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Abstract. In this research, we propose a delayed vaccination model with the application for predicting the evo-
lution of infectious cases related to COVID-19 disease. The main purpose of this paper is to show the existence
of Hopf bifurcation that can explain the multiple waves that the world witnessed this recent times. Therefore, it
can be used the length between the doses for the vaccine that considered for different vaccines and its effect on
the evolution of the infectious cases. It has been shown that the investigated model can undergo Hopf bifurcation
in presence of delay time lags to the vaccine against a COVID-19, and can lead to the persistence of the disease.
The obtained mathematical findings are checked using graphical representations with proper interpretations on the
manner of controlling the outbreak of COVID-19 disease.
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1. INTRODUCTION

The American Johns Hopkins University reported that the total number of coronavirus infec-
tions in the world has risen to more than 254.3 million, and the total deaths to more than 5.1
million. According to the university’s data, the total number of cases of coronavirus in the world
reached 254,317,843, and the total number of deaths was 5,114,140. The United States topped
the list of countries in terms of the number of deaths due to the virus with 765,762 deaths, and
the total number of infections in it reached 47,308,698.

The U.S. Food and Drug Administration (FDA) has granted emergency use approval for
some COVID-19 vaccines in the United States and worldwide. The FDA has agreed to use the
Pfizer-Bioentech vaccine to prevent COVID-19 in people aged more abovel6. Lately, the FDE
has issued an emergency use authorization for the Pfizer-BioEntech vaccine for COVID-19 that
aged between 5 and 15.

Vaccination can prevent infected individuals to develop sever symptoms developing that can
lead to death. In addition, the immunity acquired from the COVID-19 vaccine may be better
than the immunity acquired when infected with COVID-19.

Indeed, persons that received vaccination can return to their activities without any fear of the
dangers of being infected from COVID-19, and without using protection materials (masks as
an example). The recent use of different vaccines is the reason behind returning to our natural
lifestyle without feat from the outcome of not wearing masks and the fear of being infected.
Therefore, vaccination helped us in facing the pandemic. Experts suggest an additional dose of
the COVID-19 vaccine for individuals fully vaccinated who may not have had a strong enough
immune response.

Numerous mathematical models have been used to predict the outbreak of COVID 19 disease,
with different approaches. For example, in [13, 16], the authors considered an age-structured
model for modeling the spread of COVID-19 disease. In [12] the authors considered a system
of ODEs that considers the asymptomatic and symptomatic individuals and its effects of the
spread of COVID-19 in the north African countries. Different other approaches have been used
in the past two years to predict the effectiveness of measured considered by governments, such

as the papers [2, 3, 4, 5, 6,7, 8,9, 10, 11, 14, 15, 17, 18, 19]. Due to the large number of
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vaccines used by different countries in the past year, the effect of a vaccination strategy on the
evolution of infectious cases is mandatory to determine the effectiveness of the disease. In this
regard, we investigate a vaccination mathematical model for COVID-19 disease that studies its
evolution in our community. Our starting point is the model considered by Naji and Mohsen in

[1], which is formulated as:

ds BSI
= = A+(1-pA-—" S+6V
av opVI
== ys— P (u+o)V
- BSI oBVI
(1 o = Attt al,
R _ a1 pr
dr HE

Here, S(¢),V(¢),1(t) and R(t) represent to the susceptible, vaccination, infected and recovery
respectively. They studied and discussed the stability analysis of the model (1) without delay. In
this work, we modify this model and study the delayed effect of taking the vaccination against
a COVID-19 pandemic. Indeed, the vaccine will take some time until becomes effective. This
conduct can be obtained by changing the term yS(¢) by yS(¢t — 7). This assumption is put due
to the vaccination policy for different vaccines, where most of them must take more than a dose
to get full immunity to the disease. Based on this consideration and motivated by the work

above, we incorporate the vaccine delay into the model (1) and study the following delayed

system:
ds BSI
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With the initial conditions
S(0) >0, V(v)>0,forve[-r1,0], 1(0) >0, R(0)>0.

And all the parameters meanings are similar in [1], and 7 is the vaccination delay against
COVID-19 pandemic. In the next section, the conditions for local symbiotically stability is
discuss by Routh-Hurwtiz method under 7 > 0. Also, By taking the vaccine delay 7 as the
bifurcation parameter, the conditions for the occurrence of Hopf bifurcation are investigated in
Section 3. Further, some numerical results are confierd out for our analytic results in Section 4.

Finally, the paper ends with conclusion of the work.

2. STABILITY AND HOPF BIFURCATION ANALYSIS OF STEADY STATE POINTS

Based on the results in [1], we know the model (2) has two equilibrium points are namely
by disease free point Ey = (Sp,Vp,0) and endemic point E* = (§*,V*,I*), as well as, the Ej is
local stable without delay (7 = 0), under the Zy < 1. While, if Z, > 1 we know the E* became
stable without delay, for more detail see [1].

Here we will study the Hopf bifurcation occurrence when take (7 > 0) as the bifurcation pa-
rameter. Then, we can rewrite the jacobian matrix and the characteristic equation of model (2),

near E( in below.

01— Qe by b3
(3) J(Eo) = 0re ™ by by
0 0 %

Such that

O1=-U =V, % = w —(u+toa),bp=0,b3= “ff‘), by =—(1U+8), by =
—opVo
s

Clearly, the characteristic equation of (3) about Ej is given by

(4) A«3+M112+M2)y —|—M3—{—(N112_+_N2)’ +N3)€_2'T:O
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here
My = —(Q1 +bxn + %),
Ms = Q1(ba + Xo) + b2 + o,
M3 = —Q1(Zob2),
N1 =0y,
Ny = —Qa(bxa + b1z + %),

N3 = Q2% (b2a + b12).

Clearly, in case T > 0 we have that the equation (4) has at least a pair of purely imaginary
roots represented by A = i@ in equation (4) and separating the real from imaginary parts, which

gives in below results

cc(N1@* — N3)Sin@t + N,@Cos®t = @ — M@,

(5) (N3 — N1@%)Cos@T + N, BSin®t = M@ — Ms.
Now, if squaring equations (5) and adding them, we get
(6) @ + ho* + ho? + h; =0,
where
hi = Qf — Q3+ b3, + %,
hy = M3 — N3 —2M M5 + 2N N3,
hy = M3 — N3.
Putting K = @2, then equation (6) became
(7) K? + K+ hK +hs = 0.

According to Descartes rule of sign there is a unique positive root say @, satisfying equation
(7). That is equation (6) has a positive root @,. Thus, equation (4) has at least a pair of purely

imaginary roots i@, corresponding to the time delay 7.
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Obviously, when substituting @, in equation (5) and solving with simplified the result of
system for 7, we have
®)
1 (Na=NiMy) @2 + (M N3 + M3Ny — NaMo) B2 — M3N5 eIL;

1, =—Cos )
T w, N? @3 + (N3 — 2N N3) @2 + N3 @,

i=0,1,2,....

Next, we discuss the stability of the endemic equilibrium point of model (2). Then, we can

evaluating the jacobian matrix and the characteristic equation near E* in below.

Dy —Dye ™" ¢y 3

) J(EY) = Dye ™™ cxn e
Cc31 C32 (33
Such that
Di=—(fr+1). Dr=vy. co=0, cis = S, e =~ — (1 +6), e = =,

_Br _ opr
€31 = > C32 = x5 €33

— /3(5*7\]0‘/*) —(u+a).

Clearly, the characteristic equation of (9) about E* is given by
(10) A3+ W AR + oA+ M + (RO A% + Mo+ Fa)e ™ = 0
here

My = — (D1 + ¢ +c33),
My = Di(c22 4 ¢33) — €13€31 4+ €20€33 — €23¢32,
M3 = Di(c23¢30 — €22€33) — €12€23€31 + €22C13C31,
Ny = Ds,
Ny = —Ds(cn+c33+c12),
N3 = Ds(c33(can +c12) —en(c13 +c23)).
Clearly, in case T > 0 we have that the equation (10) has at least a pair of purely imaginary

roots represented by A = i@ in equation (10) and separating the real from imaginary parts,

which gives in below results



VACCINATION MATHEMATICAL MODEL WITH APPLICATION TO COVID-19 PANDEMIC 7

(11 (Nld)'z—]vg,)Sin@'T—i—Nz(ffCOS(ﬁT:573—1\2263',
(N3 —lefiz)Coszfn -l-defSil’l(ffT = Ml "k —M3.

By squaring equations (11) and adding them, we get
(12) O+ & + hh®* +hy =0,
where

hy = D3 — D3+ c3, + 33+ 2(c13c31 + en3c3),
hy = M3 — N3 —2(M M5 + N, N3),
e = J12 — 2.

Putting k¥ = @~ in equation (12) we get

(13) K+ k2 +hok+hy =0.

Clearly, by help the Descartes rule of sign there is a unique positive root say @, satisfying
equation (12). That is equation (11) has a positive root @,. Thus, equation (9) has at least a pair
of purely imaginary roots i@, corresponding to the time delay 7.
Obviously, when substituting @, in equation (10) and solving with simplified the result of
system for 7, we have
(14)
1 ot Ro = BN (B0 + W3, — Nob) 52 — s | 2

T; = =—Cos = = —— =
T w, N2 @2 + (N3 — 2N N3) @2 + N2 @,

. j=0,1,2,...

Hence, define that the value of time delay when j = 0, we have Ty = min;>(7;, then A(7) =
v(7) 4 i@ (7) be a root of equation (9), such that ¥(7y) = 0 and @ (7)) = @. Then we have the
following theorem.

Theorem The roots of the characteristic equation (9), satisfy the following transversality

condition hold

s {d(Re/l(’L'))

70,
dT 11’—’[()
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under
(16) M%—N%—Z(Mﬂ\;[g, —|—N1N3) > 0.

Proof: By using A(7) in equation (9) and differentiating the result equation with respect to
T, we get that
a7
{312 +2M A + My + (2N, A —1-1(72)6_M —t(MA? + N2 —|—N3)e‘“} fl'kr = A(NiA* + A +N3)€_M-

Thus

(s) dA\"' . 3AR42M A+ 2N A+ N, T
N —A(A3+M112+M21+M3) X(Nllz—f—ﬁzl +N3) A

drt

Since, A = i@, at T = Ty, then equation (18) can be rewrite in below

art B

(19) @ -1 . —3@3+2M1i650 +M2 n Zﬁliﬁo +N2 70
i(f)'o(i(f)'g +M1 (f)'g —Mzi(‘ffo —M3) iﬁo(ﬁzi@o —{—[\73 —Nl (f)'g) i(ffo.

As well as, if

d(Rel) B da\ !
(20) sgn [ I ]T_TU = sgn [Re <E) ]l

Accordingly, from the fact

Re 3),24521\;[11151\22 _ _ 2M1(Mlﬁg—Mg)—(M2~—3@§)(~@'§—M2)
—A(A3+MIAZ+MoA+M5) O2(B2—M, )2+ (M, 02 —M5)? ’
Re [ 2Ma+Ry | _ 2M(Ns-NiG2)-N3
A(N112+N21+N3) N§@§+(N3—N1£5§)2’

Re [ﬂ = Zero.

So, we can write it in the following

dA\|"' 20 (MG — M) — (M — 362) (B2 — My) | 2N (N5 — N1 &2) — N3
1) |Re( = = o o T S TA R L LY e
dt ) ] +—q, O3 (02 — Mz)* + (M7 — M3)? N; 03 + (N3 — N @7)?
It easy to see that, equation (21) dose not equal zero if and only if the condition (15) is hold.
Hence, the obtained result shows that the eigenvalue equation (9) crosses the imaginary axis
from left to right as 7 passes through 7p. Then model (2) losses it is stability near E* and

undergoes the Hopf bifurcation when 7 = 1.
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3. NUMERICAL SIMULATION

In this section we check our computation, we perform some numerical simulations. We

choose a set of hypothetical parameters as follows
(22) A=500, A=25, w=0.22, B=0.1, u=0.1, p=0.1, =0.2, 6 =0.05, 6 =0.1.

For the parameter, the trajectory of model (2) converges to the stable to E* at 7 =11 < 19 =
14.3; converges to the periodic at T = 14.3 = 7 see Figures (1) and (2) respectively. Again
the trajectory of model (2) converges to increasing the periodic at T = 15 > 1, see Figure (3).
Now, if we take the values of § = 0.01, p =0 and 7 = 11, with keep the other parameters in
equation (22) we get the trajectory of model (2) converges to the stability to Eg; a periodic at

T = 14.3 = 19 see Figures (4) and (5) respectively.
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FIGURE 1. The solution and the phase trajectories of the model (2) to E before

Hopf bifurcation occurs 7 = 11.
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FIGURE 2. The solution and the phase trajectories of the model (2) to Ey after

Hopf bifurcation occurs 7 = 14.3.
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FIGURE 3. The solution and the phase trajectories of the model (2) to E* before

Hopf bifurcation occurs 7 = 11.
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FIGURE 4. The solution and the phase trajectories of the model (2) to E* after
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FIGURE 5. The solution and the phase trajectories of the model (2) to E* before

Hopf bifurcation occurs 7 = 15.
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4. CONCLUSION AND RESULTS

In this manuscript we discussed the impact of delay in vaccination on COVID-19 and proved
that large delay will leads the extinction of disease while for small delay the persistence ob-
served. For this The we provided the Hopf bifurcation analysis of the suggested model and
highlighted the importance of the vaccine against a COVID-19 virus spread. It has been shown
that the investigated model can undergo Hopf bifurcation in presence of delay time lags to
vaccine against a COVID-19, about for all the possible equilibrium points. The obtained theo-
retical results are checked using numerical simulations with a brief discussion on the biological

relevance.

AUTHORS’> CONTRIBUTIONS

The authors declare that the study was realized in collaboration with equal responsibility. All

authors read and approved the final manuscript.

ACKNOWLEDGEMENT

We are thankful to the reviewers for valuable comments.

CONFLICT OF INTERESTS

The authors declare that there is no conflict of interests.

REFERENCES

[1] R.K. Naji, A.A. Muhseen, Stability analysis with bifurcation of an SVIR epidemic model involving immi-
grants, Iraqi J. Sci. 45 (2013), 397-408.

[2] D. Okuonghae, A. Omame, Analysis of a mathematical model for COVID-19 population dynamics in Lagos,
Nigeria, Chaos Solitons Fractals. 139 (2020), 110032. https://doi.org/10.1016/j.chaos.2020.110032.

[3] A. Zeb, E. Alzahrani, V.S. Erturk, et al. Mathematical model for Coronavirus Disease 2019 (COVID-19)
containing isolation class, BioMed. Res. Int. 2020 (2020), 3452402. https://doi.org/10.1155/2020/3452402.

[4] P. Samui, J. Mondal, S. Khajanchi, A mathematical model for COVID-19 transmission dynamics with a case
study of India, Chaos Solitons Fractals. 140 (2020), 110173. https://doi.org/10.1016/j.chaos.2020.110173.

[5] N.H. Tuan, H. Mohammadi, S. Rezapour, A mathematical model for COVID-19 transmission by using the
Caputo fractional derivative, Chaos Solitons Fractals. 140 (2020), 110107. https://doi.org/10.1016/j.chaos.20
20.110107.


https://doi.org/10.1016/j.chaos.2020.110032
https://doi.org/10.1155/2020/3452402
https://doi.org/10.1016/j.chaos.2020.110173
https://doi.org/10.1016/j.chaos.2020.110107
https://doi.org/10.1016/j.chaos.2020.110107

VACCINATION MATHEMATICAL MODEL WITH APPLICATION TO COVID-19 PANDEMIC 13

[6] I. Ahmed, G.U. Modu, A. Yusuf, P. Kumam, I. Yusuf, A mathematical model of Coronavirus Disease
(COVID-19) containing asymptomatic and symptomatic classes, Results Phys. 21 (2021), 103776. https:
/ldoi.org/10.1016/j.rinp.2020.103776.

[7] T.A. Perkins, G. Espaiia, Optimal control of the COVID-19 pandemic with non-pharmaceutical interventions,
Bull. Math. Biol. 82 (2020), 118. https://doi.org/10.1007/s11538-020-00795-y.

[8] C.Tsay, F. Lejarza, M.A. Stadtherr, et al. Modeling, state estimation, and optimal control for the US COVID-
19 outbreak, Sci. Rep. 10 (2020), 10711. https://doi.org/10.1038/s41598-020-67459-8.

[9] S. igret Araz, Analysis of a Covid-19 model: Optimal control, stability and simulations, Alexandria Eng. J.
60 (2021), 647—-658. https://doi.org/10.1016/j.aej.2020.09.058.

[10] M. Zamir, Z. Shah, F. Nadeem, et al. Non pharmaceutical interventions for optimal control of COVID-19,
Computer Methods Progr. Biomed. 196 (2020), 105642. https://doi.org/10.1016/j.cmpb.2020.105642.

[11] R. Bouajaji, H. Laarabi, M. Rachik, et al. Optimal control therapy and vaccination for a new coronavirus
model, in: International Conference on Research in Applied Mathematics and Computer Science, Casablanca,
Morocco, March 26-27, 2021.

[12] S. Djilali, L. Benahmadi, A. Tridane, K. Niri, Modeling the impact of unreported cases of the COVID-19 in
the North African countries, Biology. 9 (2020), 373. https://doi.org/10.3390/biology9110373.

[13] S. Bentout, A. Tridane, S. Djilali, et al. Age-structured modeling of COVID-19 epidemic in the USA, UAE
and Algeria, Alexandria Eng. J. 60 (2021), 401-411. https://doi.org/10.1016/j.a2ej.2020.08.053.

[14] Q.T. Ain, N. Anjum, A. Din, et al. On the analysis of Caputo fractional order dynamics of Middle East Lungs
Coronavirus (MERS-CoV) model, Alexandria Eng. J. 61 (2022), 5123-5131. https://doi.org/10.1016/j.aej.
2021.10.016.

[15] T. Sitthiwirattham, A. Zeb, S. Chasreechai, et al. Analysis of a discrete mathematical COVID-19 model,
Results Phys. 28 (2021), 104668. https://doi.org/10.1016/j.rinp.2021.104668.

[16] S. Djilali, B. Ghanbari, Coronavirus pandemic: A predictive analysis of the peak outbreak epidemic in South
Africa, Turkey, and Brazil, Chaos Solitons Fractals. 138 (2020), 109971. https://doi.org/10.1016/j.chaos.20
20.109971.

[17] A.A. Mohsen, H.F. AL-Husseiny, K. Hattaf, et al. A mathematical model for the dynamics of COVID-19
pandemic involving the infective immigrants, Iraqi J. Sci. (2021), 295-307. https://doi.org/10.24996/ijs.202
1.62.1.28.

[18] K. Hattaf, A.A. Mohsen, J. Harraq, et al. Modeling the dynamics of COVID-19 with carrier effect and envi-
ronmental contamination, Int. J. Model. Simul. Sci. Comput. 12 (2021), 2150048. https://doi.org/10.1142/s1
793962321500483.

[19] K. Dehingia, A.A. Mohsen, S.A. Alharbi, et al. Dynamical behavior of a fractional order model for within-
host SARS-CoV-2, Mathematics. 10 (2022), 2344. https://doi.org/10.3390/math10132344.


https://doi.org/10.1016/j.rinp.2020.103776
https://doi.org/10.1016/j.rinp.2020.103776
https://doi.org/10.1007/s11538-020-00795-y
https://doi.org/10.1038/s41598-020-67459-8
https://doi.org/10.1016/j.aej.2020.09.058
https://doi.org/10.1016/j.cmpb.2020.105642
https://doi.org/10.3390/biology9110373
https://doi.org/10.1016/j.aej.2020.08.053
https://doi.org/10.1016/j.aej.2021.10.016
https://doi.org/10.1016/j.aej.2021.10.016
https://doi.org/10.1016/j.rinp.2021.104668
https://doi.org/10.1016/j.chaos.2020.109971
https://doi.org/10.1016/j.chaos.2020.109971
https://doi.org/10.24996/ijs.2021.62.1.28
https://doi.org/10.24996/ijs.2021.62.1.28
https://doi.org/10.1142/s1793962321500483
https://doi.org/10.1142/s1793962321500483
https://doi.org/10.3390/math10132344

	1. Introduction
	2. Stability and Hopf Bifurcation Analysis of Steady State Points
	3. Numerical Simulation
	4. Conclusion and Results
	Authors' Contributions
	Acknowledgement
	Conflict of Interests
	References

