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Abstract: The interplay of species in a polluted environment is one of the most critical aspects of the ecosystem. This
paper explores the dynamics of the two-species Lokta—\olterra competition model. According to the type | functional
response, one species is affected by environmental pollution. Whilst the other degrades the toxin according to the type
Il functional response. All equilibrium points of the system are located, with their local and global stability being
assessed. A numerical simulation examination is carried out to confirm the theoretical results. These results illustrate
that competition and pollution can significantly change the coexistence and extinction of each species.
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1. INTRODUCTION
Ecosystems are the result of interactions between the environment and communities. The best
method to understand the dynamics and behaviour of ecological interactions between species is to

utilise a mathematical model. The earlier ecological interactions description model goes back to
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Lotka and Volterra, now identified as the Lotka — VVolterra model [1]-[2].
External effects such as over-predation, over-competition interaction, over-harvesting and
pollution lead to the loss of some species [3]-[5].
Today, Toxic pollution is one of the most significant problems confronting the biosphere. Due to
this toxicity, the extinction of population species and biodiversity decreases. Thus, it is essential
to assess environmental toxicity and evaluate the risk of species in a polluted atmosphere [6].
Organisms are regularly exposed to toxicant environments and absorb toxicants, and pollution
endangers the survival of affected populations. [7]. Therefore, we must assess the hazard of the
inhabitants exposed to toxicants. So, it is vital to shed light on the impacts of toxicants on
populations and find the key-value determining a community's extinction or persistence. Recently,
some studies have been made on toxicants emitted from household sources and industries on
biological species [8]-[12]. For instance, Liu, Chen, and Zhang looked at a single-species system
in a closed toxicant environment with polluted pulse input at a fixed moment. They determined
that the inhabitants are extinct when the pulse period is less critical. The persistent condition is
met, and the unique positive periodic attractor is globally asymptotically stable [13]. Mukherjee
offers a model consisting of two species, one affected by environmental pollution. The toxicant
causes an increase in mortality for the first species, while the second species reduce the toxin. He
has proven that the system confesses positive global solutions under random fluctuation [7].
In many papers, competition interaction has received scholars' attention[14]-[16]. In particular, a
mathematical model has been proposed to describe the interaction among two competing
predators-one prey [14]. It has been concluded that Hopf bifurcation could happen when the
consumption rate of the second predator is selected as a bifurcation parameter.
This paper proposes the result of a polluted environment on two competitive species in the case of
continual emissions from external sources. The two species compete with each other according to
Lotka-Volterra type functional responses. Further, it is assumed that the first species uptake
pollutants from the environment and negatively affect the growth rate. The second species absorbs
the contaminants but is not affected. The rest of this paper is set up as follows: Section 2

investigates the proposed model's assumptions. In section 3, the existence of the possible
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equilibrium points is found. Then, in section 4, the stability conditions of the steady states have
been analysed. In section 5, the global stability of equilibriums is discussed. Further, in section 6,
the local bifurcation near the fixed points is established. Finally, some numerical examinations are

provided in section 7 to confirm our analytical result.

2. MATHEMATICAL MODEL

Suppose two species compete according to Lokta—\Volterra type functional response in a poisoned
environment. Type | functional response is used to describe the first species' negative effects due
to the environment's pollution. Whilst the other degrades the toxin according to the type Il
functional response. According to the logistic growth rate form, each species grows independently.
Based on assumptions, s;(t) and s,(t) are the densities of the two species at the time t. p(t)
is the quantity of the contaminant in the atmosphere. Under the above assumptions, the following

ODEs are formulated:

d

% =S (1 - %) —Q151Sp — ,3151p = Slfl(sl.sz.p)’

d

% =T252 (1 - STZ) — Q35157 = S2f2(S1,52,P), @)
d

d_zt) =T13p —dp — a;i;p — Bas1p = pfs(s1,52p)-

All above parameters € (0, ). Further, system (1) has been analysed with the initial values

(S01,So2, Do), Where sg; = 0,5, = 0,p9 = 0. The flow graph of the system (1) is exposed in the

l rsp

Pollution
P

following block diagram.

—B2s1p

| X3S2p
Yy+p

T2 S, (1 - STZ) { Second species ]
S2

-dp

Figure 1 Block diagram for system (1)
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We assume that the two species reproduce logistically with the intrinsic growth rates r; and r,
with the carrying capacities k and [, respectively; a;, a, represent computed effect; f;is the
decay rate of the first species due to pollution; r; is the production rate of the toxicant into the
surrounding outer sources. d is the reduction rate coefficient of poisonous; a5 is the uptake rate
of toxicants by s, with half-saturation constant y; S, is the uptake rate of toxicants by s;.

The equations on the right-hand side of the system (1) are C*(R3) on R3 = {(s1,5,,p),51 =
0,s, = 0, p = 0}. Consequently, they are Lipschitzian. Therefore, the system's (1) solution exists
and is unique. Further, the model (1) solutions with non-negative initial values remain positive and

bounded, as examined in the following section

3. POSITIVITY AND BOUNDEDNESS OF THE SOLUTIONS
Theorem 1. All system's (1) solutions s;(t),s,(t) and p(t) of the system (1) with the initial
conditions (Sgq,S02,Po) € RS are positively invariant.

Proof. By integrating the interaction function of system (1) for s;(t),s,(t) and p(t), we get

7y ( SZ(S)> — S, (s)] ds},

p(t) = po exp{ [ %2((3 —~ ,6’251(5)] ds}.

52(t) = s exp

s1(t) = sp1 exp {fot [7”1 ( Sl@) —a;5,(8) = ,3119(5)] ds}
ol
Iy

Then s; > 0,s, >0 and p >0 forall t > 0. Hence the interior of R3 is an invariant set of
the system (1).

Theorem 2. All solutions s;(t),s,(t) and p(t) of the system (1) with the initial values
(S01,S02,Po) are uniformly bounded.

Proof: - Let (s,(t),s,(t),p(t)) be an arbitrary system (1) solution with a non-negative initial

condition. Then for N(t) = s,(t) + s,(t) + p(t), we obtain
dN ds; ds, dp
at de T ar T ae

1e.,
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dN 52 7,53 A3S,P
—— = 11S] ————Q151S; — B1S1P + 125, — —— — @515, + 13p —dp —
dt 151 k 15152 — P151p 252 ] 25152 3P p Y +p

— B251p

Hence, according to the assumptions of the theorem, the following is obtained:

dN
— S 11851+ 138, +13p — dp,

Z—IZ + oyN < 21ry81 + 2138, + 213D,

Where o; = min.{r; + r, + (13 + d)}, then

dN
ar + 0y N < 21481 + 2138, + 213p = 20,

Applying Gromwell's Inequality, the following is obtained:
20, _ _
0< N(sl(t),sz(t),p(t)) < - (1—e %) + H(0)e it
1

hence,

. 20,
0 < limsup N(t) < —.
t— oo (5}

Thus, all system's (1) solutions that are initiated in R3 are attracted to the region 9 =

{(sl,sz, pP)ERI:N=5s+s,+p < 262} Thus, these solutions are uniformly bounded.
1

4. EXISTENCE OF EQUILIBRIA

System (1) has eight non-negative steady states, namely
(1) The disappearing equilibrium point ; = (0,0,0).
(2) The first species equilibrium point I, = (k, 0,0).

(3) The second species equilibrium point I3 = (0, [, 0).

(4) The species' free equilibrium point I, = (0,0, ), where is any positive real number.

“3;) —y >0 ifand only if

(rs—

(5) The first free species equilibrium point Iz = (0,[,p), where p =

azl >y —d). (2)

(6) The second free species equilibrium point Ig = (5;,0,p), where 5; = r‘;;d and p =
2

1

T (kﬁz — (3 — d)). It should be noted that for §; and p to be positive, the following must
1P2
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be the case
. g . . A A A TZk(all_rl) a
(7) The pollution free equilibrium point I, =  (8;,5,,0), where §; = — and §, =
1U2th=—r1 72
LES [ — M] Clearly, $§; > 0, if one of the following conditions hold:
a; a’lazlk—rlrz
aia,lk
r, < min. {all, 172 }, )
2
a,alk
r; > max. {all, 12 } ®)
2
Further, §, > 0 if the following holds:
r(al —r) < (aiazlk —1i1y). (6)
(8) The positive equilibrium point Ig = (s;%,s,%,p*), where s;" = ;—2(1 —% , pF = ;—1 —
2 1
ri1 SZ* ri7rp * -+ . . .
sk T B (lkaz — al) and s," is the root of the following equation:
As? + Bs, + C = 0. (7)

Here A — ﬁ2r2(r17"2_051052”€)’ B — (T3 _ d _ ﬁzrz) (rlrz—alazlk) + yﬁzrz + ‘r'l‘r'zﬁz(kaz—rz)

a%l3ﬁ1 ar azﬁlkl ayl a%ﬁlkl

C = (r3 —d - @) (y + M) Using Descartes's rule of sign Eq. (7) has a unique positive

a; azB1k
root if the sign of B and C are the same and opposite to the sign of A, or if the sign of A and
B are the same and opposite to the sign of C. That means one of the following conditions must
be the case:
1. A>0,B>0 and C <0,
2. A<0,B<O0 and C >0,
3. B>0,(>0and A<O,
4, B<0,<0 and A>0.

Further, for s;*and p* to be positive, the following must be the case

nakay) oo« <. (8)

T1T2—a1azlk
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5. LOCAL STABILITY

This section explores the local stability behaviour of system (1) 's equilibrium points.

The Jacobin matrix of system (1) at any point, say (s;,S,,p), can be written as:

of1 of1 of1
51 dsq T fl 51 ds, 51 ap
_ 9f2 9f2 92 | _
ofs ofs ofs
l p651 pasz p6p+f3J
2718
where, a;; =1 — — - 1S, — P1P; Q12 = —Q1S1; Qg3 = —P1S1; Ap1 = —QpSy; Gpp =
2758 . — n. _ X _ asp . _ yass
r, — ? 2 — ®2S1; Az3 = 05 azqy = —fop; Az = —;Tp» azz =13 —d __(y+3p)22 — B25;.
1. The Jacobian matrix at ;= (0,0,0) is given as:
n O 0 )
Jdy) =10 n 0
O O T3 - d

Then, J(I;) has the eigenvalues A,; =71, >0, A;,=1,>0, and A3 =13 —d, which
means [; is unstable if 3 > d. Further, I; is a saddle point when 13 < d.

2. The Jacobian matrix at I, = (k,0,0) is given as:

-n —ask —p1k (10)
](12) = [ O TZ - azk O ]
0 0 r3 —d — Bk

Then, J(I,) has the eigenvalues A,y = —1; < 0, Ay, =1, —ayk and Ay3 =13 —d — k. I,

is a locally asymptotical stable point, if and only if the following condition is satisfied:

k > max. {r—z,r3_d}, (11)

a B2

3. The Jacobian matrix at I3 = (0,[,0) is given as:

T'l - all O 0
_| —al 1, 0
J(U3) e (12)
s —d———

14
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Then, J(I3) has the eigenvalues A3, =1 —a A3, =—1, <0 and A33 =13 —d — a73l That

means I5 is a locally asymptotical stable if and only if the following is satisfied

[ > max. {r—l,w}. (13)

g a3

4. The Jacobian matrix at I, = (0,0,%) is given as:

7 0 0
jaup=| ¢ 0 (14)
_ﬁ~ asp T _d
2P vip 3

Then, J(I,) has the eigenvalues A4y =13 >0, Ay, =1, >0, and Ay3 =13 —d, which

means [, is unstable if 3 > d. Further, I, is a saddle point when 73 < d.

5. The Jacobian matrix at Is = (0,[,p) is given as:

n—al—pp O 0
JUs) = ~aal T2 0 : (15)
_ﬁ ﬁ azp r—d — azyl
2 v+ 3 v +9)?

Then, J(Is) has the eigenvalues Agy =13 —ayl — 1P, Asy = -1, <0 and Agz3 =13 —d —

aszyl . . .
(y-iﬁ)Z' That means I5 is locally asymptotically stable if
> max {H—Blﬁ (rs—d)(V+ﬁ)2} (16)
U asy '

6. The Jacobian matrix at I, = (§;,0,p) is given as:
—1r1(r3—d)

kB, —Q15; —P151
JUs) = 0 L Cf25_1 0 | (17)
~Bp = 0

Y+p
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Then, the characteristic equation of J(I) is given by:

(r; — az85; — A) (/12 + %ﬂ_d)l - 31525115)- (18)
2
The eigenvalues of Eq. (18) can be written as follows Ag; =15, — @351, Ag1 + A3 = %;_d) <
2
0 and Ag1.4¢3 = —f1F25:p < 0. That means Iy is a saddle point.
7. The Jacobian matrix at I, = (§,8,,0) is given as:
[ __r,iSl —a18 —P151 ]
JUy) = |8, 22 0 . (19)
O 0 T3 - d - ajfz - ﬁzgl
Then, the characteristic equation of J(I;) is given by:
3 n Iry$;+k758 A A
(r3 —d- ai/SZ — B8 — /1) [AZ + {fatkrzSy) rlslkl r252) ) 4 8,8, (% - alaz)]. (20)

The eigenvalues of Eq. (20) can be written as follows A;3 =13 —d — LEL B281, A7 + A5y =

—(lT1§1+kT2§2) A a 172
T < O and 171.172 —_ 5152 ? - alaz .

That means I, is locally asymptotically stable if

rs<d+ “3:2 + B8y, 1)
Ty > aiazkl. (22)

8. The Jacobian matrix at Ig = (51", s,%,p*) is given as:

—-715]

* *
T —0151 —P151
|- * —T2S;" _ - 23
J(g) =|—ass; ) 0 = (bu)3x3, (23)
* —azp” (y+p")(azs;")—(azp*s,”) *
— —= rp—d- - 0,s
ﬁzp y+p* 3 (y+p*)2 ﬁZ 1
__ —T15] _ * _ * _ * _ TS5 _ —
where, by; = Y’ b1, = —a;1S1, b1z = —P1S1, by = —a3S1, by = — bys =0, b3y =
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*

—azp yass; "

* b — 3 — 2
5 p = and b =7 d — — 5 Sq.
2V » V32 y+p* > 33 3 (y+p*)? 2°1

So, the characteristic equation of J(Ig) can be written as:
B+ A2+ 4,1+ A4; =0, (24)
where,
Ay = —(my + bs3),
Ay = byybsz —my —myg,
A3 = myb33 + b13bs1 by,
A= A1A; — A3 = =mymy + (byy + b3z)ms + byybsz Ay — byybyabss.
Here, my = by + by, <0, my, = by;b,1 — by1b,, and m3 = by3b3q — b11b33.
Now, according to the Routh-Hurwitz criteria [18], all the eigenvalues of J(Ig) have roots with
negative real parts, on condition that A; > 0,A; > 0 and A> 0. Then, is a locally asymptotical

stable point if the following conditions are satisfied

—b13b31b . —-mqymy+(bq1+b33)M3+byyb33A
1?;7131 22 < b33 < mln.{ 1772 ( 11b :;3) 3 22Y33 1’ _(b]_l + bzz)}-
2 11022 (25)

6. GLOBAL DYNAMICAL BEHAVIOUR
This section discusses the conditions of the global stability property of the system's (1) equilibria

using the Lyapunov method.

Theorem 3. Assume that I, = (k,0,0) is exist., then the basin of attraction of I, is the sub-

region of R3 which can be defined as: @; = {(s1,52,p):51 = w,sz >0,p = 0}.
1

Proof: Define w, = ¢; (sl —k—kin %) + c,S, + c3p, where ¢, ¢, and c3 are positive

constants to be determined. w,(sq,S,,p) is a positive definite about I,. Thus,

dw ™S S
_dtz =c,(s; — k) —% — a5, — Bip + T1] + 25, [7"2 (1 - TZ) - 0(251]
a3S,
+c3p[r3—d—y+p—ﬁzs1]

1e.,
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dw, —ci1i(s; —k)? 1252
dtz =— 1(k1 ) —101515,+Crkays; — ¢ fysip + 1 fakp + co1ys; — = lz 2
C3U3PS>
— CQ351S3 + C3p(r3 —d) — ———— — ¢3,51p.
2025157 3p(73 ) V+p 3B251P
By choosing the positive constant as: ¢; = C:—ﬁrg, ¢, = c3 = 1, the following is obtained,
1
dw, _7’253 _ ri(d —13)(s; — k)? _ (d — 1r3)a;515; n (d —13)ays,; _ (d —13)s1p s
dt ! B1k? ki B k 2
— 3515 _a3psz_B $1p
25152 7, 251D-

d . . . . . . .
Then, % < 0 if the reduction rate coefficient of the toxicant is greater than its production rate.

Hence, w, is a Lyapunov function. Therefore, any solution stating from @; approach

asymptotically to I,.

Theorem 4. Assume that I3 = (0,[,0) is exist, then the basin of attraction of I; is the sub-

{(T1+C¥2 l)k}
T

region of R3 which can be defined as: @, = {(sl,sz,p): 5y = ,S, >0,p = 0}.

Proof: Define w; = s, + (52 —1l—=Iln STZ) + p, where w;(s4,S,,p) is a positive definite about

I5. Thus,
dws S1 1252
W == [‘r‘l (1 — E) —alsz—ﬁlp] + (Sz - l) [T — Q81 + rZ]
+ [ d— 32 B ]
T, —d — — poS
P73 Y +p 251
1.e.,
dws 1152 (s, — D?
TS % — 1515y — P1S1p — T T %2515 +lazsy + (3 —d)p
a3ps;
V+p B2ps1

d . . . . : : :
Then, % < 0 if the production rate of the toxicant is less than its reduction coefficient rate.

Hence, ws; is a Lyapunov function. Therefore, any solution stating from @, approach

asymptotically to I5.
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Theorem 5. Assume that Iz = (0,[,p) exist, then the basin of attraction of I5 is the sub-

region of R3 which can be defined as: @5 = {sq,5,,p):5; > 0,5, = ma(iﬂ,p =p}.
2

Proof: Define w, = s; + (sz —1l—1Iln STZ) + (p —p—7pln %), where w,(s1,52,p) is a positive

definite about I5. Thus,

dw, S —7,S
d_t4 =S [7'1 (1 - f) —Q1Sy — :8119] + (s, = 1) [ lz 2 - sy + 7"2]
Y asS; asl ]
+(p P)[ Y +p 'stl-l_y-i-ﬁ'
Therefore,
dw, . ass;(p —p)  azl(p —p) 7”152 15(s, — D)?
d—;=51(7‘1—0{252+la2+,32p)— Y+ + Y+ 7 — B2s1p — kl— ; .

d . ) . . .
Then, % < 0 in @5. Hence, w, is a Lyapunov function. Therefore, any solution stating from

@ approach asymptotically to Is.

Theorem 6. Suppose that the following conditions are satisfied
kl(a; + ay)? < 4y, (26)
d > ;. (27)
Then I, = (31,3,,0) is globally asymptotically stable in R3.

A A S A A S
Proof: Define wg = ¢ (51 —% —581In S—l) + ¢, (52 -5 —5,In S—Z) + c3p, where ¢;, ¢, and
1 2

c3 are positive constants to be determined. wg (S, S2, p) is a positive definite about I. Thus,

dwsg A L)1 7181 N
F =c1(s1 — 1) [_ T —a;18; — Pip + T +a152]
o 28, 728, R ] [ azS; ]
+c,(s, —8)|—————a,5{ + ——+ a,8; | +cp|r: —d — — B5541.
2(S2 2)[ I 251 I 251 3P |73 Y +p B251
Therefore,
dwg i R R R C2T2 A
T —T(51 —81)2 = (11 + ) (51 — 1) (52 — §) — T(Sz —8,)% — c1P1p(s1

C3a3pSs;
y+p

—81) +c3p(rs —d) — — C3[,0S1.
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By choosing the positive constants as: ¢; = ¢, = 1,¢3 = 5 1Srl , the following is obtained,
-3

dw, T = 2 0B Ems .
< - [\/% (s1 =38+ \/%(52 — §2)l — Byps, — z 3P18105; B1B251p 1

at —r)y+p)  d-ry
Then, % < 0 under conditions (26)-(27). Hence, wg is a Lyapunov function. Therefore, I, is

globally asymptotically stable in R3.

Theorem 7. Assume that

Kl(ay+az)? (B1+B2)> kas()”'p*)}’ (28)

= max.{ ) ra P
T2 a3S, Sy

then Ig = (s,s5,p*) is globally asymptotically stable in R3.
. — [P I ) | ot ok S2 koo P
Proof: - Define w, (51 s;1 —S;In SI) + (sz s3 — S5 In S;) + (p p*—pln p*) where

w5 (S1,S,,p) is a positive definite about Ig. Thus,

d * 1 * * * 2
% = (51— s1) [—%—%52 —pBip+ %"‘“152 + Bip ] +(s2 = 53) [_% — 25 +% T
* * L *
azsl] +(@-p) [_ jf; — P51 + % + 3251]
Then,
dW7 T‘l(Sl - SI)Z % % TZ(SZ - S;)Z *
— = (a1 + az)(sy — s7) (52 — 53) -7 By + B2) (51— s1)(p
—p*+azs;(p —p)? = B(p —p)(s1—51) +az(y +p)(s2 — ) (@ — ")
1.e.,

dw; [ r1(sy — SDZ
- — (a1 + az)(s1 —s7) (52— 53) —

175(s; — 5;)2
21

dt 2k
_ e*)2 * —_ n*¥)2
- PO g - s -y + SR
1r,(s; — S;)Z . N N ass;(p — P*)Z
- s - s -+ S

Therefore, the following is obtained
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dw, 2 Ty 2 7 ass;
- < - _ o*)2 _“ _ o* _ - ok k)
= l 2k(51 s1)+ /21(32 s2) /Zk(sl s1) + > (»—p")
2
2 " a3S; L
(52 =59 + / =0 -p)

Then, % < 0 under condition (28). Hence, w, is a Lyapunov function. Therefore, Ig is

2

globally asymptotically stable in R3.

7. THE PERSISTENCE

Persistence signifies a global property in a dynamic system. Biologically, it means the survival of
all system populations in future times. While mathematically implies that strictly positive solutions
do not have an omega limit set on the boundary of the non-negative cone. In contrast, the system
populations threaten extinction if one loses persistence.

The average Lyapunov function method is used to explore the system's (1) persistence. But first,
the boundary planes' global behaviour needs to be studied. Clearly, system (1) has the following
two sub-systems

1. The sub-system in s;s,-plane

h, =s; [rl (1 — 2—1) — alsz]
h, =s, [rz (1 - STZ) - azsl] @9)
2. In s,p-plane
h; = s, [7”2(1 - STZ)] (30)
h4=p[r3—d— a3sz]
y+p

Both sub-systems have strictly positive equilibria in the positive quadrant of the s;s,-plane and
s,p - plane, which is illustrated by a projection of the boundary planar steady states (s1,s,) and

(s5,p) of (29) and (30).
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Now, define the function H(sy,s,) = i, which is C*(R}) in Ri( o) ={(51,52),5 >
0,s, >0,}, thus A(sy,s,) = i(th) + i(th) =1 _ 22 <. This means A(s;,s;) does
651 652 kSZ 151

not change sign and is not identically zero.
Therefore, the (29) has no periodic dynamics in Ri(sl‘sz). Then the strictly positive equilibrium

point is globally asymptotically stable whenever it exists. Using the same strategy, it is concluded

2

that (30) has no periodic dynamics in R, ).

Theorem 8. Assume that (29) and (30) have no periodic dynamics, then system (1) is uniformly

persistent if

I < min. {ﬁ—_fﬁﬁ‘w}’ (31)
aq as
o (T2 (3=d) 32
k< mln.{az, 5 }, (32)
& < min {(Tl—a1§2)k Tol-138; r3]/—dy—a3§2} (33)
1 ' 1 "olay YB2 '

Proof. Define @(sy,s,,p) = sis2p®, where a,b and c are positive constants. Clearly
@(sq1,S,,p) > 0 for all (s1,s,,p) € R3 and @(s;,s,,p) = 0 when one of the variables sy, s,
or p approaches zero.

Consequently,

8(s1,52,p) = Gt = 1 [y (1-3) —ausy] 452 [2 (1 =) — gy ] 4 p [rs = d = 27]

Now, the only possible omega limit sets of the system (1) on the boundary of s;s,p—plane is the
equilibrium points I, I3, Is and I;. Thus,

§(Iz) = a[r —ayl] +c [Tg —d- QTSZ] > 0 under condition (31).

85(I3) = b[r, — ayk] + c[r; —d — B,k] > 0 under condition (32).

(Zgl

6(15) = alry — eyl = Bipl +crs —d ==

] > 0 under condition (31).

T1 s

6(17)=a[r1—Tl—als?z]+b[rz—%—a2§1]+c[r3—d—

az$;

- :32§1] > 0 under

condition (33). Hence system (1) is uniformly persistent.
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8. LOCAL BIFURCATION
This section uses Sotomayor's theorem to study the local bifurcation conditions near the steady
states.

Now, the Jacobian matrix of system (1) at each of the equilibrium points is given by:

21181
n - k — a1S; — P1p —Q1S5q —p151
21,8

] = _azsz rz - ; 2 - azsl 0

asp yass,;
B2p Y +p r3 (7 + p)? ﬁ251_
For nonzero vector X = (xy, X, x3)7:
—2rx?
X — 2ayx1X5 — 21 %1 X3
2r,x2
D?F(x,x) = —20,%1 X, — Zl 2 :
28 2yaszx;xs 2]’“352953?
L TR v+ p)2 (v +p)3 (34)

The following theorems determine the saddle-node bifurcation of the system (1) at the equilibrium

point I, .

Theorem 9. For the 1, = ayk, system (1), at the equilibrium point I, has a saddle-node
bifurcation if

Ira, # ka,r;. (35)
Proof: - According to J(I), given by (10), system (1), at the equilibrium point I,, has a zero

eigenvalue, say A,,,at 5 = a,k , and the Jacobian matrix J*(I,) = J(I,,15), becomes:

- —ak —p1k
J'd)=1]0 0 0
O 0 T3 - d - ﬁzk

(2]  [2]  [2]

T
Now, let X2l = ( Xy, X3 ) be the eigenvector corresponding to the eigenvalue 4,, = 0.

Thus (J*(I,) — A,,1) X2 = 0, which gives:

2] _ zeakxi® [

X2 » X3

" represents any nonzero real number. That means X [2] =
1

=0 and x{z]
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(x{z], xgz], O)T.

T
Let Y2 = (yl[z],yz[z],ygz]) be an eigenvector associated with the eigenvalue A,, of the

T
matrix J37. Then (J3T — A,,1)Y!? = 0. By solving this equation for Y2, y[2l = (O,y[z],O) is

. 2] .
obtained, where y£ s any nonzero real number.

Now, to check that the conditions of Sotomayor's theorem for saddle-node bifurcation are satisfied,

the following is measured:

oF
= B (5,) = (52

ar,

0fi afz af3) (

S, T
0,1——,0) .
or, 6r2 or, )

[

So, F., = (I,73) = (0,1,0)7 and hence (Y[Z])TFT2 (I,r) =y = 0.
Therefore, the first condition of the saddle-node bifurcation is met whilst transcortical, and
pitchfork bifurcation cannot occur.

Subsequently,

T
[21) T
—2r |x 25 [x
D2E,, (I, ;") (x12, x1) = %]—Zalxiz]xg - Zazxi ]x£2] #,0 ,

hence, it is obtained that:
(Y2 [D2E, (1, 15) (X1, X1)] = —2y P [, — 2] 5 0 under condition (35). Thi
7, (2,17 , = =2y, %X, |ap — # 0 under condition (35). This

means the second condition of saddle-node bifurcation is satisfied. Thus, according to Sotomayor's

theorem, system (1) has saddle-node bifurcation at I, with the parameter r,* = a,k.

Theorem 10. For a] = rT1 , system (1), at the equilibrium point /53 has a saddle-node bifurcation
if

nry, # klaja,. (36)
Proof: - According to J(I3), given by (12), system (1), at I3 , has a zero eigenvalue, say 134,

when af = %, and the Jacobian matrix J*(I3) = J(I3, @7), becomes:
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0 0 0

% _azl —1’2 0
JU3) = asl
0 0 rs—d——
14

T
Now, let X131 = ( P],x?],x?]) be the eigenvector corresponding to the eigenvalue A3;; = 0.

_ (3]
Thus (J*(I3) — A3,1) X3 = 0, which implies: x£3] = ﬂ,xfl =0 and xF] represents any

T2

T
nonzero real number. That means X3! = (XF],xf],O) .

(3] (31 31 31\ : : : : :
Let Y =( LY L Y3 ) be an eigenvector associated with the eigenvalue A3, of the matrix

T
J*(I3). Then (JiT — A3, Y3 = 0. By solving this equation for Y13 y[B3l = ( 1[3],0,0) is

. 3] .
obtained, where yl[ s any nonzero real number.

Now, to check that the conditions of Sotomayor's theorem for saddle-node bifurcation are satisfied,

the following is measured:

oF

Fre Fo, (S, a0) = (

df1 0f; 0f3 >T

_’_'_ = - ’O’O T'
da; 0a; day (=52,0,0)
So, F,, = (I3,a7) = (—1,0,0)"and hence (1/[3])TF0C1 (I3,a}) = —ly1[3] + 0.

Therefore, the first condition of the saddle-node bifurcation is met whilst transcortical, and

pitchfork bifurcation cannot occur.

Subsequently,
_ 3117 31)?
DzFal(Ig,aI)(xB],xB]) _ < 2r1Lx1 ] _ ZaIxF]xf],—Zazx{s]xgs] _ 2rz[JlCz ] '0> .
T —2r [x[3]]2 ’
Hence, (B [D2F,, (15, &) (xB, xB0)] = (¥, 00) (% — 205 x5 0,0)

2 *
—2y1[3] [x{‘o’]] % - la;%“z] # 0 under condition (36). This means the second condition of saddle-
2

node bifurcation is satisfied. Thus, according to Sotomayor's theorem, system (1) has saddle-node

bifurcation at I3 with the parameter a,* = %
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Theorem 11. For 1y = a;k + 1P , system (1), at the equilibrium point I has a saddle-node

bifurcation if

37
[ I+ kalx[s] + kﬂ1x3 # 0, 7)

where xi[s]

,i =1,2,3 are given in the proof.
Proof: - According to the Jacobian matrix (J(I5), given by (15), system (1), at the equilibrium

point I, has a zero eigenvalue, say A5, at 1y = a4l + 1P, and the Jacobian matrix

J*(Is) = J(Is, 1), becomes:

[ 0o |

. Tt
O R
“oy+p U (v +p)?

T
Now, let X151 = (x{ ],xgs],xg ]) be the eigenvector corresponding to the eigenvalue A5; = 0.

Thus (J*(Is) — A5, 1)X5! = 0, which gives:

o5 = —aplx® (5] ) [raBap (D) —apaslplxl’
2 T M T

and x [5]

— represents any nonzero real number
r2((r3—d) (y+p)—azyl) 1 P y

and (r; —d)(y +p) —agyl # 0.

Let Yo = (3’1[ ],yz[ ],y3[5]) be an eigenvector associated with the eigenvalue As; of the

T
matrix J3T. Then (JiT — A5,1)Y!5] = 0. By solving this equation for Y51, yI5! = (yl[s], 0,0) is

. 5] .
obtained, where 3’1[ I any nonzero real number.

Now, to check that the conditions of Sotomayor's theorem for saddle-node bifurcation are satisfied,

the following is considered:

oF _(0f1 afz afs) _ S1 T
or, T Fa(Sim) = (arl "o, ory) (1 k’O'O) '

So, E., = s, 1) = (1,0,0)Tand hence (Y[S])TFrl(IS,rf) = yl[s] # 0.
Therefore, the first condition of the saddle-node bifurcation is met whilst transcortical, and
pitchfork bifurcation cannot occur.

Subsequently,
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D2F, (Is,ry*)(x[51, x[57)

=21 [x{s]]z
k

—Zalxis]xgs] 2,81x1 xgs]’ 2a2x£5] [5]

[5]
21‘2[ X2 ] 2B 51505 5] 2yasx,x3  2yazs)xs
- y Ble x3 - v 2 - v 3
l (r +p) (v + D)

hence, it is obtained that:

(V) [D2E,, (s, ) (X1, x191)]

—2r [X[S]]Z
1
(y1 ,0, 0) — 2a1x£ ]xz Zﬁlxl x35], Zazxgs]xgs]

A z
B T2 | X2 _2p NENGIE 2YQ3X5X3 B 2y a35,X35
LTS 4?2 (r+p)?

i.e.,

[5]
(1/[5])T[D2Fr1 (15,7‘1*)(X[5],X[5])] = —2y1[5]x£5] rlxl + alxgs] + ﬁ1x3 # 0 under condition

(37). This means the second condition of saddle-node bifurcation is satisfied. Thus, according to

Sotomayor's theorem, system (1) has saddle-node bifurcation at I with the parameter ;.

az$;

Theorem 12. For r; =d +

— B,81, system (1), at the equilibrium point I, has a saddle-node

bifurcation if

as x£7] n a3§2x£7]

14 y?

(38)

ﬁzx{ﬂ # 0,

[7],1' = 1,2,3 is given in the proof.

where x;

Proof: According to the Jacobian matrix J(I;), given by (19), system (1), at the equilibrium point

0.’352

I;, has a zero eigenvalue, say 1,3 at 13 =d + + 3,51, and the Jacobian matrix J*(I;) =

J(I;,13), becomes:
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—118; A A
X —a1851 —Pi%s
]*(17) = n —T‘2§2
_azsz
0 0 0
[7] (71 171 71\ - : : _
Now, let X X1, X5, Xg be the eigenvector corresponding to the eigenvalue A,; = 0.

Thus (J*(I;) — A,31) X1 = 0, which gives:

(7]

7 —T2X 7 rr—klaia

xi]—#—xg]—M ndx
la, klay B4

7] represents any nonzero real number and 1471, —

klaja, # 0.

Let Y7l = (3’1[ ],yz[ ],yy]) be an eigenvector associated with the eigenvalue A,; of the

T
matrix J37.Then (J3T — A,31)Y!”) = 0. By solving this equation for Y171, yI7l = (0,0, y3E7]) is

. 71 .
obtained, where y3[ s any nonzero real number.

Now, to check that the conditions of Sotomayor's theorem for saddle-node bifurcation are satisfied,

the following is considered:

oF

0fi afz af3)
6r3

T
or;’ 6r3 or; = (0.01)".

= B, (5,m) = (52

So, F, = (I;,73) = (0,0,)Tand hence (Y7)'E, (I, r3) = ¥} # 0
Therefore, the first condition of the saddle-node bifurcation is met whilst transcortical, and

pitchfork bifurcation cannot occur.

Subsequently,

D2Fr3 (I, r3*)(x[7], x[7])

[7]
—27‘1
= —I[c ] — 2a1x£7]x£7] - Zﬁlxy]xy], —2a2x£7]x£7]
(7] ’
21y [x [ 2 ] (7] [7] 203%pX3  2a35,%3
72X X3 — - 2
l 14 Y
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hence, it is obtained that:

(Y7 (D2, (1, r5) (x 17, X7V

—27 [x[7]]2
1
= (0,0, yy]) B — 2a1x£7]x£7] - 2,81x£7]x£7], —Zazxy]xgﬂ

(711 717 (717
27/‘2 [xZ ] 2 [7]_[7] 26(3X£ ]Xg I 2“352 [x3 ]
T A T T T T

1e.,

az x£7]

14 y?

a 171
(Ym)T[DZFrs(I%r';)(Xm:Xm)] = —2x} yi" | o + ¥352%5

This means the second condition of saddle-node bifurcation is satisfied under condition (38). Thus,
according to Sotomayor's theorem, system (1) has saddle-node bifurcation at I, with the
parameter 13.

_ lmymy+(agiazz)ms)

Theorem 13. If the parameter r, passes through r, = ) , Where 1, > 0. Then
243341

system (1), at the equilibrium point Ig has
1) asaddle-node bifurcation provided that
L # 53, (39)
(Y81 [D2E,, (Ig, ) (X1#), X181)] 0. (40)
2) atranscritical bifurcation if condition (39) is violated while condition (40) is satisfied.

3) a pitchfork bifurcation if conditions (39)-(40) are violated with the following state is

satisfied

(Y'Y [D3F, (Ig, 75) (X181, x191)] = 0. (1)

where the formula of Y!8! and X8 are given in following the proof.
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Proof: According to the Jacobian matrix J(Ig), given by (23), system (1), at the equilibrium point

Ig, has a zero eigenvalue, say Ag; at 1, = l(mlmzs:i:;?”)ms), and the Jacobian matrix J*(Ig) =
J(Ig,15),becomes:
I g By
i) = | —apsy T2 0
[—.3229* ;Oi—jf r3—d— (;//i;iiz - ﬁzS;J

T
Now, let X8 = ( {8], x£8], xgg]) be the eigenvector corresponding to the eigenvalue say Ag; =

0. Thus (J*(Ig) — Ags) X8 = 0, which gives:
8] _ —rz*xgs] _ x[g] _ (rlrg‘—klalaz)xgs]

X = =
1 lafz 3 klazﬁl

and x£8] represents any nonzero real number. That

means
_ (18] _[8] _[81\"
X[s]—( 1 Xy, X ) :

T
Let Y18 = ( 1[8], 2[8], 3[8]) be an eigenvector associated with the eigenvalue Agz of the matrix

T

JiT. Then (JiT — Ag31)Y!81 = 0. By solving this equation for Y8 yl8l = ( 1[8],3/2[8],3/3!8]) is

[8] .« * * « [8]
. 8] -y;1 silla1q1(y+p)+asfip*) _ [8] B151y4 [8] .
obtained, where % = - , = ——— where 1S any nonzero
’ Y2 7255q1(y+p*) Vs q1 % y

real number and q; =13 —d — Ji;ﬁ;z — Bysi # 0.

Now, to confirm whether the conditions of Sotomayor's theorem for saddle-node bifurcation are
satisfied, the following is considered:

Now, consider:

T

0,1 —S—Z,o) .

ofy 0fy 0fs\
_3) = ( l

oF
DR = (G5 5 5

ary,

So, E,=(gmr;) = (0,1 - STZ,O) and hence (Y[S]) E. (g,15) = yz[g] [1 - STZ] # 0 under
condition (39). Therefore, transcortical bifurcation cannot occur whilst the first condition of the

saddle-node bifurcation is met. Now,
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D2F, (Ig, m,") (x!®, x!8)

~2n [x [8]] 6] 1o (81 [8] (81 (8]
=\—7 %~ 2a1%; x5 — 2P1%x; x5, —2a,x; X,

2ry [x£8]12
— 7

2
«[.[8
[8] 2ya3x£8]x£8] 2yass; [x£ ]]

_2 —
pri’ (v +p*)? (v +p*)3
Hence, it is obtained that:
(v [D2E, (15, ) (x 18], X1#)]
—2T1 [ [8]]

8 8 8 8 8
= (yl[g],yz“‘],yf} ]) - 2a1x£ ]x£ 1 _ 2B1x£ ]x£ ],

(8] « [[8] 2
[8]..[8] _ 21‘2[ *2 ] Zya3x£8]x£] 2yass; [xg ]

[8]..[8]
—20,X; X ,—2Px: Xs o — — "
2z l 1T (Y +p)? (y +p9)3
1.e.,
~2ry ]
T " le X
(VI8 [D2E,, U, m) (X18), x181)] = ——=2h — 20, /¥l — 28,y Pl —
[s][ [8]]? 8], 8], [8] [8]] . [8]
(81 [8] 8] _ 273%% [%2 (o) (6], 8] _ 2vasxlaliyl®  2yassyl <]
2a,y, X X, z — 2By5 X X3 i) Gy # 0 under

condition (40). This means the second condition of saddle-node bifurcation is satisfied.

Moreover, if condition (39) is not satisfied, then the following is obtained:

T * 8 S5
(Y®)'E, Ug ) =y [1 - F] = 0.
So, according to Sotomayor's theorem, saddle-node bifurcation cannot occur while the first
condition of transcritical bifurcation is satisfied.

Now,

0
0
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where, DF,,(S,1;) represents the derivative of F. (S,7r,) with respect to S = (51,5, p)" .

Furthermore, it is observed that:

0 0 O]« 0

8] —1 o _ [—x)
DFrZ(IS,T'Z)X =10 T 0 X, | = lz
0 0 of[x® 0

T
(8]
—X -y, X
(Y DE, (g, )X 1® = (), 31, yi*) (0, 2 ,0) =220 4
Hence, according to condition (40):
(Y1®1)" [D2F, (1g, 75 (X, X11)] # 0

This means the required conditions to have transcritical bifurcation are satisfied.

Finally, if conditions (39)-(40) are not satisfied, then the following is obtained:
(Y®)'E, g r3) =y [1 = 2| = 0 and (Y1®1)'[D2F, (g, 75) (X1, X1®1)] = 0. So, according
to Sotomayor's theorem, the first and second conditions of pitchfork bifurcation are satisfied.

Now,

0
0

2 3
2V“3x£8] [xgg]] N 6y ass, [xgg]] '
(y +p)? (y +p)*

D3F(X,X) =

Hence, according to condition (41):

2 3
2ya3x£8] [xgs]] 6y a3S, [x:gs]]
*\3 + *\4
(r +p) (r +pr°)

()10, (o, ) (XX = (547,54, 54%) 00,

172
] I 1 3s5(rry — klajas)
(r +p*)? y+p)  klapi(y +p*)?

This means system (1) has pitchfork bifurcation at Ig with the parameter .

8 8 8
2yl [+

Theorem 14. Assume that the following conditions are satisfied
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—bi3b31b
max. {mzb-::ng ) 13:”121 22} < b33 < _(bll + bZZ)a (42)
Ay () # (AL DA ) + A, (DAL (7)), (43)
r >0, (44)

where Ai's are the coefficients of the characteristic equation given in Eq. (24), and the formula of
r; is shown in the following proof. Then, system (1) has a Hopf bifurcation at r; = r{" for Ig.
Proof: - Consider the characteristic equation which gives in (24) at Ig. Now, to verify the
conditions for a Hopf bifurcation to occur, we need to find a parameter such that A = A;4, —
Az = 0 is satisfied. It is observed that A = 0 gives:

rr = —k(mymy+(b11+b11)m3+byzb334;)
L = .

ba2b3357
Clearly, ry > 0 provided that the condition (44) holds. Now, at 1; =1, the characteristic

equation given by Eq. (24) can be written as

which has three roots
Al = _Al' 12’3 = ilﬂAz

Clearly, at r; = r{ there are two purely imaginary eigenvalues A, and A; and one eigenvalue
A1 which have negative real parts. Now for all values of 7y in the neighbourhood of 7y, the

roots in general, have the following forms:

Ay = —Ay, Ay 3 = 81(ry) £ i85 (ry).
Clearly, Re( /12'3) lr,=r; = 61(17) = 0 means the first condition for Hopf bifurcation is satisfied

at r;, = ry. Now to verify the transversality condition, we substitute &;(r;) * id,(r7) into Eq.
(45), and then calculate its derivative with respect to the bifurcation parameter r;, 0 (r{)Y(ry) +
r ()¢ (ry) # 0, where the form of @(ry),Y(ry), [ (ry) and ¢(ry) are

Y(ry) = 367(ry) + 241(r1)81(r1) + Az () — 365 (ry),
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d(r1) = 66,(r1)6,(ry) + 24,(r1) 6, (1),
0(r) = 67 ()AL () + Ay '(1)81.(ry) + Az '(ry) — Ay " (1) 85 (1),

r(ry) = 251(r1)52(7”1)14l1(7”g) + A5 (ry) 6, (ry).

Note that for r; =1y, we have §; =0 and §, = ,/A,, substitution into Eq. (45) gives the

following simplifications:

Y(ry) = —24,(ry),

(1) = 24, (r))V Az (1),
0(r) = A3(ry) — A1 (1) A, (1),

r(r) = Az (r)V A2 (1)),

where,
S*
A4(rp) =5,

_S*
Ay(rf) = Tl(azz + asz),
Sfa§3

k

Az(r{) =

Hence, condition (43) gives

OY(y) + T(r)(ry) = —24,(r)[A(7) — (AL ()AL (1)) + A, ()AL ()] # 0.

This means that Hopf bifurcation has occurred.

9. NUMERICAL ANALYSIS
Numerical simulations of the system (1) are obtained to demonstrate the analytical results of our
study. The dynamics of the model (1) are carried out through the help of MATLAB. Then, the time
series and phases diagram of the solutions of system (1) are drawn for the following set of
parameters:

1, =651, =20,13=10,k =4,1=5,,a; =0.025,a, = 0.6, f; =

0.03,5, = 0.005,a3 = 0.05, d =1,y = 0.05. (46)

For different sets of initial values (3,5,1), (3,3,3) and (2.6,1,1), the system's (1) solution approaches
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asymptotically to the globally stable point Ig = (3.9,4.4,19.6) (see Figure 1).

Toxicant

Figure 2 Phase diagram of system (1) with the data given by (46) with different initial values.

Model (1) is now numerically resolved for the data in (46) to investigate the impact of altering one
parameter at a time on system's (1) behaviour. For this purpose, Figure 2 depicts the dynamics of
the two species with the set of data given by (46), with different values of f;. It illustrates the

solution of system (1) settles down to Ig for different values of f;.

(a)

20
c
S 15 —s1 =
& 82 8
3 10 f p =
o [=]
& [
AN

0 /

0 50 fme 100 150
(c)

20
2 SE— -
o815 52 &
= (%]
w 2
3 10§ P 5
n |_
o sf_L

0

0 50 100 150
Time

Figure 3 Dynamics of system (1) with (a) time series with B; = 0.9, system (1) converges to (2.9,4.5,19.3); (b) phase
diagram of (a); (c) time series with [f; = 0.003, system (1) converges (3.9,4.4,20.8); (d) phase diagram of (c).
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To numerically explore the effect of [, the parameters in (46) remain the same except for
changing pB,. The solution of system (1) asymptotically approaches Ig for different values of [.
(See Figure 4).

(a) (b)

-
(=}
- —

Population
(4]

s1 52 p|

0 50 100 150 200 250 300
Time

(c)

20 o :
s2 p a 15

10 |
5

0 50 100 150 200
Time

—=1

Population
=

Figure 4 Dynamics of system (1) with (a) time series with [, = 0.9, system (1) converges to (3.9, 4.4, 4.5); (b) phase
diagram of (a); (c) time series with 3, = 0.00001, system (1) converges (3.9, 4.4,20.8), (d) phase diagram of (c).

The same scenario can be detected with changing aq, @, and d, The solution of system (1)

converges asymptotically to its interior point Ig for different values of them. (See Figures 5-8).
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€ s\
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Figure 5 Dynamics of system (1) with (a) time series with a, = 0.9, system (1) converges to (3.7, 4.4, 20.4); (b) phase
diagram of (a); (c) time series with a, = 0.00006, system (1) converges (3.9, 4.4, 20.8); (d) phase diagram of (c).
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(a) (b)
25 . N
c 20 '
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=
g 15 | s1 52 ]
h
210
o5
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Time
(c)
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E 10\ |_51 [ p|
=
A\
o 5 f
0
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Figure 6 Dynamics of system (1) with (a) time series with a, = 0.9, system (1) converges to (3.9, 4.1, 23.6); (b) phase
diagram of (a); (c) time series with a, = 0.0002, system (1) converges (3.9,4.9, 15.9); (d) phase diagram of (c).
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Figure 7 Dynamics of system (1) with (a) time series with d = 0.9, system (1) converges to (3.9, 4.4, 21.2); (b) phase
diagram of (a); (c) time series with d = 0.003, system (1) converges (3.9, 4.4,25.21), (d) phase diagram of (c).

Now, Figure 8 explains system's (1) dynamics with the data given by (46), with different values of

as. It illustrates the solution of system (1) stabilising at Ig, when a; > 0.11. While the solution

of system (1) settles down to I, in Int.R¥ ¢y, when a3 < 0.11.
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Figure 8 Dynamics of system (1) with (a) time series with a; = 0.1, system (1) converges to (3.9, 4.4, 0.4); (b) phase
diagram of (a); (c) time series with a3 = 0.11, system (1) converges (3.9, 4.4,0); (d) phase diagram of (c).

Figure 9 illustrates the system (1) dynamics with (46) at various values of 7;. It demonstrates that
when 0.6 < r; < 68.7, the solution of system (1) approaches its positive balance point Ig.

Furthermore, for r; < 0.6 and r; > 68.7, the first species becomes zero and the solution

approach asymptotically to I5 in Int.Ri(Szp).
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Figure 9 Dynamics of system (1) with (a) time series with r; = 68.7, system (1) converges to (3.9, 4.4, 20.7); (b)
phase diagram of (a); (c) time series with r; = 68.8, system (1) converges (0, 11.2, 9.3); (d) phase diagram of (c). (e)
time series with r; = 0.6, system (1) converges (0.004, 4.9, 16); () phase diagram of (e). (g) time series with r, =
0.59, system (1) converges (0, 5, 16); (h) phase diagram of (g).
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Further, Figure 10 presents the effect of varying r, on the dynamics of system (1). It shows the
solution approaches Ig when 1, > 0.001. Furthermore, the first species losses persistence when
r, < 0.001. For example, when r, = 0.001 the solution, in this case, approaches to I =
(0,0.8,2165).
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Figure 10 Dynamics of system (1) with (a) time series with 1, = 0.01, system (1) converges to (0.01, 0.08, 2157), (b)
phase diagram of (a); (c) time series with 1, = 0,001, system (1) converges (0, 0.8, 2165.4); (d) phase diagram of
(c). (e) time series with 1, = 70, system (1) converges (3.9, 4.8, 17.1), (f) phase diagram of (e).

Finally, Figure 11 shows the impact of varying r3 on the system's (1) behaviour. Clearly, the
solution of system (1) accesses its positive equilibrium point Ig when r3 > 4.9. While the
solution of system (1) settles down to I; in Int.Ri(SISZ), when 73 < 4.9.
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Figure 11 Dynamics of system (1) with (a) time series with 13 = 70, system (1) converges to (3.4, 4.4, 287.9); (b)
phase diagram of (a); (c) time series with 13 =5, system (1) converges (3.9, 4.4, 1.08); (d) phase diagram of (c). (e)
time series with 13 = 4.9, system (1) converges (3.9, 4.4, 0); (f) phase diagram of (e).
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10. CONCLUSION

A two-competitive species model with pollution has been proposed and intensively studied. The
type I functional response has been provided to describe the negative effects of the first species
due to the toxins in the environment. The type II functional response has been supposed to
represent the toxin's degradation due to the existence of the second species. The theoretical
examination shows the existing conditions of the eight non-negative fixed points. Based on the
Routh-Hurwitz stability criteria, the local stability of all steadiness points has been studied.

The global dynamics of equilibria have been established by using the Lyapunov method. Further,
the Sotomayor theorem has been applied to estimate the appearance of local bifurcation near the
equilibrium points. Finally, a 3D phases diagram and time series have been utilised to confirm the
analytical result. The result shows that system (1) movement always occurs around the interior
steady state if the stability conditions are met. In contrast, a varying in the growth rates (ry,7,, 13)

and the uptake rate of toxicants by the second species will lead to the damage of some species.
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