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Abstract: In this study, an aquatic system with fish, zooplankton, and harmful phytoplankton interacting with one
another through the food chain in a polluted environment was proposed. It was thought about how the dynamics of
the food chain were affected by fear and harvesting. An alternate food source was included for fish to eat to make the
model more realistic. The characteristics of every solution were investigated. Both a local and global analysis of the
system's stability was conducted. The system's persistence was investigated. The effects of changing the system's
parameters were investigated using the local bifurcation theorem. To validate the discovered theoretical result and
comprehend the effect of the system's parameters, a numerical example was then provided. It has been found that the
system responds very quickly to changing the parameter values and exhibits a variety of attractors, including stable
limit cycles and bi-stable behavior.
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1. INTRODUCTION

It is widely acknowledged that plankton is essential to the functioning of the marine ecosystem.
The two basic forms of plankton are phytoplankton and zooplankton. To simulate phytoplankton-
zooplankton interactions, numerous models have already been created [1-2]. The impact of fish
and plankton biomass has received a lot of attention in the marine ecosystem. Research on the
dynamics of populations exploited in fisheries should be prioritized due to the economic
significance of fishing, fishermen's desire to maximize returns from natural stands, and the
requirement for responsible authorities to conserve stocks through measures. In aquatic food webs,
phytoplankton makes up the majority of the main energy sources and contributes significantly to
fixed global production. Zooplankton, which feeds fish and other aquatic animals, consumes
phytoplankton. In reality, phytoplankton can provide other species with a significant amount of
oxygen after absorbing carbon dioxide from the surrounding environment. Plankton is therefore
the foundation of all aquatic food chains and plays a crucial part in the study of marine ecology
[3-7].

Top-down and bottom-up impacts on plankton-fish dynamics were examined [1, 4]. The authors
have talked about how zooplankton is regulated by fish predation at high fish densities while algal
biomass is low or nutrient-limited. In contrast, zooplankton is food-limited and phytoplankton
abundance is regulated by zooplankton feeding at low fish numbers. To demonstrate how an
increase in fish predation may alter plankton dynamics in the model and to clarify which type of
bifurcations may occur, isocline analysis and simulations were discussed in [2]. Anthropogenic
pollution of freshwater and marine systems has gained attention in recent years. There is a lot of
research on bloom dynamics, with a focus on toxic algal blooms in particular. In aquatic
environments, toxic plankton blooms have significantly increased over the last 20 years [8-9]. At
least eight distinct modes and processes exist for hazardous phytoplankton species to induce
mortality, physiological impairment, or other adverse in situ impacts, according to studies [10-11].
Studies of marine plankton are common and relevant since it is well known that toxin-producing

phytoplankton has a substantial impact on fish growth. Through the creation of toxins, plankton
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species have defensive mechanisms against predation. The dynamics of phytoplankton-
zooplankton are significantly impacted by such defensive behavior [5, 12-15]. Such algal blooms
and fish-on-zooplankton predation have a significant deleterious impact on zooplankton and the
marine ecology.

Numerous scholars have considered the study of aquatic food chains in a marine environment that
has been contaminated by external toxicity. It has been found that external toxicity is crucial to the
aquatic ecology; several dynamical behaviors in this food chain have been found, for instance [13,
16-17]. Later on, consideration was given to a three-species plankton-fish system that includes
nonlinear harvesting and external toxicity [16]. An external toxic substance can have a direct or
indirect impact on a species' growth, and Holling type Il functional responses are when a predator
feeds on an affected prey. Through sensitivity analysis and the numerical computation of the
Lyapunov exponents, the existence of limit cycles has been observed in relation to the distinct
coexisting equilibrium point. Talib et al. [17] recently designed and evaluated an aquatic food
chain model that included fish, phytoplankton, and zooplankton and lived in a contaminated
environment. When describing the growth of fish and the movement of food up the food chain,
they employed modified Leslie-Gower models with Holling type 1V functional responses,
respectively. The food chain has complex dynamics, including chaos, they discovered.
Additionally, the presence of harmful materials serves as a stabilizing element in the model.

On the other hand, understanding how a predator affects its prey in predator-prey interactions can
be done from two different perspectives: direct killing and indirect method. The indirect strategy
is founded on the predation fear brought on by the prey's anti-predator activities. The majority of
mathematical ecology research focused on direct predation by predators on prey. However, several
experimental investigations show that in addition to direct predation, prey species' fear of predators
substantially alters their physiology and behavior [18]. Predation risk from the predator population
can sometimes compel prey species to modify their preferred habitat, grazing areas, and
reproductive zone, which has an impact on their long-term survival and fecundity rate. Recently,

a 3D plankton-fish dynamical system with species of phytoplankton, zooplankton, and fish was
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suggested and examined to determine the effects of anti-predator behavior brought on by the fear
effect and zooplankton refuge [19]. They came to the conclusion that the plankton-fish ecosystem's
sustainability and coexistence are maintained by the current ecological model's distinct intervals
of zooplankton refuge and fear impact.
In this paper, however, an aquatic food chain system in a contaminated environment that consists
of harmful phytoplankton-zooplankton-fish is proposed and studied. The impact of predation fear,

external toxic substances, and harvesting are combined in the proposed food chain model.

2. CONSTRUCTION OF A MATHEMATICAL MODEL
Consider the following simple aquatic food chain model, which includes harmful phytoplankton,
zooplankton, and fish, as well as a Holling type-I1 functional response that depicts food movement

across the chain:

@& _p [1 - f] — &Pz p3,

dr L as+ P

az _ _ emPZ _ aZF 2 _

dT ~ (ap+ P)(1+kF) d,PZ as+z by2” — d,Z, (1)
L P O

ar cptc3 Z LE+I,F

where P(T), Z(T), and F(T) represent the density at time T for the phytoplankton,
zooplankton, and fish respectively, and P(0) =0, Z(0) > 0, and F(0) > 0. The food chain
model (1) is constructed according to the following hypotheses:

1. The environment in which the food chain exists is contaminated, and the pollution directly
damages phytoplankton while indirectly affecting other species through their consumption
of phytoplankton.

2. In the absence of zooplankton, phytoplankton grows logistically and creates a toxic
substance as a defense against zooplankton predation.

3. Inthe absence of other species, zooplankton decays exponentially; yet, it grows by feeding
on phytoplankton, according to the Holling type Il functional response. Fear of fish is
thought to have an impact on their growth. However, zooplankton decline occurs as a result

of phytoplankton's antipredator properties and a contaminated environment that has an
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indirect impact. Finally, according to the Holling type Il functional response, it is attacked
by fish.
4. ltisthought that the fish grows logistically with a carrying capacity based on zooplankton,
implying that fish have alternative food sources. While a fish population declines as a result

of nonlinear harvesting and the indirect influence of a polluted environment.

1
(1+kF)’

The following fear function is utilized in the growth term of zooplankton G(k,F) = which

satisfies the following properties.

G(0,F) = 1: This suggests that in the absence of the fear component, zooplankton species'
reproduction rates remain unchanged.

G(k,0) = 1: This suggests that zooplankton reproduction is unaffected by the absence of fish
species.

llim G(k,F) = 0: As a result of the large increase in antipredator behavior, the growth rate of

zooplankton species becomes zero.

Flim G (k,F) = 0: When the fish population is sufficiently large, the growth rate of zooplankton

species becomes zero.

aG(kF) _ -F
0K  (1+kF)?

< 0: This suggests that as anti-predator behavior increases, the growth of

zooplankton species declines.

aG(kF) -k
OF  (1+kF)2

< 0: This indicates that as the fish population grows, the growth of zooplankton

species diminishes.

Keeping the above in mind, the description of model parameters is given in Table (1).
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Table 1: The descriptions of parameters

Parameter | Descriptions
r The intrinsic growth rate of prey
L The carrying capacity of prey
a, The attack rate of zooplankton to the phytoplankton
a, The half-saturation constant of the zooplankton
The coefficient of external toxic substances that affects the phytoplankton
b population
The coefficient of external toxic substances that affects the zooplankton
% population
b, The coefficient of external toxic substances that affects the fish population
e The conversion rate of the food to zooplankton
k Level of Fear in zooplankton
d, The liberation rate of toxic substances by the harmful phytoplankton
as The attack rate of fish on the zooplankton
a, The half-saturation constant of the fish
d, The natural death rate of the zooplankton
(o) The intrinsic growth rate of fish
Cy The half-saturation constant of the fish in the absence of zooplankton
C3 The fish's preference rate of zooplankton
E The harvest effort.
q The catchability rate
[, and I, | The appropriate constants.

It's worth noting that system (1) includes 20 parameters, which makes the analysis more difficult.
As a result, the following dimensionless variables and parameters are used in the system (1) to

decrease a large number of parameters and then simplify our equations, and the following
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dimensionless system is obtained.

dx y

E:X[(l—x)—ul_l_x_usz] =Xf1(x,y;Z),

dy _ Uuzx _ _ _ _ —

dt [(u1+x)(1+u4z) Usx ug+y U7y uS] =%y, 2), )
dz _ _ Ug0Z \ U1z —

E =2z [u9 (1 u11+y) U3tz u14Z] a Zf3 (x’ % Z)’

where the dimensionless variables and parameters are given as:

t P aq aias
T=-x=—-y=—=7 F
' L y L' rzp =’
U = a; _ b1L2 __ea _ r2Lk _ d{L a0y b,L
1 L' 2 r ! 3 ' 4 a a3’ 5 ’ 6 rL ' 7 a; )
dz C1 r Caq qEaqasz LiEaiaz Tb3L
U =—= Uo =— Ui =— U4 = —— = = Up = .
8 r’ 9 r' 710 czas’ 11 csrl’ 12 r3LL, ' 13 Lpr2L ' 14 a,as

System (2) clearly has 14 parameters, which simplifies the system analysis. Furthermore, the
domain of system (2) is defined by R3 = {(x,y,z) e R3:x >0,y > 0,z > 0}

System (2) has a unique solution because the right-hand side functions are continuous and have
continuous partial derivatives. In addition, the following theorem establishes the solution's
positivity and boundedness.

Theorem 1: The nonnegative solutions of the aquatic system (2) are uniformly bounded and reside
in the positive octant D = {(x,y,z) € R3:x(0) > 0,y(0) > 0,z(0) > 0}.

Proof. From the equations of system (2), it is obtained that:
x(t) = x(0) exp fot [(1 —x(5)) — % - uzx(s)z] ds,

z(s)
ug+y(s)

usXx(s)
$))(1+usz(s))

—usx(s) — —uy(s) — ug] ds,

y(t) = y(0) exp fot [(u1+X(

z(t) = z(0) exp fot [ug (1 — 2102(5) ) 2 u14z(s)] ds.

U1 +y(s) Uu13+z(s)

Therefore, all solutions belong to D all the time provided that x(0) > 0,y(0) > 0,z(0) > 0.
Now, from the first equation, it is gained that % < x(1 — x), which gives for t —» o that x(t) <

1. Let, W, = x(¢t) + ul then
3

aw:

h dtl + ugW; < (1 + ug).

dt

S(1+u8)x—u8x—%y=>
3

Therefore, using Gronwall inequality, It is gained that W; < ¥ a5t — o0, As a result, it is

Ug
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(1+ug)
Ug

obtained that y < u; = ({; ast — oo. Using the resulting upper bound of the variable y in

the third equation gives

dz Uq0Z Uq2Z Uq0Z
o _ (1= 02 o gy (g e )
dt u11+y u13+Z u11+<1

Up1+4;

Straightforward computation gives that z < ——— = {, ast — oco. Thus, the proof is done.

Uio0

3. STABILITY ANALYSIS

This section looks at the local stability of the dynamical system (2) around various biologically
feasible steady-state points (SSPs). There are at most seven nonnegative SSPs in the system (2):
The disappear steady-state point (DSSP) that is given by E, = (0,0,0) exists at all times.

The phytoplankton steady-state point (PHSSP), which is represented by E; = (X, 0,0), exists at

all times, were

—1+\/T4uz. 3)

2u2

X =
The fish steady-state point (FSSP) can be written as E, = (0,0, z), were

—B,+ /322—43133 @
_— 4

z= 2B, !
where B; = uUglyg + UgUzs > 0, By = UgllgUyz + Uy U3U 4 — Ugllyq, aNd B3 = uqq(uq, —
Ugly3). Obviously, FSSP exists if and only if the following requirement is met
Uz < Ugly3. )
The fish-free steady-state point (FFSSP) denoted as E,, = (%,7,0), were
P=01-%—u2%)(u; +%). (6)

While X represents a positive root of the following equation:
—upu;xt — (uy + 2ugupuz)x® + (us + uy — 2ugu; — Uy 2uyu,) x? @)
+(—u3 + ugus + 2ugu; — Uy 2u; + ug)x + ugtu, + ujug = 0

As a result, FFSSP exists uniquely in the interior of a positive quadrant of xy —plane provided
that the following requirements are met
U2+ % <1, (8a)

with applying one of the conditions listed below to verify that Eq. (7) has a single positive root
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Us + Uy < 2UqUy + Up 2UR U, ]
Uz + U PUy < UjUs + 2UqUy + Ug
Us + Uy < 2UugUy + U Pupu; and ugus + 2uqu; + ug < uz + uqguy
2ui Uy + U PUpuy < us + uy and ugus + 2u U, + ug < us + ugu,

(8b)

The zooplankton-free steady-state point (ZFSSP) that denoted as E,, = (%,0,2), where X and Z
are given by Eqgs. (3) and (4) respectively. As a result, ZFSSP exists uniquely in the interior of a
positive quadrant of xz —plane provided that condition (5) is met.

The survival steady-state point (SSSP), which is denoted by E,,, = (x,y",z"), is obtained by

solving the system:

fl(x!yrz) = 0)
fZ(x'yJ Z) =0, (93.)
f3(xry:Z) = 0

The third equation gives that:

_ (u13+2)[Uot11—(UoUio+UI1UI4)Z] —U11 U > (9b)
[U12+W1az—Ug)(Uy3+2)]

Substituting the value of y in the first and second equations of (9a) gives the following two

isoclines:

(u13+2)[uougg —(uougo+tuiU14)zl-us1 12

91(x,2) = (1 - x) - ——— el —— —yx = (9c)
uL+x
—_ ¥ — z
92 (x2) = (ug+x)(1+uyz) UsXx w13t Mouss —(UgUio+U11UI4)Z] U1 U2
6 [u12+(u142-u9)(u13+2)] ] (9d)
o i +2)[ugt g —(Uolio+U11U14) 2]~ UL U1z Ua =0
7 8 —

[u12+(U14Z—Ug)(Uq3+2)]
Clearly, for z — 0, it is obtained that

g1(x%,0) = —ux3 — (1 +uu)x>+ (1 —u)dx+u, +u;; =0

92(x,0) = —usx?® + (uz — ugus + UyUy; — Ug)x + uy (UyUyy —Ug) = 0
As a result, using the Discard Rule of sign, g,(x,0) intersect the x —axis at a unique positive
point say x,, while g,(x,0) intersects the x —axis at a unique positive point x, provided that
the following condition holds.

ug < UyUqq. (10a)

Consequently, the two isoclines (9¢) and (9d) have a unique intersection point in the interior of a

positive quadrant of the xz —plane that is denoted by (x* z*) provided that in addition to
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condition (9e) the following sufficient conditions are met.

dz _ (0g91/0x)
dx  (091/02) : (10b)
dz (0g2/0x)
ax ~  (2g./0z)

Substituting the value of z* in Eq. (9b) givesaunique value y(z*) = y* thatis positive provided

that the following condition holds.

910*

Ug(uy3 +2%) — (Ug3 +27) <ugaz"(Ug3 +27) + ugp < ug(ugz +2%). (10c)

Hence the SSSP exists uniquely under the conditions (10a), (10b), and (10c).

The Jacobian matrix (JM) of the system (2) at the point (x,y,z) can be written as:

dafi dfi an
[ + fi xdy x— ]
df df;
J = | ydx ot va | (11)
df3 dfs
| e + f3]
where
af _ _
o 1+ (u1+x)2 2U, X,
af _ 1
dy  uj+x’
1 _ sero,
dz
afz _ UjUs —u
dx (u1+x)2(1+uyz) 51
dfz _ VA _
Wy ez U7
afy _ —UzUgX 1

dz ~ (ui+x)(1+usz)?2  ugt+y’

afs

= Zero,
dx

Afs _ UgUieZ
dy (u11+y)?’

afs _ ~Uslio Usz
dz  (u11+y) = (ug3+2)?

- u14_.
Therefore, direct computation shows that the eigenvalues of J(E,) are determined as:

101 = 1 > O, 102 = _u8 < O, Ao3 = ug > 0 (12)
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Hence, DSSP is a saddle point.

The eigenvalues of J(E,) can be written as

All = _f(l + zqu) < 0, 112 = LZB-:CJ? - U5f — Ug, 113 = Ug — Z_iz (13)

Thus, PHSSP is locally asymptotically stable if and only if the following conditions are met:

u3f

——< UgX + ug, (14a)
1

Uiz
wy < 22, (14b)

The eigenvalues of J(E,) can be determined as

-Z UgU10Z U12Z _
121 = 1 > 0, 122 = u_6 - u8, /123 = — 9‘[,11110 (u131j-z‘)2 - u,14,Z. (15)
As a result, FSSP is an unstable point.
The M at Ey, = (X,9,0) can be written as
- 9 o £
{x (_1 + ('LL1+5C\)2 N Zuzx) N u1+55 0 —I
_ U1U3j} _ ~ _ ~ _ U3U49’C\5} _ 5}
](Exy) - | (ug +%)2 Usy uzy U +% ug+9 ' (16)
l 0 0 Uy — 22 J

Accordingly, the characteristic equation can be written as:

[42 =Ty A + Dy ] (u9 —2_2)=0, (17)

Ui13

where

— 5 — 5} _ S\ ~
Ty = x( 1+ w102 ZuZx) usy,

Dy = % (=14 —= = 2,2 (~ur9) — (- =) (222 — u59).

(U1+f)2 u1+3? (u1+3?)2

Straightforward computation shows that the eigenvalues J(Ey,) can be represented as

Tyt /Txyz—wxy
— and A33 = ug — fiz (18)

A =
31,32 Usz

Hence all the eigenvalues have negative real parts and then FFSSP is locally asymptotically stable

if and only if the following conditions are satisfied.

A

Y _ <1+ 2u,%, (19a)

(ug+%)?
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~ U uzy
Usy < Lt D)? (19b)
Uy < Z— (19¢)

Similarly, the IM at E,, = (x,0,Z) can be represented as

J(Exz) = [bij],... (20)
where
_ _ X
b11 = —X — zuZxZ, b12 = _m, b13 = 0,
— — u—3f — Yy — i_ — =
b21 =0, by = oo Ty ~ UsX — -~ Us, ba3 =0,
_ _ u«;uloZ_z — u«;uloZ_ u12Z_ _ —
b31 =0, b32 - uf; b33 - Ugq (uq3+2)? Ur4Z.
Therefore, the eigenvalues of J(E,,) are determined as
141 = _f - Zquz < 0 \
242 :#—ug?—i—ug
(U1 +0)(1+us2) Ug (21)
_ UgUq10Z U12Z _ _
Ass = U1q (uy3+2)? U142

Accordingly, ZFSSP is locally asymptotically stable if and only if the following conditions are

met.
u39? — i_
(uy +%)(1+u42) < Usx F Ug t Us, (22a)
u122 uguloz_ —
s 1202 e + U4Z. (22Db)

The JM at E,,, can be computed as

B = 2 e
where
a = —x" 4+ — 22U X a = ——  a =0
11 U +x* 2 ! 12 u1+x*’ 13 ’
U uzy” . * i}
a = —Uu a = ——u
21 (u1+x*)2(1+U4Z*) Sy ! 22 (u6+y*)2 7y '
Ao = UzUs XY™ 1 dos = 0
3~ (ug+x*)(14+uysz*)? u6+y*’ 31 — Y
2
_ UaUgeZ” _ ugugez” Uppz* i
a3z a3z = — Uq4Z .

- (ug+y?’ 3 U +y* (u13+2z*)2
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As a result, the local stability criteria for SSSP are established by the following theorem.

Theorem 2. The SSSP is locally asymptotically stable if and only if the following requirements

are met.
v %
e < 2u,x” + 1, (24a)
Ujiug
Us < (U +x9)2(1+uysz®)’ (24b)
_zZ < (24c)
(ug+y*)? hed
Uiz Ugl1p
(uq13+2*)? <t t U +y* (24d)

Proof. If J(E,,,) has three eigenvalues with negative real parts, the proof is complete. Since the
eigenvalues of J(E,,,) are the roots of the equation

A3+ H A2 + H,A+ H; =0, (25)
where

Hy = —(a11 + az; +azz),

Hy = 11033 — @12031 + @11033 + Q32033 — Az303;

H; = —(a11052033 — A110330372 — A12021033)
HiH, — H3 = —(a11 + a3,)(a11a2; — a12031)
—(az; + azz)(aza33 — azsas;)

—ay1a33(ay; + azz) — 2a,1a5,0a33.

According to the Routh-Hurwitz criterion all the roots of Eq. (25) have negative real parts if and
only if H >0, H; >0, and H;H, — H; > 0. Therefore, direct computation shows that, the
supplied requirements are assured to satisfy the Routh-Hurwitz requirements. As a result, SSSP is

asymptotically stable locally.

4. PERSISTENCE
This section deals with the permanence of all species when time goes on indefinitely. Persistence

refers to a species' continued existence in the deterministic sense. When x;(0) > 0, however,

persistence shows that tlim infx;(t) > 0 for each individual species of x;(t). This means that

the trajectories of the system (2) are eventually confined away from the border planes. As a result,
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system (2) is said to persist if each variable x,y, and z is permanence. Hence, the initial step is
to look at the potential of periodic dynamics in border planes.

The system (2) has two subsystems that can be controlled by it. The first subsystem that fall in
xy —plane and denoted by I, while the second one denoted by Il and fall into the xz —plane.

Subsystem | is written as:

dx y 21
F=x|A -0 - —wx?] = k), 06
L [qu —UsX — U —u]—h(x )
dt - (u1+x) 5 7y 8| — 2 ’y .
Subsystem 11 is written as:
d
d_: = X[(l - .X') - uZxZ] = gl(x,z), (27)

dz [ ( U0 ) Uqp ]
—=Z|Uu _—Z) — — Uq4Z| = X,Z).
T 9 wis Mrstz 14 g2(x,2)

Consider M;(x,y) = $ and M,(x,z) = é which satisfy M; > 0;i = 1,2, and C! functions

in the int.R2Z of the xy — and xz — planes respectively. As a result, straightforward

computation reveals that:

6(M1 hl) 6(M1 hz) 1 1 2Uuyx uy
+ =t —
oy y  (u+x)? y x

D(x’ y) = ax
Accordingly, D(x,y) does notequal zerointhe int.R%2 of the xy —plane and does not change

the sign provided the next condition is met:

1 2Ux Uuy 1
y + y + x (ug+x)?2
OR (28)
1 2UyXx Uy 1
y + y + x (ug+x)?2

Regarding D(x,z) similar finding is got provided that the following condition is met:

1 ZUZX UgU1q0 Uq4 Uq2
e e e
z z U1 X x x(uq3+ 2)
OR (29)
1 | 2uzx | UglUgp , Uis Ugp
e e vy
z z U1 X x x(uq3+ 2)

According to the Dulac-Bendixson criterion [20], there is no closed curve in the int. R of the
xy — and xz —planes under conditions (28) and (29). As a result, the Poincare-Bendixon theorem
[20] asserts that whenever the border plane’s steady-states, as defined by E,, and E,,, are locally

asymptotically stable, the unique equilibrium point in int.R% is globally asymptotically stable.
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Theorem 3. If the following requirements with the conditions (28)-(29) are met, system (2) is

uniformly persistent.

Uuzx —
u;j > UsX + Ug. (30a)
Uiz
Uy > 2, (30b)
U13
'Ll.3f — Z
m> u5x+u—6+u8. (30¢)

Proof: Define the following function using the average Lyapunov function method [21].
p(x,y,z) =x™ y" z" , where n;Vj=123 represent the positive constants. Thus,
p(x,y,z) >0, for all (x,y,z) € int.R3 and p(x,y,z) > 0 when any of their variables gets
close to zero. Therefore, it is gained that

_pxyz) _ Ny 2
o(x,y,2) = p(xy,z) ! [(1 x) Uy +x Uz X ]

2 (u1+x)(1+uy2) 5 Ug+y
U102 u
b [ (1= 2292) = ey ]

uq1+y uq3+z

Now, if o(E) > 0 for every attractor point E on the border planes, given a sufficient selection
of constants n; > 0, i = 1,2,3, the proof is done using the average Lyapunov function.

Because:

_ Ui
o(Ey) = ny; —ugn, + (u9 - u_13) ns,

G(Ex) =n; (Lf

ot UgX — ug) + ng (ug - 2),

o(E,) =n, — (ui; + ug) n,

O'(Exy) =1, (u9 — E),

Ui3

— _ usX . y_Z_
G(EXZ) M ((u1+f)(1+u4z‘) Usx Ug us)'
Thus, choosing n; to be a sufficiently large value leadsto o(E,) > 0,and o(E,) > 0. However,
o(Ey) >0, o(Ey) >0, and o(E,,) >0 under the conditions (30a), (30b), and (30c)

respectively. Thus, the proof is done.
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5. GLOBAL STABILITY ANALYSIS

The study of the global stability analysis for the steady-state points of system (2), which previously
examined their local stability, is investigated theoretically in this section with the use of a suitable
Lyapunov method, as proven in the following theorems:

Theorem 4. Assume that PHSSP is locally asymptotically stable, then it is a globally

asymptotically stable provided that the following conditions hold

R (31a)
us
Uiz
Ug < ——r (31b)

where ¢, represents the upper bound of z that is given in theorem (1).
Proof. Consider the function Q; = C; (x —x—xIn z) + C,y + C5z that is positive definite on
B, = {(x,v,z) ER3:x > 0,y = 0,z > 0}. Straightforward computation gives:

G _ g, ()4, 2 4 &
=G x dt+CZdt+C3dt

dt
That gives
dQ = =
d—tl < -G 1+ u(x +0)](x — %)% — ufix [C1 — Cous]
X Uiz
—y [Czus —-C u_l] —C3z [u13+z - ug] .

Selecting the values of positive constants as C; = us, and C, = C; = 1 yields:

dQ _ _ X u
d—tl < —uz[1+u(x+0)](x—x%)2—y [u8 —Us u_l] -z [ulsiz - ug].

Therefore, the function % is negative definite under the conditions (31a)-(31b). Hence PHSSP

is globally asymptotically stable.

Theorem 5. Suppose that the FFSSP is locally asymptotically stable then it is globally

asymptotically stable provided that in addition to condition (31b) the following conditions hold.
P2, < 2Py1P,,. (32a)
P2 < 2P,,P;3. (32b)

Proof. Consider the function Q, = [x —%—2ZIn %] + [y — 9 —9ln %] +z that is positive
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definite on B, = {(x,y,z) ER3:x > 0,y > 0,z = 0}. Straightforward computation gives:

d x—X\ dx -\ d dz
dor _ (xF)dx (x9)dy , de
dt x /dt y dt dt

Hence, the following is obtained:
d - - - -
B = —Pu(x =)+ P(x = D = 9) — P (y — 9)?

dt
Uiz
U3 +z

—st(y—y)Z—P%ZZ—[ —u3]Z

U
(w1 +x)(A+ugz)(ug+%)

Whel’e P11=[1+y+u2(x+)?)], P12=|:(UI+5C\)+ _uS]! P22=u7’

Py; = [ (1+u;§fu1+f) + (u;y)], and Py; = [fo:; + u14]. Therefore, using the conditions (32a)-
(32b) yields:
2
- JE@—@—J%@—@]

2
—l 22 (y - 9) + /P Zl —[ulz —u9]Z-

2 Uuq3+z

do,

” IS negative definite. Therefore, FFSSP is

Therefore, using condition (31b) the function

globally asymptotically stable.
Theorem 6. Suppose that the ZFSSP is locally asymptotically stable then it is globally

asymptotically stable provided that the following conditions are met.

e S T (33a)
< Us, (33b)
Atz < 2411922, (33¢c)
33 < 2422933- (33d)

where ¢; stands for the upper bound of the variable y, while the other symbols are given in the

proof.
Proof. Consider the function Q5 = [x —Xx—Xxln z] +y+ [z —Z—2Zln ﬂ that is positive

definite on B; = {(x,y,z) ER3:x > 0,y = 0,z > 0}. Straightforward computation gives:

dQs; __ (x—f) dx dy (z—z‘) dz
dt = \ x dt+dt+ z Jadt
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Hence, the following is obtained:

dQ 7 X S
d_t3 = —q11(x = X)® — q12(x — X))y — q229% — [us B m] i
—_— yZ —-Z - 2 -
ety T 423(z — 2)y — q332" — ugy
) i o B _ UolUseZ _ Uglio —
where g1 =1+ uy(x + %), q12 = e Q22 =7 23 =00 T 0 33 =y Tt

Ugp . . ) . .
ST Therefore, using the conditions (33a)-(33d) yields:

d0 2 2

d_:S_[\/CIn(x_f)"' /%3’] _usy_[ /qzﬂ}’_\/%ﬂz—z—)] :

Therefore, the function IS negative definite. Therefore, ZFSSP is globally asymptotically

dos
t
stable.

Theorem 7. Suppose that the SSSP is locally asymptotically stable then it is globally

asymptotically stable provided that the following conditions are met.

Z*

ug(ue+y*) < Ur. (34a)
Ug2 Uglyp

uq13(u3+z*) < (u11+31) + Uis- (34b)

rfy < 2114755, (34c)

T < 2TyyT33. (34d)

where {; stands for the upper bound of the variable y, while the other symbols are given in the
proof.
Proof. Consider the function:

Q, = [x—x*—x*ln xi]+ [y—y*—y*ln 3%]+[z—z*—z*ln§ :
which is positive definite on B, = {(x,y,z) ER3:x >0,y > 0,z > 0} . Straightforward
computation gives:

dQs _ (x—x"\dx | (y-y"\dy , (z-z"\dz

F_( x )dt+( y )dt+( z )dt

Hence, the following is obtained:

dQ * * *
L (= ) 1 (= X = YY) — 12y

13y =y )z —2") —1r33(z — z*)?,
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where
r.=1 +y—*+u2(x+x*).
(uqg+x*)(uq+x)
1 Uq
T1o = - .
12 (u1+x)+(u1+x)(u1+x*)(1+u4z) Us
Uyx™ 1 UgUq9Z”

r23 = * * + - *\"

(A+ugz) (U +x*)(1+ugz*)  (ue+y)  (Ug1+y)(Ui1+y*)
T, = U7 — z
22T (ueHy)(ugty)

UgUqp Uiz
T33 =——+ Uy ————.
33 7wty M (w3 +2)(ugg+2z%)

Therefore, using the conditions (34a) -(34d) yields:

% < — |V (x —x*) —\@(y—y*)r - [E(y—y*) +\/§(Z—Z*)]2

404

Therefore, the function ; is negative definite. Therefore, SSSP is globally asymptotically stable.

6. BIFURCATION ANALYSIS

This section investigates the local bifurcation at the likely SSPs of the system (2) using
Sotomayor's theorem [20]. It is commonly known that a non-hyperbolic SSP is a necessary but
insufficient condition for bifurcation to occur. As a result, the candidate bifurcation parameter is
chosen in order to attain the SSP. It will be non-hyperbolic at a particular value of that parameter.

Rewrite system (2) in the following format:

dx _
E = F(X, (X)
x xfi(x,y,z, a)
where X = <y> FX,a) =|yfo(x,y,z,a) |,and a € R be any parameter.
Z Zf3(x'yle (Z)

As a result, the second directional derivative of F(X,a) in the system (2) can be expressed as:

D?*F(X,)(U,0) = (cil[zl)m, (35)
where:

cqq12 =2[—1+ Yy 3y x]vz—Lv v

11 (uqg+x)3 2 1 (uq+x)2 1vz2:
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2] _ 2u1u3y 2 Uqjus 2u1u3u4y
= ——22 240 —12 gy, - | —EE pyp
21 (u1+x)3(1+uyz) 1 (u1+x)2(1+uyz) 5|12 (uq+x)2(1+uyz)? 1¥3
UgZ UgUyX u 2uzuix
2[ s 7]17%— [ You 2 62]'72173 e 3 3
(ug+y) (uq+x)(1+uyz) (ug+y) (uq+x)(1+uyz)
a2l = _ 2uqlUipz? 5 4Uglqg Vova + 2 [ UjpUi3  UglUip u ]vz
31 (a1 +y)3 2 " (ugg+y)? 273 (u13+2)®  (ug1+y) 14f "3

Uy
with U = (%) be a non-zero real vector. While the third directional derivative of F(X,a) in
U3

the system (2) can be expressed as:

3 — 3
D*F(X,a)(U,0,0) = (¢, (36)
where:
3] — uy 3 6Uq 2
¢, 8= -6 —+u]v + ——viv
11 (uq+x)* 2] 71 (ug+x)3 172
3] — 6uUiU3zy 3 6uUiUsz 2 6U U3 ULY 2
o Bl=—223 pd L3 g2y, LS 2y
21 (ui+0)*(A+uz) 1 (U +2)3(A+ugz) 172 (ug+x)3(1+usz)?2 13
61U UzU, 6U UzUZY 2 6usz 3 6l 2
————— VUV V3 + ——————— V4 V5 — + V5V
(U +20)2(1+ugz)? 17273 T (U +x0)2(14uez)? 173 (uety)t 2 (ugty)3 23
6uzuZx D2 — 6uzulxy 3
(u1+x)(1+uyz)3 273 (ug+x)(1+uyz)* 3
c 3] _ 6u9u1022 3 _ 12u9u10 2 2u9u10 2 _ 6u12u13 3
31

Tt 2 ()3 273 T (upp+y)? 273 (ugztz)t 3

Theorem 8. Assume that condition (14a) is satisfied. Then system (2) possesses a transcritical
bifurcation (TB) at PHSSP when ug, passes through the value ug = % provided that the
13

following condition is met.

X
Uiz _ Uglio
U132 U1z

Otherwise, a pitchfork bifurcation (PB) takes place.

Proof. It is easy to verify that the JM of the system (2) at PHSSP with ug = ug can be written

as:
_ _ —-X
—x(1 + 2u,x) v 0
J(Exy i) = Jx = 0 S —usE —uy 0
0 0 0

Obviously, the following is obtained
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The eigenvalues of [, are A;;(u3) = —x(1+ 2u,x) <0, A,(ug) = u”i’; —UsX —ug <0,
1
V11 0
The eigenvector V; = | V12 | that corresponding A;3(ug) is determined by V; =10 |.
V13 1
Y11 0
The eigenvector ¥, = [ Y1, | that corresponding A;5(u) of J,” is determined by 1, = 0 ).
ll}13 1
Moreover,
dF (X,us) 2\T :
T:g = Fug(X' u9) = (0,0,Z - %) = 1‘blTFug (Exrug) = 0.
0
DF, (En,ud)Vy =0 | = 9, [DF,, (Exus)Vy] =1+0.
1
0
2 * — 0
D F(EX' u9)(Vll Vl) - (u12 u:sulo —u )
uy3? Ui11 14

Accordingly, it is produced that

i [D?F (B ug) (Vy, V)] = 2 (22 - M0 gy ).

u132 Uqq
As a result, TB occurs in the sense of Sotomayor's theorem under condition (37), and the proof is
complete. However, if condition (37) is broken, v,  [D2F(E,,u3)(Vy,V;)] =0 is returned.
Moreover, since:

0
D3F(Eyud)(Vy, Vi, V) =| 0O

6Uq2 !

Uy33

Accordingly, it is produced that

6Uqp

1[)1T[D3F(Ex,u:§)(v1,V1,V1)] = T e’ # 0.

Hence, PB occurs and the proof is done.

Theorem 9. Assume that conditions (19a) and (19b) are satisfied. Then system (2) possesses a TB

at FFSSP when uq passes through the value ug = % provided that the following condition is
13
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met.

Ul Uiz Uslio _
4 (uy1+9)? Y2 +2 [u132 (u11+9) u14] # 0. (38)

Otherwise, a pitchfork bifurcation (PB) takes place.
Proof. It is easy to verify that the JM of the system (2) at FFSSP with uqy = ug can be written as:

. ¥ x
x (_1 + (uq+2)2 o Zuz) N u+x OA
JEet) =hy =1 g )y —p(Ey L
| 0 0 0 J

Obviously, the following is obtained

The eigenvalues of J,, are A3;3,(ug) = with T, and D,, are given in Eq.

2
Tyt |Txy?—4Dxy
2

(17), and A33(ug) = 0. Clearly, A3,(ug) and A;,(ug) have negative real parts under conditions

(19a) and (19Db).

V21 V1
The eigenvector V, = <vzz> that corresponding A;3(ug) is determined by V, = (}/2), where
Vy3 1
Y= _ Bz g ang Yy = —Bubs g \where p;; arethe J,.. elements.
,311,322_.312ﬂ21 ' ﬁllﬁZZ_ﬁ12B21 ' Y xy
Y21 0
The eigenvector i, = | Y, | that corresponding A;5(ug) of ]xyT is determined by ¥, = 0 |.
P23 1
Moreover,
dF(Xug) _ w1022\ 7 T £\ _
T = Fyy(Xyu) = (00,2 = 225) = "Ry (Exyu5) = 0.
0 T
DFy, (Exyus)Vo={0| = 9, [DF,, (Eyyus)Vy] =1 #0.
1

C11[2] (Exy'u;)
D?F(Eyy, us)(Vo, Vo) = 213 (Exy, u) |,

C31[2] (Exyf Us)

where

. uLy A 2u
c11 P By, u) = 2 [_1 + (ul-lw?)3 B 3u2x] - (ulT;?)Zylyz'
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C21[2] (Exy, Ug) = —2 taits) )4 242 [ e us] Y1Y2 — [2u1u3u4y] V1

(wy+2)2 71 (u1+£)2 (ur+2)2
_ 2 Uty R Ug 2uzuiRy
2uyy, 2 I:(ul.H?) (u6+37)2] 2 (ui+%)
[2] £y — UsUsg [u1z _ _UoUio _ ]
312 (Eyy, us) = 4 gzl T 2 wa?  (uty) | G4

Therefore, it is obtained that

T [D2F(Eyy ) (Vy, V)] = 42290y, 42 [”12 — touw . _ u14].

(ug,+9)2 72 U132 (ug1+9)

As a result, TB occurs under condition (38), and the proof is complete. However, if condition (38)

is broken, ¥," [D2F(E,y, us)(Vo, V,)| = 0 is returned. Moreover, since:

€11 3] (Exy' Us)
3 — 3
D F(Exy,ufg)(Vz, Vo, V) = C21[ ](Exy»u;) .
3
C31[ ](Exy'u;)
where:
[3] «\ _ uiy 3 6u; 2
Cll (Exyr ug) - 6 [(u1+9?)4 + u’2 yl + (u1+3?)3 )/1 )/2'
[3] * — 6u1u337 3 _ 6u1u3 2 6u1u3u4§7 2 _ 6u1u3u4
C21 (Exyr u’9) (ug+2)* 1 (ug+%)3 1Y2 (ug+%)3 1 (ug+%)2 Y1Y2
6uquzulP 6ug 5 | 6uzuii 6uUzUSLY '

(ug+2)2 ‘1 + (ug+9)3 & (u+2) “2 B (ug+%)

12uglio 2 2ugu1 6U1y
(49372 7 (w4922 ugsd

C31 [3] (Exy’ u;) = —

Therefore, it is obtained that

_ 12ugugo o 2uguqo __ 6uqp
(uq11+9)3 2 (uq11+9)? 2 uy33

Yo' D3F (Exy,us) (Va, Vo, Vo) = <o0.

Hence, PB occurs and the proof is done.

Theorem 10. Assume that condition (22b) is satisfied. Then system (2) possesses a TB at ZFSSP

u332

when ug passes through the value ug = Dt
1 4

UgX — ui(, provided that the following

condition is met.

U3U4f 1
_I_ J—

[ Uqus
(u1+x)(A+ug2)?2  ug

(u+0)2(1+usz)

u5]y3+2[ui62—u7]—2 ]y4¢0. (39)
Otherwise, a pitchfork bifurcation (PB) takes place if and only if the following condition holds:

C21[3] (Exz: u;) # 0. (40)
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Proof. It is easy to verify that the JM of the system (2) at ZFSSP with ug = ug can be written as:

X

—X — 2upx? ——— 0
u1+x
JEug) =] =| 0 0 0
UgqUq10Z UgqU10Z U122 —
l 0 u?, h Uiq (uq3+2)2? - u14ZJ
Obviously, the following is obtained
The eigenvalues of J,, are
Ao (ug) = —X — 2u,x% < 0, Aup(ug) = 0, Ay3(ug) = —uilloz (u?:izz)z — UgaZ.
Obviously, A,43(ug) is negative under the condition (22b).
V31 V3
The eigenvector V; = <1732 that corresponding A4, (ug) is determined by V; =| 1 ], where
V33 V4
Vs = —% <0,and y, = —Zﬁ > 0 under the condition (22b), where py; are the J,, elements.
11 33
P31 0
The eigenvector 15 = | Y3, | that corresponding A4, (u3) of J,,” isdetermined by 15 =( 1 |.
l,[)33 0
Moreover,
dF (X, *
o) = Foy(X,ug) = (0,-, 007 = 93"y, (Byyui) = 0.
0 T
DF (Expui)Vs=|—1| = 3" [DFy,(Exz ui)Vs] = —1 0.
0

C11[2] (Exz ug)
DZF(Exz, ug)(V3,V3) = 021[2] (Exz ug) |

C31 (2] (Exz ug)

where:

2uq

c11 P (Exz ug) = 2[—1 — 3upx]y§ - G2 V3

2] £\ U Uz z
21 ( Xz’ 8) (u1+f)2(1+u4z_) 5 )/3 u62 7
U3 UgX 1 '
Y ST
[(u1+f)(1+u4z_)2 Ug )/4
—2
2] ¥\ _  2UgUq0Z 4uUqUyg UipUp3 UgUig 2
31N (Eyyug) = — + - —u :
31 (Exz) Ug) D ae? Va (1312)° s 14| Va

Therefore, it is obtained that
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0 R0 ) = 2wl 2[5 -]

£)2(1+u,2)
_ u3u4f i
Z (ug +%) (1+u,2)? + ué] Ya

Hence, TB occurs under condition (39), and the proof is complete. However, if condition (39) is

broken, 3" [D2F(E,,, us)(Vs,V5)] = 0 is returned. Moreover, since

C11[3] (Exz' u;)
D3F(Exz,u§)(V3, V3, V3) = C21[3] (Exz ug) |,

C31 131 (EXZ' u;)
where:

6uUq
(uy+x)3

11BN (Exp ug) = —6u,v3 + Y3

3] *\ 6u Uz 2 6U U3U,

o1 BN (B uy) = — -

21" (Bxz, Ug) 02 (14,2 V3~ G2 rugn? 37
627 6 6UzUTX )

T Tt e

Vi

6u9u102_2 12uquqg

Uyt Ugq3

2Uolgp 2  6Uiplliz 3

C31[3](Exz:u§) = AN £

) 7%

e
Therefore, it is obtained that

3" DIF (s, u) (Va, V3, Va) = 1 ) (Exy, ).
Hence, PB occurs if and only if condition (40) is met and the proof is done.
Theorem 11. Assume that the conditions (24a)-(24c) are met. Then system (2) undergoes a saddle-

node bifurcation (SNB) near the SSSP as the parameter u,, passes through the value uj,, where:

*)2
ut _ (uq3+z") 110423037 + UgUipotUI1UI4 7*
12 — * _

4 A11022—012021 Ui11

If and only if the following requirements are satisfied.

Uiz Ugl1g
(u13+2z*)?2 > Uit U +y* (41)
V7C11[2] (Exnyu;Z) + V8C21[2] (Exyz» uiz) + C31[2] (Exyz'uiz) * 0. (42)

Proof. Direct competition shows that when u,, = uj,, then the determinant of JM of the system

(2) at the SSSP, which is given in equation (25), is determined as H; = 0 due to condition (41).

Hence the IM at (E,,,, uj, ) becomes:

J(Exyzti2) = Jayz = (aif)3x3’
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where a;; for i,j = 1,2,3 are given in equation (20) with as; = az3(uj, ), and it has a zero

eigenvalue, say A, = 0. That is means SSSP is a nonhyperbolic point. Consequently, the following

is produced.
LZ%1 Vs
The eigenvector V, = | V42 | that is the corresponding A, = 0 is determined by V, = ()/6),
Vg3 1
where y, = — 2923 and yo=———2%23  here y. >0, and y, <0 under the
Vs A11022— 012021 Ve (11022012021 Vs ' Ve
conditions (24a)-(24c).
¢31
e eigenvector Y, = | Y3, at is the corresponding A, =0 of J,,, is determined by
The ei t P that is th ding 4 Of]yT'dt ined b
llj33
Y, = ));7 where y, = —221%2  and y, = ——21932 Wwith y, <0, and y, <0
4 18 ' V7 a11a22—a12a21’ Vs a11a22—a12a21’ V7 , Vs

under the conditions (24a)-(24c).

Moreover,
AF(Xu1p) _ _ z \" T Py_ 7
o) = By, (Xu) = (0,0 —u13+z) = Wi Py, (Brynrtin) = =2 # 0.
C11[2] (Exyz'uiz)
DZF(ExyZJ uIZ)(VAL: V4) = C21[2] (Exny uiz) '
C31 (21 (Exny uIz)
where:
« uy* " 2u
€11 (Exyz uiz) = 2 [—1 t ey U ]Ysz ~ Gy VsYe
[2] ) — _ 2ujuzy” 2 [ UslUs _ ]
Ca1 (ExyZl ulZ) (ug+x*)3(1+uyz*) Vs +2 (ug+x*)2(1+uyz*) Us|VsVe
_ 2U Uz ULY" Ugz” _ 2
(u1+x*)2(1+u4z*)2] Vs +2 [(u6+y*)3 u7] Ve
UzUsX* Ug 2uzufx*y*
(uq+x*)(1+uysz*)? + (u6+y*)2] Ve + (ug+x*)(14uysz*)3
*2 *
[2] # ) — _ 2UoU10Z 2 4uqllgo Uiply3  Ugllyp ]
€31 (Exyzj u12) (ug +y*)3 10 (uq11+y*)? 6 (ugz+2z*)3  (ug1+y" Uis]-

Therefore, it is obtained that

¢4T[D2F(Exyz' uiz)(VAp V4)] = V7C11[2] (Exyz' uiz) + V8521[2] (Exyz' uiz)
+C31[2] (Exyz' uIZ) .

Hence, SNB occurs under condition (42), and the proof is complete.
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7. NUMERICAL SIMULATION

In order to clarify the control parameters that have been specified that affect the system's dynamic
in the previous parts, a numerical example for system (2) was provided in this section. The system
(2) will be numerically solved using MATLAB version R2013a. To get the numerical results, the

following hypothetical values for the parameters were used.

u; =0.2,u, =04,u; =2,u, =0.01,us = 0.0, us =1, u;, =04

u8 = 002, U,9 = 1, u10 = 04, u11 = 2, u12 = 02, u13 = 02, u14_ = 04 (43)

Now, solving the system (2) using the set of data (43) gives asymptotically stable SSSP as shown
in Fig. (1).

(]

7
- E_=(0.440.3,154 3 b
by 2
1.84 l L
16 & 8
CPEEE s T —— 8
14 e =
1 _J_,_r-""f- T 1
12 @‘ 3
2
0.8 505
%‘ A \JW
1 0.8 =
06
05 0.4 ]
02 0 I 1 1 1 1
0 0 0 50 100 150 200 250 300

Time
Figure 1: The system's (2) trajectories utilizing data set (43) and various starting positions. (a) The SSSP is approached

by a 3D phase portrait. (b) Time-dependent population trajectories.

Now, the influence of varying the parameter u; on the system’s dynamic is investigated in Fig.
(2).

According to Fig. (2), the parameter u, plays a vital role in the qualitative behavior of the system
(2) due to the existence of a number of bifurcation points in their range. The role of altering u,

on the behavior of the system (2) is clarified in Fig. (3).



28

(=]

(=]

154

HADER MUHAMMAD ABD, RAID KAMEL NAJI

(a)

=015
1

stable limit cyele
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Figure 2: The system's (2) trajectories utilizing data set (43) with various starting positions and various values of wu,.
(@) The 3D limit cycle is approached by a 3D phase portrait when u; = 0.15. (b) Time-dependent population
trajectories when u; = 0.15. (c) Bi-stable case between ZFSSP and SSSP when u; = 0.25. (d) Time-dependent
population trajectories when u; = 0.25. (e) The ZFSSP is approached by a 3D phase portrait when u; = 0.3. (f)

Time-dependent population trajectories when u, = 0.3.
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Figure 3: Time-dependent population trajectories of the system (2) utilizing data set (43) with various starting
positions and various values of u,, shows that: (a) Stable 3D limit cycle when u, = 0.25. (b) Asymptotic stable
SSSP when u, = 0.75. (c) Bi-stable case between ZFSSP and SSSP when u, = 1. (d) Asymptotic stable ZFSSP

U, = 1.3.

According to Fig. (3), the parameters u, and u, have a similar influence on the dynamic of the

system (2). Now, the altering of u; values is investigated in Fig. (4).
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2.05.

Clearly, as shown in Fig. (3) the system (2) displays different types of attractors when the

parameter u; varies. Although the system (2) dynamic is settled at SSSP for the range u, €

(0,1.85], the impact of u, > 1.85 on the system’s (2) dynamics is presented in Fig. (5).
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(a) Bi-stable case between ZFSSP and SSSP when u, = 0.05. (b) The ZFSSP is approached by a 3D phase portrait

when u, = 0.1.

Again Fig. (5) clarifies the vital influence of altering the parameter u, on the behavior of the

system (2). However, the influence of altering the parameter us on the dynamic of the system (2)

is shown in Fig. (6).
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(a) The SSSP is approached by a 3D phase portrait when ug = 0.05. (b) Bi-stable case between ZFSSP and SSSP
when us = 0.15. (¢) The ZFSSP is approached by a 3D phase portrait when ug = 0.25.

Due to the Figs. (5) and (6), it is concluded that the parameters u, and us have a similar
influence on the dynamic of the system (2). Although the system (2) dynamic is settled at ZFSSP
for the range ug € (0,0.91], the influence of altering the value of ug > 0.95 on the dynamic of

the system (2) is examined in Fig. (7).
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Figure 7: The system's (2) trajectories utilizing data set (43) with various starting positions and various values of .
(a) The SSSP is approached by a 3D phase portrait when u, = 0.95 (b) The 3D limit cycle is approached by a 3D

phase portrait when ug = 1.1.
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Hence, as shown in Fig. (7), the parameter u, range includes a number of bifurcation points that
affect the system’s (2) dynamic. Moreover, it was observed that the system (2) approached a stable
limit cycle for the range u, € (0,0.35], while it had asymptotic stable SSSP otherwise. On the
other hand, system (2) behaves similarly when the parameters u,, us, and ug change their
values in ascending order.

Now, Figs. (8) and (9) show the influence of altering the value of ug only, and together with w5
respectively, on the dynamic of the system (2).

Not that, according the Fig. (8), the system (2) transfers from the FFSSP in the xy —plane to the
ZFSSP in the xz —plane passing through periodic dynamics in range uq € [0.54,0.98], SSSP in
the range uq € [0.99,1.05], and then bi-stable case in the range uq € [1.06,1.09].
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Time-dependent population trajectories when ug = 1.2.
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Figure 9: The system's (2) trajectories utilizing data set (43) with various starting positions and various values of us,
ug, and uq. (2) The 2D limit cycle in the xy —plane is approached by the trajectories of the system (2) when u; =
0.5 and ug = 0.5. (b) Time-dependent population trajectories when u; = 0.5 and uy = 0.5. (c) The PHSSP is
approached by the trajectories of the system (2) when u; = 0.5, ug = 0.75, and ug = 0.5. (f) Time-dependent
population trajectories when u; = 0.5, ug = 0.75,and uq = 0.5.

Clearly, Fig. (9) shows various types of attractors of the system (2) when the parameters is varying.
It is observed also that, the parameters wu,, has similar influence on the dynamic of the system (2)
as that shown for the parameter u,. Now, the influence of altering the parameters u,,, and u;,

on the behavior of the system (2) is explained in Figs. (10) and (11) respectively.
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positions and various values of u,;, shows that: (a) Stable 3D limit cycle when u,; = 1.75. (b) Asymptotic stable

SSSP when u,; = 2.15. (c) Bi-stable case between ZFSSP and SSSP when u,; = 2.4. (d) Asymptotic stable ZFSSP

When U1 = 2.75.

In addition to the explained results given in Fig. (10), which indicates the huge influence of the

varying in the parameter u;; on the system’s (2) dynamic, it is observed that the system has

asymptotic stable SSSP for the range u,, € (0,0.09], after that it becomes unstable and the system

approaches asymptotically to a stable 3D limit cycle.
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Figure 11: Time-dependent population trajectories of the system (2) utilizing data set (43) with various starting
positions and various values of u,,, shows that: (a) Asymptotic stable ZFSSP when u,, = 0.05. (b) Bi-stable case
between ZFSSP and SSSP when u,, = 0.. (c) Asymptotic stable SSSP when u;, = 0.2. (d) Stable 3D limit cycle
when u,, = 0.4. (e) Asymptotic stable FFSSP when u,, = 0.6.

Different types of attractors are shown in Fig. (11) depending on varying in the parameter u,,.
Furthermore, it is obtained that, system (2) approaches asymptotically to the SSSP for the range
u,3 € (0,0.98], while it goes to the ZFSSP for the range u;3 = 0.99. On the other hand, the
parameter u,, has a similar influence on the dynamic of the system (2) as that shown with u,

and uq,.
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8. CONCLUSION

In this paper, the aquatic food chain model consisting of harmful phytoplankton, zooplankton, and
fish living in the contaminated environment is formulated mathematically. In these food webs,
humans are a key player as one of the top predators. Therefore, take care must be taken to protect
the ocean from chemicals that bioaccumulate in food webs and maintain sustainable fisheries.
Accordingly, the toxin produced by harmful phytoplankton as a defensive property and the
existence of contamination in the environment is considered in the formulation of the model. On
the other hand, the influence of fear and harvesting on the dynamic of the food web is also included.
A set of nonlinear ordinary differential equations was used to simulate the dynamics of such an
aquatic food web system.

All the qualitative properties of the solution of the proposed model were studied. The biologically
possible steady-state points were determined. The local, as well as global stability analysis of the
model, was studied. The conditions that guarantee the survival of all populations as time becomes
large were determined. The influence of altering the values of the parameters on the dynamics of
the model was investigated using the Sotomayor theorem for local bifurcation. Finally, a numerical
example for the proposed model was given and then solved numerically to confirm the obtained
theoretical results and understand the influence of the parameters on the system’s dynamics.
According to the numerical example of the food web model, the following results are obtained.
Lowering the half-saturation constant of the zooplankton destabilizes the system and the solution
approaches a stable 3D limit cycle instead, which indicates obtaining a Hopf bifurcation. However,
rising its value causes destabilizing of the SSSP, and then the system transfers to ZSSP by passing
through a bi-stable behavior between SSSP and ZFSSP. The external toxic substances coefficient
that affects the phytoplankton population, the external toxic substances coefficient that affects the
zooplankton population and the conversion rate of the food to zooplankton have a similar impact
on the system’s dynamic as that obtained with the half-saturation constant of the zooplankton.
Increasing the level of fear in zooplankton gradually leads to instability of the SSSP and the system

loses its stability and goes to ZFSSP by passing through the bi-stable behavior between SSSP and
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ZFSSP. The liberation rate of toxic substances by the harmful phytoplankton, the harvest effort
and the zooplankton death rate have a similar impact on the system’s dynamic as that obtained
with the level of fear in zooplankton.

Lowering the half-saturation constant of the fish leads the SSSP to be unstable and the system to
lose its persistence and approaches asymptotically to the ZFSSP by passing through bi-stable
behavior between SSSP and ZFSSP. While increasing its value makes the SSSP be unstable too
and a 3D stable limit cycle takes place. The external toxic substances coefficient that affects the
fish population and the fish's preference rate of zooplankton have a similar impact on the system’s
dynamic as that obtained with the half-saturation constant of the fish.

Decreasing the intrinsic growth rate of fish makes the SSSP be unstable and a 3D stable limit cycle
takes place first and then an extinction in the fish population occurs and the solution of the system
(2) approaches asymptotically FFSSP. On the other hand, rising its value leads the SSSP to be
unstable and the system to lose its persistence and approaches asymptotically to the ZFSSP by
passing through bi-stable behavior between SSSP and ZFSSP.

Decreasing the carrying capacity of the fish in the absence of zooplankton makes the SSSP unstable
and a 3D stable limit cycle takes place. However, increasing its value makes the SSSP unstable
and the system loses its persistence and approaches asymptotically to the ZFSSP by passing
through bi-stable behavior between SSSP and ZFSSP.

Lowering the catchability rate of the fish leads the SSSP to be unstable and the system to lose its
persistence and approaches asymptotically to the ZFSSP by passing through bi-stable behavior
between SSSP and ZFSSP. While increasing its value makes the SSSP unstable too and a 3D stable
limit cycle takes place first then with further increase the system faces extinction in the fish
population and the solution approaches asymptotically to FFSSP.

Keeping the above in mind, system (2) is very sensitive to varying in its parameters set and

undergoes different types of attraction including limit cycle and bi-stable behavior.
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