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Abstract: A three-species food web model consisting of two competing prey — one predator with fear is created
mathematically in the current work. Intra-specific competition within the predator's population, as well as a modified
Holling type II functional response, are used. The study's goal is to look at the role of fear and intra-specific
competition. Following a discussion of the solution's existence and uniqueness, other dynamical features of the
solution, such as stability, persistence, and local bifurcation, were studied. Ultimately, the system is studied
numerically with Matlab to fully understand global dynamics and the impact of altering parameter values. Different
dynamical behaviors are discovered, such as stable point, stable line, and bi-stability.
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1. INTRODUCTION
The prey-predator relationship is one of the most essential instruments in the ecological system.

Due to its worldwide occurrence and relevance, the interactive features among predators and their
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prey have long been considered and will remain to be one of the core topics across both biology
and computational ecology. Mathematics has had a huge impact in recent decades as a mechanism
for describing and comprehending biological processes. As a result, biologists have presented
mathematicians with a variety of difficult issues, resulting in advancements in the field of nonlinear
differential equations. This form of the differential equation has long been significant in the study
of theoretical population structure, and it will likely remain so in the future. One of the most well-
known uses of mathematics in biology is the building of system dynamics models for species
interactions. Because the effect of indirect predation is greater than that of direct predation, the
victim's fear of the predator is also crucial. In recent years, several biologists, experimentalists,
and theorists have investigated the implications of supplying extra food to predators in prey-
predator systems, see [1] and the references therein. As a result of the implementation and use of
analytical methodologies, as well as the expansion of computational power, our knowledge of these
models has grown. Despite tremendous advances in the prey-predator theory, several hard
mathematical and ecological problems remain unsolved. Experimenters and theoreticians face
additional challenges as the complexity of differential equations and dimensions grows.

Freedman and Waltman [2] investigated three-level food webs with two competing predators
feeding on a sole prey as well as a single predator preying on competing prey species. They help
to ensure the system's long-term viability. Predation and competition are frequently thought to be
major factors affecting species' coexistence in ecological systems [3-4]. Previous research [5-8]
has largely focused on two species, making it difficult to explain how fear affects predation rates
when multiple species are present. Most studies also ignore the impact of fear on predation rates.
Predator species' indirect influence on prey species has a higher impact than direct killing,
according to current field studies. As a result, the current research examines predator anxiety and
how it affects the behavior of competing prey species as well as predation rates. The competition
factor, according to [9-10], indicates a situation in which the environment has few resources and
both populations compete for survival. Several academics have recently looked into prey-predator

models with two predators competing for prey [11-13].



DYNAMICS OF TWO COMPETING PREY-ONE PREDATOR SYSTEM

In a constrained resource setting, Firdiansyah and Nurhidayati [14] developed a prey-predator
model with two predators eating a single prey. They described the feeding process using two types
of functional responses (Holling types I and II). Furthermore, the fear effect is regarded as an
indirect influence generated by both predators in their model. Manna et al. [15] investigated a
three-species food web model that included two competitive prey interactions with a generalist
predator that feeds on both. They looked at how population distributions were affected by random
dispersal of all three species and nonlocal intra-specific competition for two prey species. Maghool
and Naji [16] investigate the effects of predation anxiety on the behavior of a three-species food
chain. Because each prey in the system has anti-predator properties, the authors used the Sokol-
Howell kind of functional response. As seen, the model is capable of displaying complicated
dynamics, including chaos.

With these researches in mind, certain prey-predator models have been built in order to obtain
more realistic models that correlate to actual natural settings. For example, prey-predator models
with the Allee effect have been considered in [17-18]; Mondal et al. [19] recently explored the
impact of providing additional food to a predator in a delayed prey-predator scenario under the
influence of fear. Prey-predator models with fear have been extensively investigated in [20-22];
prey-predator models with fear and refuge have been studied in [23-24], and the effect of fear and
time delay on prey-predator dynamics have been discussed in [25-27]. However, [27] investigates
the prey-predator paradigm in the presence of fear and group defense.

A modified Holling type Il functional response is examined to reflect the interaction between two
prey and predator in this research, which is based on a three-species food web model with two
competing prey and one predator. Fear, as well as intra-specific competition, are taken into account.
The following is a summary of the paper's outline: The model, as well as its dimensionlessness,
are detailed in Section 2. The equilibrium points and their current state are described in Section 3.
The topic of local stability is discussed in section 4. Section 5 discusses the model's persistence,
whereas Section 6 specifies the Basin of attractions for equilibrium points. Section 7 discusses the

local bifurcation. The simulation of the model is performed in section 8. Finally, in the concluding
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section, the concluding and discussion are supplied.

2. THE MATHEMATICAL FORMULATION
In this section, an ecological model based on a three-species food web with two prey and one

predator is developed and mathematically formulated in the form:

Z_)T{' =nX —a;X* = b XY —c19:(X,V)Z,
Z_; =1,Y —a,Y?2 — b,XY — c,9,(X,Y)Z, W
= = (10101 (X, Y) + €2029,(X, Y))Z — a32* — dZ,

where X (t), Y(t),and Z(t) denote the population size of the first prey, second prey, and predator
at time t respectively. As per the updated Holling type-II functional response, the two contending
preys are expected to develop logistically while being consumed by a predator. The predator's diet
is entirely dependent on these two competing prey, and in the absence of them, it decays
exponentially. Furthermore, predator species are thought to have intra-specific competition. On
the other hand, it is well recognized that the predator has an indirect impact on the prey population
by inducing fear and changing the prey's behavior. In fact, the prey population increases awareness,
reduces foraging activity, sacrifices higher intake zones and feeds in safer locations, adjusts the
reproductive cycle, and so on owing to fear of predation. As a result, the impact of predator-induced

anxiety is added to the suggested model, resulting in the model (2):

& _nX __ g X?—b Xy - —2X2

ar  (1+n42) 1+q1X+qzY

d_Y _ T'Zy _ 2 _ _ C2YZ

dT — (1+n,2) a¥" = by XY 14+q1X+q,Y 2)

d_Z — (61C1X+62C2Y)Z _ a3Z2 _ dZ,

daT 1+q1X+q,Y

Y
where X(O) >0, Y(O) = 0, Z(t) = O, and 91(X' Y) = m, and gz(X, Y) = m
While, the first and second prey's fear functions are represented by : and 1 ,
(1+n,2) (1+n,2)

respectively. In model (2), all of the parameters are supposed for being positive and are described

in table (1) below.
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Table 1:  Explanation of parameters.

Parameter Description

LTy The net growth rates of the first and second prey respectively.

Intra-specific competition rates of the first prey, second prey, and predator
ay,0az,03

respectively.

by, b, The intensity of intra-specific competition between the two preys.

C1, C3 The prey consumption rates.

e, €1 Rates at which meal from the 1% and 2™ prey is converted.

nqy, Ny Fear levels for the 1%t and 2" prey respectively.

91> ¢4 Environmental protection rates of the 1% and 2™ prey respectively.

d The natural mortality rate of a predator.

The fact that system (2) has 16 parameters makes analysis challenging. As a result, using the

nondimensional variables and parameters indicated below, the set of parameters is reduced to 12,

providing the model (3).
_a1X _byYy _ aZ nqry _qim Qa7 _
=—,y=—z=—,t=nl, m=—— My=—"—Mg="—,Mmy ==
T1 1 1 C1 aq bl L&
Me = NyTrq m, = ay m., = b, Mo = Co Me = e1C1 m _ €20 m __as m _ a
5_C1’ 6_b1' 7_a1' 8_01' 9_a1' 10_b1' 11_C1' 12_1,1'

As a result, the nondimensional system that relates to a system (2) is defined as follows:

ﬂ—x[ L o x—y-— ] xf(x z),
dt 1+myz y 1+myx+msy 15,

v _ [ my _ _ ]

at = Y Temez MY T MyX 1+m2x+m 5 vhH(x,y,2), (3)
dz _ MoX+Mioy _ _

dt 7 l1+mex+msy Mmq12 le] = Zf3 (x, Y, z).

The interactivity functions are defined on R,> = {(x,y,2): x(t) = 0,y(t) = 0,z(t) = 0} .
Furthermore, the interactive functions in the system (3) are Lipschitzian functions since they are
having continuous partial derivatives. As a result, there is a system (3) solution that is unique.

Theorem 1: With initial conditions falling in the R,>, all solutions of system (3) are uniformly

bounded.

Proof. Consider any solution of the system (3) with an initial condition (x,,yo,Zo) € Ry>. From
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the first equation of the system (3), it is obtained that:

dx
= < x—x2
dt

Hence by solving this differential inequality it is obtained that x < 1 as t — co. Similarly, from

the second equation of the system (3), it’s observed that:

dy 2
E < myy —megy”,

which gives that y < % as t - oo.
6

Look to the function  Q(t) = ¢ x(t) + c,y(t) + z(t), then

aQ 2 Xz
— =0 — X" =Xy —T————
dt 1+mqz 1+myx+msy
myy mgzy
+c2[ 2 —mgy? —myxy — —— ]
1+msgz 1+myx+msgy
MoXx+m
[9—MZ —myz% — mlzz] :
1+myx+mgy

So, by choosing ¢; = mq, and ¢, = %, it is obtained that:
8

dQ 2myomy mlomi
— <2 —y—-60<2 - 60,
I s mox + — y Q<2|\mg+ — Q

where & = {1, my, my,}. Therefore, direct computation gives, for t — oo, that:
z(m9+—*;;6°;;;4)
Q) £ ———
As a result, all of the solutions in the following region are uniformly bounded.

{(x,y, 2)€ERZ,0<x(t) <1,0< y(t) < %,0 < mgx(t) +%y(t) + z(t) <
6 8

2
2(mgmegmg +m10m4)}
6m6m8 '

3. EXISTENCE OF EQUILIBRIUM POINTS

The system (3) has a maximum of seven non-negative equilibrium points, the form of which is
given below, along with their existence requirements.

The vanishing equilibrium point (VEP), denoted by &, = (0,0,0) exists at all times.

The first axial equilibrium point (FAEP), denoted by &; = (1,0,0) exists at all times.
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my

The second axial equilibrium point (SAEP), represented by &, = (0, y.,,0), where y,, = —,
6

exists at all times.

The predator-free equilibrium point (PFEP), represented by & = (%,7,0), where & = ———¢

mz;—meg

mz—my

and y = , exists if and only if one of the following requirements true:

mz;—meg

me < my < m,
or (4)
m, < m, < mg

However, it is observed there is a line (x + y = 1) of PFEP when mg = my, = m,.
The 1% prey free equilibrium point (FPYFEP) is denoted by &, = (0,y,Z), where y is obtained
by the fourth-order polynomial equation's positive root:
oyt + o,y3 + 03y* + 0,y + 05 = 0, (5a)
where:
op = (myo — mymyz)mz®mgmemy 1 + mzmemy 2,
0, = mymy; (2msmemy g — M3*mymyy) + 3mz®memy 1 (myy — mgmy,),
03 = MygMsmg(Myg — 2Myom3) + mypma®mg(my;ms — myy) + msmemyy (Mg —
3mym3) + mygmamgmyy + 3mamy;* (Mg — mymy),
04 = —2myymgmg(myg — m3my;) + memy; (Mg — MyMms) + mgmyy (Mg —
2mamy;) — 3mzmymy, 2,
05 = my;mg(MsMyp — Myg) — Mamyq°.

While, Z is given by:

(m1o—m3m12)3=7—m12 (5b)

Z= =
my1(1+mzy)

If the following adequate conditions are satisfied, the FPYFEP exists uniquely in the first quadrant

of the yz —plane.

miz

(myo—mzmsq3)

0< <y, (6a)

with one of the conditions listed below
0, >0,03>0,04,>0,05; <0

0, <0,05<0,04 <0,05 <0¢. (6b)
0y, >0,04,<0,05 <0
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The 2™ prey free equilibrium point (SPYFEP) is represented by &5 = (%,0,2), where % is
provided by a positive root of the fourth-order polynomial equation:
p1x* + ppx® + p3x® + pux + ps = 0, (72)
where:
p1 = (Mg — mymyp)my’mymyy + my>my,?,
P2 = Mymy1 2myme — my*my,) + 3mymy  (myy — mymyy),
p3 = mgmy (Mg — 2mymy,) + mypmy?(mypmy —myq) + mymy (Mg — 3myymy) +
MoMymyy + 3mymy1%(1 —my),
pa = —2mypmy (Mg — mymy;) + myy(Myy — Mypmy) + myy (Mg — 2mymy;) —
3mymy,?,
ps = My (Mymyy —Myg) — Mg ?

While, Z is given by:

(mg—mymy,)2-my,
miqq (1+m2£)

Z =

(7b)

If the following adequate conditions are satisfied, the SPYFEP exists uniquely in the first quadrant

of the xz —plane.

mi2

0< < %, (82)

(m9—m2m12)
with one of the conditions listed below

p2>0,p3>0,p,>0,p5 <0
Py <0,p3<0,p, <0,p5 <0y, (8b)
p2>0,ps <0,p5 <0

If there is a single solution to the following set of algebraic equations, the coexistence equilibrium

point (CEP) represented by &5 = (x*,y*,z*), arises uniquely in the interior of R,>.

fi(x,y,2) =0,
fz(X,y,Z) = O’ (9)
fs(x,y,2) =0,

where f;;i = 1,2,3 are written in system (3). Straightforward computation shows that:

x _ (Mo—moymy)x"+(M1g—mzmy2)y* —my>

z (10)

mq1(1+myx*+msy™)

While, the point (x*,y*) represents a unique intersection point of the following two isoclines in
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the interior of the first quadrant of the xy —plane:
1

U1(x; y) = 1im ((m9 mamq2)X+(M1g—M3mMmy2)y— m12) - X
mq1(1+max+m3y)
((m9—m2m12)x+(m1o m3m12)y-m12) (lla)
—y — mi1(1+max+msy) =0
1+myx+msy )
— Mmy
Uz(x’ y) Tt ((m9 mpmi2)x+(Mio—m3myp)y— m12) —Mey
m mqq(1+mox+msy)
m ((mg mamy2)x+(mig—mzmiz)y— mlz) (Hb)
—m,x — mi1(1+max+msy) = 0.
1+m2x+m3y
Clearly, as y = 0, the two isoclines become:
_ 4 3 2 _
v1(x,0) = {1x* + &Hx° + Gx* + {x + 5 = 0, (12a)
_ 4 3 2 _
U2 (x,0) = {ex* + {7x° + {gx° + {ox + {10 = 0, (12b)
where:
— 3 _ + 2
{1 = myymy°(my; — mymyy) + mymy My mo,
_ 2 2. 3
{y = 3myymy*“(myy — mymyy) — my1°“my° + 2mymy;mymo,
{3 = 3my,°m, — 3mymyymy,m, — 3my°my? — myymmy? + mymy,2m,?
3 11" My 1M11My,M, 11 My 11M12M; 1Mq12"M,
_ 2
(s = my1(myy — mymy,) — 3my“my — 2myymy(myy — mymy,) + mo(my,
— 2mymy;)
_ 2
(s = —my; = — myp(Myy — mymyy)
— 3 _ + 2
{6 = My my;myi (Mg — Mgmyy) + My My “MsM;My,
_ 2.3 2
{7 = —my“my my + 3my“m;my (Mg — mgmy,) + 2myymymsm;mg
_ 2. 2 2
(g = —3my1°my“my + 3mymymy (Mg — MgMyy) — MypMmy“mg(Myq — MsMy3)

+ My msm,;mg + My MyMmgMqg — 2Mq,MyMsMgMg + msmgmg2
— 2
{9 = =3my1“mymy + myymy(Myg — MypyMs) — 2MyMegMyp(Myg — MsMyy)
+ mgmo (M1 — 2msmy;)
— . 29 —
{10 = =My My — Myymg(Myy — MsMy)
According to the polynomial equations (12a) and (12b), each one has a unique positive root

designated by x; and x,, if and only if the following sufficient conditions are met:
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mqyqg > MMy,

& >0 } (13a)
¢, <0

myq > MsMy,

¢;>0 } (13b)
(o <0

Keeping the above in mind, the CEP exists uniquely if in addition to conditions (13a) and (13b)

the following sufficient conditions are met:

x; < Xyp. (14a)
ay _  (9vi(xy) /(9v1 (%)

o= (2)/(52) > (14b)
2o (52 () <. o
(mg —mymyy)x™ + (Mmyg — mymyp)y”* > my,. (14d)

3. LOCAL STABILITY

In this section, the local behavior of the above equilibrium points is explored by determining the

system's (3) Jacobian matrix at the point (x,y, z):

where:

afl afl afl
x ox + fl ay x 0z
_ of, of, P _
J= Y ox y oy t /12 y oz - (aij)3x3' (15)
of3 ofs ofs
zZ— V A Z—
ox ady 0z + f3
myz 1 z
a1 = x(—1 —x -y —
11 ( + (1+m2x+m3y)2) (1+m42) y (1+myx+msy)’
maxz
Ay = —X+——
12 + (1+myx+msy)?’
Qo = — mx x
7 (1+mz)?2 1+mux+msy’
mpmgyz
ay, = —m 2
21 7y + (1+myx+myy)?’
MmzmgZ my mgz
a = —m —m — M X ———
22 y( 6 (1+m2x+m3y)2) 1+msz 6Y 7 1+myx+msy’
mams mg
Aon = — —
23 y( (1+msgz)?2 1+m2x+m3y)’
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Uax = (m9+(m3m9—m2m10)y)
31 (1+myx+msy)? >

Uy = (m10+(m2m10 —m3m9)x)
32 (1+myx+msy)? >

MmoX+mMqg Yy
a =-2mZ+———————m
33 11 1+myx+msy 12 »

Therefore, the Jacobian matrix at VEP is:

1 0 0
Jeo = (0 my 0 ) (16)
0 0 -—-my,
Then the eigenvalues are given by Ag; = 1, A9, = my, Ag3 = —m4,. Hence the VEP (&) is a
saddle point.

The Jacobian matrix at FAEP, can be calculated as:

~1 ~1 —my — 1
]£1 — 0 my —m, 0 . ) (17)
0 0 —mq, + 2
1+m,
Then the eigenvalues of J, are given by Ay, = —1, A, = my —my, 413 =—my, + 13‘; .
2

Hence, the equilibrium point &; is locally asymptotically stable if and only if the following

conditions are met.

my, <m, (18a)

< my, (18b)

1+m,

The Jacobian matrix at the SAEP is calculated as:

1— Y 0 0
Je, = 7Yer 6 Yar M5 Ve ™ (ima v |- (19)
LUSTR AT
0 O 1"'Tn3 Vs mlz
Therefore, the eigenvalues of J, are given by A3 =1 — y.., A3 = —Mg Y., and A3 =
% — m4,. As aresult, if and only if the following conditions are met, the point &, is locally
3 Vxx

asymptotically stable:
me < My. (20a)

(Myp — mzmyz)my, < memy;,. (20b)
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The Jacobian matrix at the PFEP is calculated as:

_ _ X

—X —-X -mx ——-
1+myx+msy
Je. = | —mMm7y —mgy —mmj/—m—sy
& T 7 6 4715 1+myX+msy
MoX+mM1oy
0 O % - m12
1+m2x+m3y

As aresult, the characteristic equation of ], can be formulated as:

[A%2 4+ (X + mgV)A + (mg — M) X V] ¥y _ gy o — /1] =0.

1+m2f+m337

Accordingly, the eigenvalues of [, are computed by:

_ —(x+mey)+JE+mey)2—4(m —m;)xy

2«31 - 2 b
1 _ —(x+mey) =/ (Z+mey)2—4(me —m;)Xy
32 — 2 5
MoX+MmM1gy
A3z = Tt oY _ Myp.
1+myx+msy

21)

(22)

As a result the PFEP, given by &3, is locally asymptotically stable provided the following

requirements are met:

my, < Mmeg.

mgf+m10)7 < m
1+m2f+m337 12

(23a)

(23b)

Note that, because condition (23a) satisfies one of the existing criteria given by Eq. (4), the

equilibrium point &3 will be asymptotically stable for any initial points in the first quadrant of the

xy —plane, and it will be a saddle point otherwise.

The Jacobian matrix at FPYFEP can be determined by:

1 — E

——y — — 0 0
(1+m12) y (1+m337)
= mymgyZ = msmgZzy =( mymg mg
= —-m + — —-m +— - ( - p
]54 7Y (1+m3y)?’ 6Y (1+mzy)? (14ms2)2  1+mgy
(m9+(m3m9—m2m10)37) = myoZ —ma. 5
(1+m3zy)? (1+m3y)? 1

So the characteristic equation of J,, can be represented as:
[42 = (b2 + b33)A — (by2b3s — byzbsy)][byy — Al = 0

Then the eigenvalues of ], are given by:

= [bij]3><3- (24)

(25)
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__ 1 _=__ Z
T (1+my?) y (1+mzy)’

141

Ao = (b22+b33)+\/(b22+b33)2—4(b22b33—b23b32)
42 — )
2

Aia = (b22+b33)—\/(b22+b33)2—4(b22b33—b23b32)
43 — .
2

Hence, the equilibrium point ¢, is locally asymptotically stable if and only if the following

sufficient requirements are met:

1 = z
(1+m1§) < y + (1+m3):1)' (26a)
mzmgZ
T < g, (26b)

The Jacobian matrix at SPYFEP is determined by:

~ myXz A msxz mqX X
X+ —"— 24— — - _
(1+m,%)2 (1+m,x)2 (1+mq2)2 1+my%
m4 A~ mBZA
= 0 —m,x — 0 = [c::
]‘SS 1+mgZ2 7 1+my% [CL]]3><3' (27)
meZ2 mqio+(Mmymyg—mzmg)X\ A ~
9 . ( 10+(my 10A 3Mo) )Z —my 2
(1+my%)? (14my%)?

Thus the characteristic equation of J,_ is formulated as:
(€22 = A) [A* = (c11 + €33)A + (c11€33 — €13¢31)] = 0. (28)
Accordingly, the eigenvalues of [, can be written as:

m ~ mgZ2

Ay = — m-x
41 1+m52 7

1+m29?’

1 _(C11+C33)+\/(511+C33)2—4(C11C33—513531)
42 — 2 s

2 _(C11+C33)—\/(511+C33)2—4(C11C33—513531)
43 — .
2

As a result, if and only if the following sufficient conditions are met, the SPYFEP is locally

asymptotically stable:

- < m,% + Mo —. (29a)
1+msgz 1+myX
mzé
Ty < L (29b)

Finally, the following theorem established sufficient conditions to ensure CEP's local stability.

Theorem (2): The CEP is locally asymptotically stable provided that the following sufficient
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requirements are met

(1+myx*+mgzy™)?

max{m, ,ms} < (30a)

z*

my mgz”* me

(30b)

my (1+myx*+mgy*)2 ms

mymyoy” < Mo (300)

1+mzy*

mzmox™

< My, (30d)

1+myx*
—dq3dy1d3; < dipdy3dsy < dizdy,dsg, (30¢)
where d;;;1,j = 1,2,3 are the Jacobian elements that given in the proof.

Proof. Substituting the CEP in the general Jacobian matrix given by Eq. (15) yields that:
]£6 = [dij]3><39 (31)

where:

_ " myx*z*
d11 =—X + (1+ * *)22
myx*+mzy*)

mzx*z*

di, = —x"+
12 (1+myx*+msy*)?’

d13=—x*( —L__ 4 ! ),

(1+mq1z*)2  1+myx*+mgy*

mymgy*z*

dy = —myy* +

(1+myx*+mgy*)?’

mzmgz* )
(A+max*+mgy*)2)’

dps = _y*( Mty 4 e ),

(1+mgz*)2  1+myx*+mgy*

dy, =y" (_me +

dar = (m9+(m3m9—m2m10)y*) *
31 (1+myx*+mgy*)? >

das = (m10+(m2m10—m3m9)x*) *
32 (1+myx*+mgy*)? >

d33 = _mllz*.
Hence the characteristic equation of J,_ is represented as:

B+ A2+ A, +4; =0, (32)
where:

Ay = —(dqq +dy; + ds3),
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Ap = dqq1d3z +dy1dyy + dypdsz—diszdsy — dyzdsy; — dypdy,
As = djpdq3dsy — dqpdasds i +dyq(dipdss — dyzdsy) — dyg(daadss — dasdssy),
with

A= A1A2 - A3 = _(dll + dZZ)[dlleZ - d12d21]_(d11 + d33)[d11d33 - d13d31]
_(dZZ + d33)[d22d33 - d23d32] - 2d11d22d33 + d13d21d32 + d12d23d31'

The characteristic equation (32) possesses three negative real part eigenvalues, according to the
Routh-Hurwitz criterion, if and only if 4; > 0, A; > 0,and A > 0. Simple computation showed
that the Routh-Hurwitz criterion is fulfilled and the proof is complete if the conditions (30a)-(30¢)

are met.

5. PERSISTENCE

The persistence of the system (3) is explored in this section; the system (3) persists if the system's
trajectory that starts at a positive initial point, does not approach an omega limit set on the domain's
boundary planes.

The system (3) contains three subsystems that are located in the xy —plane, xz —plane, and

yz —plane, and can be expressed as follows:

d

d_: = X[1 - X _y] = 61 (x,y),

d 33

Y oy Imy —mey —mox] = 6, (). 3)
[ z ] =85 (x,2),
1+mlz 1+m x (34)
[1+m P my1Z — My, ] 04 (x, 2).

And

dy m _

at [1+m 2 Me ~ T, y] =05 (v,2), (35)

d

d_i: %—mnz—mlz ] =8¢ (¥, 2).

The preceding subsystems (33), (34), and (35) have positive equilibrium points in the interior of
boundary planes xy —plane, xz —plane and yz —plane, respectively, which coincide with those

in the corresponding planes of the system (3). The Bendixson—Dulac theorem is now applied to
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determine the possibility of periodic dynamics in boundary planes.
Now, consider the following functions B; (x,y) = %, By (x,2z) = é, and B (y,2) = % Clearly

these functions are positive and is C! function in interior of first quadrants of xy —plane,

xz —plane and yz —plane respectively. Moreover, it is obvious that:

SOl(X,y) = aa_x(ﬁ1 61) +%(ﬁ1 62) = —(%-}-%)

§2(x,2) =%(:82'53) +%(,82'54) = —(l L.}.@)_

z  (1+myx)? x

9:0,2) = 5= (B3 85) + 2 (3 - 6) = — (T — arta oy ),

z (1+m3y)? y

Therefore, §4(x,y) has the same sign (# 0) almost everywhere in a simply connected region of
the xy —plane. However, §,(x,z),and §3(y,z) have the same sign (# 0) almost everywhere in
a simply connected region of the xz —plane and yz —plane, respectively, provided the following

sufficient requirements are met.

M2 1, mn

(1+myx)? z x (36)
mgmg_ _me | my

(1+mgzy)2 < z T y (37)

Consequently, the persistence requirements of the system (3) are built in the following theorem.

Theorem (3): If the border planes do not have periodic dynamics, the system (3) is uniformly

persistent as long as the below conditions are met.

m,; <my < mg, (38a)
My < min{ = _TaTo }, (38b)
1+m2 Meg+mszmy
m9f+m1037
Mz < 14+myx+msy’ (38¢)
y+ (1+mz¥y) < 1+myz) (38d)
m,x + —22 < (38¢)
1+m2x 1+m52

Proof. Define J3(x,y,z) = xP1yP2zP3 where pq,p,, p3 are positive constants. It is clear that,

3(x,y,2) > 0 for each (x,y,z) € Int R,>, and I(x,y,2z) = 0 if x,y, or z approaches zero.


https://en.wikipedia.org/wiki/Almost_everywhere
https://en.wikipedia.org/wiki/Simply_connected
https://en.wikipedia.org/wiki/Almost_everywhere
https://en.wikipedia.org/wiki/Simply_connected
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Therefore, direct computation gives:

3 (x,y,2)
I(x,y,2)

Qx,y,2) = =p1f1 + P2f2 T 03f5,

where f;; i = 1,2,3, are mentioned in the system (3).
The proofis now satisfied according to the average Lyapunov technique if and only if Q(x,y,z) >

0 for each boundary equilibrium points.

Now, since
1 z
Uxy,2) =P [1 +myz TV TR MyX +m3y]
my mgz
P2 [1 + msz ~ ey — MgX = 1+myx + m3y]
MoX + MY
TP 1+ myx + msy MaZ = mlz] '

Then, we have that
Q(&0) = p1l1] + p2[my] + ps[—my2].
Obviously, Q(&y) > 0 is produced by choosing random positive values for p; and p, that are

sufficiently greater than ps.

Q(&1) = p2[my —my] + p3 [ 0 mlz]-

1+m2

Note that, Q(&;) > 0 is produced due to the conditions (38a) and (38b).

myoYasx _ ]
1+ myy,. 12

Similarly, Q(e,) > 0 is produced due to the conditions (38a) and (38b).

_ m93?+m1037 _
Q(e3) = ps3 T+m,Etmsy m12]-

Q(SZ) = pl[l = YV ] + p3

From the condition (38c), It is obtained that Q(&3) > 0 for any positive constant ps.
() = pr |z = 7
Qe _p11+mlz= Y 1+ mgy

According to the condition (38d), it is clear that, Q(g,) > 0 for any positive constant p,.

Finally, we have:

Q(es) [ my o mgZ ]
&) =Py |l———— —mx ——
5) = P2 1+ms2 7 1+ my%

Hence, Q(es) > 0 for any positive constant p,, due to condition (38¢). Thus the system (3) is
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uniformly persistent, and the proof is done.

6. BASIN OF ATTRACTION
The basin of attraction of each asymptotic stable equilibrium point is determined in this section.
Furthermore, if and only if their basin of attraction equals the interior of R3, the equilibrium point
is said to be globally asymptotic stable.
Theorem (4): If the FAEP is locally asymptotically stable, then it is globally asymptotically stable
if and only if the following condition is met.

mo(my + 1) < my,. (39)

mq

2y + z.
8

Proof.  Consider the real-valued function ,(x,y,z) = mo(x —1 —1Inx) + -

It is clear the function ¥, (x,y,z) satisfies that y,(1,0,0) = 0, while ¥, (x,y,z) > 0, for all
values in the region {(x,y,z) € R3:x >0,y =0,z > 0; (x,y,z) # (1,0,0)}. After that, using

algebraic manipulation, you get:

W< - (= 1)2 = (g + L) (x — Dy — [my — (my + Dmy]z.

at — 1+myz mg

) e d
Under the system's boundedness theorem and the provided condition, it is observed that, % < 0.

As aresult, the derivative, dd—d;l, is a negative definite, and then the FAEP is globally asymptotically

stable.
Theorem (5): Assume that the SAEP is asymptotically stable locally, then their basin of attraction

satisfies the following requirements:

m6m9+m4m7
me(mo+my) (40a)
(mymg+myg) 2—: < my, (40b)

Proof: Define that

_ o y
Y,(x,y,z) =x + (y Vix — Vix I (y)) +z
It is clear the function 1, satisfies that ¥, (0, y,.,0) = 0, while ¥, (x,y,z) > 0, for each values

belongs to {(x,y,z) ER3:x>0,y>0,z>0; (x,v,2) # (0,¥,,,0)}. As a result of some
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algebraic manipulation, the following is obtained:

d
% < —x[(mg + m;)y — (mg + myy..)]

2 mymsyz
—Mox* — ——2=— [my, — (Mmyme +m Z
9 (Lmez) [myz — (myms + mg)y..]
2 (mg—mqo )yz 2
— - -l zZ“.
me(y — Yis) (Atmyxtmay) mqq

According the conditions (40a)-(40b), it is observed that, the derivative dd—l’tz is negative definite.

Then, the basin of attraction of the SAEP satisfies the given requirements.
Theorem (6): If the PFEP is locally asymptotically stable, then it is globally asymptotically stable
if and only if the following requirements are satisfied:
(1+m;)? < 4mg (41a)
(1 +mx + (myms + mg)y < my, (41b)

Proof. Consider the function
Ys(x,y,2) = (x — X — XIn (%)) + (y —y—yln (g)) + z.

It is easy to verify that 5(x,y,z) satisfies thatis 3(x,¥,0) = 0, while Y5(x,y,z) > 0, for all
values belongs to {(x,y,z) E R3:x > 0,y > 0,z = 0; (x,v,2z) # (x,¥,0)}. As a result of some

algebraic manipulation with the use of given conditions, the following is obtained:

s __

2 <[ B) = mey = D]~ Imap — (14 m)E = (myms + )7l

So the derivative dd—llf is negative definite in the interior of R3 and hence the PFEP is globally

asymptotically stable.
Theorem (7): Assume that the FPYFEP is asymptotically stable locally, then their basin of

attraction satisfies the following conditions:

m3m8§

(1+m37) m6 (423)
= mgf

me + my;y < —(1+m2+m32_:), (42b)

mzmgf

Lemyy) M7 T Mo, (42¢)

p%s < 4pyomyy, (424)
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where

mamgZ myms (mg—mqo)+mzmgy

=m —
P22 = M6 = Gamay)

Proof: Let

Yu(x,y,2) = mox + (y—i—iln(%)) + (Z—Z=—§ln (é))

’ p23-_(1+nng1+ng§) (1+myx+msz)(1+msy )

It is obvious that ¥, verifies that is ¥,(0,y,z) = 0, while ¥,(x,y,z) > 0, for all values in

{(x,y,2) ER3:x>0,y>0,z>0; (x,v,2z) # (0,¥,2)} . As a result of some algebraic

manipulation, the following is obtained:

d v ] = =
% S —pp(y =92 =023y = P)(z = 2) — my1(z — 2)*
_ mgf _ _ _
(1+m2+m3m‘;) (my +m7y) | x [(m7 + my)

_ ma(mg—my0)yZ
(1+myx+msz)(1+mzy) "

Consequently, by the use of the given conditions, it’s obtained that:

d 4 _
1!’ \/PT(J’ J’)+\/m11(Z_Z)]

MoZ _
- - M, — (mg + m7y) | x
(1 +m2+m3 m—)
6

_ my(mg —my)yz X
(1 4+ myx+m3z)(1 + m3y)

It is obtained that, due to the conditions (42a)-(42d), the derivative dd—d:“ is negative definite.

Therefore, the FPYFEP has a basin of attraction satisfies the given condition.

Theorem (8): Suppose that the SPYFEP is asymptotically stable locally, then their basin of

attraction satisfies the following conditions:
mzﬁ
(1+m29?)

ms

(1+m2x) <1l+m,,

o Myo2
my +x < Y
(1+m2+m3m—6)

CIf3 < 4qq1myqyq,

(43a)

(43b)
(43¢)

(43d)
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where,

mq (l—mg) +m29?
(1+m1z2)(14+m42)  (1+mex+mzy)(1+myx)’

qi1 =1- ,and qq3 =

(1+m2x)

Proof: Assume that
Ys(x,y,z) = (x — X —k‘ln(f—?) +y+ (z—i—z“ln(g)).
So s verifies that s(X,0,2) = 0, while Ys(x,y,z) > 0, for all values belong to {(x,y,z) €

R3:x>0,y>0,z>0; (x,v,2z) # (£,0,2)}. As a result of some algebraic manipulation, the

following is obtained:

dl,bsS —q(x = %)% —qi3(x — ) (z—2) —my,(z — 2)?

dt
m]_oZ
—[— M0z 1 -
(1+m2+m3m‘;) (m, + X)l Y- [( +my) (1+m2x)] Xy
mg(1-mo)X2Z _ (mg-myqg)yz
(1+myx+msy)(1+m,%) (1+myx+msy)’

Consequently, by the use of the given conditions, it’s obtained that:

d
ws —[Vam: =) + Jms(z — D]

myoZ o
- ma\ (my + %) |y
(1 + my+mgy —)
Mme

m3(1 - mg)ff
(1 + myx+m3y)(1 + m,Xx) Y

Therefore, due to the conditions (43a)-(43d), the derivative dd—dis 1s negative definite, and then the

SPYFEP has a basin of attraction satisfies the given condition.
Theorem (9): Suppose that the CEP is asymptotically stable locally, then their basin of attraction

satisfies the following conditions:

lip* < li1lys, (44a)

l132 < lyymyy, (44b)

1232 < Myqly,, (44c¢)
mzz*

G sy b (44d)

msmgz* < mg(1+ myx*+msy”*), (44e)
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where
. myz*
lll - 1 - (1+ * *)2
myx*+msy*)
(mz+mymg)z”
l12 =1+ m, — 5
(A+myx+mzy)(1+myx*+msy*)
La = myms mg(1+myx"+mzy™)—[mo+x"(Mymyg—mzmeo]
23 (1+msz)(1+mgz*) (1+myx+msy)(1+myx*+mgy*) ’
Lia = my (1+myx"+mzy™)—[mo+y* (M3mo—mymy)]
13 (1+m2)(1+mqz*) (A+myx+msy)(1+myx*+mzy*)
mzmgz*
l,=mg —————,
22 6 (1+myx*+myy*)

Proof: Define the function:
_ * * X * * y * * Z
Ye(x,y,2) = (x—x - X ln(;)) + (y—y -y ln(;)) + (z—z -z ln(;)).
It is clear that, g verifies that is Pg(x*,y*,z*) = 0, while PY4(x,y,z) > 0, for all values in

{(x,y,2) ER3:x>0,y>0,z>0; (x,y,2z) # (x*,y*,2*)}. As a result of some algebraic

manipulation, the following is obtained:

d lll
ﬂ=__( x*)z—llz(x—x*)(y—y*)——(y y*)?

dt
LG = x)(z = 2) = by =y = 2) = 2 = 2D,
Consequently, using (44a)-(44e) gives
Weo < Ty = x) + G =y
VG 6=y -2
—%[\/E (x—x*)—+my;(z— z*)]z.
Note that, dd—d;s is clearly negative definite. As a result, the CEP has an attractive basin that satisfies

the specified conditions.

7. BIFURCATION ANALYSIS
This section examines the effect of modifying the model parameters on the system's
dynamical behavior (3) using Sotomayor's theorem for local bifurcation. Remember that a non-

hyperbolic equilibrium point in a dynamical system is a required but not sufficient condition for a
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bifurcation to occur. As a result, the value that renders the equilibrium point a non-hyperbolic point

is chosen as a candidate bifurcation parameter. Rewrite the system (3) in the following format:

ax

E: F(X), X = (x;y,Z)T; F= (xflﬂny’Zf3)T‘

The second directional derivative of the system (3) can also be calculated as follows:

D?*F(X,u)(L, L) = [Vi1]zx1s

where L = (£4,%,,€3)T be any non-zero vector, with

myz(1+msy) 2 mzz(1-myx+msy)
Y = —2 [1 - (1+m2x+m3y)3] gl —2 [1 B (1+max+m3y)3 ] {)1#2
2mixz 2 my (1+m3y) ?
o (1+myx+mszy)3 2 = ((1+mlz)2 (1+m2x+m3y)2) 1*3
2 mzx 2m§x 2
(1+myx+mzy)? £2£3 + (1+m42)3 €3
mimgyz 2 mymgz(1+myx—msy) mymgy
V21 = "2 ey 0 T 2 T e ) e T
4o MMy , 2 [ _ mamgz(14mex)] , 2
(1+msz)3 3 6 (1+myx+msgy)3] 2
2 Mmymsg mg(1+myx) P
o [(1+m52)2 (1+m2x+m3y)2] 2t3

2mzz[m9+(m3m9—m2m10)y]€ 2 2 mz[mqgz+(mymyo—mzmo)x]
_ L=

V31 =

(1+myx+msy)3 (1+myx+msy)3

(myx—m3y)(mymyg—msmo)z+(mymyg+msmy)z 2
—2 3 ‘gl’gz - 2m11‘€3
(1+myx+mzy)
Mg+ (MaMyo—M3Mg)X Mo +(M3Mg—MyM10)Y
+2 0,05+ 2 2.0,
(1+myx+mzy)? (1+myx+mzy)?

2,°

(45)

(46)

t1t3

The theorems that follow analyze the potential of local bifurcation in the system based on the

above calculation (3).

Theorem (10): If the condition (18a) is met, then a transcritical bifurcation of the system (3) at

the FAEP happens when the parameter m,, passes over the value mj, =

Mg
1+m2'

Proof: At FAEP with mj,, the Jacobian matrix of the system (3) is expressed as:

-1 -1  -m-1
J1 =J(g,mi,) = ( 0 my—m, 0 )
0 0 0

In this matrix, two of the eigenvalues have negative real portions, while the third is zero and

denoted A;3° = 0.Thus FAEP is a non-hyperbolic point at mj,.

Let L£; = (£11,£12,£13)T be the eigenvector conjugate with the eigenvalue A;," = 0.

Thus, J;£; = 0, gives that £; = (—(my + 1)#43,0,%,3)7, and #;5 # 0 is any real number.
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Now, let ©; = (941,912,9,3)T represents the eigenvector conjugate with the eigenvalue A,," =
0, of the matrix J; .
Thus, J;"©; = 0 gives that ©; = (0,0,9;3)7, where 9,3 # 0 is any real number. Following

Sotomayor’s theorem, gives that:

OF oF *
o = lez (X) m12) = (O; 0 ) _Z)T = 6_ = Fm12 (51;m12) = (0' 0 rO)T'

omy; mqz
Therefore, ®1TFm . (g1, m3,) = 0, as a result, the first condition for the occurrence of transcritical

bifurcation is met. Moreover, since

0 0 O
DEn,, (X,my,) = <0 0 0 ) = DFy,, (e1,mi2)L1 = (0,0, _313)T.
0 0 -1

Then, G)lTDleZ (81, miz)ﬁl = _‘€13'813 # 0.
Also, by using equation (46), it is obtained that

1
-2 (1 — m) (ml + 1)1‘,)132 + 2m%£’132
DZF(SLmIz)(LLLQ = 0
Mg

rmy)? (my + 1)45°

2
—2myq 3" —

Accordingly, the following is obtained:

mg(my+1)
(1+m2)2

0, D2F (g1, m};)(Ly, L1) = =2 [m11 + ]{)1321913 # 0.

Hence a transcrtical bifurcation take place.

Theorem (11): If the condition (20a) is met, then a transcritical bifurcation of the system (3) at the

M10Yxx

SAEP happens if m,, passes through the value mj; = ryv—
3 Vxx

Proof: The Jacobian matrix at (&5, mj3 ) is determined by:

Kk M8 Vur
= ](82, mqo ) =1 "MV Mg Vi —MyMs5 Vi — (1+1’E:l3 v |
0 0 0

Obviously, under condition (20a), two of the eigenvalues have negative real portions, while the
third is zero and denoted A,5™" = 0.Thus SAEP is a non-hyperbolic point at m}%.

Let L, = (£31,%22, %23)7 be the eigenvector conjugate with the eigenvalue A,3"" = 0.
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myms(1+mz Y..)+mg

Hence, J,L, = 0, gives that £, = (0, Hf,3,€,3)7, where H = — < 0,and

m6(1+m3 y**)

£,3 # 0 is any real number.
Now, let 0, = (9,1,9,5,9,3)T represents the eigenvector conjugate with the eigenvalue
Ay3™ =0 of the matrix J,’.

Thus, J,"0, = 0 gives that ©, = (0,0,9,3)7, where 9,5 # 0 is any real number.

Now, since:
oF OF *%
s = i (X, ma2) = (0,0, -z)" = 5 = Fni (£2,m33) = (0,0 0T

Therefore, 0,7, ,(&2,m73) = 0, hence the first condition for the occurrence of transcritical

bifurcation is met. Moreover, since

0 0 O
DFEy,,(X,my,) = (0 0 0 ) = DF, ,(e;,,mi3)Ls = (0,0,—%53)".
0O 0 -1

Then, GZTDlez (85,771?{3);65 = —823‘823 # 0.

Also, by using equation (46), it is obtained that:
D?F (&5, m33) (L2, L) =

0
2m4m§y**'£232 - 2m6H2'£232 - 2 [m4m5 + mﬂ’:lrlm] H‘£23
2 m
- 2m11'£23 + 2$H€23
Accordingly, the following is obtained:
T K%
0, D?F(&5,m33)(Ly, L3) = 2 [— myq + mH] 9,53823° # 0.

Hence, in the sense of Sotomayor, a transcrtical bifurcation take place.

Theorem (12): If the condition (23a) is met, then a transcritical bifurcation of the system (3) at

the PFEP happens when the parameter my, passes over the value M, = %, if and
2 3
only if the following condition is satisfied.
Y31 # 0, (47)

where 7§53 is computed in the proof.

Proof: The Jacobian matrix at (&,,7M,, ) can be represented by:
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_ _ 1

—X —X -—mx - ——-
1+myx+msy
]3 =](£2JTTL12 ) = -m-vV —m.y -—-m.,m __m—gj_/ = (al]) 5
7Y 6Y 4MsYy FUE— 3x3
0 0 0

Due to the existence of a zero eigenvalue, say A33 = 0, PFEP becomes a non-hyperbolic point at
my, = My,, whereas the other two eigenvalues have negative real portions under the condition
(23a).
Let L3 = (£31,%32,£33)7 be the eigenvector conjugate with the eigenvalue A33 = 0.
Thus J;L£; = 0, gives that:

Lz = (A1£33'A2£33:f33)T,

A12023—022013 az1A13—0110423 .
where A; = ————= A, = =————= and ¥33 # 0 is any real number.
1 2 33
a11G22—021012 A11Q22—021012

Now, let ©; = (931,93,,933)7 represents the eigenvector conjugate with the eigenvalue A35 =
0 of the matrix J5'.

Thus, J3"0; = 0 gives that ©; = (0,0,933)7, where 935 # 0 is any real number. Now, since:

OF
e lez (X, mlz) = (O, 0 , _Z)T >

6m12

oF
omy,

= lez (83’m12) = (0' 0 'O)T'

Therefore, 03" F, ., (€3,My,) = 0, then the first requirement for the transcritical bifurcation is met.

Moreover, since

0 0 O
DE, ,(X,m;;) = (0 0 0 ) = DFy ,(e3,M13)Ls = (0,0,—433)".
0 0 -1

Then, ®3TDFm12 (83,77112)[:3 = _8231?33 * 0.

Also, by using equation (46), it is obtained that:

D?F (&35,M12)(L3,£L3) = [Vi1]ax1

where

_ (1+m3y)
Y11 = —2(A1‘£33)2 -2 A1A2‘€332 -2 (ml + (1 T m2f+m3}7)2 A1€332

2 msx

T A mprtmay)? Agtay” + 2miTess”
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mymgy
(1 4+ myx+myy)?
mg(1 + m,Xx)
+ (1 4+ myx+msy)?

Y21 = —2my A1Az€332 + 2 A14332 + 2m4m§)7€332 - Zme(A2€33)2

2
-2 |mymg Ay t35°,

myo + (Mymyp—mzmg)X
(1 + myx+msy)?

Mg + (M3Mg — MyMyo)y
(1 4+ myx+myy)?

mz(mymyg—mzme)X

]731 = -2 (A2‘€33)2 + 2

Aytss?
(1 + myx+msy)3 2733

- 2m11‘£332 + 2 A1‘€332.

Therefore, condition (47) yields that:
03" D?F (e3,M15) (L3, L3) = 855731 # 0.
Hence a transcrtical bifurcation take place.

Theorem (13): If the condition (26b) is met, then a transcritical bifurcation of the system (3) at

—(i+:m337)(1:37):§’ if and
Z(y(1+mzy)+2)

the FPYFEP happens when the parameter m; passes over the value m; =
only if the following condition is satisfied.

Y11 # 0, (48)
where y;, is computed through the proof.
Proof: At the FPYFEP the Jacobian matrix, with m; = my, can be written as:

0 0 0
Jo=J(my =1m,) = <b21 ba2 b23>,
b3y b3z b33

where b;;;i = 2,3.j = 1,2,3 are written in the Jacobian matrix that given by (24).

jr
Hence the determinant of the matrix J, is equal to zero. Therefore two eigenvalues of J, with

negative real portions are existing under the condition (26b), while the third eigenvalue is given

by /in = 0, and hence the FPYFEP is a non-hyperbolic point.

Let L, = (£41,%42,%43)7 be the eigenvector conjugate with the eigenvalue /T.41 = 0.
Thus, ]4_[;4_ = 0, glVeS that L4_ = (’041, H1‘€41, H2‘€41)T, Whel’e Hl = M 5 HZ =
bz2b33—b23b3>

by1b3z—byab .
2132 2231 ‘and ¥4, # 0 is any real number.
ba2b33—b23b32

Now, let 0, = (941,942,943)T denotes the eigenvector conjugate with the eigenvalue /T41 =0
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of the matrix J,”.
Thus, J,"0, =0 gives that ©, = (9,4,0,0,)T, where 9,; # 0 is any real number.

Moreover, it is observed that:

oF
_=Fm1(X'm1) (

6‘m1

0; )O)T = Fm1(84l ml) - (0 0 O)T

(1+m z)2 ’
Therefore, it is obtained that ©,”F, ,(g4,m;) = 0, which means the first requirement for the

transcritical bifurcation is met. Moreover, since

-z —x(1-m42)
(1+m,z)2 (1+m,z)3 — -7 T
DFy, (X,my) = 0 0 = DE, (&, ML, = (W&“'O' 0) .
0 0 0
Consequently, we obtain that:
®4TDFm1(54;7ﬁ1)L4 (1+m By ———— 441941 # 0.
Now, by using equation (46), it is obtained that:
D?F (&4, M1) (L4, L4) = [Vir]3x1-
where:
u=-2[1- 20, - 21 - 2] Hye,,?
1 (1+mg3)2] "4 (1+mgyz] T4
2 ((1+rﬁ1§)2 + (1+m33=/)) Hztas
= _ _o mimgyz 2,22 m. — m,mgZ(1—msy) Hof,.2
V21 —(1+m33:/)3 41 7 (1+m3):/)3 41
m,mgy 2 mym msmgZ 2
+2—————H, ¥, " + 2—{’ — P
(rmegy? 2 " med)? l’”ﬁ (1+m37)3
Tas ]H H,?
(1 + mgZ)? (1+m )2 2’
= _ _ZmZE[mg + (mamy —mzmm)):’]# 2 _ o mamyoZ H.2p 2
Y (1+m37)? " Gemgyyr
mymyo(1+m3y)Z + mymo(1—-m3y)z
(1+ms7)° 1'11{)412 - 27”11sz{)412
Mg + (M3mg — MymMyg)y 2
—H Hyt,,% + 2 — H, 4",
(1+m y)? 41 (1+myy)? 2l

Therefore, using condition (48) yields that
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04" D?F (£4,M1) (L4, L4) = Yaq¥11 # 0
Hence a transcrtical bifurcation take place.

Theorem (14): If the condition (29b) is met, then a transcritical bifurcation of the system (3) at

1 my mgz,\ ]
b

the SPYFEP happens when the parameter m, passes over the value M, = il Tmes ~ Womd
5 2

if and only if the following condition is satisfied.
V21 # 0, (49)
where ¥,; is computed in the proof.

Proof: The Jacobian matrix at (&5, 71, ) can be written as:

Ci11 C12 C13
]5=](55;T/ﬁ7)=[0 0 0],
C31 C32 C33

where c; pi=13.j=123 are the Jacobian matrix elements that given by (27).

Hence the determinant of the matrix Js is equal to zero. Therefore it has two eigenvalues with
negative real portions under the condition (29b), while the third eigenvalues is Ag; = 0, and hence
the SPYFEP is a non-hyperbolic point.

Let Ls = (£51,%5,,%53)7 be the eigenvector conjugate with the eigenvalue Ag; = 0.

Thus, Js Ls =0, gives that Lg = (D;¥s,, 55, Dyfs5)T , where D, = st fztsn op =

€11€33—C13C31

C12C31—C11C: .
231 1132 'and £, # 0 is any real number.
€11€33—C13C31

Now, let ©5 = (951,95,,953)7 denotes to the eigenvector conjugate with the eigenvalue Ag; =
0, of the matrix J5'.

Thus, Js' @5 = 0 gives that O5 = (0,9s,,0)7, where 95, # 0 is any real number.

Now, since:
oF oF .
6_m7 = Fm7 X, m7) = (0,—xy 'O)T = 6_m7 = Fm7 (85'm7) =(0,0 'O)T'

Therefore, O 5TFm7 (€5, M) = 0, hence the system (3) has no saddle-node bifurcation. Moreover,

since

0 0 O
DFm7(X; m7) = <_y —X O) = DFm7(€5l fﬁ'7)£5 = (01 56\‘552' O)T
0 0 O
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Then, O5' DF, (es,M;)Ls = 2€5,95, # 0.

Also, by using equation (46), it is obtained that:

D? F(es, M7)(Ls, Ls) = [Pi1lzx1

where,
Y11= —2 [1 ~ rm, x)g] (D1 252)* — 2 [ WL(?’IZJEIT_T;;@] D5y’ — %&22
=2 [(1+rrrlnllé)2 + (a+ A)Z] D1 Dyts," mz.% Dyts,” %(Dﬂsz)z
| Dyt
Va1 = _% (D1857)* — 2 malmio? ?1(T;nn;;3;m3m9)£] 2
=2 Mot m(zf)f,:;;;;rlg(l —mat)Z Di2s,% — 2my;(Dy¥s,)?
o myo + gnimnzg;kmg)fl)zgszz +9 u:nﬁ D,D, s,

Then, using conditions (49) yields:
O D2F (g5, 7) (L3, Ls) = 942721 # 0.
Hence, in the sense of Sotomayor, a transcrtical bifurcation take place.
Theorem (15): If the conditions (30a)-(30d) are met, then a saddle-node bifurcation of the system

(3) at the CEP happens when the parameter m;; passes over the value mj; =

dypdy3d31—dy3dy.d31—d3z(d11d22—d13d21)
z*(d11d22—d12d21)

, if and only if the following condition is satisfied.

B3yi1® + Byya1" +v31" # 0, (50)
where the symbols of condition (50) are computed in the proof.

Proof: The Jacobian matrix at CEP with m;; = mj; can be written as:
di1 dip  diz
Jo =J(eemiy) = | d21 daa das |,
ds; dsp ds3

where the elements d;;,i,j = 1,2,3 are given in the Jacobian matrix (31) with d33* = d33(mj,).

l]'

Direct computation shows that the determinant of J, is equal to zero. Hence the matrix [ has a
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zero eigenvalue given by Agz° = 0, with two negative real portions eigenvalues Ag16; =

—Ast /A12—4A2

> , where A; > 0 and A, > 0 are given in Eq. (32). Therefore, the CEP is a non-

hyperbolic point.

Let Lg = (Pg1,%62,£63)T be the eigenvector conjugate with the eigenvalue g™ = 0.

d12d23_d13d22

Thus, ]6 ‘C6 =0 . giVCS that L6 = (31‘863’ B2£63l £63)T , where B1 = di1das—diaday 5

B2:

d13d21_d11d23

< 0,and €43 # 0 is any real number.
dy1dzz—d12d21

Now, let 0 = (941,962, 963)T denotes to the eigenvector conjugate with the eigenvalue Ag3" =

0, of the matrix J,'.

Thus, ]6T®6 =0 giVCS that @6 = (B31963,B4,1963,1963)T . where B3 = M B4 =

dy1dzz—dpidiz ’

dipd3z1—d11d32

< 0, with 943 # 0 is any real number.
dy1dzz—dz1d12

Moreover, it is observed that:

oF . )
_amll = Fm11 (X, mll) = (O, O, —ZZ)T = Fm11(86, mll) — (0,0 , —7 2)’[‘

Therefore, ®6TFm11(£6,m11) = —8632*2 # 0, Hence the first condition of a saddle node

bifurcation is met.

Moreover, by using equation (46), it is obtained that:

DZF(SermL)(LsJ%) = [Yi1"]ax1

where
* m,z*(1+mzy™) 2 mzz*(1-myx*+msy™) 2
=—2[1— B,#)? —2[1 - B,B,?
Y11 (L+myx+may™)3 (B1?63) (I+myx +may")3 1D2163
2mix*z* 2 my (14m3y*) 2
- B,f¢s)? — 2( B¢
(1+myx*+myy*)3 ( 2 63) (1+mqyz*)2  (1+myx*+mgy*)2 1%63
2 max* 2 2mix* 2
Byl + ———
(1+myx*+may*)2 2763 (1+m,z)3 03’
2 * % * * *
* _ m;mgy z B.2..)2 2( momgz*(1+myx*—mzy )) 2
= — —2{m, — B.B,?
Y21 (L+myx +may™)? (B1?63) 7 (L+mpx+may™)3 1D2163
mymgy” 2 mazmgz*(1+myx™) 2
+2 Bifg3" — 2 [m — B,
(1+myx* +mzy*)2 1t63 6 (1+myx*+msy*)3 ( 2 63)
+2 mymiy* 2 [ myMms mg(1+myx™) ]B y) 2
(1+mgz)3 63 (1+mgz*)2  (1+myx*+mzy*)? 2763 »
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2myz*[mo+(msmo—mymyg)y” [myoz"+(mymyo—mzmo)x™]

x __ 1 2 mz
Y31 = (I+myx* +may™)3 (B1%63) 2

) (max*—m3zy*)(Mamyo—M3mg)z"+(Mamyg+Mamo)z*

(1+myx*+mgy*)3

(1+myx*+mgy*)3

Mg+ (MaMyg—M3moy)x” Mo+(Mzmo—mymyg)y”

31{)632'

+2 Byl +2

(1+myx*+mgy*)2 (1+myx*+mgy*)2

Therefore, using the condition (50), it is obtained that

[B3Y11" + BaY21" + Y31 1963 # 0

Then a saddle-node bifurcation take place.

(B2€63)2

BlBZ€632 - 27";1%32

As a parameter reaches a critical point, the Hopf bifurcation refers to the birth or death of a periodic

solution from equilibrium at a local level. A Hopf bifurcation occurs when a complex conjugate

pair of eigenvalues of the linearised flow at a given position becomes fully imaginary, according

to the Poincare-Andronov-Hopf bifurcation theorem. This means that a Hopf bifurcation can only

occur in two-dimensional systems or higher. The restrictions that guarantee a Hopf bifurcation at

the CEP are presented in below theorem.

Theorem (16): Assume that the requirements (30a)-(30d) are met, as well as the following:

dy2dy3d3; < min {di3dy,dz, — dizdyds, ),

dq12(dqq + dyz) +di3ds; >0,

(A,(m3)A,(m3)) < A5 (m3),

(51a)
(51b)

(51¢)

where, d;; and A; fori,j =1,2,3 are respectively the elements of ], that given by Eq. (31)

and the coefficients of the characteristic equation that given by Eq. (32). Then, as the parameter

m, passes through the value my, system (3) experiences a Hopf bifurcation at the CEP, where

w moymgz*
Y*ldi2(dig+dap)+d13ds]  (A+mpx*+mzy*)?’

m; =

with

@ = —(dqq + dpz)d11da—(dqq + d33)[dy1d33 — di3d3y]
—(daz + d33)[da2d33 — dy3ds,] — 2dy1d;d3s + dipdysdsy.

Proof: According to the form of A= A;A, — A3 that given in Eq. (32), it is easy to verify that A=

0 at m, = m;, where m; > 0 if the sufficient conditions (51a)-(51b) are met. Therefore, it is

gotten that A;(m3)A,(m3) = A3z(m3). Consequently, Eq. (32) at m; = m; becomes
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P;(A) = (A + A) (A% + 4z) = 0; (52)
where A;, and A, under the conditions (30a)-(30d) are positive. Now, simple calculation steps

give that the Eq. (52) has the following roots

A =—4; and Ay5 = +iJA,.
Note that, when m-, = m7, the first condition of the Hopf bifurcation is satisfied, and then two
pure imaginary complex conjugate eigenvalues are arise. These complex conjugate eigenvalues in
the vicinity of m; are adopted the form A,3 = 6§;(m;) £id,(m;). As a result, in Eq. (32),
substitute 1 = §;(m,) + id,(m,), and then take the derivative with regard to the bifurcation
parameter m.. After comparing the two sides of the appearing equation and equating their real and

imaginary components, the following result is obtained:

I, (m;)8;' (my) + M (m;)8,' (m;) = —I3(m,),

' / (53)
,(m;)6, (m;) +I1;(m;)6, (m;) = —I,(m,),
where:
,(m;) = 3512(”17) + 24,(m;)8;(m;) + A,(m;) — 3522(7”7),
,(m;) = 66,(m;)6,(m;) + 24;(m;)6,(m,),
M3(m;) = 512("17)141’(7”7) + 4,'(m7)6,(m;) + A3 (m;) — All(m7)522(m7),
,(m;) = 26;,(m;)8,(m;)A;" (m;) + A’ (my)8,(m).
Solving the linear system (53), gives that
/ _aéi(my) _ I3 (m,); (m7)+,(m7),(m5)
81 (m7) = dm; [Ny (m)2+[M(m)12 (54)
62,(7’)’17) — _ 4 (m7)M; (M) -T3(m;),(m;)

(111 (m7)]2+([M2(m7)]?
Obviously, we have that §;(m3) = 0 and §,(m7) = /A,(m3), then the coefficients of Eq. (53)

at m, = m; become:

I, (m7) = —24,(m37),

,(m7) = 24, (m;)\/ Ay(my),

M3(m3) = A3"(m3) — A;'(m3)A,(m3),
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[y(m3) = 47" (m3)y/A(m3).
Therefore, direct computation gives that

M (M) (m3) + M (M) (m3) = —24,(m3) [45"(m3) — (A1 (m3) 4, (m3))' |
Hence, the transversality condition 8, (m3%) > 0 is satisfied under the condition (51c). As a result,

system (3) experiences Hopf bifurcation at m, = m;.

8. NUMERICAL SIMULATION

In this part, Matlab is used to solve system (3) numerically. To understand the global dynamics of
the system (3) and the implications of varying their parameters, multiple hypothetical sets of
parameter values with different initial points are employed. All of the findings are given in the
form of phase portraits and time series. The sets of parameters used in this study are given in the
table (2).

Table 2: Hypothetical sets of parameters:

parameters mq m, ms my ms me my mg mg mqo mqq mqo

Set (1) 0.4 4 3 0.9 0.5 0.9 0.8 1 0.1 0.75 0.2 0.1

Set (2) 0.5 0.2 0.4 1 0.5 0.2 1.5 1 0.5 0.5 0.1 0.01

The trajectories of system (3) approach asymptotically to the CEP for the set (1), regardless of
whether the fear exists or not, as shown in Figures 1b and 1a, respectively. However, raising the
first prey's fear rate or decreasing the second prey's fear rate induces extinction in the first prey,
and the trajectories of system (3) approach FPYFEP asymptotically, as shown in Figures 1¢ and

1d, respectively.
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Populations: x (blue), v (green), = (red)
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08r

L 1 -
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Time
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08F
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Time

Fig. 1: Time series of system (3) trajectories utilizing set (1) of data starting at various initial

positions. (a) Trajectories are approaching CEP globally at (0.08,0.83,0.32). (b) Trajectories are

approaching CEP globally at (0.197,0.68,0.192). (c) Trajectories are approaching FPYFEP
globally at (0,0.72,0.35). (d) Trajectories are approaching FPYFEP globally at (0,0.77,0.37).
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It is observed that, rising the value of m; in the range m3; > 6.5 leads to approaching to SAEP

as shown in Figure 2, for the exemplary value of m; = 10.

m =10

Fig. 2: Phase portrait of system (3) utilizing set (1) of data starting at various initial positions that

shows the global stability of &, = (0,1,0).
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Note that, while condition (20a) is not satisfied and the system has a zero eigenvalue when
employing set (1) of data, the SAEP is globally asymptotically stable because condition (20a) is
satisfied (20b). Now, varying the parameter m, in the range m, < 0.8 leads to approach FAEP,
while for the range m, > 1, the system approaches to FPYFEP as presented in Figures 3a, 3b with

3c respectively for exemplary valuesof m,.

(a) (b)
mJ=I1 75 mJ:j‘jj
1 1
0.84 0.8 4
08 08 (0.1.01,0.44)
" "
044 04 /
0.24 f( 0.24
0 04
1 14
1 1.05 1
05 05 07 05
035 )
y 0 0 x v 0 0 x
(e
14 T
inJ:f.:’:T
w105}
5%
¥ 07
S
u 1
N
=
5 035
2 [
[
0 L 1 1
0 50 100 150 200
Time

Fig. 3: The trajectories of system (3) utilizing set (1) of data starting at various initial positions. (a)
Phase portrait that shows the global stability of ¢, = (1,0,0) using m, = 0.75. (b) Phase portrait
that shows the global stability of &, = (0,1.01,0.44) using m, = 1.25. (c¢) Time series for the

trajectories given in Fig. 3b.
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Figures 4a-4b and 4c-4d, show the transferring of the trajectories of system (3) between the
FPYFEP and PFEP as the parameter m, transfers between the ranges my < 0.8 and mg > 0.9,
respectively. However, Figures 5a-5b and 6a-6b, demonstrate the existence of stable line of

equilibrium point x +y = 1 in the xy —plane and the asymptotic stability of the system (3) at

FIRAS HUSSEAN MAGHOOL, RAID KAMEL NAIJI

FAEP when m; = 0.9 and m, > 0.9, respectively.

(a)

()

mﬁ.:b.?.)_
m =0.75
]
1. % 1k
0.8 I
-9 (0, 0.85,0.39) §- 08
064 &
; 044 T 06
S
0.2 s
2
0 2
1 3
&
05
05
¥ 0 100 150 200
Time
(c) (d)
1 —
mﬁ:.l' mﬁﬂ‘
1+ E 08t
o
0.84 =
06 &
" =
044 B
S
0.2 s
G
0 (0.5,0.49,0) s
E A
e =
1 5
05
05
¥ 0 150 200 250 300
Time

Fig. 4: The trajectories of system (3) utilizing set (1) of data starting at various initial positions. (a)
Phase portrait that shows the global stability of &, = (0,0.85,0.39) using mg = 0.75. (b) Time

series for the trajectories given in Fig. 4a. (c) Phase portrait that shows the global stability of &5 =

(0.5,0.49,0) using mg = 1. (d) ) Time series for the trajectories given in Fig. 4c.
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1
0.8
0.6

"
0.4
02
0
1
05 0.5
) 0 0 .

Populations: x (blue), v (green), = (red)

0

04)\

2&
0

///

v

0 50 100 150 200 250
Time

Fig. 5: The trajectories of system (3) utilizing set (1) of data starting at various initial positions. (a)

Phase portrait that shows the existence of stable line in xy —plane using m, = 0.9. (b) Time

series for the trajectories given in Fig. 5a.
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Fig. 6: The trajectories of system (3) utilizing set (1) of data starting at various initial positions. (a)

Phase portrait that shows the global stability of &, = (1,0,0) using m, = 1. (b) Time series for

the trajectories given in Fig. 6a.
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Now, for the parameters mg and mg in the ranges mg < 0.6 and mqg > 1.4, it is obtained that

the system (3) approaches asymptotically to FPYFEP and SPYFEP as shown in Figures 7a-7b and

8a-8b, respectively.

(a)

ms=0..)

Populations: x (blue), v (green), = (ved)

08

06

(b)

in5=0.J

Fig. 7: The trajectories of system (3) utilizing set (1) of data starting at various initial positions. (a)

Phase portrait that shows the global stability of &, = (0,0.77,0.37) using mg = 0.5. (b) Time

series for the trajectories given in Fig. 7a.

(a)

., 05
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*— (033.0,092)

Populations: x (blue), v (green), = (red)

L
50

100
Time

150 200

Fig. 8: The trajectories of system (3) utilizing set (1) of data starting at various initial positions. (a)

Phase portrait that shows the global stability of &5 = (0.33,0,0.92) using mg = 2. (b) Time

series for the trajectories given in Fig. 8a.
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The trajectories of system (3) approach asymptotically to the SAEP when the parameter w;, is
varied in the range w;, < 0.4, as shown in Figure 9. When the parameter w;, is increased above
the value of 0.2, the result is similar to that of w;,. While increasing the value of w;, the value

of the predator and the first prey gradually reduces as well, and the trajectories eventually converge

to the SAEP.
mw=0.4

14
0.8
0.6
044
02

[0, P—

1 2

1
05
05
) 0 0

Fig. 9: Phase portrait of system (3) utilizing set (1) of data starting at various initial positions that

shows the global stability of ¢, = (0,1,0), when w;, = 0.4.
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With the preceding in mind, the dynamics of the system (3) are numerically studied utilizing set
(2) of data. The goal is to demonstrate that when alternative hypothetical sets of data are used,
different sorts of dynamical behavior can be created. However, the theoretical conclusions hold
true for a variety of data sets.

It is observed that, system (3) undergoes a bi-stability behavior between the FPYFEP and SPYFEP
for the set (2) of data, regardless of whether the fear exists or not, as shown in Figures 10b and

10a, respectively.

() (b)

m =m_=0
s

m =0.3, m_=0.5
1 3

I 0.44 0.5 4

=]
¥

Fig. 10: Phase portrait of system (3) utilizing set (2) of data starting at various initial positions that
shows bi-stability behavior. (a) For m; = mg = 0, bi-stability between &, = (0,0.25,1.04) and
& = (0.19,0,0.83). (b) For m; = 0.5,mg5 = 0.5, bi-stability between &, = (0,0.18,0.74) and
&5 = (0.15,0,0.62).
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Although the existence of fear does not prevent the bi-stability behavior, it is reduced the
populations size due to hiding as anti-predator behavior.

However, the presence of fear in either the first or second prey causes extinction in either the first
or second prey, and the trajectories of system (3) approach FPYFEP or SPYFEP asymptotically,

as shown in Figures 11a-11b and 11c-11d, respectively.

() (b)

m ,=0.2, mJ_:U
1

m,=0.2, m_=0
I 3

"
0.5

(0,025,1.04)

Populations: x (biue), v (green), = (red)

(c) (d
ME:Q mJ_:U.?
m =0, m_=0.2
i 5 3
9
! b
08 §
&
0.6 =
' >
04 E
S
02 5
2
0 RS
1 (0.19,0,0.83) 1 H
A,
R 0 o . w0 150 200
Time

Fig. 11: The trajectories of system (3) utilizing set (2) of data starting at various initial positions.
(a) Phase portrait that shows the global stability of ¢, = (0,0.25,1.04) using m; = 0.2,ms = 0.
(b) Time series for the trajectories given in Fig. 11a. (c) Phase portrait that shows the global
stability of &z = (0.19,0,0.83) using m; = 0,ms = 0.2. (d) Time series for the trajectories

given in Fig. 11c.
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9. DiscussiON AND CONCLUSION

In this study, in the presence of fear, an ecological model based on a three-species food web with

two competing prey and one predator is built. The solution's dynamical properties (stability,

persistence, and bifurcation) are studied theoretically. To understand the global dynamics and

impacts of modifying the system parameters, numerical simulation of the proposed system is

performed using two alternative sets of hypothetical parameter values. The following findings have

been presented.

1.

The system (3) exhibits a variety of dynamical behaviors depending on the parameter
values, including globally asymptotically stable CEP, stable line, bi-stability behavior,
periodic, and even chaotic behavior.

The system approaches a CEP for an appropriate range of fear rate values in both
competing preys. While increasing the fear rate in one of the two competing preys above a
certain value causes extinction in that prey due to lack of food and the trajectories approach
asymptotically to the opposite planar equilibrium point (see Figure 1).

Because the second prey is a stronger competitor than the first prey and represents a
preferred food for the predator, rising the environmental safety rate associated with the
second prey causes persistence to be lost, and the system's trajectories approach
asymptotically to SAEP, as shown in Figure 2.

Due to extinction in the predator and first prey as a result of the competitive exclusion
principle, decreasing the growth rate of the second prey pushes the trajectories of the
system (3) to approach the SAEP, as shown in Figure 3. While increasing the value of this
parameter above a certain threshold causes extinction in the first prey, the system's (3)
trajectories approach the FPYFEP asymptotically.

As illustrated in Figure 4, lowering the intra-specific competition of the second prey below
a certain threshold induces extinction in the first prey due to the winning of the second prey
in the competition process, and the trajectories then approach the FPYFEP. However,

raising the value of this parameter causes extinction in predator species due to the predator's
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heavy dependence on the second prey for feeding, hence the system's (3) trajectories
approach the PFEP.

6. Equating the parameters of growth rate, intra-specific competition, and inter-specific
competition of the second prey with one another results in a stable line of PFEPS, as shown
in Figure 5. Furthermore, according to set (1) of parameter values, increasing the value of
inter-specific competition of second prey causes extinction in second prey and then
predator due to the predator's feeding dependency on the second prey. As a result, the
system (3)'s trajectories approach FAEP asymptotically, as seen in Figure 6.

7. Reduce the predator's attack rate on the second prey or increase the predator's conversion
rate from the first prey yield to the approaching of the trajectories of system (3) to FPYFEP
and SPYFEP, respectively, as shown in Figures 7 and 8.

8. Extinction in predator species is caused by lowering the predator's conversion rate from
the second prey below a specific value (as shown in Figure 9) or increasing the predator's
intra-specific competition, and thus the system's (3) trajectories approach the SAEP. This
is due to the fact that the competitive exclusion principle leads to extinction in the first prey
as well.

9. Forthe set (2) of parameter values, Figure 10 shows that system (3) undergoes a bi-stability
behavior between the FPYFEP and SPYFEP, regardless of whether the fear exists or not,
which indicates the complex dynamics of the system (3).

10. Finally, The increase in fear rate in either the first or second prey causes extinction in either
the first or second prey, which stops the bi-stability behavior, and thus the trajectories of

system (3) approach FPYFEP or SPYFEP asymptotically, as seen in Figure 11.
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