODUCTION

The world is faced with a diverse number of health problems in which the human immun-
odeficiency syndrome (HIV/AIDS) is one of the leading global health problems [3, 5]. The
rate at which HIV infection has been spreading and the mortality due to the disease over the
years have led to significant medical and scientific research [3]. According to the global HIV
statistics, 76.1 million [65.2 — 88.0 million] people have become infected with HIV and 35.0
million [28.9 —41.5 million] people have died from AIDS-related illnesses since the start of
the epidemic. As at 2018, 37.9 million [32.7 million—44.0 million] people globally were living
with HIV, 1.7 million [1.4 million-2.3 million] people became newly infected with HIV and
770 000 [570 000—-1.1 million] people died from AIDS-related illnesses [1]. National Institute
of Allergy and Infectious Diseases (NIAID) has helped in fostering and promoting the devel-
opment of highly active antiretroviral therapy (HAART) that has led HIV infection from being
fatal to a chronic condition that can be managed [8, 9]. As a result of HAART, an HIV infected
person can live a near-normal lifespan if they start the antiretroviral treatment early regardless
of the CD4 count [7, 12]. The use of antiretroviral treatment will slow down the progression
of HIV to AIDS [10, 11, 13]. Globally, 20.9 million people are on antiretroviral therapy as of
2017 and AIDS related deaths have fallen by 48% since the peak in 2005 [1].

Health care systems can be categorized into two, in many of the developing nations; private and
public health care systems. Private health care is provided by institutions other than the govern-
ment in order to meet the health needs of the people that can afford it, while public health care
system is provided or funded entirely by the government [38]. Public health care, apart from
the fact that the services rendered to people are free (or almost free) in most countries, it has
some disadvantages. People who go for public health care often experience long waiting peri-
ods before they are attended to, the facilities are sometimes old and poorly managed, the quality
of care is poor and there is poor disease control and prevention [37]. Private health care, on the
other hand, can largely transform these negative experiences by providing better facilities and
extended care [37]. Therefore, the majority of people who can afford prefer to turn to private
health care because of its accessibility, availability, and convenience of services[39, 40]. Care

is essential to individuals living with HIV/AIDS, but when the care is limited, it can contribute
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to dropouts from the treatment. As a result, private health care has less of dropouts when com-

pared to public health care.

Zimbabwe has been grossly affected by HIV over the years, with the first reported HIV infec-
tion case in 1985 [22]. In 2012, the Zimbabwe Demographic and Health Survey (ZDHS) had
a national estimate of HIV prevalence at 15% [21]. Despite the fact that HIV/AIDS is a severe
epidemic, prevalence has begun to show signs of decline in Zimbabwe, albeit the country is still

ranked among the top 10 HIV-infected countries in the world [34].

The importance of staying on the ARV treatment has been highlighted by many researchers,
see for instance [14, 18]. Despite the advocacy and media campaigns on the need to stay on
treatment once started, patient dropouts are still being recorded especially in resource con-
strained communities. Schilkowsky et al [15] investigated factors associated with HIV/AIDS
treatment with dropouts.They considered two models in which health care dropouts was con-
sistently associated with being unemployed or having an unstable job, using illicit drugs and
having psychiatric background and having used multiple antiretroviral regimens. Su et al cite16
also considered dropouts in their model as a result of loss of treatment follow-up from the health
care system. Chikomo [17] considered dropouts as a result of death and loss of follow-up from
the health care system for Warren Park Poly Clinic in Harare, Zimbabwe. In this paper, the
model is extended by including a class of those that drop out of treatment and inclusion of dif-

ferent health care systems.

We consider side effects of antiretroviral drugs as the driving force behind dropouts. Side effects
to ARV drugs can arise as a result of taking drugs for a longer period of time, other medications
interacting with HIV drugs and non-adherence to an ARV treatment plans [42, 43]. Therefore,
we assume that dropouts from private and public health care systems respectively are influ-
enced by the side effects of the antiretroviral drugs. In this work, we develop a deterministic
mathematical model that describes the dynamics of HIV/AIDS with the aim of investigating the
impact of different health care systems and dropouts on the dynamics of HIV/AIDS, in which

side effects of ARV drugs is assumed as the propelling force that causes the dropouts.

This work is arranged as follows: In the next section, the model is formulated. In section 3,
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the basic properties are detailed and in section 4, the model equilibria and their global stability
are respectively investigated. In section 5, the numerical simulations are carried out. The paper

ends with some discussions and conclusions in section 6.

2. MODEL FORMULATION

Following many of the compartmental model formulations, we partitioned the entire popu-
lation into seven classes or compartments. The susceptibles, S(¢) which are those at risk of
getting infected at any time ¢; the infectives, /() are those infected with the HIV virus; 77 ()
represents, those on antiretroviral therapy in a private health care system; 75 (¢) represents, those
on antiretroviral therapy but in a public health care system; D1 (), the dropout from antiretro-
viral therapy in the private health care system; D,(¢), dropout from antiretroviral therapy in the
public health care system; and A(z), those with full blown AIDS, whom we assume, once they
are in that class the health care system to which they came from is immaterial. Thus, at any

time ¢ > 0, the total population size is given by
(1) N(t)=8(t)+1(t)+Ti(t) + To(t) + D1 (t) + Da(t) + A(2).

Susceptible individuals S(z) are recruited at a rate 7, through births and immigration. Individ-
uals in all classes die naturally at a rate y. Susceptible individuals acquire HIV infection at a

rate A, referred to as the force of infection, such that

3 = BU@O+mMTi (1) + mTa(r) + M3D1 (1) + Do (1) + 15A(1))
N )

2)

where 1;, i = 1,2,3,4,5, are modification parameters to infectivity of all the other classes rel-
ative to I. The parameter f3 is the effective contact rate i.e the contact that results in infection
per unit time. We shall assume that 1;,7m; € (0, 1] due to the effect of treatment in reducing
the spread of HIV while 13, 14,15 = 1 due to increased viral loads as a result of dropping out
from treatment programs and development of AIDS. The rate at which infected individuals are
absorbed into treatment is ¥ with a proportion p moving into private health care and the remain-
der move into public health care. Those that are not screened for the disease will eventually
progress to the AIDS class at a rate o. Individuals in both treatment classes can drop out of

treatment as a result of side effects of the drugs or non compliance.
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Functional responses have been used to model human behavior, see for instance [23, 35]. One
functional response proposed by Njagarah [23] has been used to model person-to-person contact
in cholera transmission. Here we propose to use a similar functional response f(&) that denotes
the side effects of ARV drugs. It is plausible to believe that the dropout rate will increase with
increased levels of side effects. We assume that individuals that drop out, return to treatment
in their respective categories in relation to the health care system they can afford. We also as-
sume that individuals do not change their health care systems. We argue that individuals access
the type of health care, especially HIV treatment, depending on their level of affordability. In
this model, we propose a dropout function that is dependent on the side effects of antiretroviral
drugs. We suggest a function of the form

q
©) /&) = %

where ¢ is the shape parameter and g > 1 for the dropout rate to be sigmoidal, k is the half
saturated constant, @y is the minimum dropout rate, @, iS the maximum dropout rate, &;,
i = 1,2 denotes the side effects level of the antiretroviral drugs, with f(&;) < f(&). A typical

example of curve that depicts the change in the dropout rate is shown in Figure 1.

f(o 4

T g ®max

FIGURE 1. Dropout rate as a function of side effects level for people on an-

tiretroviral drugs.
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The drop out rates are modelled by the function (3). We allow the drop outs to re-enter
treatment programs at rates 6 and 6, for the private and public health care systems respectively
although at different rates. Individuals under treatment in the private and public health care
systems eventually develop AIDS at rates o, and o respectively. Those who drop out will also
develop AIDS at rates o4 and o5 for the private and public health care systems respectively. We

assume a disease related mortality 0 for those in the AIDS class.

The model description presented is visualized by the model diagram in Figure 2. The model

a,l

a,Ty
[LHPY

T uD,

f(8,) Ty
py!
T1 4D,

(1-p) vl

M M (+8)A

FIGURE 2. The flow diagram showing the HIV/AIDS infection dynamics

can be described by the following set of nonlinear ordinary differential equations (4)

ds )
dl
“o _ - I
- AS—(u+ o+ ),
dT
d_tl = ypl—(u+ o+ f(&))T + 61Dy,
dh
dD
_dtl = f(ENTI — (u+ 61 +0y)Dy,
dD
dt2 = f(&)h—(h+62+05)D,
dA
= altali+oh+aD+0osD;— (1t d)A,
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with initial conditions S(0) = So, 1(0) = Iy, 71(0) = Tj(0)> T2(0) = T(0)
D1(0) = Dy(g), D2(0) = Dy(g), A(0) = Ao, where we assume that all the model parameters are

positive.

3. BASIC PROPERTIES
3.1. Positivity of solutions. It is important to show that the solutions of system (4) remain

positive for any given non negative initial conditions for all # € [0, o).

Theorem 3.1. Given that the initial conditions of the model system (4) are S(0) > 0,1(0) >
0,71(0) > 0,72(0) > 0,D;(0) > 0,D,(0) > 0,A(0) > 0. The resulting solutions are all non-

negative for all t € [0,00).

Proof. It follows from the first equation of the model system (4) that

ds
m =n—(A+u)S>—(A+pu)s.
Therefore
5 —S >—(A+u)s
dt — )3

Integrating both sides of equation (5) gives

S(1) > S(0)exp { /O A+ /.L)dt} > 0.

Hence S(¢) is always positive for S(0) > 0.

Similarly, from the second equation of the model system (4), we obtain

dl

ar =AS— (a1 +pu+yI=>—(u+u+7y)l,

whose solution is given by

1(t) > 1(0)e™ (B THHY) > 0,
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Similarly, it can be shown that the state variables 77 (0) > 0,7>(0) > 0,
D1(0) > 0,D,(0) > 0,A(0) > 0, for all > O respectively.

This completes the proof. U

3.2. Invariant region.

Theorem 3.2. The set Q = {(S,I, T1,13,D1,D2,A) ERL[0 <N < %} is

positively invariant as a globally attractive set of model (4).

Proof. The rate of change of the total population given by

(6) %]:n—,uN—éAgﬂ—uN.
Solving equation (6) gives
T T
(7) N(t §—+(NO——)e_‘”.
(7) i (0) "

74 .
It is important to note that if N(0) < m then N(z) < This implies that the set Q is a

= =N

T n
positively invariant set for model (4). On the other hand, if N(0) > m then limN(r) = m So

t—roo
the set Q is a globally attractive set for the model (4). 0

4. MODEL ANALYSIS

4.1. Model equilibria. In this section we consider the model equilibria found by setting the

right hand side of model system (4) to zero so that

(8) m— (A" +p)S* =0,

) A'S*— (g +u+y)I =0,

(10) voI" — (n+ o+ f(&))T7 + 6:D1 =0,
(11) YA =p)" = (L+ o3+ f(&))T; + 6:D3 =0,

(12) F(E)T — (61 + 1+ ou)D} =0,



IMPACT OF DIFFERENT HEALTH CARE SYSTEMS AND DROPOUTS

(13) f(&)Ty — (6, +u+o0s5)D; =0,

(14) all*—l—(Xle*—|—O£3T2*—|—OC4DT—|—OC5D§—(‘LL—|—5)A* =0.

From equation (12) we have

* f(gl)Tl* * f(él)
15 Di=——"""——_ =y T, where yj = —————"——.
(> TR A R = v e+ aa)
Equation (13) gives
* f(€2)T2* * f(éZ)
16 D, =-——"""=_=y,T,, where yp = ————"——
(10 > (u+6,+as) vaha V2 (U+ 62+ o)
Substituting equation (15) into (10) we have
‘ vol* :
17 T = =yl
(a7 P (u+ oot (&) - 0w) va
with
P 61/ (81)

where ¢ =

‘V3=(

o+ f(E))(1—¢1) (H+61+ou)(p+o+f(&1)

Substituting equation (16) into (11) we have

(1% P T W+ fE) 6w

with

621 (&2)
(L+6405)(u+ 03+ f(&))

y(1—p
p+os+f(&))(1—¢2)’

Substituting equation (17) into (15) we have

Yy = ( where, ¢ =

(19) Di = yysl* = ysl*,
where
ys fE)rp
Tt o tan)(pt ot fEN)I )

Substituting equation (18) into (16) yield

(20) D5 = yoyul* = yel™,
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where

f(&)y(1-p)
LA+6+o0s)(u+oz+f(E))(1—¢)

Wéz(

Substituting equations (17), (18), (19) and (20) into (14) gives

. (a1 + Y3+ s+ s ys + os Yo ) B .
(21) A" = (L+9) =yl
where
v = (01 + W3 + 0 Ys + 04 s + 05 W)
(L+0) ’
1 0Yp asy(1—p)
T MUt e @) (et at/&)
f(&)ouyp f(&)oasy(1—p)

(1=01)(1+61+ou)(u+o+f(&1)) " (1=¢)(u+6+05)(u+o3+f(E))]

Substituting equations (17), (18), (19), (20) and (21) into (2) we have

4= UL mys + My +M3Ys + MaYo +nsy7) _ ysl”

22 =
( ) N* N* ’

where

Vg = B(1+My3+MWs+N3YWs + NaWs +1N5Y7).

Substituting equation (22) into (9) we have

S*
N —(uty+an) I =o0.
N
We thus have
S* 1

N* Vs Ro

Note that, R, is the model reproduction number. We thus have

(24) Ro = Ri+ Ry, + Ry, +Rp, +Rp, + Ry,
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where

B Bniyp

RI:(M+7+061)’ R (m+oo+f(E))A—d)(u+y+a)

Ry — Bnay(1—p)
Pt et (&) —g)(uty+on)

Rp. — Bnsf(S)vp
(U6 o) (1o (uty+on)(p o+ f(61)
Rp, — Bnaf(&)y(1—p) Roe L _
Po(ut 6 tas)(1 =) (u+y+a)(utoz+f(E)) (u+96)
{ Boins Bf(&1)asypns N
(m+y+a) (I—=¢)(u+y+a)(u+oo+ (&) (u+6+ o)
Bozy(1—p)ns Booypns

(= 02)(u + vt o) (it ost 7(&) | (1o +y+on)(utoat (&)

Bf(&)y(1—p)ns ots
* ((1—¢2)(M+7+061)(N+a3+f(§2))> . ((u+92+065))} '

The basic reproductive number R, generated in equation (24) can be define as the average

number of secondary infections caused by an infectious individual during the period of
infection[24]. In epidemiology modelling the purpose of basic reproduction number is to
give conditions necessary for the eradication and elimination of the disease [33]. The method

proposed in [24], [25] can also be use to derive fR,.

If I* = 0 then from (8) we have §* = g A back substitution of I* = 0 into (17), (18),

(19), (20) and (21) results in the disease free equilibrium
Eo = (E,o,o,o,o,o,o).
u
Substituting equations (17), (18), (19) and (20) into (1) we have;

(25) N=S"+(14+y3+ys+ s+ ye)I* =S+ yol”,
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where

Vo= (1+y3+ys+ys+ ye).

Substituting equation (25) into (23) we have

* 1 * —1
(26) S—:_jl*zm‘
S*+yol* R, Vo

Substituting Egs. (22), (25) and (26) into (8) we obtain

St = , =
(Mo — Dy +uRowo (Mo — Dys + uRo v

Substituting 7* into (17), (18), (19), (20) and (21) we have the following

T* — wt(Ro — 1)R, T (R — 1R,
LT (R Dys+uRoys’ 2T (Ro— s+ uRoye’

D — WUsT(Ro — 1)NR, Dt Ve (Mo — 1R,
1 — 9 2 = s
(Mo — Dy +uRowo (Mo — Dyg +uRowo

(Ro — 1)‘/’84‘“9{0‘//9.

The expressions (S*,I*,T}",T,',D},D3,A*) give the endemic equilibrium E;. Note that if

R, = 1, the endemic equilibrium collapses to the disease free equilibrium. We thus have the

following theorem on the existence of the endemic equilibrium.

Theorem 4.1. If R, < 1, model (4) always has a disease free equilibrium Ey. If Ry, > 1 the

model has a unique endemic equilibrium E|.

4.2. Global stability of the equilibria. In this section we prove the global stability of our

equilibria Ey and E|.

4.2.1. Global stability of the disease free equilibrium.

Theorem 4.2. The disease free equilibrium of the model system (4) is globally asymptotically

stable in Q if Ry, < 1 and unstable otherwise.

The proof of the theorem is given in A.
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4.2.2. Global stability of the endemic equilibrium. To prove the global stability of the en-
demic equilibrium, we make an assumption that the population does not change over the mod-
elling time. That is,
T = UN + 6A holds. This assumption is made for mathematical tractability and may not be

reflective of what would happen in reality especially in developing countries.

Theorem 4.3. The endemic equilibrium of the model system (4) is globally asymptotically stable
in Qif T = uN + 0A and R, > 1.

The proof of the theorem is given in B.

5. NUMERICAL SIMULATIONS

In this section, to illustrate the dynamic behavior of model system (4), simulations are carried
out in Matlab by using the range of parameters in Table 1 which are also used for the data fitting.
We determine the population of dropouts from treatment when the reproduction number ‘R, is
greater than one and when it is less than one. A few parameters are known. The unknown
parameters are therefore estimated. Therefore, it is important to carefully study the disease
dynamics, putting into consideration individual differences, location, social-economic status
while selecting parameter values. Our focus is on Zimbabwe given that the model will be
validated using data from Warren Park in Zimbabwe. The death rate 4 = 0.016 was calculated
from the life expectancy in Zimbabwe which was taken to be 61.16years [27] given that the
model will be validated using data from Zimbabwe. We used the following initial conditions
for the classes in model system (4): S(0) = 59840, 1(0) = 10, T;(0) =6, T,(0) =5, D1 (0) =4,
D,(0) =6, A(0) = 0. The values of the initial conditions were hypothetically chosen based on
the HIV prevalence rates in Harare, Zimbabwe [28], considering the population of Warren park

in Harare, Zimbabwe [29] and the data collected from Warren park polyclinic in Zimbabwe.

5.1. Application of the model to data from Warren Park in Zimbabwe. In this section,
we fit the model system (4) to the data of individuals that dropout from treatments which was
recorded from Warren Park from (2000 —2017). Warren Park polyclinic in Harare, Zimbabwe,
is one of the clinics that treats HIV/AIDS patients. The Ministry of Health in Zimbabwe clas-

sified Warren Park as a Level 5 clinic (the highest ranking when it comes to data quality). The
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clinic has the Electronic Patient Monitoring System (EPMS) that contains information of all
HIV/AIDS-related patients since 2000. For data fitting, parameters that give the best fit were
estimated with the use of Least Square method in Matlab, where the other parameters were
estimated by assigning upper and lower bounds. The coefficient of determination R? (which is
used to determine how well the model fits the data) is 0.773, this implies that the model fits the

data reasonably well.

From Figure 3, the results show that the total number of people who dropout of treatments each
year in Warren Park, has been increasing. This also shows that, each year there is always a
record of individuals that are on ARV drugs that drop out of treatment, a clear indication of the
consistent data recording. Therefore, strategies must be put in place to make individuals that
dropout of treatment return back to treatment. Please note that the data use does not differen-
tiate between private and public health care systems. Therefore, in the model fitting, we added

together both the private and public health care systems.

800

Model
700 - O Data

600 r

500 r

400 r

300 r

200 r

100 r

Total Population of Dropouts from Treatments

I ' ' ' ' '
2000 2002 2004 2006 2008 2010 2012 2014 2016

Years (Time)

FIGURE 3. Model system (4) fitted to data for individuals that dropout from
treatment from (2000 — 2017). The solid line indicates the model fit to the data

and the circles indicate the actual data.
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TABLE 1. Range of values used for the parameters and the estimated values that

give the best fit. Units are year—! with R* = 0.773

Parameter Description Range Source
T Recruitment (2000 - 2500)  Estimated
u Natural mortality rate 0.016 [27]

Y Rate at which I proceed to T} and 7> (0-0.6) Estimated
p Proportion of y to 71 and 75 (0.1-0.73) Estimated
o Progression rate to AIDS from infected individuals / (0.05-0.2) Estimated
[0%) Progression rate to AIDS from Tj (0-0.5) Estimated
o3 Progression rate to AIDS from 7> (0.0998 - 0.4) Estimated
oy Progression rate to AIDS from D) (0.001-0.7)  Estimated
Qs Progression rate to AIDS from 7> (0.001 - 0.090) Estimated
0, Rate at which D move back to T 0.02 - 0.099 Estimated
6, Rate at which D, move back to 75 (0.05-0.099) Estimated
f&) Rate at which T} move to Dy due to side effect of ART (0-0.06) Estimated
f(&) Rate at which 75> move to D, due to side effect of ART (0-0.069) Estimated
B Effective transmission rate (0.1-0.8) Estimated
m Relative infectivity due to 77 class (0.1-0.5) Estimated
m Relative infectivity due to 75 class 0.15-0.7) Estimated
3 Relative infectivity due to D class (1-1.05) Estimated
N4 Relative infectivity due to D, class (1-1.08) Estimated
ns Relative infectivity due to AIDS class (1-1.10) Estimated
o Disease induced death rate (0.001-0.07) Estimated

5.2. Time series plot of the classes in model system (4). In Figure 4, it can be observed
that model system (4) approaches a stable disease free state when reproduction number R, =
0.0496. The time series plots for the infected and dropouts reduce to zero asymptotically. The
same trends are depicted for the treatments and AIDS compartments. Also, Figure 4 shows that
the model system (4) is at a stable endemic state when the reproduction number R, = 5.1739.
The infected and dropouts compartments increases due to the fact that the disease persist in the

population.
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FIGURE 4. The result of simulations of the dynamics of model system (4) for
the estimated parameter values w = 2413,u = 0.016,y = 0.1501,p = 045,0; =
0.0412,0p =0.0114, 03 =0.0319, 04 = 0.0521, o5 = 0.068, 6, = 0.076,6, =0.071,p =
0.45,8 =0.043, f(&) =0.021, f(&) = 0.034,1; =0.257,1m2, = 0.345, 113 = 1.016, 14 =
1.03,15 = 1.04. When 8 =0.313, R, = 5.1739 and when 8 =0.003, R, = 0.0496. The

value of R, > 1 describes an endemic state and R, < 1 describes a disease free state.

5.115

511
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5.08 L . . L
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FIGURE 5. R, as a function of side effect level of people on ARV drugs in the private
health care system. The rest of the parameter values are: @, = 0.7, @y = 0.1, k =
0.1,g=0.6, 1 =2412,u =0.016,7=0.098,p =0.45,04 = 0.0412, 0, = 0.0214, 03 =
0.0312, 4 = 0.0521, 5 = 0.052,6, = 0.076,6, = 0.071,p = 0.45,6 = 0.043, f (&) =
0.021,m; =0.257,1m, = 0.345,13 = 1.016,1n4 = 1.03,15 = 1.04, 3 = 0.313.
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FIGURE 6. R, as a function of side effect level of people on ARV drugs in the
public health care system. The rest of the parameter values are: @y, = 0.9,
=02, k=0.1,g =06, 7 =2412,u = 0.016,y = 0.098,p = 0.45, 01 =
0.0412,00 = 0.0214, 03 = 0.0312, 04 = 0.0521, s = 0.052,0, = 0.076,0, =
0.071,p = 0.45,6 = 0.043, (&) = 0.021,m; = 0.257,1, = 0.345,13 =
1.016,n4 = 1.03,15 = 1.04, 8 = 0.313.

Figures 5 and 6 are obtained by replacing the estimated values of /(&) and f(&,) respectively
with the functional response f(&;) in the expression in (3) for variables &; and &. In Figure
5 it is observed that there is an inverse relationship between R, and &;, this shows that as the
side effect level of people on antitroviral drugs increases, the reproductive number increases.
Also, Figure 6 shows an inverse relationship between R, and &,. Therefore, it is important
to reduce the toxicity of ARV drugs so as to reduce it’s side effects on infected individuals on

antiretroviral treatment. This will in turn help in fighting the AIDS epidemic.
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FIGURE 7. Potential number of dropouts over time, which is the population that

dropout from private and public health care systems respectively with @, = 0.5

and wy = 0.01.

In Figure 7, the impact of the dropout rate parameters f(&;) and f(&;) due to side effects of
the antiretroviral drugs on the infected population under treatment was investigated. It was
paramount to know how side effects affect the dropouts in order to design interventions on
how to reduce them. The shaded area in Figure 7 represents the potential number of dropouts
over time. As side effect increases, the number of dropouts from treatment classes increases
significantly. In such a scenario, we are able to see the impact of side effects on the number of

dropouts.

5.3. Sensitivity analysis. Sensitivity analysis is the study of how the changes in parameters
or variation in parameter inputs in a model system can lead to response in the output [30]. We
use sensitivity analysis to show which parameter has a great effect on the reproduction number
R, either with a positive or negative correlation [2]. Sensitivity analysis also enables us to
know important parameters that are capable of altering the value of the output or that can cause
a change in the structure of the model [31]. We use the Latin Hypercube Sampling (LHS)
method. In this work, we estimated the effect of variation of parameters to the sensitivity of
the reproduction number R, using Matlab. This enabled us to determine the impact of each

parameters in model system (4) on a chosen outcome variable.
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The estimated range of parameters used for the simulations are found in Table 1. Parameters
with positive sensitivity indices imply that there will be increase in the reproduction number R,
whenever they are increased (positive correlation) while parameters with negative sensitivity

indices imply the opposite.

From Figure 8, it shows that positive correlation exists between R, and f(&;), also positive
correlation exists between R, and f(&;). It indicates that side effects of antiretroviral drugs
play an important role in increasing the epidemic and hence adequate measures must be put in

place to reduce the side effects of the ARV drugs so to reduce the rate of dropout from treatment.

Also from Figure 8, it can be seen that negative correlation exist between ‘R, and 7, 8, 6,. This
implies that treatment intervention that has been put in place should be sustained and drop outs
should be traced and encouraged to move back to treatment programs for the control of the

epidemics.
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5.4. Effects of varying 0, 6, (&), f(&) on the dynamics of the dropout compartments.
In order to determine the effects of 6y, 6>, f(&1), f(&>) on the dynamics of the dropouts of the
model system (4) we varied the parameters and explored how the time series plot change as the

parameters change. The results of the simulations are shown in Figs. 9 and 10.

Figure 9 shows that as 6, and 6, increases, the population of D; and D, decreases respectively.
This implies that when the rate at which people move back into treatment after dropout in-
creases, then the reproduction number ‘R, decreases. So it is very expedient that individuals

that dropout from treatment be encouraged to move back to treatment so as to control the dis-

ease escalation.

Figure 10 shows that increasing f(&;) and f(&,) increases the number of D and D, individuals.
This imply that when side effects to ARV drugs increases, individuals that dropout of treatment
increases which also in turn makes the reproduction number ‘R, to increase. As a result ad-
equate efforts must be put in place for individuals on ART to adhere to treatment in order to

reduce side effects. Also tips on managing side effects should be emphasized in order to avoid

people from dropping out of treatment.
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are varied as shown.
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FIGURE 10. Variation of the model system (4) time series plots when f(&;)

and f(&,) are varied.

Contour plots in Figure 11 are used to ascertain the relationship between some selected pairs
of parameters and ‘R,. Figure 11 shows that when both 8; and 6, (rate at which individuals
that dropout of treatment return back to treatment) are increased, they decrease the reproduc-
tion number R,. Biologically, moving back to treatment after dropout has a positive impact
on the reproduction number R,. However, from Figure 11 when both f(&;) and f(&) (side
effects to ART) are increased, the reproduction number increases. Also, we can notice that the
reproduction number R, increases significantly as side effects increases. Therefore, we can
conclude that the rate at which individuals dropout from treatment is a major concern for the
health policy makers. Thus, adequate public health measures such as sensitizing individuals on
ART and managing side effects should be escalated in order to control people from dropping
out of treatment, so as to control HIV/AIDS. We note from Figure 12 that as 7y increases the
reproduction number decreases. This is an indication that a lot of efforts must be made so as
to increase compliance to treatment which is already in place and to enroll more people living
with HIV/AIDS into treatment and also to encourage individuals not to drop out from treatment

in Warren park, Zimbabwe in order to reduce the burden of the disease.
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6. CONCLUDING REMARKS

In this paper, we propose a deterministic model for HIV/AIDS. We included the treatment
of individuals with respect to the type of health care system (private or public) in which
they are enrolled. Dropouts from treatment are as a result of side effects to ARV drugs. We
explicitly computed the steady states: the disease-free and endemic equilibrium points of the
model system (4). The basic reproduction number R, was obtained from the analysis of the
steady states. Apart from proving the existence of the endemic state of model system (4), we
also established theorems that provide the global stability of the disease and endemic states.
Lyapunov functions are presented to prove the global stabilities of the disease-free and endemic
equilibrium points of the model system (4). The results show that disease-free equilibrium
point is globally asymptotically stable for $R, < 1 and endemic equilibrium is globally stable
for R, > 1. The global stability result suggests that the model has a forward transcritical

bifurcation as shown in Figure 13.
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FIGURE 13. Forward transcritical bifurcation for Ry.

Simulations were carried out to track the dynamics of the model system (4) at both the disease
and endemic equilibrium points. The results obtained from the sensitivity analysis enable us to

determine the parameters which have a significant impact on the disease. Sensitivity indices
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were obtained for various parameters. We note that reducing parameters with positive signs of
their sensitivity indices reduces the reproduction number R,. Therefore, interventions should
target on reducing such parameters. The sensitivity analysis and numerical results also show
that the side effects of ARV drugs have a positive correlation with the reproduction number
R,. This implies that decreasing side effects of ARV drugs decreases 2R,. Therefore when
side effects to ARV drugs decrease, individuals that drop out from treatment also decreases and
individuals that are in treatment increases, thus reducing the transmission of the disease. This,
in turn, also will reduce the rate at which individuals develop AIDS and as a result help in
the control of the disease. Thus, when the number of individuals that return to treatment after

dropout increases, this will in turn help in reducing the reproduction number ‘R,.

The model system (4) was fitted to data of individuals that drop out of treatment in order to
see the trends of individuals that drop out of treatment as shown in Figure 3. This implies that
individuals will dropout from treatment if the situation remains as it has been before 2017. If
adequate measures are not put in place, the effective transmission rate f will increase which
will lead to an increase in the reproduction number R, in Warren Park, Zimbabwe. Also,
the modelling framework presented in this paper suggests that data from the private and public
health care system should be presented separately for the sole purpose of monitoring HIV/AIDS
in both systems. It is, however, important to note that most of the data collected are donor-

funded and as such, donors deal directly with the public health care systems.

In conclusion, in this study increase in side effects of ARV drugs could bring about an increase
of individuals that dropout from treatment, which will have a great impact on the dynamics of
HIV/AIDS. However, getting individuals that dropout to move back to treatment could be of
great help in the control of HIV/AIDS epidemics. Also, the type of health care system that
individuals are receiving treatment plays a great role in the drop out of the infected individuals
from ARV drugs. Therefore, interventions on how to manage side effects must be implemented
so as to encourage individuals that drop out of treatment to move back. As a result, helps to

fight against the HIV/AIDS epidemic.

In this work, there are some limitations. The majority of the parameters are estimated. We had

to use an iterative method using Matlab in order to get an estimated value for the parameters
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as a result of the fact that there is no availability of published data on the parameters. We use
data from just one clinic but data from both private and public health care systems could give
a better estimate of our parameters. Also, the model we use does not put into consideration
vertical transmission and direct recruitment into infected class. In addition, the drop out rate
may not necessarily be constant throughout the epidemic period. Stochasticity that can be
attributed to the side effect level of people on ARV drugs could also have an influence on the
pattern of the infection. Therefore, considering a stochastic approach could give a better picture

of the dynamics of the dropout classes.

APPENDIX A. PROOF THEOREM 4.2

Proof. Let us consider the following Lyapunov function

27 V=I14viTi +WTh +Vv3D| 4+ V4Dy+ Vs5A,

where v;,i =1,--- 5 are positive constants that will be determined.

Differentiating equation (27) with respect to ¢ gives

(28) V=I+ VlTl + V2T2 + V3D1 + V4D2 + V5A.

Substituting (4) into (28), we have

V=AS— Qi+ Vvi[ypl — Q:T — 1+ 6D — 1]+ va[y(1— p)I — O3T> + 6D, ]+
V3[f(&1)T1 — QaD — 1]+ v4[f(&2) To — QsDa] + vs[oul + 0Ty + a3T> + ouD +

(29)  osDy — Q6A],
where

OQr=p+ar+y, =put+a+f(&) OB=u+to+f(&),

Qs=p+6+ay Qs=p+6+as, Qs=p+0.
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Substituting equation (2) into (29), gives

m]\[;S —vi02+v3f(&1)+

miBS

V= {% —Q1+viyp +Vva(¥(1—p)) +v5a1} 1+ {

MBS
N N

s
30)  vsou] D)+ {ﬂ+v292 —v4Q5+v5oc5} Dyt [ns]\lj

+v10; — v304+

vsap] T + { — W03+ vaf (&) +V5063} T, + {

- V5Q6} A

N
From equation (7), we know that 5 < 1. Substituting it into equation (30) gives

B vivp  wa(v(1-p)) Vsal_} _
V<0 {Ql o; + o + 0, L I+[mB —vi02+vsf(&1)+

V5] Ty + (M2 — V203 + vaf (&) + Vs3] To + 3B + V101 — V304 + Vsou] Dy +

(31) (NaP + V260, — v4Q5 + vs05] Dy + s B — vs Q6] A

Solving for v;,i =1,---,5 so that the coefficients of 71,75,D1,D,,A are zero, we have
vy — B[O4(Qemi + 02ms) + f(&1)(QsM3 + 0uns)] Ve = Bns
Q6[0204 — f(&1)61] ’ Os
v, — POs(Qem> + a3ms) + /(52) (D674 + 0575 )]
Q6[Q305 — f(&2) 6]
vy = B[O2(06n3 + 0uns) + 61 (QsM1 + 02Ms)]
Q6[0204 — f(&1)61] ,
vy — B[O3(Q6MN4+ 0s5Ms) + 62(Q6M2 + 0375)]

06[0305 — f(&2)6,] ,

Substituting the expressions for Vi, v, V3, V4, Vs into (31) gives

V < Q1[(R1+ Ry, + Ry, +Rp, + Rp, + Ra) — 1]1,

=01(Ro—1)I.

Note that V < 0 for R, with a strict inequality when $R, < 1. So the largest invariant set of
d
d: =01is (0,0,0,0,0,0). By Lasalle’s invariant principle from [36], we conclude that model
(4) is globally asymptotically stable at Ey. This result means that the disease dies out eventually

regardless of the initial states of the system. U
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APPENDIX B. PROOF THEOREM 4.3

Proof. Lets consider equation (8) - (14) at steady states, so that

(32) T=A"S"+us*,
(33) (o +p+7)=——,
_'}/pl* 91D>]k
(34) (ﬂ+a2+f(§l))— Tl* Tl* )
1—p)I* 6,D;
65) (-t (&) = WP, 08
2 2
T>(<
(36) (61 + 1+ o) = f(i#
1
(37) (92+.U+O¢5):f(§)#,
2

ol Ty  osTy oD}  osD;

(38) (‘Ll + 5) = A* A* A* A* A* '

Let us consider the following Lyapunov function

V= (S—S*lnS) + T (I—I*lnl) —i—Tz(T] — Tl*lnT1) +T3(T2—T2*IIIT2)+

39) T4(D1 — DT h’lD]) + T5 (D2 — D; lnDz) + T6(A —A* lnA),

where 7;,i =1,---,6 are constants to be determined.

Differentiating V with respect to time (¢) yields

V= (I—S—*)S+Tl (I—E)H—Tz (I—T—l*) T+ 13 <1—T—2*) T+
S i T T
DY\ - D} - AR
(40) 74(1—E>D]+T5<1—D—2)D2+T6(1—X)A
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Substituting the expressions for S,7,Ti,T>,D,D>,A from the model system (4) into (40), we

have

*

V= (1—%*) (r—(A+u)sS)+1 <1—17> AS—(a+p+7)+1 (1—?—1:)

*

(Yo — (1 + 0+ FEN)T; +61D1) + 75 (1 - %) (71— p)— (i + st

FE T+ 0202+ 5 (1= D) (@0 — (00 e n) +55 (1- 12

2

*

A
(F(&)Dh — (60 +u+05)Dr) + 76 <1 — K) (] + Ty + 03Th + auDy

41) +asDy— (L+0)A).

Substituting the expressions from equation (32) - (38), we have

T I'Ty  6,DiT T
12(1—71) (ypl_yp 16 11+61D1)+f3 (1—72)(;/(1_,))1_
1 2

Iy Iy
YA —p)I'T,  6:D3Th Dy JF(EVNTTD,
— 6,D Tll—— T, ————
T T +6:D; | +14 D f&nn D +
D3 7D A*
5 (1-=2 f(éz)Tz—&*22 +176 | 1 —— ) (ol +Ti + o3Th+
D, D; A
al*'A o TI*A (07} TZ*A (X4DTA (x5D§A
Let
I T T D D, A
— = 7. _— = _— = _— = _— = _— = _— =
(D T R L ) S A T

After some tedious algebraic manipulations we have

. S —5%)2
V= —u (%) —|—f(r,u,v,w,x,y,z),
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where

1 1 mnw u
f(r,u,v,w,x,y,z) :BOI*S* (2—1’——) +ﬁ0rl1T1*S* (3— ;— ——;) +

r u
ook 1 w u ok 1 rx
Poma TS (3 _____ —) +BomsDiS (4 —— =
rooouoow roou
u v ¥ o 1 r u w ok
—4 =)+ BomaDss (4———1————) T BorsA"S
v X roou w oy
<2_1_E) +ﬁ01’]5(X291DTT1*A*S* <2_)_C_X>_’_
roou YpI*P vV oX
Bons0u 6, DiA*S* D} ( X v) N Boms 0 A*S* T} (2 v u>
ypI* f(&1)T P v X P z v
ﬁoT[SOC:z, 92D§T2*A*S* (2 _ X B Y) [301‘]5 O5 GzDéA*S*DS
Y(1—p)I*P woy y(1—p)I*P
o YW\, PonsasA'STTY () w u)  Pom6DISTTY
w oy P . w Yprl*
(2_ x y> . PonsauA"S"Dj <3 X _u_ z) n
v oX P Z vV X
B()T]5OC5A*S*D§ (3 y u W) B()T[391DTS*DT
————— =)+
P zw oy vpI*

x v\ Pom6DISTT y w\ | PonsouA*S*I*
bt 13 ) B
vV ooXx y(1—p)I* woy P

6,D3S* T, D}
43) ( —5>+ﬁ°"“ 22 2(2—1—3).
Z Y(1—p)I woy

By the arithmetic-mean-geometric mean inequality, we note that

_ox\2
V = —‘LL (u) +f(r,u,v,w,x,y,z) S O

29
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Also V =0 only if r = 1,u =v=w = x = y = z. Thus, the function V satisfies the Lyapunov
stability theorem. This implies that the set

{(S,I, T\,T»,D1,D;,A) € Q|V(S,1,T\,T,D{,D2,A) = O} consist only the point £ (Endemic
equilibrium). Therefore, by Lyapunov’s direct method, E7 is globally asymptotically stable in
the region Q. By Lasalle’s invariant principle from [36] we conclude that model (4) is globally
asymptotically stable at £;. Epidemiologically this means that the disease persist regardless of

the initial states of the system. 0J
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